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An algorithm is suggested for defining the coordinants of
X-ray and Gamma ray radiation sources by measuring the time
-Tag of the transmission of radiation flares from various
points of space in.which spacecraft are located. Instances
- where the 2~X, 3-x and 4x spacecraft are used.



1. The Problem of Localization

A sudden .and intermittent. increase in the intensity of x-ray
or gamma radiation which'is.deteeted‘by spacecraft is,commonly re-
ferred to as x-rayAOr gamma-ray flares [1] . Flares are observed
comparatively seldom. Therefore, when registering them in l)

various points (which we will call reference po1nts);AAz, l = ﬂ - I

one may subesequently ‘indentify "temporal spectra" of (1 e. the
dependence of the rad1at1ons 1ntens1ty on t1me), which perta1n to
one and the ame flare. Us1ng stat1st1ca1 methods considered in [2]
the size of the time lagtp , R = f:-7;_:_i of the flare's trans-
mission in pdintsiﬁﬁk (as compared to po1nt_/\/f0 , which is taken
for the original), may be determined by these spectra.

The rates of time lags are used for the localization of a
flare's source, i.e. for determining three coordinants of the
source 25; or only of the direction towards the source'z; if it
is presumed that the source may be cons1dered infinitely remote.
Together w1theii‘and 5 it .is also. necessary to determine the statis-
tical character1s1t1cs of their errors:ﬁ&TH’andzs_f The methods
of locating sources are similar to the methods of hyperbolic naviga-
tion-(Loran's system) [3] . In view of the fact that_the solution
to the problem of localization may not turn out to be simple, it is
advisable to use additional information on the orientation of the
axes of the detectors which register the flares. .1f the diagrams of
the detectors' directionality are not spherical, then the information
may be essential for uncovering the reason that the solution is not
simple.

Thus it is supposed that when locating the sources the following
initial data is used: |

a) the rate of time lags T4k '-1 f?7:~iand
the covariance matrix of their error](
which is determined by the spectra'.SL"
: (ﬁ; =0, n _'1) 2], and also the moment of M0Ss cow
(or Greenwich) time 'to of the flare's trans-
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imission in the point M, (since the
flare is not impulsive then tb corresponds
to some representative point of. the spec-
trum §,, its origin, for examp]e);

>_b)._,the rad11—vectors I' of the points A4

4

(7 =0, n =1 )and the covariance matr1xes
. of their errorsz; e at the moments

,_! ¢ ———

fpo=ty 4+ T, (Towil be made to equal

zero) v1n some system of coordinants 0XYZ;

c) fhe sing]e vectors of'directiOn of the axes
~of the diagrams of the detectors' direction--
alities aﬁ in points M, at the moments [ ;
in the same- system of coord1nants OXYZ and :
also the angles of semi-solution S i aaen

of the diagrams of directionalitiesfSir' s L = 0, n

2. Basic Correiations

The quantities Tp will be considered, when it is conVenjent;
as constitutes of the vector T . A1l incidental vectors AT and
zﬁ.fi_will be considered uncorrelated between themselves, and tﬁeir
universal means as equal to zero:

£(aT)=0, E(AT1=0, i=Ta-1 - )
E(aT-aT)=0, E(8L-AFT=0, iz, (,j=0,N"4

where "T" denotes transportation, and "E" dentoes the operation of

“the universal mean.

We will transfer the origin of the system OXYZ to po1nt-ﬂ4 and

—

~designable the systenm” 0§’1§ . The radii-vectors Qg of po1ntzMé
in the system ofmn& will equal : B ' ‘



pk :r& ;r , _k =1 ’ ’fl—f, (2) ) '
and for the covariance matr1xes ¢f their errors —-1n accordance
K Ap

with (I), -one may write pkk

o ' — (3)

iIt shou]d be noted that: the errorgcsok, as opposed to the errors
Ar , are corre]ated ‘Since

Kp,, = E(Apk Ap,’") Ky .
The single vector " Z of direction towards an infinite remote
source will be exactly the same in both systems, and the radius-vector
of a source which is located in a.f1n1;e distance will equal '

(4)

| Py=Ty~ 7o - .
We will suppose that the velocity of radiationr propogation C is

constant and the wave of radiation for [infinitely remote sources is ‘
flat, and for a source located in a finite distance it is spherical. ;

_Then, in the case of an infinitely remote source the quantities

T (}kand fj,w111 be bound by the corre]qt1ohs )
T, = _ Lo
I s - .
|4 =14 (6)
p T 7 - _
\..gv-di > COSﬁi , il :1, 27 - | , | (7) !

where R is the matrix whose columns are p, =1, n~-1,

It R A+ b s b bt e

In the case of a source within a finite distance, the quantities :
.té s, ‘Apkand ,pywH] be bound. by the correlations .

1Bk =0yl =15, =cty, k=1,n-t, &
IT : .
‘ =0,n-1. (9)

’

p a' > p;cos P, i
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Algorithms of the definition &, and 2, -, with the help of
systems I and II, repsectively, will be considered for the cases

of .m =2, 3,4, Ineach of these cases we will suppose that
' ' ' rank (D) = m-:
. (10)
where )
' (11
D=RTR. .

If the conditions (10) is not fulfilled, then it is necessary
to exclude one of the‘points.ﬂ4§ and consider the problem with
smaller numbers of referencé‘boints.

It should be noted that when‘/7 > 2 the solutions of systems
I and II can depend on the choice of the original reference point

Aqo‘Of'ﬁ4i . We will consider, for example, the case wherenn = ?, 

Let utLj be'the ratecof time lag of the_transmissicn of a flare in
point'ﬁ{i_, as compared to the point{]4j., which is determined as a
result of evaluating the spectra ~55’hﬁd»‘35’., Depehding on the
choice of the initial .point thrée;éeas of rates of time lags may be
obtained: Tio énd 'tgo~' 3. and ‘:tm ';tvg_léfozand"f‘z .
Since for any method of evaluating spectrﬁ“fhéfcondifiontii‘= =T 5(12)
should be fulfilled, only three quantities of T ;; can be 1ndependent.
For examp]et,OQ'tOQand"CQl » which for convenience we will in-
dicate as (), t(2)'9 a'nd 45(3) , respectively (if this is com-
pared to qUan'tities introduced earlier, thent:1 = f(”, ‘l‘,'2 = = 'l:,(z))
If the condition - .

(l)+t(2)+t(3)'=~o . (13)

?

A=t

is fulfilled, then, as is easily seen, the solutions of systems I
and II do not depend on the choice of the original point. The con-
dition (13) will be fulfilled, evidently, in the case that the spec-
~traSo S,and 'S, are identical. Usually condition (13) is not ful-
fi]ﬁed’and then the difference of thequantity ¢ from zero will
characterize the accuracy of the definition of T (%), Another way of
using condition (13) is by bringiné it into the interpretation of
spectra with the definition of £(®). In this case all spectra
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will be processed together. Specifically, if T (®)is defined as
the points of the extremum of several functions -q%@) , 1.e. if

deg(t) _ A1)

= R >0 or €0),(T4)
dTics 1, AT -1y

c b

" then the condition (13) may be considered by introducing amendments
into the quantities T (k). It may be shown that the quantitiesf?(k),
which guahantee the attainment of the conditional extremum of func-
tions P4(T) (i.e. by calculating condition.(13) ), in a linear approach
will equal

[ B

“%‘?’“; t";’:;x/éé (6,146, + 53")‘,'%': 423 (15)

If'é]i 5é,are quay among;t them;e1§es, then -
PO _ LR s k=123 (16)

ﬁThese equations may be applied 'if ‘6k.are not know. | é

3. The Case of Two.

The solution to system I will be the vector Zy, which equals

2‘7':('51/p1_)cosop'+(ﬁ/n)si~na, s a7
where

Ccoso = -ct,/p,, 0€a<T . (i)

T L T W N DRVE RPN

and X s the random vector, orthogonal f-élA:

@ =0 (19)

In the celestial sphere on assemble of solutions of Z\, form the
circumference of radius 1¥'-W1th the center at point, pi/%)f



Errors of measuremerlts'A‘Ci and A 61; , lead to the error A { of
the definition of B’,,,_which is directed along the normal to this
circumference at point fv . The root-mean-square declination Oz
of the error A 6 depends upon the assumed quantity g and equals

[4] :

Op = %/(94_ sina), (20)

where

G = (Kot 6K, )" @
Since the dimension of the matrix“](r‘in this case equals I, ]<r is
simply the dispersion of err‘or.ArC'f..' -
The assemble of solutions of system II forms a surface which

is the hyperboloid of the rotation whose focus lies in points Afo
and A1 The semi-major axis of the rotation equa]leT’l/Z When

f, >> 0 the solutions are the points of that cavity of the hyper-
bO]Old wh1ch encompasses the focus.hlland whent'<20the solutions are
the po1nts of that cavity which encompass the focus.ﬂ(o. IfFT 1 = 0,
then the hyperboloid degenerates into a plane which is normal'fb”C;1~
and transient through its:-center. In consequence of the indeter-
minacy of the solution of system II, it is more expedient to solve
the problem, which is reversed with respect to the problem of locali-
zation: the verification of the correspondence to system II of-the co-
ordinanyf of some cosmological objects which could be flare sources.

If Q is the radius vector of such a "suspicious" object, then
a rate of time lag’ t , which corresponds to this object, can be de-

"""'

termined:

(res -5y_l —l?yt)/c,/e - i (22)

The hypothesis that a region of space is a "suspected" flare
source can be assumed by fulfilling the condition

ITi-Ty ) /0 < K - (23)

e <o, e




where ]<5 depends upon the assumed probability of S to repudiate
the correct hypothesis (the level of significance). If the law of
distribution of the erroré&‘ti, is normal, then the quantity‘}(é.
~will be determined by the equation

R eriCKg/Vé).=i-—5. | o (24)

4. The Case of Three

In correspondence [ 4] with the solution of system I,'vectorf;’

will equal

£y= ([ x3,] ct,+ [P, x R]eT,x L sing)/n?, (25)

where

‘=§ix§2’ (26)

)1/2 0 <@g /2

cos ¢ = (chD"Ct B

(27)
The expression (27) defines the size of ‘the angle ¢>'between the

directions towards the source and the reference plane.which passes
through po1ntsAA() ’ Wh and ﬁd _ The condition kOSqdél defines

the region of poss1b1e valies- of t . The region is limited by the

ellipse .
”?J«“Lﬂ,- (28)

which is written into the squarelcrlllspiand |Cr2]$92 . _On the

border of the region (28) there exists a single solution Zv , which
lies in the reference plane. Within this area there exist two so-
lutions of e ~, Which are symmetrical relative to the reference
plane. For uncover1ng the non-simplicity it is necessary to appro-
priate, in this case, condition (7).
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If ZV does not 1ie in the reference plane, i.e.

—
é’y x #0, (29)
then the covariance matrix KC of the error A£1s determined in the

following manner [ 4]

Kp=$ (K eK)ST, (30

where S is the matrix of the dimension 3 X 2, whose columns are
equal to:

Sc=(Byx 8,1 /F%, §,=(5,xE,) 07%, OV

and K is the matrix of dimension 2 X 2, whose e]eménts equal:

[K]ke —e kag Y 7 &»P ';-'-. 1,2 ’ ‘ (32)

where the covariance matrixes Kfpﬁfare determ1ned in accordance
with (3) and (4).

At least one natural value of the matrix }(kis equal to zero.
The corresponding natural vector is collinear to Z . Thwifffdefines
the dispersion of[&{"1n the plane which is tangent to the celestial
sphere at point [r If [ dies in the reference plane, that is

T - ' . :

ey)( =O’ - (33)

then the product of the error A/ , which is orthogonal to the re-

ference plane, turns out to be indeterminant. The root-mean-square

declination of the projections of error A Z' on the reference pIane
can bé determined in the same manner as in the case where 7 = 2

(20).

For a source located -within a finite distance, system II de-
termines an assemble of possible solutions which form a line of




of intersection of two hyperboloids of the rotation. As in the
case wherefl = 2,in this instance it is most expedient to solve
the reversed‘grdblem, determining in accordance with (22) the

quantities T, and Tz for the coordinants of the supposed
sources of flares and checking condition (23) for each quantity

Ty »

5. The Case of Four

When measurment errors are iacking the solution of system II
would be the vector '

§=-R""eT . - (34)

The influence of the measurement errors leads to the failure of
condition (6). Therefore, in the capacity of gx’the normalized
vector can be used:

Ey =.$i/'5 ;.“ | (35)

However, it is more convenient to use the more general algorithm,
which determines the solution of system II, and in a particular
instance the solution of system I also. 1In accordance with the
algorithm [4] the distance to a source Q,,is determined from the
quadratic equation

_'H'YP"‘S':i, (36)
D . pr-i=-
. P=R" g,

and the constituents qé.vector ? equal

9e=(Ph-cTi)/2, k=l



Equation (36) has a single positive so]utmn“ >0whenb< I, i.e.,
if vector<:t'11es within the e111pso1d

ct™D et =4, (40)

When §=I, i.e. on the verification of the ellispoid, there exists
two solutions. One of them corresponds to an infinitely remote source
( HM.,=0), and the other corresponds to a source located at a dis-

tance

‘ e 25_ L
Py=—-P/2P%s . (41)
When S=I both solutions (36) may be posit{ve. Each solution of}tv
determines the direction towards a source at pointjq_and equals
0

€o =

| *m[_

U ‘h S ,_ (42)
The accuracy of determining the distance to a source depends

on the position of the source relative to the reference points.

For the case where the distance to a source significant1y exceeds

the distance between reference points, a simple express1on for the

root-mean-square dec11nau1on “},of the error of determ1n1ng the dis-

-

.

- -

tance cannpg.obta1ned.'; y \
; G?éﬁspy./9n1in;

_ 2 0o 1/2 (?3).

| og=2( 0% + ,.mo_,) .
where Qﬂ““ is the least of the distance P19 C2 5 Pa H TﬁaxHS
maximum natura] value of the matr1x-n- ; and 6’ . 1s the greatest

of the maximum natural calues of the matrixes }<rﬂ .
: 1

If it is demanded that _CTP be N times-less than the determined
distance P<y » then an expression for the greatest distance to
sources which can be determined with the fullfillment of the fol]ow—
ing condition can be obta1ned:

PY ma:c& napCeLJ{) pmxn(A E)/N A (44)
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where -2\ 1is the re]ationshi'G@/g%ﬁ",expressed‘in angular seconds.

6. Conclusion

For the localization of infinitely remote sources it is suf-
ficient to register a flare at three spacecrafts.
The bivalency arising in this case can be eliminated with the use of
diirected detectors. However it is impossible to distinquish a flat-
wave from a spherical. Therefore, the analysis of registrations of
flares from nearby sources will determine the direction, which can

differ considerably from the direction towards the true source. Thus,

when using three 3§e¢- it is necessary to verify (the reverse pro-
blem) the possibility of flare radiation from "suspicious" areas of
space. The identification of wave form and the subsequent determina-

tion of the direction towards an infinitely remote source or coordi--

nants of nearby sources are possible only with the use of four

se. In all cases of localization there occurs the degeneration of

the measurement system when the source and any two reference points

are located on one straight line. 'During the working of the problem
it is necessary to exclude one of these points and conduct the lo-

calization using the remaining points.
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