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CHARACTERIZATION OF ACOUSTIC DISTURBANCES 
IN LINEARLY SHEARED FLOWS 

J o i n t  I n s t i t u t e  f a r  Aero l~au t i c s  and Acoustics 
DepartmcanC o f  Aeronautics and A s t r o n a ~ \ t i c s  

Stanford Universi ty ,  S tanford ,  C a l i f o r n i a  94305 

The equat ion desc r ib ing  t h e  p lane  wave propagation, t h e  s t a b i l i t y  

or the  r ec t angu la r  d u c t  mode c ~ m r a c t e r i z i c i c ; ~  i n  a compressible i n v i s c i d  

l i n e a r l y  sheared p a r a l l e l ,  b u t  o t h e r d i s e  homogenous flow, i s  shown t o  

be reducibla  bo Whit taker 's  equation. The r e s u l t i n g  s o l u t i o n s ,  which 

a r e  r e a l ,  viewed as func t ions  of two v a r i a b l e s ,  depend on a parameter 

and an argument t h e  values o f  which have p r e c i s e  phys i ca l  meanings de- 

pending on t h e  problem. The exac t  s o l u t i o n s  i n  terms of  Whittaker fiwc- 

t i o n s  a r e  used t o  obta i t l  a number aE known r e s u l t s  of p lane  wave prspa- 

ga t ion  and s t a b i l i t y  i n  l i n e a r l y  sheared flows as l i m i t i n g  cases  i n  

which t h e  speed of  sound goes t o  i n f i n i t y  (incompressible l i m i t )  o r  t h e  

s h e a r  l a y e r  th ickness ,  o r  wave number, goes t o  zero  (vor tex  s h e e t  l i m i t ) .  

Tho usefu lness  of  t h e  exac t  s o l u t i o n s  is tthen d iscussed  i n  connection 

wi th  the  problems of p lane  wave propagation and t h e  s t a b i l i t y  of a f i n i t e  

t h i ckness  shear  l a y e r  with a l i n e a r  v e l o c i t y  p r o f i l e .  With r e spec t  t o  t h e  

p l ane  wave propagat ion it is shown t h a t ,  un l ike  t h e  compressible vor tex  

s h e e t ,  t h e  shea r  l a y e r  possesses  no resonances and no Brewster angles ,  

whereas wi th  r e s p e c t  t o  t h e  s t a b i l i t y  problem it is st~own t h a t  aga in  un l ike  

t h e  compressible vo r t ex  s h e e t ,  t h e  t h i n  shea r  l a y e r  is  uns t ab le  t o  long 

wavelength 5 i s tu rbances  for  a l l  Mach numbers. These r e s u l t s  imply t h a t  

t h e  r e f l e c t i o n  and s t a b i l i t y  c h a r a c t e r i s t i c s  of a nonzero th ickness  bu t  

t h i n  shear  l a y e r  (i.e., t h e  long wavelength c h a r a c t e r i s t i c s )  do not  go 



over amaothly i n t o  t h e  results of t h e  compressible vortex shee t  a s  the  

wave number approaches zero except fchr a l imi ted  range of genera l ly  aub- 

sonic  r e l a t i v e  flow of the  two p a r a l l e l  streams bounding t h e  shttar l aye r ,  

. Sntroduction 

Although problems pe r t a in ing  ta plane wave propagation, s t a b i l i t y  

and rectangular  mode i n  a compressible inv i sc id  l i n e a r l y  sheared para l -  

l e l  flow have received considerable a t t e n t i o n ,  with t h e  exception of t h e  

work of Goldstein and Rice [ I ] ,  a l l  previous work has been concerned 

with e i t h e r  asymptotic and/or series s o l u t i o n s  of  the  governing equation 

which is of course the  same f o r  a l l  three  above c l a s s e s  of problems. 

Typical examples of  e a r l i e r  work are t h a t  o f  ~Cchemann [21 and Pridmore- 

Brown [3] ,  and of  l a t e r  work, t h a t  o f  Graham and Graham [4]  and Goldstein 

and Rice [ I ] .  Kkhemann (21 obtained formal series so lu t ions  of t h e  den- 

s i t y  per turbat ion  equation and a l s o  asymptotic so lu t ions  purportedly v a l i d  

f o r  large Mach numbers. H i s  series so lu t ion ,  although it is given i n  a 

cumbersome and lengthy form, is  c o r r e c t  and agrees with our compact form 

(see equations ( 8 )  and (9) below), b u t  h i s  asymptotic so lu t ion  is  i n  e r r o r  

(see discussion following equation (17) below). Pridmore-Brown [31 solved 

the pressure per turbat ion  equation i n  the  s h c r t  wavelength approximation. 

H i s  asymptotic so lu t ion  which is  i n  terms o f  Airy functions is l imi ted  i n  

t n a t  the  i n t e r e s t i n g  region rl + 0 is  excluded. Graham and Graham [41 ob- 

ta ined a series solu t ion  f o r  the  dens i ty  per turbat ion  equation apparently 

unaware of t h e  e a r l i e r  work of Kcchemann. Their  s e r i e s  so lu t ion  agrees 

wi th  t h a t  of ~Cchemann and with our series expressions mentioned above. 

Goldstein and Rice [l] were apparently the  f i r s t  t o  obta in  so lu t ions  t o  

t h e  governing equation i n  terms of s p e c i a l  functions.  Using an unusual 

2 



double traa:$formation ( t h e  e s s e n t i a l  p a r t  being a d i f f e r e n t i a l  transEor- 

mation wr th  a gauss ian  karne l )  they  were a b l e  t o  o b t a i n  from t h e  o r i g i n a l  

second o r d e r  equat ion  f o r  t h e  pressure pe r tu rba t ion  a n  e x a c t  t h i r d  o r d e r  

equat ion  fxom which two independent s o l u t i o n s  o f  t he  o r i g i n a l  second or -  

d e r  equat ion were e a s i l y  e x t r a c t e d  i n  terms o f  t h e  pa rabo l i c  c y l i n d e r  D 

func t ions .  Unfortunately t h e  s o l u t i o n s  obta ined  by Goldstein and Rice 

Ell a r e  n o t  i n  terms of s i n g l e  p a r a b o l i c  c y l i n d e r  D func t ions ,  b u t  combi- 

n a t i o n s  o f  D func t ions  of d i f f e r e n t  o rde r s  and i n  a d d i t i o n  t h e  s o l u t i o n s  

obta ined  were complex. It is not: p o s s i b l e  t o  reduce t h e  s o l u t i o n s  given 

by Golds te in  and Rice (11 t o  o u r  s o l u t i o n s  which a r e  i n  terms of  s i n g l e  

Whittaker M o r  W func t ions ,  which j.s no t  s u r p r i s i n g  s i n c e  our  s o l u t i o n s  

a r e  r e a l ,  whereas t hose  of Golds te in  and Rice are complex. But i f  one 

does choose e i t h e r  s p e c i f i c  l i n e a r  combinations of  t h e  s o l u t i o n s  o f  Gold- 

s t e i n  and R i c e  o t  t h e  so-ca l led  even and odd s o l u t i o n s  of Weber's equat ion 

i n s t e a d  of t h e  p a r a b o l i c  cy l inde r  func t ions  D used i n  t h e  above work, then 

it may be shown t h a t  o u r  r e a l  s o l u t i o n s ,  i n  terms o f  s i n g l e  Whittaker 

func t ions  and those  of Golds te in  and R i c e  are compatible. Recently i n  a 

s tudy  Jones 151 considered t h e  s t a b i l i t y  o f  an everywhere subsonic (M < 1) 

s h e a r  l aye r  w i t h  a l i n e a r  v e l o c i t y  p r o f i l e  wi th  t h e  r e s u l t  t h a t  f o r  

0 C M < 1 t h e r e  i s  a c h a r a c t e r i s t i c  S t rouhal  number below which t h e  l a y e r  

is  uns tab le .  The problem inves t iga t ed  by Jones (51 i s  s u b s t a n t i a l l y  d i f -  

f e r e n t  frown t h e  problem t r e a t e d  here .  I n  t h e  f i r s t  p l a c e  he cons iders  a 

source  a t  a f i n i t e  p o s i t i o n  from t h e  l a y e r  whereas w e  consider  p l ane  waves 

emanating from -w i n  t h e  propagat ion problem and t h e  usual  formulat ion of  

t h e  eigenvalue equat ion  f o r  p a r a l l e l  flow s t a b i l i t y  (see Betchov and 

Criminale [61) without  t h e  n e c e s s i t y  o f  invokirlg c a u s a l i t y  which Jones 
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doe8 r MOr(~ov@r, 30118~' work pec ta ins  t o  t h e  open-andad ragion Q < M 4 1 

whereas ours  covers t h e  whole range M 2 0 including the  incomprreowibla 

l i m i t  M * Q and kha aupersonhc flow ragimct. 

2 .  Basic D i f f e r e n t i a l  Eqw_Cion and Its Solution 

In a homogeneous inv i sc id  compraarxible p a r a l l e l  shear  flow having 

a l i n e a r  ve loc i ty  proPi le  i n  t h e  z-direct ion only, i .e, ,  U - U(z) 1: bz, 

with  b constant ,  it m y  be e a s i l y  shown that;, s t a r t i n g  e i t h e r  from t h e  

l inea r i zed  equation8 of  o r  d i r e c t l y  using t h e  appropriate l i n e a r -  

i zed  form of t h e  conveckive wave equation, t h e  z-dependent p a r t  p (z )  of 

t h e  pressure perturbat ion p(:) is governed by t h e  equation: 

where 

M is the  l o c a l  Mach number, a t h e  (uniform) s o ~ n d  speed, and K and O ac- 

q u i r e  the  following meanings depending on t h a  problem ab hand: 

For propagation of a plane wave of wave vector  2 and frequency W 

impinging on the  shear  l a y e r  from a half-space (z < 0 )  of r e l a t i v e  

'IT r e s t  and a t  an angle 0 measured from t h e  z-axis (- -- 2( 8 _< + 
2 



For the s t a b i l i t y  of! a frcaca ehear layer to assiumad disturbnncos 

of the form p d )  p(z) sia(X-ct) (a and c possibly complsx) . 

Por sound propagation i n  rectangular ducts and for  assumed distur- 
-+ 

bancas of the form p(r )  = p(z)e  (kx-*t' (k and w real )  . 

with q indepnndent of q to be suitably speci f ied la ter .  reduces squation 

(1) into: 

If we specify q = 2T i n  equation (4)  we obtain: 



* -*- . -I-- - - - 
+ 4 ° C  J,, ^ 

1 
I..., Uls Colomb wave &quation wieh fractional angular momentum x, 
whsraaa i f  we rpacilIy q n 411" in  equation (4) wa obkaint 

'EE + I + + ? + 4  - g2 M u 0  ( 6 )  

i ,e . ,  Whittaker's aquation with indopendank eolut;ionra the M or  W func- 

tions with parameters i'l, f 3/4 and argument 4!+!n2. XC thuw f o l l w r  

from equation (6) and (3)  that tha two indapandsnt rolutiona f and g of 

aquation (1) are: 

1 1 ---f m - (E) (4i.T') 
2 2 3 ' 'ir,~m ( 4 i ~ 1 1 ~ )  . . . . . m = - 4  (2) 

where M are the Wtbittakar M-functions and T and rl are detfined by aqua- 

tions ( 2 ) .  Using the pra2erties o f  the Whittnker functions it: As eas- 
i 

ily shown that  for r a;id n real  the functions f and g are also real i 

b :  
with f being even and g odd Zunctions of n. whereas both f and g nee 

I 

I even functions of T. The solutions i n  equation (7)  were found earlier 

I @ 
by u s  (see ~@ferer .ce [ ? I )  and used in soma preliminary studies on wave 

propagation throug;? a linearly sheared flow. 

Series forms Eox f and g may be easily obtained from the well-known 

1 series expressions of the Whittaker M-functions. I h e  following is one 

such form: 

n = 0 , 2 1 4 1 . . .  for f (I) - f: annn , (8) 

n=0 n = 1,3,5,. .. for  g 

where an is determined by the 3-term recurrence relation: 



Ths above sari@# Eorms wers obtained by expanding Sn mrSes thct ex- 

pottcntial pnrr of thrs Whittaker M-functions and are i n  ngrcramcont with 

tha rasriss obtained otarlier by both ~Gchetmann [21 and Graham and 

Gxaham i41 although the exgrcz$sions given by thesco authors BE@ w- 

necasanrily cumberrsomcj, But the etxpxassions i n  aquation (7) fo r  tha 

solutions of equation (I) enable ons to  obtain even bakter series-type 

expressions for f and g tha t  may not only be fas ter  converging but also 

mare suitable i n  certain applications. These may be obtaincsd from equa- 

tion (7) using tho (series) axpressions of the M-functions kiChout ex- 

panding i n  ser ics  the  exponential part  ;nd using the fac t  chat MiT (iz) 
r m 

is n rea l  function for  rea l  T, m and z .  One t h u s  a f tor  some algegra ob- 

tains the following Eorms: 

where the coefficients An and Bn are given by: 



with m . i ) and with tho uppr sign for f and the locnr for g, and 

A. I&, Bo - 0. 

The asymptotic rxpannionr for f and g (an well au thave of the de- 

r i va t ive~  of f and g) my b. obtained using Olver 's method [el . f t 

rhould be rtronsed that on@ is in te re~ted  i n  asymptotic expanrionv as 

7 + OD holding uniformly in  r) when 0 rangun over unbounded ragionn as 

we11 as asymptotic expanrionr holding for unbounded t as rl + QO or 0 ,  

i e O . 8  oxp.nmionr dencribing the aryinptotic behavior of f and g as funcd 

tionr of both r and r). The point is not one of mathematical rigour 

only, but alvo of necessity since the cauer 11 + 0 or correspond to  i&r-  

cornpramsibla flow or high Mach number limits respectively and 1: + 0 or 

correspond t o  the long or short wavelength limitrt  moreover, the caues 

(74) - f i n i t e  characterize tke vortex ~ h e e t  and the incomprensible layer 

limits as we w i l l ,  see later. Such uniform asymptotic expansions of the 

Whi ttaker M- f unctions have been derived by Skovgdard [9 I following 

Olver's method [81. 'Phe results suitable to  the present study are i n  

terma of the nodiffed Bessel functions of the first and second kind 12m 

and 12m+1. Few of the resulting uniform leading term exprvtssions for the 

asymptotic expansions for f and g for T and 0 real we w i l l  need la ter  are: 

(i) Leading asymptotic expansion terns for q -+ m, T-finite: 

3 
wi th  rn = zand  6 a arg I F ( $  i n  + ir)l 



whers 

and 

(ii) Leading asymptot ic  expansion terms f o r  'I + or f + 0 .  

s i n  h cos h 
1 

( 4 ~ x 1  

Boo() coe h 
t- 

4T s i n  h ( 4 ~ x 1  I 

From t h e  above express ions  we may also o b t a i n  t h e  fo l lowing  l i m i t  

forms for f and g t h a t  w e  w i l l  a l s o  need later: 

A r) + T + 0 b u t  Tn2 - f i n i t e  w e  o b t a i n  from equat ion  (12) : 

A s  r) + 0'. 'T -+ b u t  Tr) - f i n i t e  w e  o b t a i n  from equat ions  (13) and 

(14) :  (Note t h a t  Lini x = -0 and Jlz BO(X) = 0 o r  (2x3 depending on 
. r)+o 

whether rl < 1 o r  r) > 1.) 

s i n  h ca.s h 
(4rrl) - (4rr-i) 

s i n  h 



Ae T + m, rl 3 Q wta obtain from aquation (33): 

dm abova asymptotic @xprcllssions diffler Prom son\@ corvcttaporrditlg 

was csxpoct~d as lrunCionrsd i n  thcp inCroductian since ~b l~s rnan~l  e21 as- 

selltially seakltrg n high Mnclr nunJlax (or large 1 ) )  sxpnnsion n~glactrsd 1 

2 compared to 11 i n  the l a s t  kcarm of! aquakion (1) which is tat~tamaunt to 

Letting T 0 i n  Whittaker's ehquatiort (69 . w i t h  t:tra resul t  that thrs solu- 

tiorrs ko cdquation ( 6 )  tllon are klw speci81 Whittakerr funct.i.ons 

2 
M o ~  3/4 (~ITY/  ) which are pxoportionaS to tho Dossel functions 

2 Js3/4(-2Tq ) as was cbtainod by KGcl~onlann 121 by solving dim 

rackly kl~a apprcsximatcld aquation (1) as mantionad ubovo. hut t h i s  

clcarly Smplios ttlat tho lligll Mach ~ u ~ & c x .  or large 11, solution i n  tarms 

2 of JkgIlt(-2m i n  only valid for T + 0 ,  i .a . ,  Eor low f r~q t~enc ias  u. 

X f i  actual i  ty the corroct. 1ligl.r Macla numbar asympka t i c  sxpnnsion to  lowest 

ordar is  givan by equation (32) for a l l  frequencies wharens tlla law 

Sroquancy/lligt~ Mach numbor l i m i t  is glva~r by aquation (15) and 5s ob- 

tainod tram squatiolr (12) as T * 0. q * but rl12-finite. X t  i s  more- 

over easily saan that aquatian (15) constitueas osscntially ttra leading 

term OP tho asynjgtoeic oxpansion of WG Dessal functions J~~~~ (-2ri12) 

for largo tl . fl'l\a raason for Kiichamann ' s 121 incomsct: ox~rossion 

lirs of course i n  Ulo fac t  that it: is  not sufficient to bavs n22,1 for 

naglacting Y i n  the last term of aquation (1) but one should compare 

tha term to be neglected to  n13, khe othar terms of equation (1) which, 



nrtar soma nLqubra rcsraultts into the?: ndditiar~nl n@ccllls@nry conditian , 
'I -b 0, f . o r ,  low frcnqueneiosr o r  large wnvelonq t h s .  T~IQ landin9 tcnx~a o f  
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wave propagation i n  a s t r a t i f i e d  wind and to  s t a b i l i t y  of vortex sheatas 

which exemplify tho  s i g n i f i c a n c a  o f  t h e  p a r a m o t ~ r  T and t h o  v a r i n b l e  n. 

Tha l i m i t i n g  oases  depending on t h o  valuos o f  T and 11 a r a  shown i n  

Table  l below: 

We w i l l  d i s c u s s  f i r s t  t h e  c a s e  a - + m  which corresponds t o  t h e  in-  

T-cO 

W 
p 0  

T 2 T1 ? 0 

T *c m 

W - + m  
b 

o r  a + a, 

L 

c o m p r e s s h l e  shea r  l a y e r  and then w e  w i l l  cons ider  t h e  l i m i t i n g  cases  

W W - -+ 0 and ij. + m, i .e.,  t h e  low and high frequency l i m i t s  which charac- 
b 

t e r i z e  the  compressible  vor tex  s h e e t  and t h e  geometr ica l  a c o u s t i c s  o f  

t h e  compressible f i n i t e  l a y e r  respect iveky.  J 

n -k 0 
(a + a) 

u 
a + c u ,  - + o  

b 

bu t  a $ +  0 
I~ lcampress ib la  
Vortex Shee t  
(Kelvin-Halmhol t z )  

Critical Layer 

W 
n + m ,  g#O 
but  (TV) - f i n i t e  
Incompressibla f i n i t e  
Shear Layer (Rayleigh) 

3.1. S t a b i l i t y  o f  t h e  Incompressible Shear Layer 

For t h e  f i n i t e  shea r  l a y e r ,  l e t t i n g  a + m  r e s u l t s  i n  q + 0 and 

W W I r + m, f o r  f i n i t e  g, and moreover 4Tq = - rrz is  f i n i t e .  X n  such a f 

Id 2 lnl l  > 0 

g + o ;  
Compressible 
Vortex Shee t  
(Miles, Ribner) 

F i n i t e  C ~ m p r e s s i b l e  
Shear Layer 
(Present  Case) 

- + m  w 
b 
Geometrical Acoust ics  
Limit  o f  a Compressible 
F i n i t e  Shear Layer 

I d  + m  
( M  + "4 

M -b m and 2 +  0 
b 

('rq) - f i n i t a  
Low f requancy-iligh 
Mach rlumber 
F i n i t e  Shaar Layer 

M -+ and !!!= f i n i t e  
b 

W M + m a n d  - + m  
b 

1 



came, a ince  our  asymptotic expanmion i m  uniform a s  9 * 0 t h e  molutionr 

of  t he  s t a b i l i t y  equation a r e  those given by equation (16). Indeed i t  

m y  be e a s i l y  v e r i f i e d  t h a t  t h e  two independent so lu t ions  of  the  e t a b i l -  

i t y  equation f o r  inv i sc id  incomprersible f luc tua t ions  i n  a l i n e a r l y  

sheared flow, i.e., of  the  equation 

a r e  exac t ly  those given by our  asymptotic forms i n  equation (16).  

Moreover, the  uniformity of  our expansions may a l s o  be exhibi ted  

from the  l imi t ing  fonns of t h e  equation f o r  t h e  eigenvalues. For t h e  

geometry shown i n  Figure 1, it can be shown t h a t  t h e  eigenvalue equa- 

t i o n  is: 

where f and g a r e  t h e  two independent s o l u t i o n s  of t h e  pressure per tu r -  

ba t ion  equation (1) and r and fl have t h e i r  previous meaning. (See sec- 

t i o n  following equation ( 2 )  ) . 
Using i n  equation (19) the expressions f o r  f and g given by equa- 

t i o n  (16), w e  obta in ,  a f t e r  some s t r a i g h t  forward though lengthy alge-  

b ra ,  the  following expression f o r  the  phase speed c. 



Tha above a x p ~ a s s i o n ~  f o r  el - 1, z2 - -1 and b a 1 y i e l d s  the  

b a t t e r  known s p e c i a l  eigenvalue form (Botclrov and CrimLnale It1 1 .  

The l imi t ing  f o m  of t h e  incompressible vortex shee t  may be e a s i l y  

obtained from t h e  above equation (20) i n  t h e  l i m i t  b .t m and zl and 

ZZ + 0 b u t  bz + Ul, bz2 -r u t he  two constant  v e l o c i t i e s  respect ive ly  1 2 ' 
on the  opposi te  s i d e s  of ttra vortex sheet ;  t h e  r e s u l t  is 

which f o r  U = -U - 1 reduces t o  t h e  well-known r e s u l t  c = ?: i charac- 

t e r i z i n g  t h e  Kelvirt-Helmhaltz i n s t a b i l i t y  of  t h e  incompressible vortex 

sheet ,  Actually t h e  same r e s u l t  abova may be d i r e c t l y  obtained no t  as 

a l i m i t  of equation (20) bu t  d i r e c t l y  from t h a  genera l  efgenvalue equa- 

t i o n  (19) i n  the  l i m i t  rl 4 0,  .r 4 0 which again exemp3,ifies the  uni- 

formity o f  our nsymptotics. In  such a case it follows from e i t h e r  equa- 

t i o n  ( 8 )  or equation (16) t h a t  f ,  g and t h e i r  de r iva t ives  f 
rl ' 

acquire  t h e  forms: 

* 
Note t h a t  t h e  powor s e r i e s  equation ( a ) ,  and t h e  asymptotic forms, 
equation ( 5 6 ) ,  of E and g a r e  i d e n t i c a l  t o  seco~rd ordar ,  i . e . ,  as 
rl + 0 t he  u~tiform asymptotic expallsion equation (16) has a second oxder 
contac t  w i t h  the power s e r i e s  equation ( 8 ) .  



~ u b m t i t u t i n g  t h e  above l i m i t i n g  expremsions i n  t h e  eigenvalue equat ion 

(19) and keeping lowest o rde r  t e r n  by going t o  t h e  limit 0 + 0, T + 0 

we o b t a i n  d i r e c t l y  t h e  eigenvaluesg 

which i a  p r e c i s e l y  the  r e s u l t  i n  equat ion  (22) der ived  previously from 

equat ion (20). 

3.2. S t a b i l i t y  of  t h e  Compressible Vortex Sheet  
(Long Wavelength Approximation) 

This  case Ag obtained i n  t h e  l i m i t  r + 0 ( o r  + 0 )  with fl f i n i t c .  

The series expressions given by equat ion ( 8 )  are t o  lowest o rde r  i n  T: 

(23a) 

t h e s e  values i n  t h e  aigenvalue equat ion (19) w e  obta in :  

The above equation (25) IMY be  e a s i l y  reduced t o  a 4 th  o rde r  equation 

f o r  c t o  y i e l d  t h e  d g e n v a l u e  expression obtained by Miles [11] and 

o the r s  : 



3.3 .  Plana Wave Propagation Through A Compressible Shear Layer 
(Short  Wavelength Approximation) 

This  ca se  i e  u sua l ly  handled via  t h e  so-cal led ~ e o m e t r i c a l  Acous- 

-+ t i c s  approximation where f o r  t h e  p re s su re  pe r tu rba t ion  p ( r t t ) ,  one as- 

sumes a s o l u t i o n  of t h e  form 
1 

where t h e  amplitude Po(:,t) is assumed t o  be  a s lowly varying func t ion  

(of $ cnd t) and by l e t t i n g  k be l a rge .  F ina l ly .  by express ing  a l l  t h e  am- 

p l i t u d e s  of t ho  pe r tu rba t ions  i n  series of ( ik)"  one f i n d s  t h a t  to t h e  

lowhst o r d e r  i n  ( i k ) - l .  0 i, determined from t h e  so-cal led e ikonal  equa- 
4 

t i o n  whereas t h e  amplitude po may be determined from the energy equat ion  1 
k-3 

a s  follows (Blokhintsev [12 1 ) : 

lve12 = (I - W ~ 0 ) ~  

and 

3- 
+ U with M = - a ' 

I n  both equat ions  above t h e  undisturbed and l o c a l  sound speeds have 

been assumed t o  be  t h e  same and i n  t h e  energy equat ion ( 2 9 )  i n  a d d i t i o n  

to  neglec t ing  cons tan t  m u l t i p l i c a t i v e  f a c t o r s  t h e  p a r t i a l  d e r i v a t i v e  

with r e s p e c t  t o  t he  time t has  a l s o  been neglected compared wi th  t h e  di- 
* 

vergence term. For t h e  c a s e  o f  a p l ane  wave i n c i d e n t  from a homogenous 

* 
 his is j u s t i f i e d  e i t h e r  i n  t h e  case  o f  a s t a t i o n a r y  process ,  such a s  
for a time harmonic f i e l d ,  o r  on t h e  basis of t h e  o r i g i n a l  assumption 
of  q u a s i s t a t i c  pe r tu rba t ion  amplitudes. 



half-space ( 2  ( 0 )  a t  an a n g l e  Q, w i t h  t h e  z-axiil upon a l i n e a r l y  sheared 
*t .+ 

homogeneous medium ( z  2 0) w i t h  v e l o c i t y  U I. bzH(z)e where H i s  t h a  
X 

Heavisida func t ion ,  t h ~  e x a c t  s o l u t i o n  o f  t h e  e ikona l  squa t ion  for t h a  

phase func t ion  0 is  known to be (Kornhaunar [131). 

The ampli tude ~ ~ ( $ 1  o f  t h e  p re s su re  pe r tu rba t ion  is n o t  u sua l ly  

g iven  i n  t h a  s tandard  l i t e r a t u r e  b u t  may be obta ined  from t h e  reduced 

energy equa t ion  (29) by observing t h a t  t h e  q u a n t i t y  1 - $ V8 i u ,  from 

t h e  e ikona l  equa t ion  (28) equa l  to  I 1 ~ 0 1  An. 

It fo l lows  then  t h a t  

The above results i n  equat ion (30) and (32) ob ta ined  from t h e  two s e p a r a t e  

equa t ions  (28) and (29) of Geometrical Acoust ics  a c t u a l l y  may be obta ined  

s imultaneously from our  uniform asymptotic expansion i n  equa t ion  (13). 

3 Since  t h e  x-dependence of  t h e  p re s su re  pe r tu rba t ion  p ( r )  i s  e ikxsinQl 

I w e  may write from equat ion (27) and (13) i n  t h e  l i m i t  k + m o r  T + 00: 

- - & / i k  s i n  

1 = x s i n  $ + - Rn R i m  s i n  h i k  [ cos  h ( 4 ~ x 1  



W o r  s i n c e  4r 1 6 .in $ = s i n  $I i n  Chis c a m ,  the r s ~ u l t  i n  t h e  Gso- 

m e t r i c a l  Acoust ics  l i m i t  fiquation (30) fol lsws.  Moreovsr, t h e  ampli- 

2 tude  of t h a  p r s sau re  f l u c t u a t i o n  r)(q - I)-' is obtained i m e d i a t a l y  by 

in spec t ion  of o u r  as,ymptotic expansion, equat ion (13). I n  fact the 

l ead ing  term of  thrs asymptotic expanrjion i n  equat ion  (13) y i e l d s  t h e  

a d d i t i o n a l  information t h a t  a l l  t h e  terms of  t h e  formal s h o r t  wavelength 

expansion have t h e  comnon t e n  q(q2 - 1)-*, a r e e u l t  n o t  a v a i l a b l e  from 

t h e  formal Gaomatrical Acoustics b h ~ o r y  (Kornhsuser 1131). 

F i n a l l y  it  should be poin ted  o u t  t h a t  the Geometrical Acoustics 

l i m i t  i n  t h e  example of  t h i s  s e c t i o n  has  been obtained from *ha uniform 

asymptot ics  o f  t h e  s ~ l u t i o n s  of  aquat ion (1) i n  t h e  l i m i t  T - t m ,  i .e.,  

2 + and a i n  t h e  formal l i m i t  T n  + m, according t o  a c r i t e r i o n  t h a t  b 

has  bean suggested i n  t h e  l i t e r a t u r e  (Felsen and Marcuvitz 1141).  

Clea r ly  t h e  l a t e r  c r i t e r i o n  cannot be t r u e  f o r  regions a r b i t r a r i l y  c l o s e  

t o  t h e  o r i g i n  9 = 0 whereas o u r  asymptotic so lu t ion  is v a l i d  through t h e  

p o i n t  9 = 0. This  observa t ion  i n d i c a t e s  t h a t  c a r e  must be  exerc ised  i n  

t h e  app l i ca t ion  of t h e  above mentioned (nonuniform) c r i t e r i o n  t h a t  has  

xecent ly been appl ied  t o  t h e  s o l u t i o n  of c e r t a i n  Aeroacoustics problems 

i n  t he  l i m i t  o f  Geometrical Acoustics (Candell  [15]) .  

4. Phys ica l  Meaning o f  q, T and 4Tq 2 

2 The phys i ca l  meaning of q ,  T and 4~t7 which c h a r a c t e r i z e  t h e  solu-  

t i o n s  f and g of t h e  p re s su re  pe r tu rba t ion  equat ion (1) fol low from t h e  

d e f i n i t i o n s  i n  equat ions ( 2 )  and t h e  meaning of K which depends on t h e  

3 -b 
problem a t  hand. Defining by Md and Mf t h e  d is turbance  and r e l a t i v e  

mean flow vec to r  Mach numbers and l e t t i n g  2 be t h e  u n i t  vec to r  i n  t h e  
f 

d i r e c t i o n  of t h e  p a r a l l e l  mean flow we may write 



for plane wave propagation 

r)Bt...- M -  
K for r tabi l i ty  

for rectangular duct mode. 

Thur r) i r  a relative Mach nwber nearure, e . ,  it is the parallel to 

the mean flow component of the disturbance (vector) M.ch nwaber 8.. 
a - 

relative to  the relative mean flow Mach number gf. I n  addition, for 
- 
'lr T ProPWation of a plane wave a t  incident angle - 5 #o < + I fr, a 

homgeneou~ h a l f - ~ ~ a c e  (2  < 0 )  on a parallel flow half-space ( r  2 0) 

it is easily shorn that 

+ 
where 0 = +(r) is the (local) angle that the wave normal makes w i t h  the 

z axis. 

The quantity f acquires the meaning of a characteristic disturbance 

Strouhal number, i.e., 

- (Shear Layer Thickness) x Disturbance Frequency 
Relative Mean Flow Speed 

quantity T is a measure of the disturbanceStrouha1 number wi th  

respect to  the disturbance Mach number, i.e., 



5 w 
Dieturbsnce Sttoutral Number 

" f % t . * Component of  the Disturbancs Mac6 
(35) 

"d - 'f ~umbdlr parallel Co thrrr scslativa 
Moan Flow 

Finally the arqmsnt 4m2 of  the Whittaker M-funchionu s1.o has i n  

the case of plane wavcr propagation the elegant meaning of the (local) 

diuturbancs wavelength with reaperrt to the relative refractive index 

change, 'Ilriu may be shown a s  folfowsr For propagation of a plane wave 

1T incident from a homogenwus half-apace ( r  C 0 )  a t  an angle - 5 $o 4 + + , 2 

with respect to  the z-axis, on a homogeneous medium ( z  2 0 )  wit.h speed 
+ + +  + 
U U(z)ax , it i s  eauy t o  show that the wave norma1 u n i t  vectozs en are 

independent of x, i .e ,  that a l l  wave normals of a given z-stratum are 

parallel. Thus, defining an index o f  rofraction n by 

where is  tho local angle of the wave normal and the z-axis and using 

equation (33)  and Snell's L a w  it follows that  

n = 1 - M s i n  ijo = sin no nn sin 9 

and one then may write: 

b c a l  Disturbance Wavelength 
e4- Relative Refractive Index Change l v n l  

s in $I, 
V 

- k~ - akO n 2 
- 1 b  

- L -  W n ,  

- -- s i n  Oo b s i n +  b s i n  $, 
n a 



This i n t r r p r o t a t i o n  of t h r  argurrwnt of  tho  # i t t a k e r  funckionr of 

thm w l u t i o n r  f and g of aquation (1) a l s o  impl ier  t h a t  the  neceflrary 

aondit ion f o r  t h e  a p p l i c a b i l i t y  o f  GIIomistrioaS A o o u ~ t i c r  ruggertsd i n  

t h e  l i t e r a t u r e  (Polsen and Marouvitz [141) and recen t ly  app l i e3  t o  aero- 

a c o w t i c r  (CandeIl (15)) i c  not only not  a s u f f i c i e n t  one, b u t  

a l s o  unnrcannary and wrnecerrarily r o o t r i c t i v e ,  Thin condit ion i r  uru- 

a l l y  given a s  (Felsen and Marcuvitz (141; Candell (151) 8 

which, i n  view of equation ( 3 0 ) ,  implie. t h a t  4rn2 >> 1. But i n  e f f e c t  

i n  Section 3 (3.3) w e  obtained both t h e  exac t  ro lu t ion  of t h e  eikonal  

equation _as the  correct amplitude of  t h e  pressure per turbat ion  from our  

uniform asymptotic expansion i n  equation (13) i n  t h e  l i m i t  1 + m  indepen- 

dent ly  of the  value of n (i.e., o f  z or upper f l u i d  Mach number). In- 

deed from equation (13) we see t h a t  by comparing the  fixst two t e n s  of 

t h e  asymptotic expansion we e a s i l y  conclude t h a t  t h e  second t e n  is 

neg l ig ib le  campared .to t h e  f i r a t  provided t h a t  4 4 x 1  >> 1 which y i e l d s  

t h e  c r i t e r i o n  equation (39), i.e., 4~~~ >> I., only  i n  t h e  add i t iona l  

limit (rll  + m. But a l s o  s ince  our expansion i n  equation (13) is uni- 

X Connly v a l i d  f o r  - +  0 w e  conclude t h e  following two condi t ions  f o r  our  
T 

case  (nonzero incidence angle 0 and f i n i t e  v e l o c i t y  p r o f i l e  elope b) : 



Condition (40) rbovt has h a n  intarpratad urd usad a r  a relaxed 

critarion for tho applicability of 6.oRI.trical Aoouoticr with the impli- 

crtion that  fa r  enough from the x-axis (large z) tha charactariatic 

wrvelangth h need not ba unduly mal l .  This intorpxatation i s  falra i n  

view of the reoond condition in aquation (41) which i w l i a s  that the 

further one is in  the far field tha rhorter the wavelength should be to  

mPtiaCy that  condition. 'A%@!!O obsarvationr indicata that care should 

be axorcisad i n  applying kho nacaraary oritarion i n  aquation (39) of 

Geomstriaal Acoustic8 without examining i n  deta i l  the bahaviour of the 

mlutionr of the perturbation equation8 for the particular velocity pro- 

f i l e  of the problaan a t  hand, 

5, Applicationm 
* 

In th i s  section we indicate how the general 8olutions of equation 

(1) may be effectively used for certain problemr arising i n  plane wave 

propagation and i n  the s tabi l i ty  of a f in i te  thickness shear layer with 

a linear velocity profile. 

5.1. Plane Wave Propagation 

One of the problem9 relating t o  plane wave propagation through a 

f in i te  thickness shear layer with a linear velocity profile is that of 

the existence of "rescnancerw and the existence of what, in analogy to  

optical wave propagation, may be called Brewster angles. Resonance~r 

and Brewster anglea correspond t o  infini te and zero values of  the 

* 
Here only the general outline of the methodology and certain relevant 
results are given. The detai ls  and complete results w i l l  be presented 
in  another place. 



r e f l e c t i o n  coef f i c ien t  rcrrpectively . It is known f o r  ins tance  (Ribner (161 t 

Miles (111) t h a t  the vortex ubcet, which may be thought a6 t h e  exact  

l i m i t  o f  long wavelength wave propagation, exh ib i t s  both resonances and 

Brewster a n g l e r ,  I n  con t ras t  s h o r t  wavelength wave proptigation through 

a f i n i t e  rhicknese shear l ayer ,  i.e., t h e  geometrical accrarticr l i m i t ,  

does not  exh ib i t  any resonance but  only a continuum of  Brewster angles. 

This is shown i n  Figure 2. The problem of resonances was touched 

b r i e f l y  by Graham and Graham [41, who were only able t o  show t h a t  a 

s u f f i c i e n t l y  th in ,  b u t  nonzero thickness, shear l a y e r  has no rello- 

Prances; they were though unabls to draw any conclusions f o r  a f i n i t e  

thickness shear layer.  The reason fo r  t h e  l a t t e r  was t h a t  Graham and 

Graham e s s e n t i a l l y  obtained and used t h e  series representat ion,  equation 

(81, of our solut ion of t h e  pressure per turbat ion equation (1). Using 

our solut ion i n  terms of Whittaker functions given by equation (7) it 

may be shown t h a t  tire r e f l e c t i o n  c o e f f i c i e n t  R ( fo r  t h e  amplitude of t h e  

pressure perturbation) is given by: 

where 



The upper s i g n s  i n  equat ion (42) hold f o r  q1 r 1 and t h e  lower 

s i g n s  f o r  q1 < - 1, i n  both c a s e s  iql  > 1. In equat ions  (42) we used t h e  

no ta t ion  0 and 1 i n  t h e  arguments of f and g and t h e i r  d e r i v a t i v e s  with t h e  

understanding t h a t  0 des igna te s  eva lua t ion  a t  n - qo = '( -- and 
s i n  8 

1 t - - M  1 des igna te s  eva lua t ion  a t  ll nl = Q),.~, sin , i ,e. ,  a t  t h e  
.L 

two edges o f  t h e  shea r  l aye r .  (See Figure 1 wi th  z2 = 0.) 

Equation (42) is v a l i d  f o r  - $ < 8 < + 5 with  t h e  upper s i g n s  

hold ing  f o r  t h e  regime o f  o rd ina ry  r e f l e c t i o n  (q > 1 and R* < 1) and t h e  

lower s igns  f o r  t h e  regime o f  t h e  so-cal led ampl i f ied  r e f l e c t i o n  

q < - 1 R > 1) . (For t h e  t o t a l  r e f l e c t i o n  regime 1131 = 1, 

- l < ~ ~ < + l  , - - 'IT <_ 8 + 5 .) The cond i t i ons  f o r  t h e  ex i s t ence  of 
2 

resonances aad  Brewster ang le s  become: 

w i th  A - B # O  

o r  C - D # O  

o r  both. 

using t h e  Wronskian expression W ( q )  f o r  ou r  s o l u t i o n s  f and g, it 

may be  shown t h a t  

I t  fol lows from equat ion  (45)  t h a t  i n  gcnara l  A # B and C # D. 

I n  o rde r  t o  a s s e s s  whether t:he condi t ions  f o r  resonance i n  equat ion 

(44)  a r e  p o s s i b l e  we cons ider  t h e  t h i n  shear  l a y e r  case ,  i.e., T smal l  



buts n o t  z,ero. Uaing our  express ions  i n  equat ion  (23n) w e  f i n d  t o  lowest 

Order i n  T: 

To lowest  o rde r  i n  T t he  right-hand s i d e  should be eva lua ted  a t  t h e  vor- 

t e x  s h e e t  values o f  /no and nl f o r  which t o  lowest  o r d e r  i n  T t he  second 

condi t ion  f o r  t h e  ex i s t ence  o f  resonances,  i .e . , C + D -p 0 is f u l f i l l e d .  

Using t h e  known p r o p e r t i e s  o f  tho  vor tex  s h e e t  s o l u t i o n ,  i.e., 

2 2 2 2  
'-lo + Ill G QoOl and 

"orll - 1 J X  
w e  o b t a i n  from ( 4 6 ) :  

It fol lows from ( 4 7 )  t h a t  A + B = 0 f o r  a nonzero Mach number only i f  

T = 0, i . e . ,  only f o r  the  vor tex  s h e e t  case.  The conclusion i s  t h a t  

t h e  condi t ions  f o r  t h e  ex i s t ence  of  resonances equat ion ( 44 )  a r e  incom- 

p a t i b l e  f o r  small b u t  f i n i t e  r, i . e . ,  f o r  t h e  s u f f i c i e n t l y  t h i n  s h e a r  

layer  and t h a t  l aye r ,  i n  c o n t r a s t  t o  t h e  compressible vo r t ex  s h e e t  ex- 

h i b i t s  no resonances and no Brewster angles .  This  is  ev iden t  a l s o  from 

Figure 2 where t h e  c c f l e c t i o n  c o e f f i c i e n t  has  been eva lua ted  numerically 

a s  a func t ion  of  Mac!!i number f o r  var ious  va lues  o f  T and f o r  a f ixed  in -  

c iden t  angle  of 30' f o r  which t h e  corresponding compressible vo r t ex  

shee t  has  two resonances and one Brewster angle .  It is a l s o  seen  i n  Fig- 

ure  2 t h a t  f o r  f i n i t e  nonzero T the  resonances and Brewster angles  of 

t h e  corresponding vor tex  s h e e t  disappear  even f o r  very smal l  values o f  T. 



5.2.  S t a b i l i t y  to  Long Wavelength Disturbances 

X t  i s  known t h a t  tlre incompressible  vo r t ex  s h e e t  is  uns t ab l e  f o r  a l l  

wave numbers whereas t h e  i n t roduc t ion  o f  a i t h o r  f i n i t e n e s s  ( f i n i t e  in -  

compressible shear  l a y e r )  or compres s ib i l i t y  (compressible vo r t ex  shee t )  

l e a d  t o  r a g e s  o f  a o r  M f o r  which tire motion i d  s t a b l e .  This  i s  shown i n  

F igu re  4. The ques t i on  t h a t  n a t u r a l l y  arises is then  whether t h e  i n t r o -  

duc t ion  of  bo th  f i n i t e n e s s  and compres s ib i l i t y  w i l l  y i e l d  increased  or 

any  ranges of a f o r  which t h e  motion i s  s t a b l e .  For small  i .e. ,  long 

wavelengths,  t h i s  ques t i on  may be r e a d i l y  answered by t h e  use of ou r  

series s o l u t i o n s  f o r  f and g of  t h e  p re s su re  p e r t u r b a t i o n  equa t ion  given 

by equa t ions  (23a) .  For sma l l  wave numbers a o r  sma l l  T us ing  these ex- 

p r e s s i o n s  t o  lowest  o rde r  i n  T t he  e igenvalue  equa t ion  (19) f o r  the nor- 

malized d i s tu rbance  phase speed c /a  may be shown t o  be  

where x = - M i s  t h e  upper f l u i d  Mach number ( s ee  F igure  1 wi th  z2  = 0) 
a ' 

and E is  t h e  small parametes 

E is t o  be eva lua ted  a t  t h e  vo r t ex  s h e e t  va lue  of (f) as determined i n  
v 

2 m  
1 6 ~  '0 & s +-• 1 

3 Q~Ql(2  - l l ~ o l )  
Qo + Ql 

s e c t i o n  3.2. The al lowable s o l u t i o n s  o f  t h e  above equa t ion  are given 

M # 2 n  I and 

e x a c t l y  by: 

v 



And e i t h e r  by examining t h e  s o l u t i o n s  o f  t h e  4 th  o r d e r  equat ion  (48) by 

use  of ~ o u c h 6 ' s  Theorem (Copson [17]) o r  t h e  a l g e b r a i c  express ion  f o r  

t h e  so lu t ion ,  equat ion  (49) above, one e a s i l y  concludes t h a t  f o r  a l l  non- 

zero  Mach numbers M (excluding M = 2 f i )  t h e r e  is always ti value of = 
a 

wi th  p o s i t i v e  imaginary p a r t .  A s l i g h t  modi f ica t ion  of the eigenvalue 

C equat ion y i e l d s  f o r  M = 2 a 5 t h  o r d e r  equat ion  f o r  x - ; and aga in  

one may show t h a t  c acqu i r e s  always a complex va lue  with p o s i t i v e  imag- 

i n a r y  p a r t .  

Thus t h e  long wavelength p r o p e r t i e s  o f  t h e  shea r  l a y e r  are d r a s t i -  

c a l l y  d i f f e r e n t  from those  o f  t h e  compressible vo r t ex  s h e e t  and i n  f a c t  

cont ra ry  to t h e  compressible vor tex  s h e e t  t h e  thin shear  l a y e r  i s  un- 

s t a b l e  t o  a l l  Mach numbers f o r  smal l  wave number d is turbances .  

6. Conclusions 

I n  t h i s  s tudy  w e  have considered t h e  c h a r a c t e r i z a t i o n  o f  i n v i s c i d  

f l u c t u a t i o n s  i n  a compressible l i n e a r l y  sheared,  b u t  o therwise  homoge- 

neous p a r a l l e l  two-dimensional flow. The behavior of  t h e  cross-flow 

p a r t  of t h e  f l u c t u a t i o n s  were found t o  be governed by e s s e n t i a l l y  

Whit taker 's  eqrration wi th  t h e  p re s su re  f l u c t u a t i o n s  being cha rac t e r i zed  

by t h e  func t ions .  

where M is  t h e  Whittaker M-ftmctions and n ,  T and 4 q 2  admit t h e  f o l -  

lowing simple i n t e r p r e t a t i o n s  



rl - Disturbance Mach number component i n  t h e  mean flow d i r e c t i o n  
r e l a t i v e  to t h e  mean flow Mach number 

T - Disturbance Strouhal  number 
Disturbance Mach number component i n  t h e  mean' flow d i r e c t i o n  

Local Disturbance Wavelength 
4rq2 Relat ive Refract ive lndex Change 

The known so lu t ions  to a number of o t h e r  p a r a l l e l  flow problems may 

be obtained a s  l imi t ing  cases  of  our  exact  so lu t ions .  Such cases in-  

c lude  the  compressible vortex shee t  (r + O ) ,  t h e  incompressible vor tex  

s h e e t  (T '. 0, 0 -+ 01, the  incompressible l i n e a r l y  sheared l aye r  (T  + a+, 

rl -t 0 ,  (TV) - f i n i t e )  and t h e  s h o r t  wavelength or Geometrical Acoustics 

l i m i t  of t h e  compressible l i n e a r l y  sheared l a y e r  (T + o r  -t 0) .  

F ina l ly  t h e  exact  so lu t ions  w e  have obtained f o r  equation (1) en- 

a b l e  u s  t o  study exac t ly  the  compressible shear  l aye r  and to answer 

some a s  y e t  unanswered quest ions such a s  those pe r t a in ing  t o  the  exis -  

t ence  of resonances and Brewster angles  and t o  t h e  s t a b i l i t y  of such a 

l a y e r .  For t h e  shear  layer  with a l i n e a r  ve loc i ty  p r o f i l e  resonances 

and Brewster angles do not  e x i s t  except i n  t h e  l i m i t s  T -+ 0 (vortex 

s h e e t )  and T + (geometrical acous t i c s ) .  Moreover f o r  small  wave nun-' 

ber disturbances t h e  l i n e a r  shear  l aye r  is uns table  f o r  a l l  Mach numbers M. 

Thus contrary t o  the  compressible vortex shee t ,  which is s t a b l e  f o r  

M > 2 )% one may n o t  regard t h e  compressible vortex s h e e t  a s  an adequate 

model of  a t h i n  shear  l aye r  f o r  a l l  r e l a t i v e  Mach numbers of the  uniform 

flaws bounding the  shear  layer .  
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LIST OF CAPTIONS 

Figure 1: The l i n e a r  ve loc i ty  p r o f i l e  shear  l a y e r  geometry. 

2 Figure 2: Reflected energy f lux l inc iden t  energy f l u x  (- R ) versus 

n o r  upper f l u i d  Mach number M f o r  T = 0 (vortex sheet )  

and r = a (geometrical acous t i c s ) .  Shear l aye r  geometry 

a s  i n  Figure 1 with z2 = 0. Incident  acoust ic  plane wave 

a t  an angle 8 + 30° (clockwise) with t h e  p o s i t i v e  z-axis. 

2 Figure 3: Reflected energy f lux/incident  energy f l u x  (= R ) versus 0 

o r  upper f l u i d  Mach number M f o r  various values o f  T. 

Shear l aye r  geometry a s  i n  Figure 1 with z2 = 0 .  Incident  

acoust ic  plane wave a t  an angle 8 = t 30° (clockwise1 with 

the  p o s i t i v e  z-axis. 

Figure 4: Regions of  s t a b i l i t y  of vortex sheets  and shear l a y e r s  with 

a l i n e a r  ve loc i ty  p ro f i l e .  
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