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i. Preface

The mathematiocal equations in this document form the basis »f a computer program
used to perfors an analysis of the errcrs that oan be expected in a set of post-
flight aerodynamic parsmetera. These errors are due to inaccuracie: in the Shut-
tle best estimate trajectory (BET) and in the meteorologlcal data to be provided
by the National Weathsr Service ir support of the OFT flights.
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1X., Introduction
The purpose of this report is to show how to start with a givea
state vector, X, andé its associated error covariance matrix, cx.

sad from these calculata the persmeter vector, Z, snd its associsted
error covarisnce matrix, r.z : .

We have
X = [Ry; | shutele (vebicle) ECI position vector

(meters) = {m)

Rocr shuttle ECI velucity vector (m/sec)

_e? MU platform miszlinemeut angles {radians)
= (rad)

gAm'mP rwind velocity in topodetic coordinctes
(n/nc)

P , amoaphertc density (kg/na)

T atuoaphetic temperature (*K),

and Cy 1s a 14x14 matrix. The source of X and Cy will be the
following: -

r R -
X Bec:
?’-ECI postflight best estimate trajectory (BET)
[
B, TOP
P National Meteorological Center (WMC)
T

the upper left hand $x9 submatrix of Cx by the BET, the lower right
hand 5x5 submatrix of Cx by NMC, and the rest are zeros; 1.e.,
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The paramater matrix, Z, is defined as

()

(529)

I

o~ - T
zZ - |V vehicle airspeed (m/sec)
YR flightpath angle wrt atmosphere (rad)
LN azimuth angle wrt atmosphere (rad)
H sltitude above the Fischer ellipsoid (m)
q dynamic pressure (newtono/nz) - (nt/nz)

VEQ equivalent velocity (read by pilot) (m/sec)
L Mach number (-)
Vl hypersonic viscous parameter {-)
a angle of attack (rad)
8 sideslip angle (stability axis) (rad)
8' slidslip angle (body axia) (rad) E
q@ pitch dynamic pressure (nt rad/mz)
'EB yaw dynsmic pressure (stability axis) (nt rad/mz) f
q8* yaw dynamic pressure (body axis) (nt tad/mz)

L J

All calculations in this ruport will be in the metric system.

I1I, Calculations

L Cz is calculated by using the identity

- -"a"’czr_’r
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vhere P = == is the 14x14 matrix of partials (P“ - fﬁ—) ’ (2) (” ;
(c, 1a nlao.IAXIA). S0 our problem is reduced to calculating Z '2
and P. E
Notation: ECI = Earth Centered Inertial :
EF = Barth Fixed (non-inertial) i"’ 5 3
TOP = Topodetic (non-inertial) iwﬁf} :
V = Vehicle % §
ATM = Atmosphere ‘o
B = Body
P = Platform )
MP = Misalined Platform

Coordinate Transformation :

3
Rep = (T4) Ryey 3
where (T4) = (ROT) (RNP), (%)
cos wy (T-T ) 8in wy (T-To) 0 }
- - - - 5
(ROT) sin wp (T-T ) cos wy (T-T ) ] (5)
0 0 1
(accounts for rotation of earth), .
(RNP} 1is the rotation, nutation, and precession matrix, To is
its time tag, and
s
wp = 7.2921159 x 10-5 ( = radians the earth turns per sec)
Since the topodetic coordinate system is centered at the vehicle rather
than the center of the earth it is necessary, when transforming points,
to first translate and then rotate. However, for vectors where only
direction matters (e.g., velocity, acceleration, etc.) it is only e >
necessary to rotate coordinates to get topodetic vectors to EF vectors : § '
and back. Therefore, the following transformation is used for such -
vectors:
4




(6)

Rrop = (13) By
where
-gin ¢ cos A ~gin ¢ sin A cos ¢
(15) = -sin A cos A 0 ¢))
-cos ¢ cos A =cos ¢ oin A =gin ¢

and ¢ (geodetic latitude) and A (geodetic longitude) are calculated
as follows:

set e = 1/298,3 (ellipticity of earth) ®
Ry = 6378166 m (radius of eurth) 9
B, = .0067 (initial B) (10)
and let
e(2-e)R
- E_ 11
Bia1 an

‘I(x;, + 2/, 415 + -0)?2d,

for ‘1= 0,1, 2, 3

define
B=3,. 12)
Then
Y .
A = arctan (-E) (13)
Xﬂ. .
Z. (B+l)
¢ = arctan L4 (14)
Xor * T
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How to calculate the actusl velocity of the vehicle ovar the ground
ve work in EF coordinates.

Rep * (14) Rt (3)

80

.

R, - (T4) Ry + (T8 !l_m (15)

and expressing this in TOP coordinatec

Reop T (T5) Ry (16)
or
Roop = (T5) (T&) Roo 4 (T5) (T6) Rgor a”n
or defining (see equation 20 for (fk))
(T6) = (TS) (T4) (18)
(17) = (T5) (T4)
ve have
érror = (T6) Rgop + (D) l."-!mx
- [(TG) (T7)  (0) (0 (0)] X. (19)
3x1 3; ;‘xz 11:1
matrix matrices matrix matrix
6
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In the above
(T4) = (ROT) (RNP)
~sin vy (‘l‘-‘l‘e) cos wy (‘l‘-‘l‘o) 0
. wy ~cos wy (r-ro) ~sin w, ('l'-‘l‘a) 0 (RNP) (20)

0 0 0 .
So from the above we have

_D,” ATH. TOP g vehicle TOP velocity wrt atmospheres

A
* Rrp = Bame, TOP

-fe an @ o <%>] X 21)
Ixl 3x3 3x2 14x1
And hence

¥
5v|Atn,tor - |(re) 7)) (0) (-D) (0)]

X
v- rl
3Ix3 - 3x2
+ [5% [(m (17 (0 (D (0)]} X
3,14,
N - )
~
31x142x143
N Y -
31"143
7




0

- [ao a» @ v ©] : )
? ) (] 9 )
+ [‘a‘g“"’ B O Hn ,—?‘:(o)] £
\ ~— — I
3x x4 Ix2x14 )

Rt

[(‘I‘G) T (@ (- (0)]

2
X

+

[( _a_ax-_(rs))(-};.) (33.5.(1-5)) (T4) (0) a—al-(-l) (0)] X

[0 o © v © ]

[-%f(s))(w( TS (1) (0 () (o)] X

!

Ix3x14 I3 _x14  3x3_x14 3*1 x14 14.x1
1 Ui 1 1

[ [\ ”

" e

3*31K16

[(m (™ (0) (-I) (o)]

)}
[( <rs))<w (—-(rs))m) 0 (0) (O)T b4 x

L -l
Mo

3*31 Ix3 348

1 1 1

+ [( 2 (15) J(T8) ( (rs))cw 0, (© (o)] x 2

L S N~

3x3 14121 1x14

1 3X31 3x3

1

80

X

r
R/ lane,Top [(m (1) (® (D (o)]

e il
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(T4) in squation (4),

(T4) in equation (20),

(T5) in equation (7),

A in equation (13),

¢ in equation (14),

L)

-;;('rs)

'E;';(rs) @ (FaNEH © O (o)] : B
"y - - ’ 7 T t
3*31 3:31 3:01 uluz 12xu
3’12
Ix14
? . ? )
+[(Wcrs>)m> ()@  (©  (© (o)] b 4 ;_,"-_
. T g
! 11
JXSI 3XS1 3131 161ﬂ12 1211‘
(22)
where (T6) and (T7) ara defined in equation (18),
[ sin ¢ sin ) -gin ¢ cos A 0
=008 A =sin A 0 (23)
L cos ¢ sin A -cos § cos A 0 ’
~cos ¢ cos ) ~cos ¢ sin A =sin ¢
0 0 0 T (24)
sin ¢ sin ) -cos ¢ ’

Luin ¢ cos )




=
-
&

WP 0 e

}Ew, T o P A

-Y
N X e -,
B+ By gy Pgy + 0] [0 @ @ @ )
T ’ (25)
. 2w ‘
X " iBgp X

ROTE: In the equation for ¢, B is not a constant, Thus, a tera
including 22— must be included.

gy

Since B is an iterative process, it is most correct to also itarate

3Bu .

Bey

i 28 ]

ar @ anix_ - k2 + 120 K

.o (et T m gy *Ype ) My
— — % F

3
Xer i (3__*+)

-~ -y

B
2 2

2 2 =
L1 (3 A 2, - (5% + Yyy) Ty
EF (8, *+1)

b -

o

3 K 201-0)% z

EF

EN

vhere

-e(Z-C)lz
kK = ‘uz Ty 2 372
2 —-—-—--2‘-'— + (1--.)2zuz

(8,_, 1)

B
to calculates, sat 2. = 0 snd iterate four times.
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2 2.1/2 33
+2 k& “er 02—
- L(, 7,y L2 Loy R -

g’

7 Ty () 2., 2120
L1 ) .__E_.__...._7_ +2_( +y HHE L.
) - g2 + g2 Tl * ) aY,
N

-
-

T Xgp

2,1/2 2 éllz_:_n__
) (B) + X" + 1)

gy

and

e
[ §

-2 33 () (0 (O (0 (© (26)
EXU OYE‘. azu] [

1x3 3x14

= vehicle aicspeed = Livlm«.rorl {7 ) (27

Rt S | Ry |amw, T0P
x 4 3

Rylams,op

. . -

. &lamg,or) *Ry|amw, ToP
In X (28)
[5J!A}‘H,T0Pl .

1x14 1x3 Ix14

{see equattons (21), (22)]
v N Wy

This 1x14 ngt’gix. B is the first row of the matrix of partials,

P [see equation (1)7].
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Yrop Pt
(BAST) ) |
Zror (DowN) .
A !
Figure 1. i
2. Y, * flightpath angle wrt atmsophere
« arcsin [M] (rad) (29)
; IRy am, Top |
+ bl - ..___._..aYR __l_a__.ag" ATM, TOP (30) :
2 X " X S
e R Ry |amM, TOR
{ . 2 .2 -2
* (v |2y} o, 7oe| \[" vjam,rop * ¥ v|ams,rop)
: ["%lm.mr &y)amw, Tor* ~Yv|amn, TOP Zy|aTu, Top*
¥ 2 : ; |
b A Xy ame,ror szlam:.ror] 3 By ATv, TOP (31)
4 X
g t
X
3. "R = azimuth argle wrt atmospherae
-} Y
- areten [M] (eat) o -
' %y jamt, Top by
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¥ W ?évmn TOP

x - X
= By Amv,TOP =
A

Tylamu,ror ¥ ¥ v|arx,roP

[“vluu.ror' Xy|aTu,TOPR’ °] ®Ry|aTu, TOP
2 S

4, H = altitude above the 1960 Fischer ellipsoid

[1-13‘24] J—Xm,-*? )/ (3+1)2 +z§, (=)

where e and B are defined above (see page 3).

For the error calculation we use the following approximation for H,

(33)

(38)

(35)

which is accurate to within 1 meter for altitudes up to 200,00C meters!

Ry(1-e)| Ry |

‘[(1-3) (xfn, +Y2 20+ 22

l%ll

but e know that |[R,..| = |Rgp| . The equation then becomes:

R-e)|Bepl

\/ue) (Kgg” + Yp?) + Zgy”

Bow (Rl

i e R Wk R

T S T
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So
an X... fl-l)[!-f_l—a}zh‘ 72“ zl’
Ny " Ty T Y 1 Tier |
w [(1-.)’«’,, + V) + z’n] ter
o Top , (1-e) i:l--(l--e)z]lts zzﬂ Yer
(1-)°(Xpp + Yy + Zgcy
o 2. Golra-o kot + Y 2,
" e ) (1-e)2x% _ + ¥ )J:z2 72 Thee T
e e Tl EF
and for small e we have
3 2 7
X RE 4
3H EF
re-mmali 1‘EE~T 1~ 2e
oX R 3
i 2
B o b 1-2eREZEIJ (38)
X R ] '5 EF'|3
L) : S —1+22RE(XZEF4Y2EF)
BZEF SR EPI I TBEF 13
and in fact e = 1/298.3 implies that
2 2 Yz
Rp Zop 1 Rp X'pp + Y op 1
2e lR “3- < Iz—g- » and 2e l,‘ 13—--— < '1T§' (39)
—EF S EF

80 that as claimed above the second term is small compared to the first
term,

14
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X Ry, X
-2 3 M by 0 0 (0 (©
axn ’ OYH 9
3 Baé

‘where %%;; taken from equation (38) is close encugh.

- 4 o2 2
5. q = dynamic pressure = 5pVy (nt/a®)

-— r v,

X s X T OV %

312 1 +Livl
= qlg (@ (@ (0 (0 @0 ) v, %

>
N
-

1x14 1x12 1x2 1x14

GVT
(see equation (28) for w

Here we neglect terms like

v,
-—a-L— hrqeaaud .
QEECI since they are small compared to S etc

6. VEQ = equivalent velocity = -‘2;9' (m/sec)
o

where o ™ atmospheric density at sea level

= 1.2250 kg/m3 (1952, standard atmosphere)

Yeg . Ymg 3
X 7 X

[see equation (42)]

(41)

(42)

(43)

(44)

(45)

TR




Vo Vg -

1. x_-m§gmbu- E;.JT;— | (ro dimn) (46) i__)

where cs = gspead of sound
Y= 1,40

; 2 -
R = 287.051803 s (A7) { )
K~gec N

oz that

. 2
YR = 401.872524 —"—x
K-pec

~x |Fm-r @ © © © (0.1))] (48)

[
X
[
F-3
[
bl
&~

1x12 1x2

oM (49)

i
i
3
i
i
i
j

R « Vpolg
B u

Ly = 32.765m ) (50)

1.458001 x 1075 gl+3 nt/sec

u T + 110.4 -2 1

16




b g e A AR S RN NPT

C

vhere

T!

av!

ac!

115 [1+122. x 100¢/D
"It PR 7/ )
T T 41221 x 10767

2

R REE SRS T TR TSR A TR T A TR

= 726.97 + .468T + 3,63921 x 1070 v e
IR,
- 7 -l'— ax“ + 1 .a_ci - 1 uLB
- | M X T X R, X
"Ly
cw i M, o1 (oo, Mo oap
M, X 2¢T |3 ;W AT X
IS AL S N YRR U ™
2 |y & o ™ " u X
i -(5/T)| 2=
Ls 1+ (log 10) * 122.1 x 10 )
= c' N A LA o+
I T T+ 122.1 x 16~/
—¢s/mty | 3
[ 1.5 1 + (log-10) - 122.1 x 10 (s/1") [szl
-yl - B2 L1t
i ! T 4 122.1 % 10°C/T)
av
- .a_T - ~ -5 _l
468 g + 2 * (3.63521 X 107) ¥y gy
. o
3T X
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1)

(52)

(53)

(54)

(59

(56)

RIS & 4 de~ ol
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[.468

oT
X

s A Y Ar—"isi i TFE"Z‘S“" :w Sa 2
A
R 1TRRPRNY b ¥ SR |
S ) T+ 110.4 (51
#= (@ © © @ o) (58)
' . ,
1x14 1x12 1x2
e (@ @ © @ @0 (9)
- ~ - R T
1x14 1x12 1x2
So
av! M v
— - Vv —1. --—: - -L -—-1 - —]-'- .32-
X - }H X N, X % 3X
+ 3 Jrs 1 _ | 2F
A T+110.4 | oX
- -¢sm | 3
1 [Lis 1+ (log 105 * 122.1x 10 217
+ = |72 4 - i | £
o T+ 122.1 x 167/ R4
- s[5
1+ (log 10) * 122.1 x 10 2
-1 -1_‘2. + T .
- L]
L '+ 122.1 x 10~ O/T)

_s av,
5% * 2 (3.63921 x 107°) V== (60)

i
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More Coordinate Transformations:
M“

Recall equation (15):

By = (00 Ry 4 (1) B, as)

whera (T4) and (T4) are defined in equations (20) and (4), respectively,

Also we have

Bav,er = (T9) By, Top (e1)

where (T5) 1s defined in equation (7).,

So that

. [ ] L] T L4

Blamier = (16) Ryor + (14) By = (19) Ry, Top (62)
From here we can go to body coordinates:

. T L]

gleTH,B = (Q (1) (Tb) (T4) BVIAIH,EP (63)

vhere (Tlo)T rotates back to ECI; (Ib) is a constant matrix that transforms -

from ECI to nominal platform coordinates; i.e.,

B (@) Byeys (64)

(T) transforms nominal

platform coordinates to actual, misalined
coordinates; {i.e.,

= (TR, '
BMP (T) L (65)
where T 1s given by
r cpch3 Cplsp3 + splspzcp3 splsp3 - cplspch3
(T) = -CP28P3 °p1°p3 - splspzsp3 splcp3 + cplspzsp3
Sp2 “5p1%2 1%:2

- |

(66)
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i R TR

(bare 0'1 = cos Op . 8’2 = gin 0,2. and similarly for the others)
and since the angles epl. Opz. and Ops are small, we have for error
snalysis purposes: (T) &2 (T') where

- -
1 o” ",z
(") = -op3 1 op1 (§1)
°pz "pl 1

(gp is part of the given state vector X); and where (Q) transforms
the misalined platform coordinates to body coordinates; i.es.,

Bjam,z = Q@ X, (68)

where Q is a transformation mstrix formed by rotation of the platform
about its axes by their respective gimbal ancles.

. - '
B’IIATM,B = (Q) (T) (Tp) (T4) EVIATM,!?

3 P " Ty
= (Q) (T) (TP) (T‘) [(T‘) 5u1 + (T4) -k-!CI - (T5) B*m’mp]-

. : . g
- @ @ (1) [(m (T4) Byey + Rygy = (T9)7(T5) !m,m]

(69)
or defining
(18) = (T4)T(14)
} (70)
(M) = 1&)T(s)T

20
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we have

jw"m.' = (@ (M (rp) [(T') Ry 4'.&'“! - (19) i - ___J 71)

— -

and using here T' instead of T for the error snalysis:

3
By :;EH : . @ (1) ('r’) [(Ta’ I (0 (-T9) (0)]
o9 By |amw,» .
[ B e (0) ( %, 5 (0 (72)
b .
?
and &a:m B s given by:

aév ATM,B T . .
% - @ (‘ae- @) ["’8) Becy + Rgcy = (T9) &m,m] 3

Pi Pi
vhere
- 3
[ o 0 0
t
€ - 0 0 1
Py
0 -1 oJ
~ -
0 0 -1
1 ]
! P
2 L 0 °_J
o 1 0]
1 ]
- -1 0 0
p3
0 0 OJ J
21
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i

-t
&
]
]
o
<
oz

T . (T8)T [?_LT!’)..]:

and

T
’T
T| a(TS A T |3 15 3
9 . (T8) —)(k_l 5_.__1. + (T4) 3—0(—)- s.!.._;

et e e B oo o S 5 R i

o
[
(s)
w

where EYN and

E are given in equations (23) and (24) i

3|

2\ ,
and and are given in squations (25) and (26). 4
Rper Recr

22
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.
, e T
I = e . . ,..“

tgirarcE) 2z an)y

'1‘““ 2.

9. a = angle of atteck = arctan lv ATM,B

7%)
Xy |amy, 3
X 2y |
.t - - lxm:: V]ATM,3 = S |
By |am, 3 ﬁlzmq,a *Hianes Sjangs \Njany,» y|ame, 2
* oinacos af—t , 0, =i (76) 5
X |ama,2 20 )ame, 2 ]
* é
. . K i
3 : ax
T By, =
] .
'i B ) 3 .
: “viamu,s * £yjamn,p an
) . w,
: = IATH.B ;
- ('zvluu.n' 9. ‘vluu.n) oz 1
O z




R

I.,mﬂ >

Y
ViATM, B
10. B = sideslip angle (stability axis) = srctan = TR
’;l.\m.z *Lylam,s

(78)

I iélm:,n + iszrlmc,n ivlml.?

T 3 '
3-'-vhmt.l lelunt.n' "‘3|m.n + zélATH.I

S

> 'Mun,?z U SN "‘vlma,-:
Xolane,s * &jam,» Yo a2 Siane,s * Sjay,s
« oin § cos g [ VlATH,2 1 “Zv|amn,3

» &

0 ' 73 —
ane,3 * Zian,s Wojamne,s  Njama * 'vlmx.a

(79)
8 . 28 By |amv,
X : X
= 3By A, B
. 1
+2 22 °2 22 32
x +
\/ viati,s * Zyjarn, s (x viaru,s * ¥ yjamu,p * 2 vlux.l)
(—i t , x? + 22 -t z
VIATM,B Tv|ATX,B viaTM,B viATH, B “Tv[ati, Zv|a™w,B
&
2y an,»
ox (80)
11. B8' = sideslip angle (body axis)
Yylam,s
= arctan| - (81)
Xviam,s




! 1 Byamn,a
i :'5' 1R . “Ty|arx,»* Evjarn,s’ ° (82)
e viarx,3 T 7 viam,3 . ‘ , 29 o

12, qua = pitch dynamic pressure (83)

5

- da Q.
3 " 9% +a % (84)
13. QB8 = yaw dynamic pressure (stability axis) (85)
2@ - a -?-g ﬁ 8
X q X + B X (86)
14. qB8' = yaw dynamic pressure (body axis) (87)
i; 3(qB") q8') - q 3.@:. ' ﬁ
) X a5 t& @ (88)
¥ o IV. Summary of Equations
Given X = &ECI
B Rpcr
k| Bamv, 100
’ P
: T
3 L )
- 4 % ) : (RNP) = 3x3 matrix, T
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. NOTE: The FMB prograa does not utilize the covariance matrix. 3
3 Instead it inputs the error valuas for the state vector, ;
Axi (1=1,...14) and calculates RSS ocutput errors by: |3
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