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ABSTRACT

The robustness of control systems with respect te model uncertainty
is considered using simple frequency domain criteria. Both old and new
results are derived under a common framework in which the minimum singular
value of the return difference transfer matrix is the key quantity. In

particular the LQ and LQG robustness results are discussed.



I. INTROBDUCTION

The importance of obtaining robustly stable feedback control systems
has long been recognized by designers. lIndeed, a principal reason for
using feedback rather than opén loop control is the presence of model
uncertainties. Any model is at best an approximation of reality, and the
relatively low order, linear, time-invariant models most often used for
controller synthesis are bound to be rather crude approximations.

More specifically,- a given system model can usually be characterized
as follows. There is a certain range of inputs typically bounded in amplitude
and in rate of change for which the model gives a reasonable approximation
to the system. Outside of this range, due to neglected nonlinearities and
dyﬁamic effects, the model and system may behave in grossly different ways.
Unfortunately, this range of permissible inputs is rarely spelled out ex-
plicitly along with the model, but is rather implicit in the technology that
the model came from - there is no "truth in modeling" law in systems theory.

In classical frequency domain techniques for single-input, single-
output {SISO) control system design, the robustness issue is naturally
haru:iled.1 These techniques employ various graphical means (e.g., Bode,
Nyquist, inverse-Nyquist, Nichols plots} of disp!ayint_;; the system model
in terms of its frequency response. From these plots, it is automatic to
determine by inspection the minimum change in the model fr:equency response

that leads to instability.

1See the fundamental work of Bode [6], and any good classical textbook, but
especially [9].



Commonly used measures of the closeness of a SISO feedback system to
instability are its gain and phase margins. The margins are. defined with
reference to Fig. 1.1. Here the nominal feedback system (with o« = 1)} is
assumed stable. The positive phase margin is the smallest value of ¢ greater
than zero such that the system of Fig. 1.1 with a(jw) = ej(b is unstable. The
negati\‘/e phase margin is defined in an analogous fashion. The upward
gain margin is the smallest value of « = constant > 1 for which the system
is unstable {(usually expressed in decibels with respect to ¢ = +1), and the
downward gain margin is similarly defined. The notions of gain and phase
margins have gained such widespread acceptance that they are commonly
incorporated into the specifications for a control system design.

To give a concrete and explicit example, consider the military speci-
fications on the design of flight control systems for pi.loted aircraft. Among
other requirements, a feedback control systems must have certain gain and
phase margins in order to be acceptable. To quote from the military speci-

fications

"Stability margins are required for FCS to allow for variations in
system dynamics. Three basic types of variations exist:

. Math modeling and data errors in defining the nominal system
and plant.

Variations in dynamic characteristics caused by changes in
environmental conditions, manufacturing tolerances, aging,
wear, noncritical material failures, and off-nominal power
supplies.

1See the fundamental work of Bode {6], and any good classical textbook,
but especially [9].



Maintenance induced errors in calibration, installation and
adjustment.™

In would seem from the above quotatiion that the robustness issue is
well-understood from the viewpoint of classical frequency domain techniques,

at least for flight control systems. Indeed, this is the case, for single-loop

systems. However, the situation is quite different for multiple-loop systems,
To quote again from the military specifications:
"In multiple-loop systems, variations shall be made with all gain

and phase values in the feedback paths held at nominal values
.except for the path under investigation."

The fundamental difficulty with this approach is that it fails to check the

affect of simultaneous gain and phase variations in several paths. Of course,

real-world model uncertainty cannot be expected to nicely confine itself

to a single loop of the system! In fact, for a flight controi system, the
dominant variation is due to the change in control surface effectiveness with
dynamic pressure, which manifests itself as a change in the gains of the
transfer functions from control surface deflections to the response variables
-of interest. The dynamic pressure variation is due to changes in aircraft
aititude and speed, and clearly affects all loops simultaneously.

From thi‘s discussion, it is clear that a saiisfactory notion of stability
margins for a multivariable feedback system must be able to characterize
the ability of the system to tolerate gain and phase variations in all its
loops simultaneously. It is only very recently, in the context of studying
the feedback properties of controllers derived using linear-quadratic
Guassian (L.QG) techniques, that an appropriate formulation has emerged.

The purpose of this paper is to develop the ideas of this formulation, and



to derive in a relatively simple way the robustness properties of LQG
controllers.,

The paper begins in Section Il by developing a characterization of the
robustness of a multivariable feedback system in terms of the minimum
singular value of its return difference transfer function matrix. This
quantity is a natural one to consider as it directly generalizes the classical
notion of the distance of the Nyquist locus of a single-input feedback system
to the critical (-1) point. The characterization is original, and is derived
rather simply from arguments based on the multivariable Nyquist theorem.
Multivariable gain, phase, and crossfeed margins are derived in terms of
the minimum singular value.

The development in Section Il permits an efficient derivation of the
robustness properties of LQ controllers in Section !l since the(Kalman
freguency domain inequality provides a bound on the minimum singular value
of an optimal return difference transfer function matrix. The dependence of
these robustness properties on the form of the control weighting matrix R
is illustrated by introducing a counterexample of an LQ (not 1.QG) regulator
with vanishingly small gain margins. The robustness degradation associated
with introducing a Kalman filter into a feedback system are briefly discussed,
and robustness recovery procedures are mentioned.

The paper closes in Section IV with a summary and discussion of the
results of the paper. Also, since singular values are used throughout the

paper, a brief discussion of them is given in the Appendix .

Notation



{A,B,C) realization of linear system specified by
x = AX + Bu
Y = Cx
G{s) loop-transfer matrix
t;bOL(s) open-loop characterisitic polynomial
¢CL(S) closed-loop characteristic polynomial
L{s) multiplicative perturbation of G(s)
A{A) an eigenvalue of A
H .
A complex conjugate transpose of A
- . ) _1/2 L H
olA) maximum singular value of A = )\max(A Al
o(A) minimum singular value of A é ATléizn[AHA)

N{©,T(s) & number of clockwise encirclements of the point 2 by the locus
of f{s) as s traverses the closed contour € in the complex
plane in a clockwise sense.

Nyquist contour of radius R given in Fig. 2.2 with ':i -radius

R indentations.
2o segment of DR for which Re[s] < 0.
SISO single~input-singie-ouiput
MIMO multiple-input-muitiple~-output

ORHP(CRHP) open {closed) right half plane
OLHP(CLHP) open (closed) left half plane
A>B A-B is positive definite

A>B A-B is positive semi-definite



LQG

KF

if and only if

there exists

such that

implies

defined as
linear-quadratic
linear-quadratic-gaussian
Kalman filter

complex conjugate of z

for all



1. MULTIVARIABLE STABILITY MARGINS

In this section we will develop the basic characterizations of the
robustness of linear multivariable feedback systems, i.e., multivariable
stability margins, to be used in the remainder of the paper. ‘The feed-
back system to be discussed is depicted in Fig. 2.1, where the loop
transfer matrix G(s) is assumed fo incorporate both the plant dynamics

and any compensation employed, and has the state space realization

G{s) = C(sl-A)}" 1B . (2.1)

The basic issue of concern is to characterize the robustness of the fesdback
system, i.e., the extent to which the elements of the loop transfer function
matrix G(s} can vary from their nominal design values without compromising
the stability of the system. The analysis is based on the multivariable

Nyquist theorem.

A. Multivariable Nyquist Theorem

The multivariable Nyquist theorem is derived from the relationship

¢CL(S)
det(1+G(s)) = ——=. (2.2)
¢0L(s]
where
o {s) = det(sl-A) (2.3)
@CL{S} = det(si-A+BC) (2.4)

and from the Principle of the Argument of complex variable theory. The
following statement of the Nyquist theorem is a variation of a version given

by Rosenbrock in [1].



Theorem 2.1: The system of Fig. 2.1 is closed-loop asymptotically stable

{in the sense that ¢CL(—S-) has no CRHP Zeroes) if and only if for all R

sufficiently large
A0, det[1+G(s)1, Dg) = -P (2.5)
or equivalently,

(-1, -1+det[1+G(s)], DR) =-P {(2.8)

where bR is the contour of Fig. 2.2 which encloses all CRHP zeroes of
quL(s) , P is the number of CRHP zeroes of ¢0L(s) and where for convenience,

we define /Q, f(s}, &) é%when f(so) =Q, for some Sy € %.

Notice that no controllability or observability assumptions have been
made. If [A,B,C] is a nonminimal realization then pole-zero cancellations
will occur when G(s) is formed, eliminating uncontrollable or unobservable
modes. The stability of these modes cannot be tes;ted in terms of G{s). How-
ever, by using the zeroes of ¢0L(s) instead of the poles of the loop transfer
matrix G({s), this version of the Nyguist theorem allows one to test for the
internal stability of the closed-loop system.

When compared with the classical Nyquist theorem for the SISO case,
the multivariable Nyquist theorem is much more difficult to use, for two
reasons. First, the dependence of det(1+G{s)) on the compensation implicit
in G(s) is complicated, and cannot be easily depicted with a Nyquist, Bode

or related plot. This fact has motivated a considerable amount of research



_.'10_

on synthesis methods, e.g., [2] - [5], which need not concern us here.
Second, and this is the key observation, one cannot get a satisfactory notion
of multivariable stability margins directly from the the multivariable Nyquist theorem.

The following extremely simple example illustirates this fact.

Example 2.1:

Consider the linear system specified by

’-_ - -
X! -1 0 X 1 b u
T . T, 12 1 (2.7)
_XZ_J 0 -1 x2 0 1 u2
Y4 X4
= (2.8)
Y3 )

which is illustrated-in Fig. 2.3.
If the feedback compensation
u, X Ury

= - + i (2-9]
2 2 Yo

+ . (2.10)

»

The eigenvalues of this sy'/tem are -2, -2 and therefore it is stable. The return

difference matrix 1+G(s) is given by
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5+2 12
s+1 s+
I+G[S) = (2‘ T_.-].).
1o =2
s+1
and thus
det(14G(s))-1 =222 (2.12)
(s+1} '
The multivariable Nyquist diagram is just the usual Nyquist diagram of _2_§i§___2_

{s+1)

and is shown in Fig. 2.4. If this is interpreted as for a SISO system, one
would conclude that the system has an infinite upward gain margin, a gain
reduction margin of -1/3 and a phase margin of *106°-margins indicative of
a highily robust system. Note, however, that the Nyquist diagram does not
depend on the value of b12 and as l:.»12 becomes large the closed-loop system is
close to instability in the following sense. If the Qpen—!oop system of Fig. 2.3
is perturbed slightly to obtain the system of Fig. 2.5, the closed-loop system
obtained by negative identity feedback is unstable {as is easily verified).
This situation cannot be detected by inspection of the multivariable Nyquist
theorem.l

The difficulty we have uncoverned can be explained as follows. A
muitivariable system will not be robust to modeling errors if its return dif-
ference transfer function matrix 1+G(jw) is nearly singular at” some frequency
w.r Since then a small change in G(jmc) will make I+G(jwc] exactly singular.
When this happens, det(l-i—G{}wC)) = 0 and the number of encirclements counted

in the multivariable Nyquist theorem changes. Unfortunately, the near singularity

1The situation cannot be detected by classical, single-loop tests or by charac-
teristic loci plots [5] either.
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of a matrix cannot always be detected in terms of its determinant. Instead,
tests such as those developed in the remainder of this section must be em-

ployed.

B. Robustness Characterization

From the above example, we can see that the problem of determining
characterizations oflthe robustness of a multivariable feedback system, i.e.,
its distance from instability, is of fundamental importance. The basic work
in this arez is due to Safonov [7], [8], who generalized an approach of
Zames [10], [11]. Safonov's work hea\ii!y utilizes concepts of functional
analysis, as is standard in the modern input-output formulation of stability
theory1. However, in the finite dimensional linear-time-invariant case con-
sidered in this paper, powerful robustness characierization can be derived
more simply in terms of the multivariable Nyquist theorem.

The feedback system under consideration in the following theorems is
shown in Fig. 2.6, where G{(s) again represents the lvop-transfer matrix (open
loop plant plus controller) as in Fig. 2.1 and L{s) is a multiplicative pertur-

bation applied to G{s) to account for uncertainty in the open-loop plant model .

We denote the perturbed system as E(s) given by

G(s) = G(s)L(s) (2.13)

L

which is assumed to have a state-space realization (K, E, C), open-loop

—~

characieristic polynomial .OL(S) given by
?p‘eL(s} = det(s [-A) (2.14)

and similarly a closed-loop characteristic polynomial ?é'CL(s] given by

'see, e.g., [121 or [13]
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~

ol (5) = det{sI-A+BT). (2.15)

All the results of this section are based on the following theorem.

Theorem 2.2: The polynomial 3:::.(3) of {2.14) has no CRHP zeroes if the

following conditions hold:

(a) CDOL['S] and 50!_[5) have the same number of CRHP zeroes, (2.16)

(b) if ?60L(;w0} = 0 then %L[j‘”o) =0, (2.17)
(c) tbCL(s} has no CRHP zeroes, (2.18)
(d) det[1+(1-€)GC{(s) + €C(s)] £ 0, s €D, for all R (2.19)

sufficiently large and for all € on the interval
fo,1].

Proof: Appendix
The basic idea behind this theorem is that of continuously deforming

the Nyquist diagram of the nominal system G(s) to one corresponding to the
Nyquist .diagram of the perturbed system G(s) without changing the number
of encirclements of the critical point. If this can be done and the number of
encirclements of the critical point required for G{s) and G(s) are the same,
then no CRHP zeroes of ¢CL{S) will result from this perturbation. Imbedding
arguments of this type have been previously used, implicitly by Rosenbrock
[ 1] and explicitly by Doyle [14], in connection with linear systems and in the

more general context of nonlinear or multidimensional systems by DeCarlo, Saeks
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and Murray [15] - [17}, utilizing homotopy theory from algebraic topology.
The significance of Theorem 2.2 is that various multivariable robustness

characterizations can be stated in terms of conditions that guarantee that

{2.19) is satisfied. In checking condition (2.19), it is unnecessary to con-

sider all s GDR because o[G(s)!] and Gl8(s)] = 0 as Ist>0. This is due

to the assumption that their respective state-space realizations have no direct

feedthrough from input to output so that there are more poles than zeroes

in both 5(5) and G{s). It is therefore convenient to define QR as

or & {sls €D, and Re(s) < 0} (2.20)

R

which is the only part of the Nyquist contour on which (2.19) need be verified.
Using this simplification, one characterization that guarantees {2.19) is based
on the return difference matrix 14+G(s). .This result is new, although related
to conicity.conditions discussed by Zames [10] and Safonov [7], and is
fundamental to the derivation of the LLQ siate-feedback and LQG stability mar-
gins.

We emphasize that the following theorem is distinct from the main resulis
in [14], [18]. These papers work with E(I+G—1{s)] {for a multiplicative repre~
sentation of model uncertainty)}, which is complementary to the quantity
o(1+G(s)), which measures the distance between the Nyquist locus and the
critical {-1) point in. the SISO case. Moreover, these papers work with o{L(s)-1)
(in our notation) rather than E{L_1{s] -1). As a consequence, it is not
possible to derive the gain and phase margin properties of LQ and LQG con-

troliers using the results stated in {14], [18].
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Theorem 2.3: The polynomialB’CL(s) has no CRHP zeroes if the following

conditions hold for all R sufficiently large:

(a) conditions (2.16) - (2.18) of Theorem 2.2 hold (2.21)
(b) T(L7N(s)-1) < @ 2 o(14G(s)), s € o (2.22)
{c) any one of the following is satisfied at each s € QR
() acl (2.23)
n LMs) + Lisy 0 (2.28)
(i) 20®-1) P (L{s)-D) > aZ2(L(s) + L7 (s) - 21) (2.25)

An analytical proof of Theorem 2.3 is provided in the Appendix. It is,
however, instructive to given a simple graphical proof for the SISO case.

By the embedding argument of Theorem 2.2, our nominal feedback system
and i’.ts perturbed version will have the same number of encirclements of the
critical (-1) point if we can continuously deform the nominal into the perturbed
Nyquist locus. This will be the case if, for 0 < €< 1, we have

i+ [€ &fs) + (1-€)Ig(s) #0, s € QR (2.26)

or equivalently

: 1
g(s)

#E€ gs) + (1-9), S GQR . (2.27)

In the scalar case, the inequality
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t+g (s}l 2 o . {2.28)

shown in Fig. 2.7 (d), simply says that g{s} lies outside a circle of radius
o about the -1 point. Consequently, when 1+g(s) =a, ~1/g(s) will lie on

a circle of radius as illustrated

(infinite when o=1) centered at 12
a1 1-¢
in Figs. 2.7 (a), (b) and (c) for various a. Then, the allowable values of 4(s}

are those that can be conneacted to the +1 point by a straight line not inter-
secting the circle of possible boundary values of - ﬁ

We emphasize that a varies as a function of s €Q_, so that Fig. 2.7 only

RJ
represents the situation at a single (complex) frequency. Similarly, the

condition (2.22) of Theorem 2.3 musi be tested for all s € Q This is most

R"
readily accomplished by computing and plotting E{L_1(s)—[} and g{1+G(s)).
The situation is roughly analagous to looking at a magnitude Bode plot. Com-
putational techniques are discussed in [18].

-To show that condition (2.22), in Theorem 2.3, alone is not enough to

guarantee stability of the perturbed closed-loop system of Fig. 2.6 a simple

counterexample is given.

Example 2.2: Let

g(s) =§_9-1- (2.29)
¢0L(s) = s+1 (2.306)
boy (s} = s+10 {2.31)

is) =32 (2.32)

2

?q')'OL{s) = (s+1)} {2.33}

then
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2w -11 < g lje) i (2.34)

but

$CL(s) = sz+11s - 8 {2.35)

has a CRHP zero.

From Theorem 2.3, it is clear that the quantity ¢g(1+G(s)) is a multi-
variable stability margin for the feedback system at the complex frequency
s. However, this quantity is unconventional, and possibly somewhat difficuit
.to interpret. Therefore, we will explore further some of the consequences of
the theorem.

Note from Figs. 2.7 (a)-(d) that in the SISO case a system satisfying
the conditions of Theorem 2.3 will automatically have certain guarantee mini-
mum gain and phase margins if o (i.e. |1+g{s)|) as a function of s € Qg bas

a constant non-zero lower bound, say ao. If ¢ .=1, then Fig. 2.7{d) shows

0

that g(s) must have exactly a one-pole roll-off. It is well-known (see, e.g.,

[201) that physical systems always exhibit at least a two-pole roll-off which

again from Fig. 2.7 {d} indicates that oy < 1.
The case o > 1 is inconsistent with the assumption that the sta.te~spac:e
realization of g{s) does not have a feedthrough term. Thus for g < 1 exami-

nation of Fig. 2.7(b) or Figs. 2.7{c) and (d) indicates the guaranteed gain.
and phase margins. These margins generalize to the multivariable case as

demonstrated by the following corollary.

Corollary 2.1: If the conditions of Theorem 2.3 hold for all R sufficiently large

and



gl{i1+G(s)) ?_ao, s € QR {2.38)

for some constant ¢, <1, then simultaneously in each loop of the feedback

i
system of Fig. 2.1 there is a guaranteed gain margin {denoted GM) given by

1

CM = T {2.37)
]
and also a guaranteed phase margin {denoted PM) given by
2
-1 %o
PM = * cos [1——2—-—] . {z2.38)

Proof: Appendix

The interpretation of the gain and phase margin quantities specified in
Corollary 2.1 require some explanation. -First_ of all, the word "simultaneously”
in Corollary 2.1, means that the gains or the phases of all the feedback loops .
may be changed .at the same time within the limits prescribed by (2.37) and
(2.38) without destabilizing the closed-loop system. !t does not mean, just as
it does not in SISO case, that the gains and phases may be changed simultane-
ously. Secondly, (2.34) is to be interpreted as meaning any gains, Yi' insérted
in the feedback loops of the system of Fig. 2.1 satisfying

1 1

T < Yy <€ 37
1+0L0 i 1 0.0

(2.39)

will not destabilize the closed-loop system. Similarly for (2.35}, every loop

may have a phase factor e ' inserted provided
2

— d i
6] < cos” 11~ 21 (2.50)
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and the system will remain closed-loop stable.

The -ability to-consider simultaneous gain or phase variations in all the
loops of a multivariable feedback system Is physically very appealing. A
typical example is a flight control system, in which the effectiveness of all
control surfaces varies simultaneously as a function of altitude and airspeed.
Another common model uncertainty in flight control applications is a crossfeed
arising from a neglected interaxis coupling. Bounds on the ability of a
multivariable system to tolerate crossfeed uncertainty are given in the fol-

lowing resulit.

Corollary 2.2:. Provided the conditions of Theorem 2.3 are satisfied for all

R sufficiently large and

al{l+G(s)) > o s€EQ (2.41)

0 R
for some consiant % <1, then the feedback system of Fig. 2.1 will tolerate
a crossfeed perturbation of the form

Ik X(s_) I 0
L{s) = or (2.42)

0 Im Xis) lm

where |, is the kxk identity and

Kk
a(X({s)) < o . s € Qg (2.43)

without becoming unstable, that is ?éCL(s) will have no CRHP zeroves.

Proof: Appendix
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There is one final result that will be of use to us in the next saction.

This theorem involves the well-known passivity condition [12], [13].

Theorem 2.%: The polynomial 3CL[S} has no CRHP zeroes if the following

conditions hold for all R sufficiently large:

(a) conditions {2.16)-{(2.18) of Theorem 2.2 hold (2.44)
(b) G(s) +G(s)>0, s€q, (2.45)
() L(s) +L0(s) >0, se@ (2.16)

R

Proof: Appendix

Just as for Theorem 2.3, specializing to the SISO case illustrates the
types of G(s) and L(s} that are required as well as the associated guaranteed
minimum margins. Figs. 2.8(a) and (b) depict the constraints(2.45) and (2. 46)
in the SISO case and show that since g(s) cannot encircle the "-1" point it
must be open-loop stable in order to apply the theorem. It is fairly obvious
that the phase of g(s)2(s) is less than 180° and thus g(s)2(s) # -1 is assured.
The gain and phase margins are also immediately apparent from Fig. 2.8(a)

or {b} and again generalize to the multivariable case given in Corollary 2. 3.

Corollary 2.3: 1f the conditions of Theorem 2.5 hold for all R sufficiently

large then shaultaneously in each feedback loop of the system of Fig. 2.1

there is a guaranteed gain margin given by

GM = 0, +c0 (2.47)


http:constraints(2.45
http:2.16)-(2.18
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and also a guaranteed phase margin given by

PM = +9¢9° {2.48)

Proof: Appendix

Corollary 2.4: If the conditions of Theorem 2.4 are satisfied, then the feedback

system of Fig. 2.1 will tolerate a crossfeed perturbation of the form given In

(2.42) where -

o{X(s))< 2 , 5 € Qn (2.49)

without becoming unstable, that is 5CL(S} will have no CRHP zeroes.

Proof: Appendix

Returning to Example 2.1, the nearness to instability can be easily de-’
tected using Theorem 2.3. Fig. 2.9 shows o(1+G(jw)} as a function of w,
where b12 has been selected as 50. At low frequencies g{I+G{jw)) is very

small giving

GCM = ,93, 1,08 {2.50)
and

PM =% 4.1° {2.51)

However, we know by inspection that each feedback loop in the system has
an actual infinite upward gain margin and a -1 gain reduction margin which
indicates that (2.50) and (2.51) are very conservative estimates of gain and

phase margins. Nevertheless, they indicate a robustness problem which is
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exhibited by the very small crossfeed tolerance

G(X(sh< min o(1+G(s)) = 0.071 = -23dB . (2.52)
s€ R

This was precisely the type of perturbation given previously in Fig. 2.5 to show
nearness to instability. In general, the type of perturbation that the feed-

back system is most sensitive to is given by

L(s) =[I - g(l+c(s)]g_(s)XH(s)}*] (2.53)

1
where u{s) and v(s) are respectively the right and left singular vectors of
1+G (s} corresponding to o(1+G{s)). This is the perturbation which makes

[+G (s)L(s) exactly singular with minimum &(C(s) -~ G(s)).

1The right and left singular vectors u(s}) and v(s) are respectively unit
length eigenvectors of (1+G(s)) (I+G(s})H and (1+G(s))H(1+G(s)) such that
(1+G (s} v{s) = o{1+G(s))uls).
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1. LQ AND LQG STABILITY MARGINS

‘The subject of qualitative feedback properties of LQ control systems
is not a2 new one. An early and fundamental paper by Kalman [21] detailed
properties shared by all LQ regulators in the SISO case. Kalman showed
that the return difference transfer function of a SISO LQ state feedback

regulator satisfies the inequality
[1+g(jad | > 1 Yo (3.1)

which is both a classical condition for the reduction of sensitivity by feed-
back (see, e.g., [91) as well as necessary and sufficient for a (stable)
state feedback regulator to be optimal with respect to some quadratic
cost index. By inspection of the Nyquist diagram corresponding to (3.1)_,
{Fig. 3.1), it is straightforward to observe [22, pp. 70-76] that a SISO LQ
state feedback regulator has a guaranteed infinite upward gain margin, at
least a 50% gain reduction margin and also a guaranteed minimum phase
margin of £60°.

Anderson [23] developed a multivariable version of condition (3.1) as
a property of LQ state-feedback regulators; a similar generalized condition
arises in sensitivity theory 1 (see, e.g., Cruz and Perkins [24]). In the
remainder of this paper, we will exploit the multivariable form of (3.1}
together with the results of the proeceeding Section to establish the stability

margin properties of LQ and LQG optimal regulators.

1Sensi*tivity refers to the variation in system responses due to infinitesimal
changes in the nominal system parameters. Robustness refers to the
delineation of finite regions of allowable variation in nominal system
parameters that preserve stability.
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A. Multivariable Kalman Inequality

We will need a precisa statement of the multivaridble version of condition

(3.1} in the sequel, and this is provided by the following theorem. The
proof is by straightforward manipulation of the algebraic Riccati equation
and is included, for completeness, in the appendix.

For convenience we will assume that in all remaining theorems and
corollaries that the Nyquist contour Dp is chosen with R sufficiently large

so that the theorems of Section Il may be applied.

Theorem 3.1 : |If K satisfies

T 1T

A K+KA+Q-KBR B'K=0 (3.2)

with R >0 and Qi 0 then

(I+G(s])HR(Il+G(s]] =R + H(s) (3.3)
where

G(s) =R BTK(I1s-A) " 'B (3.4)

H(s) = [(Is-A) 'B1T(Q + 2Re(s)K) [ (1s-A) " 'B] . (3.5)

Furthermore, if Q > 0, B has full rank and K > 0 then (3.3) implies that

(I+G{S)JHR(I+G(S]-) >R, s € DR (3.6)

Alternatively, if det(jul-A) # 0 V w and K > 0 then (3.3) implies that

(1+G(s) R (146G (s)) > R, s €Dy . (3.7)
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Proof: Appendix

It is important to point out that this theorem uses GH[S] rather than
GT(—S) as in [23]. These two quantities are the same when s = ju, but are
different when Re(s) # 0. This is the case when s is evaluated along the
Nyquist DR contour and this contour is indented along‘the imaginary axis.
It is necessary to use GH{S) in order to apply the theorems of Section.Il.
Note, however, that when det(jul-A) # 0, Vw, that fip is just the imaginary

axis from ~jR to jR. In this case (3.7) could be written as
(!+G{jw))HR(I+G(jw)) > R Vuw (3.8)

which is the previously mentioned muitivariable generalization of condition
(3.1).
Of course, th_e Riccati equation (3.2) arises in connection with the LQ

regulater problem given by

min J(u) = f < T (1)Qx(t) + u’ (t)Rult)dt (3.9)
uf(t) 0
s.t. x(1) = Ax(t) + Bu(t) (3.10)

which has the usual solution

T

u(t) = R '8 K x(t) (3.11)

with K > 0 satisfying (3.2), provided (A,B,Q”z) is minimal.

B. Stability Margins of LQ Regulators

We can now employ Theorem 3.1 in conjunction with the results of

Section 1l to establish the robustness properties of multivariable LQ regulators
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Recall from Section 11 that the key quantity for multivariable robustness
analysis is the minimum singular value ¢ {[+G(s)), where G(s] is the
loop transfer matrix. Unfortunately, the inequalities (3.6) and (3.7}
of Theorem 3.1 do not provide a bound on g(1+G(s)), where G(s} is

the LQ reguiator loop transfer matrix defined by [3.4].. However, if

we define

-1
2

G(s) = REG(s)R

then {3.7) (for example) can be rewritten in the form

(+G(s)) M +G(s)) 21, s eDg. (3.12)

Equation (3.12) provides the bound

o(14G(s)) > 1, sERy - (3.13)

on the minimum singular value of [+G(s).

To work with é(s] instead of G(s), it is necessary to manipulate Fig.
2.6 into the equivalent (for stability analysis) form depicted in Fig. 3.2.
Then using (3.6) and (3.7) together with Theorem 2.3 leads directly to the

following result.

Theorem 3.2: The polynomial EﬁCL(s] has no CRHP zeroes provided the

following conditions are satisfied:

{a) conditions (2.16) and (2.17) hold (3.14)

(b) G(s) is specified by (3.4) where K > 0 satisfies (3.2) {3.15)
and [A,B] is stablizable., [A,Qz] is detectable and
B has full rank.
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-1
F3

S N
{(c} with v(s) -Q«CF(RZL 1(s]R -1} either of the following hold

{i) Q > 0and y(s) <1, sef (2.16)

R

(ii} ¢0L(jw) #0 Vowandy(s) <1, s GQR (3.17)

Proof: Appendix

-
E3

—_ i
Note that the condition ¢(R*L{(s}R *-I) < 1in (3.16) can be rewritten

as

RL(s) + LH(s)R = R >0, s €0 (3.18)
or with s = jw

LR+ RTILH Gy - R7T > 0 Yo oo (3.19)

The inequality {3.19) is used by Safonov and Athans [25] to prove the LQ
state feedback guaranteed gain and phase margins although their method,
of proof is quite different. They implicity assume that L(jw) is stable,
something which we do not require.

Theorem 3.2 can now be employed to establish the guaranteed minimum
multivariable gan and phase margins associated with LQ reguilators. We
emphasize that these margins are guaranteed only if R is chosen to be a
diagonal matrixl; w'*.e will subsequently present an example showing that the
margins can be made arbitrarily small for an appropriately chosen non-

diagonal R matrix.

Corollary 3.1: The LQ regulator with loop transfer matrix G(s) satisfying

(3.13) has simultaneously in each feedback loop a guaranteed minimum

gain margin (GM) given by
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GM =5, = (3.20)

and also a guaranteed minimum phase margin (PM)

PM = +60° (3.21)

if R is diagonal and either Q > 0 in (3.2) or ¢OL[jw] #0, Vuw,

Proof: Appendix

If ¢, represents a pure gain change or ai = eJ ¢i represents a pure
phase change, then Fig. 3.3 iliustrates the placement of the o in the feed-
back loop. Note that the interpretation of the gain and ;r.)hase margins specified
in {3.20) and (3.21) changes slightly depending on whether Q > 0 or
cbOL(j'm} £0, Vo ho!.ds. If Q >0, then the pure gain 0.; must satisfy o > 1/2.

je,

Similarly, for o, =e  we must have |<§;i | < 60°. If only Do () #0, ¥ o

holds then pure gains o must satisfy a; > 1/2 while pure.phase factors
jo:
o =e "'must satisfy |¢il < 60°,

Results related to Corollary 3.1 have been derived by various authors
[26]-129]; but the definitive treatment inciuding the multivariable phase
margin result is due to Safonov and Athans [25]. The approach of this
paper, based on relatively simple frequency domain arguments, is new.

If R is not .diégonal then the guarantees of Corollary 3.1 do not apply.
The following example illustrates that the gain margins may become arbitrarily

small.

Example 3.1:

Consider the LQ regulator specified by {3.15) when

1 T B
(A,B,QZ}z(lz, o 1l 12) (3.22)



_29_

and R > 0 is a nondiagonal matrix given by
R =Bl [K*2K]B (3.23)

where K > 0 is arbitrary. By selection of R in (3.23)- K satisfies (3.2). Now
let the multiplicative perturbation L{s) be given by the constant matrix L

where

1 0
L = (3.24)
0 1+

and € # 0 is arbitrary. The zeroes of $CL(S) are the eigenvalues of the

perturbed closed-loop system matrix ACL where

1

~ AL -1 -
ACL = A-BLB (2[+K ) {3.25)
or
(p1+2) + R epz—l Py + g € [p3+2}
X == (3.26)
CL :
(T+€)102 (1+€)(p3+2) -1

where we have let K| be denoted by

IR LB
K "= . (3.27)
Py Pj

For KCL to have no CRHP eigenvalues it is necessary for tr KCL < 0. How-
ever, by inspection of (3.26), if pzqﬁo then for any € # 0 there exists a B
" that will make tr KCL > 0 and therefore for arbitrarily small € , the perturbed

closed-loop system will be unstable.
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The basic problem exposed here is that the margins are really
guaranteed at a different point in the loop than where we would like.
This is illustrated in Fig. 3.4 where the perturbation L{s) is inserted at
point @ When L(s) is diagonal, as when calculating gain and phase
margins, and R is also diagonal then R_% and L{s} commute and points@
and@ have identical guaranteed gain and phase margins. Point @ is
where it is important to have margins (i.e., at the input to the physical
plant}), not inside the compensator at point @

Returning to Example 2.1 of the previous section once more, an LQ
feedback control law is given that has the same closed-loop poles as before,

but dvoids the near instability associated with the negative identity

feedback.

Example 3.2:

With !:)12 = 50 in (2.10} as in the plot of g(I1+G(jw)) in Fig. 2.9, an LQ

design using R=| and

2601 -50
Q=3 (3.28)

R B K= (3.29)

and a closed-loop system matrix A’ f

cL ®
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— A _ 1Ty _ _
ACL—A BR B K =-2I . (3.30)

This makes 1+G(s)

s+2
s+1
I+G(s) = {3.31)
o st2
s+ 1
and thus
wley |4
a(I+G(jw)) =|—=—|* > 1 . (3.32)
w1

As one might expect the ability of LQ regulators to tolerate crossfeed
pertrubations is also affected by the choice of the control weighting matrix

R. This is made precise in the following corollary.

Corollary 3.2: The LQ regulator with loop transfer matrix G(s) satisfying

(3.15) will tolerate (i.e., &CL(S) will have no CRHP zeroes) a crossfeed

perturbation of the form (2.42) satisfying (2.16) and (2.17) provided

lmin(R‘IJ ;\min(sz

— 2
g “[(X(s)) < min . . s €8 (3.33)
Amax{RZ) lmax[Rﬂ R
where R is given by
R1 0
R = (3.34)
g R2

and is conformably partitioned with L{s) in (2.42} and either Q >0 or

‘%L(jm) # 0 Yuw holds.

Proof: Appendix
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Note that
Amin(R) ?\mm(R1) Amin(R,) . Jamin(r) 1/2 535
Imax(R) < min )\max(Rz) ’ )\max(Ri) Z [Tmax(rR) .

which indicates that if the ratio of Amin(R) /Amax{R) is very small that the
ability to tolerate crossfeed perturbations is drastically reduced. As illustrated
in Flg. 3.4 the use of R scales the inputs and outpuis such that the stability
margins -are obtained in the scaled system rather than the original system.

This means that if our original model has the ccordinate system in which we
would like to guaranteee margins, that R should be selected as R = pl for

some positive scalar p.

Since LQ designs have inherently good margins provided R is selected
appropriately, it is natural to search for variations of this method. One
such variation, proposed by Wong and Athans [27], is to solve a Lyapunov
rather than a Riccati equation to compute K in (3.11}.

The Lyapunov equation with Q > 0 given by

ATK+KA+Q=O (3.36)

guarantees that the eigenvalues of A lie in the CLHP if K > 0 and [A, 0”2]
is detectable. The corresponding Kalman type inequality for loop transfer

matrices G[s'}' specified by (3.4) where K > 0 satisfies (3.36) is given by .
RG(jw) + G (jw)R > 0 , Y o (3.37)

and is the fundamental inequality used to derive stability margins. When
Q > 0 the inequality (3.33) may be changed to strictly greater than. The

stability margins for this type of feedback are given in the next theorem
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and its coroilaries.

Theorem 3.3: For G{s) of the form of (3.4), %CL(S) has no CRHP zeroes

if the following conditions hoid:
(a) &DL(SJ has no CRHP zeroes (3.38)

(b) K > 0 satisfies (3.36) with Q >0, R > 0 and [A, Q%] (3.39)
detectable , and B has full rank

(c) either of the following holds

() Q>o0andRL(s) +L7(s)R >0, se€a, (3.40)

i) RL(s) + LR (s)R > 0 s €9, (3.a1)

Proof: Appendix

Corollary 3.3: For G(s) as in Theorem 3.3 with R diagonal the guaranteed

gain and phase margins are given by

CM =0, « (3.42)

and

PM = +90° (3.43)

Proof: Similar to Corollary 2.3

The importance of Corollary 3.3 is that the standard LQ guaranteed gain
reduction margin of %.can be reduced to 0 by using K satisfying the Lyapunov
equation (3.36) with Q > 0 rather than the Riccati equation (3.2). Of course,

it is possible to have a zero gain reduction margin only for open-iloop stable
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systems. However, standard LQ state feedback does not guarantee a zero
gain reduction margin even in the cpen-loop stable case, and has been
criticized on these grounds [20]. Having a zero gain reduction margin is
important in situations where actuators may fail or saturate, and there

is no opportunity to reconfigure the control system. In fact, the moti-
vation for the thesis [26] (which in turn lead to most of the developments
reported in this paper) was a study supporting the design of the automatic
depth-keeping controller for the Trident submarine, in which saturation of

one of the two actuators produced an unstable closed-loop system.

Corollary 3.4: For G{s) as in Theorem 3.3 the crossfeed tolerance is given

by

)\min(R1) )\min(Rz]
. s € S'ZR (3.44)

—2 .
g “{X(s)) < 4 min [AmaX(RZJ * Amax(R.)

where L(s) is given by (2.42}, R > 0 is given by (3.34) and (3.38) holds

ensuring $CL[S) has no CRHP zeroces.

Proof: Analogous to Corollary 3.2.

Another way to modify the LQ design procadure that is a compromise
between Theorem 3.2 and Theorem 3.3 invoilves using a parameterized Riccati

‘equation given by

T T

ATK + KA +Q - gKBR BTK = ¢ (3.45)

where B is an adjustable parameter and 0-< 8 < 2. The feedback law is still
given by (3.11) and G(s) is still given by (3.4) with K > 0. Since the 8

in (3.45) may be lumped together with the R matrix, (3.#45) is just a standard
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Riccati equation and therefore has a unique solution K > 0 under the
appropriate assumptions (3.15). The standard LQ optimal feedback faw

associated with (3.45) is given by

T

u(t) = ~-gR™ BT Kx(1) . (3.16)

15T

Instead of {3.456) we will use u{t) = -R 'B Kx{t) as in {(3.11). Thus de-
pending on whether § > 1 or 8 < 1 we are merely decreasing or increasing,
respectively, the optimal feedback gain by a scalar factor of 1/8. Also with
G(s) given by (3.4) the standard LQ loop transfer matrix is simply BG(s).

From Theorem 3.1 we know that if Q > 0

H1 1
[1+ G(s)] B R[I+B G(s)] >E R, s GQR (3.47)
whichin the SISO case becomes
1 1
|E+g(s)l>§ , s €0p (3.48)

and is illustrated in Fig. 3.5(a). To obtain bounds on L{s) to ensure stability
we merely work with % L(s) and BG(s) and apply Theorem 3.2 for the
standard 1.Q regulator problem. Doing this we obtain, in the SISO case,

the inequality

g2 Hs)-1] < 1, s €qp (3.19)

illustrated in Fig. 3.5(b). Note that from Fig. 3.5{(a) that the critical "-1"
point is no longer contained inside the circle if >2 and thus there are
no guaranteed margins. If g+0 the guaranteed minimum margins appraoch those

of the Lyapunov feedback case. In general, for the multivariable case the
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guaranteed minimum margins, again if R is diagonal and Q is positive definite,

are given by

GM

h

/2, = 0D<B<2 (3.50)
and
- -18
PM = % cos 5 , 0< B <2 . {3.5.1)

These guaranteed margins (when g < 1) can also be obtained by similar but
distinctly different procedures reported in [30] and [31] which utilize

standard LQ regulators with vanishingly small control weights.

C. Stability Margins of LQG Regulators

A basic limitation associated with the LQ guaranteed stability margins
is that they are obtained only under the assumption of full state feedback.
State feedback can never be exactly realized, and often it is impossible or
too expensive to provide enough sensors to achieve even an approximate
realization. Thus one is motivated to investigate what guaranteed stability
margins might be associated with LQG controllers, in which a Kalman filter
(KF) is used to provide state estimates for feedback.

Since the Kg!man filter is the dual of the LQ regulator, dual robustness
results are obtainable. They ensure a nondivergent Kalman filter under
variations in the nominal model parameters of the plant whose state is to
be estimatec;. To make the precise connection between the regulator and

filter problems, consider the linear system

x(1) = Ax{t) + £{1) (3.52)
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y({t) = Cx(t) + 8(b) (3.53)

where £(t) and 8(t) are zero mean white noise sources with spectral intensity
matrices Z and © respectively. We wish to estimate x{t) given y(1),

- < 1 <t, such that the mean square error is minimized. Under the
assumption the [A,C] is detectable, it is well-known that the state estimate

is si::eciﬁed by

S = AR + zCTe v (3.54)

v(';) = y(t) - CX(t) (3.55)
where

Az+IAT +2-3zc'e lcz=0, zI>0. (3.56)

If we calculate the transfer matrix from v(s) to S}(s] = Cx(s), we find that

o(s) = [Cls-A) zcT e v is) A F(s)us) .« (3.57)
Then, if £ >0, F(s) satisfies the dual of (3.6} given by

(+Fse-(1+F(sn >0, s €0 (3.58)

which guarantees the stability of the error dynamics under a range of
perturbations in F(s). Thus, if F(s) is perturbed to E(s] =F(s}L(s},
where usual assumptions about G(s) are applied to F(s), the Kalman filter

will remain nondivergent if

so VA s) 0121y < 1, s€Q (3.59)
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or equivalently,
H .
oL (s} + L(s}o — & >0. (3.60)

It is now readily apparent that F(s}, the loop transfer matrix of the error
dynamics loop of the Kalman filter, is the dual of G(s)in the LQ regulator
and has the same guaranteed margins at 'its input, v{s), for diagonal ©.

Safonov and Athans [ 32] have developed these dual results for the
nondivergence of the extended Kalman filter. Furthermore, they have con-
sidered the robustr;ess properties of a nonlinear LQG control system formed
by the cascade of a constant gain extended Kalman filter and the LQ state
feedback gain., The LQ state feedback gain and the constant gain of the
extended Kalman filter are computed form the linearized model parameters.
However, the extended Kalman filter must have the true nonlinear model of
the plant. in the completely linear case the LQG stability margins are much
easier to obtain.

The standzrd LQG control system block diagram is shown in Fig. 3.6.
with various points of the loop marked. To determine the robustness of the
LQG control systemwe insert perturbations at points @ and @ {the input
and output .of the physical plant) and find out how large they can be made
without destabilizing the closed-loop system. It is therefore convenient to
calculate the loop transfer matrices at points @ to @ . The loop transfer
matrix at point ® will denoted TK{S). and is calculated breaking the loop
at point ® and using it as the input as well as the output. For the four

points indicated in Fig. 3.6 we have

T1(SJ Grcp(s} B {3.61)

T,(s) = G_(¢ j‘[s) +BG_+G.C)'GLCo(s)B (3.62)
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T,(s) = Co (s)BG (¢ '(s) + BG, + chfjcf (3.63)

T, (s) = C¢ ()G (3.64)
where

G, A r 1Tk = regulator gain (3.65)

G, 2:cTe = filter gain (3.66)

o(s) £ (1s-A) ! (3.67)

Note that points @ and @ have the standard LQ regulator and Kalman
filter loop transfer mairices respectively. Thus at points @ and @
(inside the LQG controller) the LQ and KF minimum guaranteed stability
margins apply. The following theorem is a much simplified version of a
theorem proved in [32] and gives LQG stability margins at points @ and

@ (the input and output of the physical plant).

Theorem 3.4: The LQG feedback control system of Fig. 3.6 is asymptotically
' 1

stable under variations in the open-loop plant Gp(s] 4 C(lsl~A)‘_ B if the

following conditions hold: '

- A mm1n (3.69)
(a) the perturbed open-loop plant Gp(s) = C(ls-A) B is such

the det[sI—K) and det{si-A) have the same number of CRHP
zeroes and if det(jwol—K) = 0 then det{jwoi—A} = 0.

{b) [A,B] is stabilizable, Q>0, R>0 and K >0 satisfies {3.2) {3.70)
and B has full rank.
& = = .
{d) Gp(s) p(s)L[s) N(s]Gp[s) {(3.71)

and either

SRV s)r720yy < 1 (3.72)
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or

56N sy 02y < (3.73)

hold for all s € & R

(e) the LQG controller transfer matrix GC (s} from the plant output to
the plant input is given by

_ LR oo 1
G (s) =G (Is-A +BG _ + GL) G, (3.74)

where Gr and Gf respectively satisfy (3.65) and (3.66) .

Proof: Appendix

Notice that in (3.71) L{s)} represents the same perturbation in Gp[s)
at the input to the plant as N(s) represents at the output of the plant and
that Ep[s) is the same in both cases. Now the basic idea of the proof is
quite simple. At point @ we have an LQ state feedback reguiator loop
transfer matrix and the LQ guaranteed margins apply. By moving L(s),
the perturbation, to point @ we simply change B in the Kalman filter
to BL(s) leaving Gr = R_i_BTK fixed. This, however, is the same as giving
the Kalm_an filter the correct dynamic model of the perturbed open-loop
system without changing either the filter or the regulator gains. The same
result follows if'we start with a perturbation, N(s}, at point @ , where
the KF guarantees apply and move it to point @ changi'ng C to CN(s}.

Thus the LQ and KF guaranteed stability margins will apply to LQG
controllers at the input and output of the physical plant but under the
restrictive assumption that the system model embedded within the Kalman

filter is always the same as the true system. For the more realistic case

in which the internal model of the Kalman filter remains unchanged, there are
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unfortunately no guarantees;, as Doyle has demonstrated with a simple
.counterexample [331. This counterexample is extreme, but it is possible
to obtain LQG controllers with inadequate stability margins that look
quite‘reasonab!e in the time domain. Fig. 3.7 shows the Nyquist plot of

a single~input design reported in the literature [34]; note that the phase
margin is less than 10°.

Fortunately, there are two dual procedures that do not require the
Kaiman filter to have the true system model and that still recover the LQ and
KF guaranteed minimum margins. These procedures use the asymptotic
properties of the Kalman ﬁ.iter and LQ regulator (see [ ] this issue) and
can be used only if the plant is minimum phase. If W is a nonsingular arbitrary
matrix, then by selecting = in (3.56) as p BWWTBT and letting p + = the
loop transfer matrix TZ(S] in (3.62} approaches T1[s} of (3.61) if the
minimum phase assumption holds [35]. Thus the LQ regulatogaranteed
margins will be recovered at the input to the plant. Kwakernaak [36] proposed
the dual of the above procedure to obtain low sensitivity feedback systems.
His procedure makes T3(s) of (3.63) approach Tu(s) of {3.64) and thus the
KF guaranteed minimum margins will be recovered at the ouiput of the pIant‘l.
However, it is not always the case that an LQG controller needs to be
robustified by these procedures since in some cases the LQG control system

will have better stability margins than its full state feedback counterpart

[42].

1Dowdle [37] has adpated these procedures for use with minimal order observer
based compensators and their duals.
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Even when these procedures are used, the guaranteed stability margins
apply atthe input or output of the physical plant but not necessarily at
both input and output. It is desirable to have margins at both these
locations since the pertrubations in Gp(s) are represented as either
Gp(s]L[s] or N(s]Gp(s} and we should not like small perturbations in either
input or output to destabilize the system. Margins at both input and ocutput

can be ensured if the inequalities
g{l+GC(s)Gp(s)} > 1 {3.75)

and

_q(l+Gp{s)Gc(s)) > 1 . (3.76}

both hold. The relationship between these two quantities when Gp[s)

and Gc(s} are square is given by

%g(mp(s}cc[s)) < o(1+G ()G (s)) <kg (4G ()G () (3.77)
where
TG () G (s |
k = min B > 1. {3.78)

a(Gp(s)) - Q(GC(SJ)J -

The quantity k is the minimum of the condition numbers of Gp(s) and
Gc(s] with respect to inverstion. The proof is accomplished by a simple
calculation. and is omitted. From (3.77) we conclude that if k is close

to unity then approximately the same robustness guarantees will apply at

both input and cutput. Note that we have no control over Gp(s) so that
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if Gp(s)is nearly singular we must design our compensator so. that
—c'f[Gc(s]) = E.(GC(S” . On the other hand, if our plant is well-conditioned
with respect to inversion our compensator Gc{s) need not be so severely

constrained, . allowing more flexibility in achieving performance objectives.
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IV. SUMMARY AND CONCLUSIONS

A. Summarx

In this paper we have stressed the importance of the robustness of
feedback systems with respect to uncertainty in the nominal plant model,
Arguing from the multivariable Nyquist theorem, it was shown that if the
return difference matrix 1+G{s) is nearly singular, then there exists a
small perturbation in G(s) that will destablize the closed-loop system. To
detect this condition, singular values, familiar from numerical analysis, were
introduced. In particular o(1+G(s)) measures the nearness to singularity of
[+G(s). Interpreting o{I+G(s)) lead to a direct multivariable generalization
of the classical notions gain and phase margins. These margins were shown

to hold simultaneously in all loops of the feedback system. Also a channel

crossfeed margin was derived from glAHG(s]) which is the key quantity in
the determination of all the stability margin results.

Direct synthesis procedures involving g(I+G(s)) are unknown at present.
This is due in part to the complicated dependence of g(1+G(s)} on the com-
pensator implicit in G(s). However, the LQ state feedback regulator was
shown to provide an indirect synthesis procedure which au)tomaticaliy ensures
a degree of robustness in the coordinate system specified by the control
weighting matrix R. Thus LQ state feedback is preferable to state feedback
specified by pole placement techniques since there are no 'r'obu‘stness guarantees
provided by this latter method. Next, using the Lyapunov equation to compute
the feedback gains, a regulator was specified that was stable in spite of the

failure of any of its feedback channels. For LQG control systems there are no
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automatic guarantees. However, in the case of minimum phase plants, the
L.Q. .guaranteed margins are asymptotically recoverable if necessary.

Even so, these guarantees will simply be inadequate if excessively
large feedback gains are used. This is most clear in the SISO case when the
gain crossover frequency occurs at a frequency at which the phase of the
open-loop transfer function is completely uncertain. In this case the phase
margin necessary for stability is £180° requiring the loop gain to be less

than 1.

B. Conclusions and Future Research

Although the singular value approach is useful in detecting the near
instability of a control system, it is sometimes unnecessarily conservative.
This is due to the fact that some of the small perturbations that would
theoretically destabilize the closec:i—loop system will never occur in the physical
system. Nevertheless they are still detected by a small g(1+G(s}). One
direction for further research is characterization of the robustness of a feadback
system in which perturbations in certain directions are ruled out as impossi-
bilities on physical grounds. This points out the fundamental problem of obtaining
the characterization of the uncertainty associated with a given model. [t seems
that this knowledge can be acquired only by experience with real applications.
One of the advantages of the singular value approach is that it singles out
the worst type of perturbations for scrutiny. Another avenue for research
is,of course, LQG controller design procedures that ensure a minimum size
for g_(l-i-G(s}} or its complementary quantity g(I+G'](s}] and yet maintain

a satisfactory degree of performance.
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In the decade since the promulgation of the LQG methodology [41],
much has been learned about the pitfalls of its application to practical
problems. It has been criticized on the grounds that the optimal control
problem is over specified to the extent that there is only one solution merely
to be found by the computer [1]. Practice has shown however, that the LQG
method is not merely a "cookbook" procedure to be used blindly, but one in
which a fair amount of iteration on the; design of a controller is necessary to
obtain satisfactory results. Unlike, however, many of the frequency domain
techniques which reduce a multiloop problem to a series of single loop designs,
the LQG procedure is inherently a multiloop procedure. It provides a reasonable
place to start a control system design and when used intelligently should

provide the designer a good chance of success.
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APPENDIX

A. Proofs for Sections 1l and 1}l

Proof of Theorem 2.2: For all R sufficiently large, DR will enclose all

ORHP zerves of both ¢OL(5} and '(‘EOL{S) and by virtue of (2.17) and the
indentation construction of DR this can be extended to all CRHP zeroes of
both ¢OL(S) and 'QE.OL{S} . Also, for R sufficiently large, DR avoids all
OLHP zeroes of ¢OL(S) , ¢0L[s] and quL(s) . From Theorem 2.1 and (2.18)

we conclude that
410, detfi+G(s)1, DR) = -P (A.1)

where P is the number of CRHP zeroes of ci)OL(s] and, by (2.16), also of
rti)'OL(s) . Clearly detfl+(1-€)G(s) + € 6(5)1 is a continuous function of

€ for all s €D, and from (A.1)

R

0, det[1+(1-€)G(s) + €G(s)], D = -P (A.2)

).
Re =0

Now suppose that as € is varied continuously from 0 to 1 that

MO, det[1+{1-€) C(s) + eC(s)], DR) does not remain constant at -P. From the
Principle of the Argument we know that for some €on [0, 1] the number of
zeroes minus the number of poles of det [I+{I-€)G(s) + € G(s)] enclosed in
DR must change. However, since the poles and zeroes are also continuous

functions of €, it must be that for some € _ on [0, 1] that they lie on DR

0
and thus

det[1+(I-€,)G(s) + €O§(s)] =0 orw (A.3)

Condition (2. 19) eliminates the possibility that det{l+(l—€0)G{s] + 605(5}]

evaluates to zero. Since R is chosen sufficiently large, Dy must avoid all
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zeros of &BL(S) and %L{s) which include the poles of det[!+(l-€0)G(s) +

€ Oﬁ[sl] and thus the possibility that ‘det[l+['1-—€b)‘G'{s) + €05(s)] is in-

finite is also ruled out. This contradicts the assumption that
J10,det[1+(1-€)G({s) + €GC(s), DRJ changes as €is varied on [0, 1] and there-
fore it must be that it remains constant for all ¢ on [0,1]. However, this

implies that for € =1 that

M0, det[1+G(s)], Dg) = -P (A.1)

and thus by (2.16) and Theorem 2.1, $CL(5) has no CRHP zeroes.

Q.E.D.

Lemma A.1: For square matrices G and L det{1+GL) # 0 if either of the fol-

lowing conditions hold:

(a) E(L_1—|]<9:(I+G) (A.5)
) G+cH>0 and (A.6)
Lt > o (A.7)

Proof: To prove (a) rewrite I+GL as

+GL = [(L7 1) (1+G) !

+1{I+G)L (A.8)
since L and 1+G are, by (A.5), assumed to be nonsingular, 1+GL is nonsingular

1

if and only if [(L"‘l—l) (1+G) "+1] is nonsingular. Condition (A.3) guarantees

that
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e~ asc) 7Y ,< 1 (A.9)

1

which ensures that [(L—1-l)(I+G]_ + 1] iIs invertible. To prove (b), suppose,

contirary to what we wish to prove that
det(I1+GL) = 0 (A.10)
Thus J a vector x#0 3 (J+GL)x = 0 and hence

X = -Glx (A.11)

Defining z = Lx, (A.11) implies z#0 and
z =-LGz (A.12}

Condition (A.86) and (A.12) imply

H_.H H

Hez + Hels = HeH e Ficz > 0 (A.13)

and since Gz # 0 a contradiction to {A.7) and (A.10) is abtained.

Q.E.D.

Lemma A.2: If L is a square matrix and L(€} = (1-€1 + €L, then for all €

on [0, 1] the following implications hold:

(a) 5L -D<a<1 = GL7HO-D < (A.14)

H

(b) oL -h<e and L7 > 0 =351 (9-1<a (A.15)
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(c) S(LT-D<a and 2@*-1)g2(L-1) > o252cL+LH-21)
(A.16)
=5 g-n<q
H H
(@) Lt so0 = g +LHg>o (A.17)
Proof: For (a) and (b} rewrite E(LQT(GJ—I) < o as
gL - we - nfwg-n>o . (A.18)
Expanding the left-hand side of (A.18) gives
AhgLe) - g-n"w@-n = Ereli-w-nt-ng +
2 H
21~ [(1-91 + gL+ . (A.19)

By (A.14) or (A.15) the first term on the right-hand side of (A.19] is assumed

to be positive definite. Now with a<l1, (A.14) also gives

Lha > 1+ (=L s o (A.20)

so that (A.14) or (A.15) guarantee L+LH > 0 which makes the second term on
the right-hand side.of (A.19) positive semi-definite. Thus (A.18) is true
for all €on [0, 1] which is equivalent to E(L_T{EJ—I) <o - To prove {c) re-

write (A.19) as
(A.21)

2

ZiHgLig - (wo-nt©-n = N w-nt-n+leraLi-ang ol

For the right-hand-side of (A.21) to positive definite, it is sufficient to show
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that f(€ > 0 where f(€) is given by

f(€) = 822 - uE +4° (A.22)
and where

& = (a2-1)o?(L-1) ° (A.23)

o= o’ E(%H—— n . | (A.24)

Differentiating f(€) to find an €% such that f(€*) is minimum results in

Y ' (A.25)

and

fler) = o - ‘é—z (A.26)
Thus f(€*) will be positive if

2@ > 92 (A.27)
or

20212 (1) > %52 (L2 (A.28)

which proves (C).
Imptication (d) follows trivially by direct substitution.

Q.E.D.

Proof of Theorems 2.3 and 2.4: Conditions (2.21) and (2. 44) ensure that only

condition {2.19) of Theorem 2.2 need be verified. Since ¢[G{s)] and
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GIC(5)1 + 0 as |s| oo, detli+(1-€) GEs) + € G(s)] # -0 for
all |§ =R for R sufficiently large. Thus (2.19) need only be checked for

s € QR' Lemmas A.1 and A.2 applied at every s GQR, guarantee that

(2.19) holds for s € QR and thus for s € DR. The conditions of Theorem

2.2 are satisfied and thus $CL(S) has no CRHP zeroes.
Q.E.D.

Proof of Corollaries 2.1 and 2.3: In Theorems 2.3 and 2.4 take L(s) to be

a diagonal mairix given by
L(s) = diagiz, (s), 4(s),....z,(s)] (A.29)

which simplifies condition {2.22) and (2.23} to

[2‘;{5) -1| < % Vi (A.30)

and condition (2.46) to

Re{sz,i(s)] >0 Yi {A.31)
To obtain gain margins, let

2;(s) =2, Q’-i real

then (A.30)} becomes

1 1
— < % < {A.32)
1+cz0 i 1—a0

and {A.31) becomes
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Similarly, to obtzin phase margins, let

j¢i{s]

?“I(S) =g , ¢i(s} real

then [A.30) becomes

2
1 -

5 < cos¢i[s]

ar

2
%

l¢i(s)l < cos '{1- ~ 1
while (A,31) becomes

cos (pi[s] >0

or

|¢i(s)‘ < *90°

Q.E.D.

(A.33)

(A.34)

{A.35)

(A.36)

{A.37)

Proof of Corollaries 2.2 and 2.4: Only conditions (2.22) and (2.46) need

verification. With L(s) given by

0 -Xs)

L1 (s)-1 =

and thus

(2.42) we have

or

(A.38)
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SLT()-) = FX(s)< o < o14G(s)) A.39)
Also,
2l X(s) 2 xHes)
L(s} + LH('s} = or {A.40)
xHsy 2 X(s) 2l
so that
. 0 X(s)
A (L)L (1) > 2 -0 (A.41)
XH(s) 0
0 X(s)
>2-3F =2 - 5(X(s)) > 0 .
xHisy o
Q.E.D.

Proof of Theorem 3.1: Direct manipulation of (3.2) gives

(s’;I—A_T]K + K(sl-A) - KBR™IBTK = (Q + 2Re(s)K) (A.43)

where s* denotes the complex conjugate of s. Premultiplying and postmultiplying

1

(A.42) by [(si-A)~ BIH and [(sI—A)_IB] respectively we obtain

RG(s) + G7(s)R + G (s)RG(s) = H(s) (A.143)

Adding R to both sides of (A.43) gives (3.3). Now Q + 2Re(s}K will be positive
semidefinite for s € DR if Q > 0 and the indentations of QR are sufficiently

small or if Re{s) >0, s € DR which happens if det(jul-A) # 0 Vo. Thus



~55-

under these conditions H{s) > 0 or H{s) >0 respectively for all s € DR'

Q.E.D.

Proof of Theorem 3.2: It is well-known that condition {3.15) ensures that
1/2 -1/2

quL(s) has no CRHP zeroces. Defining é(s) 4 R G(s)R

-1/2

, we see that
G(s) has a state-space relaization (A, BR R_HZBTK) and thus its
open— and closed-loop characteristic polynomials @)OL{S) and $CL[s] are
idantical to those of (A,B,R—TBTKJ . Thus any assumptions about ¢0L(s)
- iy . . . s
and quL[s) obviously apply to $0L[s) and (bCL{s). Similarly, by defining

Les) A rY2 (gr71/2

, we may work with 3(5) and 1\_[5] instead of G(s)
and L{s}. The conditions (3.6) and (3.7} of Theorem 3.1 are equivalent
to g(l+€i(s]) >land g (i+&[s)] > 1 respectively. The condition (3.16) and

Theorem 3.1 require that

A N s)-n <1 < o1+G(s)), s €0, (A.ui)
and by Theorem 2.3 we conclude that $CL(S) has no CRHP zeroes. Al-
ternatively condition (3.17) and Theorem 3.1 require that

—A-1 A

o(L '(s)-1} < 1 < o(i+G(s)) . (A.45)
which again by Theorem 2.3 means $CL(S) has no CRHP zeroes.

Q.E.D.

Proof of Corollary 3.1: From Theorem 3.1 and 3.2 we know if Q > 0 then

172, -1 ~1

SRV )RV 2 =51 sy -1 <1, s€EQ (A.146)

R

to satisfy (3.16) when L(s) and R are diagonal. If q)cL(ij # 0 Vuw théen

s < 1, s €0, (A.87)
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to satisfy (3.17) when L(s) and R are diagonal. The remainder of the
proof is completely analogous to-Corollary 2.1

Q.E.D.

proof of Corollary 3.2: Only conditions (3.16) and (3.17) of Theorem 3.2

need to be verified for the L(s) of (2.42) the rest are satisfied by assumption.

3

Note that for s € Q

R
. 1/2X{ }R
SRV sV =35 or
lo 0
0 0
= (A.48)
uzx( )R] vz,
< Gxis) max (@R} A5(R?), TR ASRT A
and hence if
172 1/2
A (R,'5) A (R, )
S(X(s)) max |—max 1‘,2 | _max %,2 <1 (A.149)
Amin{RZ ) min (R‘i )

then conditions (3.16} and (3.17) are both satisified. However, {A.49) is
equivalent to (3.33}.

Q.E.D.

Proof of Theorem 3. 3: Conditions {3.38} and {3.39) and the Lyapunov

stability criterion guarantee that condition (2.44) of Theorem 2.4 is satisfied.
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As in the proof of Theorem 3.2 we may work with G(s} = R”zG(s)R—”2

and L(s) =R /2 -1/2

L{s)R instead of G(s) and L{s). Condition (3.37)

is simply condition (2.45) of Theorem 2.4 with E\J(s) replacing G(s) and

fi\_{s.] replacing L{s) in (2.46) is simply (3.41). Thus by Theorem 2.4 the
theorem is proved whgn (3.41) holds. When Q > 0 and {3.40) is satisfied,
the strictness of the inequality (2.46) of Theorem 2.4 may be changed to

> and the _>_of (2.45) to > and Theorem 2.4 remains valid. Thus when (3.40)

holds Theorem 3.1 is again proved.

Q.E.D.

Proof of Theorem 3.4: Breaking the loop at point @ of Fig. 3.6 we have a

loop transfer function matrix of

G (s 1-A+G.C) T 1GC(Is-A) T'B + B] = G (s1-A) "B £ G(s) (A.50)
so that

do. () = det[si-A + GC] det[sI-A] (A.51)
and '

$o () = det[sl-A + G,C] det[sl-Al {A.52)

Since the Kalman filter error dynamics are stable given (3.70) and since

{3.68) holds, conditions {2.16) and (2.17) of Theorem 2.2 hold. Now by

direct application of Theorem 3.2 we conclude that the system of Fig. 3.5

is stable if L.(s) is inserted at point @ . However, this is not the location

we desire to have the margins guaranteed. Nevertheless, by manipulation of

the block diagram of Fig. 3.6 we may place L(s) at peoint @ if we change B to BL{(s).

inside the controller leaving G = R_1BTK fixed. This, however, is equivalent
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to changing (A,B,C) to (FN\,B,C) inside the controller leaving Gf and Gr
fixed which is the .desired result for perturbation L{(s). The proof for a
perturbation N{s) at the output is analogous.

Q.E.D.

B. Singular Values [19], [38] - [40]

The singular values of a square nxn complex matrix A, denoted O'i(A] .

are defined as

1/2
i

0, (A) 4 A;/Z(A“A) =2 2anHy (B.1)

where AH

denotes the complex conjugate transpose of A and )\i{AHA) the
im‘ largest eigenvalue of AHA. A way of representing the matrix A, known

as the singular value decomposition (SVD)} is given by

H_ < H
A=Uzv' = 12;1 o, (Alu,v. — (B.2)
where
Utu, u,.oe,ul uty =1 (B.3)
VELv, vy v 1 vily = | (8.1)
z =diag[o1, Toranes on] {B.5)

and the columns of V and U are eigenvectors of AHA and AAH respectively.
The minimum and maximum singular values denoted ¢ and G respectively are

sometimes equivalently defined in terms of the spectral matrix norm ||-||, as
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a(A) = = [[AlL, (B.6)

H
X g
S X
e )
~“H-
[
K
(3]

and

[1AX ] A1, if det Ao

a(A) (B.7)

]

X 3
=
“H-
o
x
N

0 , it det A=0
The minimum singular value o(A) provides a measure of the nearness to

singularity of the matrix A in the following sense. {f A+E is singular then

|[El], = 5(E) >o(A) . (B.8)

Other facts involving singular values that are useful for mani-

pulation follow. The inequality
g{A) > o(B) (B.9)

may also be written

AHa s . (B.10)

Also,since o(+) is the same as |]- the triangle inequality

|y

G(A+B) < o(A) + o(B) (B.11)

holds. Flnally, if A*1 exists then {(B.68) and (B'.']} give

:
FATh

o(A) = (B.12)
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.Fig. 1.1: Feedback system for stability margin definition.

UC(L:Q ——>  G(s) -ufs)

Fig. 2.1: Feedback system where G{s) represents
the open-loop plant plus a compensator.
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Fig. 2.2: Nyquist contour DR which encloses all zeros
of ¢0L(s) in the CRHP, avoiding imaginary

zeros by indentations of radius of 1/R.
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Fig. 2.3: Internal structure of Example 2.1
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‘Fig. 2.5: Perturbation jn open-loop system which

makes closed-loop system unstable.
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Fig. 2.6: Feedback system with multiplicative
representation of uncertainty in G(s).
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Fig. 2.9: Singular value plot of 9(1+G{jw))
for Example 2.1 when b]2 = 50.
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" Fig. z.1: Unit disk that Nyquist locus of glju) must avoid.
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Fig. 3.2: Feedback system for stability margin
derivation {compare Fig. 2.6) .
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Fig. 3.3:

Configuration for definition of multiloop LQ stability margins.
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Fig. 3.4: LQ regulator with margins guaranieed at point @
for an R >0 and at both (1) and (Q)for diagonal

A

Fig. 3.5(a): Set of allowable values of g(s) when |1+8g(s)| > 1.
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Fig. 3.5(b): Set of allowable vaiues of 2(s) when
|82-1(s)-1] < 1and 0 < B < 2.
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Fig. 3.7: Nyquist diagram for LQG design in [34].
(H(jw) = loop transfer function).



