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SUMMARY 

A gene ra l  procedure f o r  c m p u t i n g  t h e  reg ion  of in f luence  of a maneuvering 
v e h i c l e  is descr ibed .  B a s i c  d i f f e r e n t i a l  geometr ic  r e l a t i o n s ,  inc luding  t h e  
u s e  of a gene ra l  t r a j e c t o r y  parameter and t h e  i n t r o d u c t i o n  of a u x i l i a r y  va r i -  
ables i n  t h e  envelope theo ry  are presented.  To i l l u s t r a t e  t h e  a p p l i c a t i o n  of 
t h e  method, t h e  d e s t r u c t  r eg ion  for a maneuvering f i g h t e r  f i r i n g  missiles is 
computed. 

INTRODUCTION 

I n  t h e  course of  t h e  f l i g h t  of an a i r p l a n e ,  a missile, or even a space 
veh ic l e ,  c e r t a i n  r eg ions  i n  t h e  neighborhood of  t h e  f l i g h t  pa th  are of i n t e r -  
e s t ,  u sua l ly  because of  t h e  p o t e n t i a l  in f luence  t h a t  t h e  veh ic l e  h a s  on t h e  
space i n  its v i c i n i t y .  Th i s  i n f luence  may be of a pas s ive  na tu re ,  such as 
no i se ,  engine exhaus t ,  or t r a i l i n g  v o r t i c e s .  I t  may, on t h e  o the r  hand, be 
d e l i b e r a t e  i n  c h a r a c t e r .  The v e h i c l e  may, f o r  example, e m i t  missiles or o the r  
projecti les,  radar  seeking  or jamming s i g n a l s ,  and laser guidance s i g n a l s .  

I n  such a s i t u a t i o n  it is u s e f u l  to  know t h e  e x t e n t  of t h e  region of  
in f luence  as a f u n c t i o n  of t h e  v e h i c l e ' s  pa th  and i ts  speed. The shape of 
t h e  reg ion  is g e n e r a l l y  known f o r  cons t an t  cond i t ions ,  t h a t  is, f o r  t h e  vehi- 
cle a t  res t  or i n  s t r a i g h t  s t eady  f l i g h t .  The t o t a l  region of in f luence  f o r  a 
gene ra l  f l i g h t  t r a j e c t o r y  is t h e  i n t e r i o r  of t h e  envelope of a l l  t h e  in s t an ta -  
neous regions.  I t  would be p o s s i b l e  to calculate each region s e p a r a t e l y  and 
then determine t h e  envelope numerical ly  by i n t e r p o l a t i o n .  However, it is much 
more e f f i c i e n t  to  c a l c u l a t e  t h e  envelope d i r e c t l y  by determining t h e  character- 
ist ic l i n e s  ( r e f .  1 )  as descr ibed  i n  t h e  p r e s e n t  paper.  Another advantage of  
t h i s  method is t h a t  t h e  a n a l y t i c a l  na tu re  of t h e  envelope equat ions  provides  a 
q u a l i t a t i v e  i n s i g h t  i n t o  t h e  e f f e c t s  of var ious  f l i g h t  parameters on t h e  s i z e  
and shape of t h e  reg ion  of inf luence .  

I n  t h e  p r e s e n t  paper t h e  gene ra l  procedure is descr ibed .  The basic equa- 
t i o n s  are given,  t oge the r  wi th  some s p e c i a l i z e d  a n a l y t i c a l  resu l t s  t h a t  are  
u s e f u l  i n  t h e  a p p l i c a t i o n  of  t h e  method. Two i l l u s t r a t i v e  examples, both 
dea l ing  wi th  f i g h t e r  maneuvers, are given i n  some d e t a i l .  These examples 
t rea t  t h e  intercept reg ion  as a f u n c t i o n  of t h e  t r a j e c t o r y  of t h e  a t t a c k i n g  
a i r p l a n e  only.  

The b a s i c  technique has  a l r eady  been app l i ed  s p e c i f i c a l l y  to  t h e  s o n i c  
boom problem ( r e f .  2 ) ,  but  t h e  g e n e r a l i t y  of  t h e  method and t h e  wide range of 
its p o t e n t i a l  a p p l i c a t i o n s  i n  aerospace problems have appa ren t ly  no t  been 
recognized. Sane of  t h e s e  a p p l i c a t i o n s  inc lude  t h e  c a l c u l a t i o n  of a missile 
intercept region,  a j e t  no i se  cons tan t -dec ibe l  reg ion ,  and a reg ion  l i m i t e d  by 
t h e  l e n s  r e s o l u t i o n  of a camera c a r r i e d  by a spaceship.  



SYMBOLS 

speed of sound, m/sec 

u n i t  vec tor  perpendicular  to both  '? and n, ? x n 
cons tan t  of p r o p o r t i o n a l i t y  (used i n  eq. ( 8 ) ) ,  l / m  

cons t an t  r e l a t i n g  missile range increment to  v e h i c l e  v e l o c i t y  
(used i n  eq. ( 2 5 ) ) ,  l/sec 

to t a l  maximum range, m 

basic range f o r  projectile f i r e d  from rest, m 

u n i t  normal base v e c t o r s  f i x e d  i n  space 

local t o r s i o n  o f  f l i g h t  path,  l / m  

Mach number 

func t ion  shape parameter (used i n  eq. ( 2 4 ) )  

u n i t  normal vec tor  (used i n  eq. ( 3 ) )  

gene ra l  t r a j e c t o r y  parameter 

radial  v a r i a b l e  i n  s p h e r i c a l  coord ina te  system, m 

p o s i t i o n  vec tor  of  a p o i n t  on t h e  pe r iphe ry  of t h e  region of 
in f luence  of a maneuvering v e h i c l e ,  m 

p o s i t i o n  vec tor  of veh ic l e ,  m 

arc d i s t a n c e  a long  t r a j e c t o r y ,  m 

t i m e ,  sec 

u n i t  vec tor  l o c a l l y  tangent  to f l i g h t  pa th  a t  v e h i c l e  l o c a t i o n  

ve loc i ty ,  m/sec 

to t a l  v e l o c i t y  of 

gene ra l  v a r i a b l e s  

components of r 
- 

project i le  , m/sec 

angle  coord ina te  r e l a t i v e  to 3 vec to r ,  deg 

radar  semicone angle ,  deg 



K local t r  a j ector y cu rva tu re  , 1 /m 

P local t r a j e c t o r y  r a d i u s  of curva ture ,  l / K ,  m 

‘c t i m e  a t  which veh ic l e  is a t  p o i n t  r t ,  sec 

4 ang le  coord ina te ,  deg 

- 

Superscr ip ts :  

I d e r i v a t i v e  wi th  respect to s 

d e r i v a t i v e  wi th  respect to t i m e  

Subscr ip ts :  

0 cond i t ions  when a projectile is f i r e d  f r a n  rest  

PI u,v,e ,T d e r i v a t i v e  wi th  respect to  t h e  v a r i a b l e  

ANZiLYSIS AND EXAMPLES 

Review of Basic Equat ions 

I n  t h i s  s e c t i o n ,  mathematical  expres s ions  are given f o r  t h e  moving t r i h e -  
The p o s i t i o n  dral  coord ina te  system and t h e  t r a j e c t o r y  cu rva tu re  and to r s ion .  

vec tor  of t h e  v e h i c l e  a t  t i m e  T is 

The moving t r i h e d r a l  base v e c t o r s  are determined as follows: 

I f  s denotes t h e  l eng th  along t h e  t r a j e c t o r y  pa th ,  t h e  vec tor  ? is 
given by 

- d x -  d y -  d z ,  
T = -  i + - j + - k  

ds ds  ds  

which r e p r e s e n t s  a u n i t  vector  tangent  to t h e  f l i g h t  path.  Therefore ,  it is 
perpendicular  to its d e r i v a t i v e ,  which can be w r i t t e n  i n  t h e  form 

- 1 d? 

K ds  
n = - -  ( 3 )  
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- 
where n is a u n i t  v e c t o r ,  and K is t h e  magnitude of d?/ds and is termed 
t h e  t r a j e s t o r y  cu fva tu re  (ref. 1 , p. 1 3 ) .  
to both T and n is de f ined  by 

A t h i r d  u n i t  vec to r  perpendicular  

- -  
The t h r e e  mutual ly  perpendicular  u n i t  v e c t o r s  T I  n,-and 6 d e f i n e  t h e  

moving t r i h e d r a l  coordinat_e system ( f i g .  1 ) .  The vec to r  T p o i n t s  i n  t h e  
d i r e c t i o n  of f l i g h t ,  and n p o i n t s  i n  t h e  d i r e c t i o n  of t h e  local c e n t e r  
of c u r v a t u r e  of t h e  t r a j e c t o r y .  Other q u a n t i t i e s  which are used la te r  are 
t h e  d e r i v a t i v e s  of n and 6 which are given by 

db - - -2n 
ds 
- -  

I n  equa t ions  ( 5 )  and ( 6 )  , which toge the r  w i th  equa t ion  ( 3 )  are known 
as t h e  Frenet-Serret  formulas,  2 is t h e  local t r a j e c t o r y  t o r s i o n  ( r e f .  1 , 
pp. 15-18). 

The t r a j e c t o r y  parameters s and T are related through t h e  v e l o c i t y  
which is assumed to be known e i t h e r  as a f u n c t i o n  of s or T: 

d s  

d T  
V - =  ( 7 )  

Example: F i g h t e r  F i r i n g  Cannon S h e l l s  

To i l l u s t r a t e  t h e  a p p l i c a t i o n  of t h e s e  equa t ions  w i t h i n  a phys ica l  con- 
t e x t ,  consider  a f i g h t e r  t h a t  is f i r i n g  p r o j e c t i l e s  from a cannon whi l e  maneu- 
vering. The p r o j e c t i l e s  are f i r e d  i n  t h e  (local) d i r e c t i o n  of f l i g h t ,  t h a t  is, 
i n  t h e  d i r e c t i o n  of ?. 
p o r t i o n a l  to t h e  squa re  of t h e  speed: 

Their  d e c e l e r a t i o n  due t o  aerodynamic drag is pro- 
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Thus , 

which g i v e s  f o r  t h e  projectile v e l o c i t y  a t  t i m e  t, 

v + vo 
+ c ( V  + V0) ( t  - T) VT = 

1 

and f o r  t h e  d i s t a n c e  t r a v e l e d  from t h e  p o i n t  of  f i r i n g ,  

1 
d = - I n  [1 + c ( V  + Vo) ( t  - T) 1 

C 

I f  t h e  projectiles are f i r e d  over  t h e  pe r iod  t l  < T < t, then t h e  dis- 
t r i b u t i o n  of  t h e  projecti les i n  space a t  t i m e  t is given by t h e  vec to r  
express ion 

where d is given by equat ion  ( 9 ) .  F igu re  2 shows an example of  such a d i s -  
t r i b u t i o n  f o r  an a i r p l a n e  performing a t u r n i n g  maneuver. ( I n  t h e  example, 
c = O.O676/m, V = 183 m/sec, Vo = 183 m/sec, and P = 1219 m.)  

I f  it is assumed t h a t  t h e  projectile loses i ts  e f f e c t i v e n e s s  a f t e r  its 
v e l o c i t y  decreases  to a c e r t a i n  va lue ,  then  by i n s e r t i n g  t h i s  va lue  i n  t h e  l e f t  
s i d e  of  equat ion  (8a) and e l imina t ing  ( t  - T )  from equa t ions  (8a)  and (9)  , an 
e f f e c t i v e  range can be ca l cu la t ed .  With t h i s  range, an a l t e r n a t e  problem would 
be to compute t h e  e n t i r e  “ d e s t r u c t ”  s u r f a c e  swept o u t  by t h e  s h e l l s  f i r e d  over 
a pe r iod  o f  t i m e ,  a l lowing f o r  each s h e l l  its f u l l  range as  l i m i t e d  by e f f e c t i v e  
ve loc i ty .  For - t h i s  problem, t h e  s u r f a c e  is bounded on one edge by t h e  f l i g h t  
t r a j e c t o r y  r t ( T )  and on t h e  o t h e r  by t h e  l i n e  

- -  
r = r t ( T )  + d(V)? 

An example o f  t h i s  type o f  problem is shown i n  f i g u r e  3 for t h e  same type of 
maneuver used f o r  t h e  example of f i g u r e  2. I n  t h i s  example, t h e  projectile 
e f f e c t i v e  range is taken to  be  d = 1830 m. 

5 



I n  t h e s e  examples, s i m p l i f i e d  mathematical  models have been assumed 
f o r  purposes o f  i l l u s t r a t i o n .  
some inc rease  i n  mathematical  complexity.  For example, t h e  v e l o c i t y  equa- 
t i o n  (8a) could be w r i t t e n  as a vec tor  equat ion  wi th  a component i n  t h e  
k-direction r e s u l t i n g  from g r a v i t a t i o n a l  a t t r a c t i o n ,  and components taken 
i n  t h e  5 ,n  p lane  because,  i n  performing a t u r n i n g  maneuver, t h e  d i r e c t i o n  
of  f i r i n g  is n o t  e x a c t l y  i n  t h e  ?-direct ion.  

They could be made more s o p h i s t i c a t e d  wi th  

- 

Form o f  T r a j e c t o r y  Equat ions 

The - preceding examples r e q u i r e  t h e  d i f f e r e n t i a t i o n  of - t h e  f l i g h t  pa th  
vec to r  r t  i n  order to compute t h e  u n i t  t angent  vec tz r  T (eq. ( 2 ) )  . 
More complex problems r e q u i r e  h igher  d e r i v a t i v e s  of 
advantageous to express t h e  f l i g h t  t r a j e c t o r y  i n  a n a l y t i c  form so t h a t  t h e  
d e r i v a t i v e s  can be calculated a n a l y t i c a l l y .  
mal ly  be used i n  any hypo the t i ca l  s i t u a t i o n ,  bu t  even i f  t h e  t r a j e c t o r y  repre- 
sen ted  an  a c t u a l  f l i g h t ,  wi th  l o c a t i o n s  determined a t  s p e c i f i c  times, it would 
be p r e f e r a b l e  to f i t  t h e  t r a j e c t o r y  wi th  an a n a l y t i c  curve.  

r t .  I t  is g e n e r a l l y  

Analy t ic  expres s ions  would nor- 

However, it is n o t  a simple matter to expres s  most cu rves  i n  terms of a 
s p e c i f i c  parameter, such as  t h e  arc- length parameter s. C i r c u l a r  and e l l ip t ic  
arcs, f o r  example, are more n a t u r a l l y  expressed i n  terms of an angle  v a r i a b l e .  
Thus, i f  t h e  t r a j e c t o r y  coord ina te s  are expressed i n  terms of  a g e n e r a l  param- 
eter p, then t h e  t r a j e c t o r y  vec tor  is of t h e  form 

and 

where 

1 
p' = 

I 

\Ixp2 + Yp2 + zp 2 

A l s o  

6 



which, when w r i t t e n  i n  component form, is 

where 

or 

XPXPP 4. YPYPP + zPzPP p" = - 
(xp2 + yp2 + z p q 2  

Thus, performing a l l  c a l c u l a t i o n s  i n  terms of  the-parameter p, one can 
calculate ? from equa t ions  (1 2 )  and ( 1 3 ) ,  and n and K from equa- 
t i o n s  ( 3 ) ,  (14 ) ,  (131, and (15).  

Envelope Theory 

The region of i n t e r e s t  t h a t  is a s s o c i a t e d  wi th  a maneuvering v e h i c l e  is 
usua l ly  n o t  a simple set  of vec tor  l i n e s ,  as i n  t h e  example of t h e  cannon 
s h e l l s  f i r e d  from a f i g h t e r ,  b u t  r a t h e r  is a three-dimensional region. Sup- 
pose, f o r  example, t h e  f i g h t e r s  were f i r i n g  missiles r a t h e r  than cannon s h e l l s .  
S ince  t h e  missiles can be f i r e d  over a c e r t a i n  cone angle range, t h e r e  is, 
a s soc ia t ed  wi th  each p o i n t  of  t h e  t r a j e c t o r y ,  a d e s t r u c t  reg ion  wi th in  which 
a target can be destroyed. Then, to determine t h e  boundary of  t h e  d e s t r u c t  
reg ion  a s s o c i a t e d  wi th  t h e  e n t i r e  t r a j e c t o r y ,  one must determine t h e  envelope 
o f  a l l  t h e  s u r f a c e s  t h a t  bound these  i n d i v i d u a l  regions.  Somewhat similar 
problems involving the envelope of  a fami ly  of s u r f a c e s  arise i n  c a l c u l a t i o n s  
of subsonic  and supersonic  airplane noise .  

The theory  of  c a l c u l a t i n g  t h e  envelope of a one-parameter family of su r -  
faces is given i n  r e fe rence  1 (pp. 162-168). I f  t h e  parameter is p and t h e  
family of s u r f a c e s  is given i n  t h e  form 

7 



"4 

then,  when t h e  equat ion  

is solved s imul taneous ly  wi th  equat ion  (16) a t  a given value of p, t he  r e s u l t -  
i n g  s o l u t i o n  determines a c h a r a c t e r i s t i c  l i n e .  The set  of t h e s e  c h a r a c t e r i s t i c  
l i n e s ,  determined as p v a r i e s ,  de f ines  t h e  envelope of the  s u r f a c e s  descr ibed  
by equat ion  (16 ) .  

A simple example is t h e  fami ly  of spheres  r ep resen t ing  t h e  per iphery  of 
t h e  p re s su re  d i s tu rbance  generated by a moving p o i n t  source  (see r e f .  2) :  

D i f f e r e n t i a t i n g  wi th  respect to t h e  parameter T y i e l d s  

- -  - a ( t  - T) 
( r  - r t )  T = 

M 

This  is t h e  equat ion  of a p lane  which, toge ther  wi th  t h e  sphere  equat ion  ( 1 8 ) ,  
determines a circle (a t  supersonic  speeds) f o r  any given value of T. A t  
t i m e  t, t h e  set of t h e s e  circles formed as T v a r i e s  from 0 t o  t comprise 
the  Mach su r face  of the  moving source. 

For t h i s  i l l u s t r a t i o n ,  t h e  basic reg ion ,  being s p h e r i c a l ,  is r e a d i l y  
descr ibed  i n  t h e  form of equat ion  (16) .  B u t  o the r  problems, as for example 
those  involv ing  symmetry about j u s t  one a x i s ,  involve s u r f a c e s  t h a t  are not  
e a s i l y  expressed a n a l y t i c a l l y  i n  t h i s  form. 
t h e  equat ion  of t h e  basic surface is 

A more v e r s a t i l e  express ion  for 

where u and v r e p r e s e n t  a u x i l i a r y  v a r i a b l e s  or new coord ina tes .  With t h i s  
formula t ion  t h e  c h a r a c t e r i s t i c  l i n e  is ob ta ined  by so lv ing  equation (19) simul- 
taneous ly  wi th  t h e  equat ion  

8 



(See ref. 1 ,  p. 168.)  

A common case of i n t e r e s t  i n  t r a j e c t o r y  problems is t h a t  of a reg ion  t h a t  
is symmetric about  t h e  d i r e c t i o n  of  motion, t h a t  is, about t h e  '? a x i s .  The 
geometry f o r  t h i s  s i t u a t i o n  is depic ted  i n  f i g u r e  4.  According to t h e  f i g u r e  

- -  
r = r t  + R cos 8 5 + R s i n  e cos + ii + R s i n  8 s i n  + i5 (21 I 

where, ' f o r  t h e  axisymmetric region, R is independent of 0: 

R = R ( e , T )  

Thus, i f  t he  t r a j e c t o r y  parameter is taken to  be T, 

which, if ( e , $ , T )  are s u b s t i t u t e d  r e s p e c t i v e l y  f o r  (u ,v ,p ) ,  is i n  t h e  form of 
equat ion  (19) .  Thus equat ion  (20)  y i e l d s  

Q COS 8 - R s i n  e 
0 

(Re s i n  e + R cos 8)  cos @ (Re s i n  e + R cos 8) s i n  @ 

-R s i n  8 s i n  @ R s i n  e cos @ 

- KR s i n  e cos @) + RT cos  e VR(K cos 8 - I s i n  e s i n  @) + R~ s i n  8 cos @ (mi cos @ + RT s i n  @) s i n  

Expanding t h i s  determinant  and c o l l e c t i n g  terms y i e l d s  t h e  equat ion  

I t  is i n t e r e s t i n g  t h a t ,  i n  eva lua t ing  t h e  determinant ,  t h e  t o r s i o n  terms sub- 
tract out .  

For a s t r a i g h t  t r a j e c t o r y  K = 0,  and t h e  f i r s t  term i n  equat ion  ( 2 2 )  
drops out .  
c h a r a c t e r i s t i c  l i n e  is a circle. 
can be w r i t t e n  i n  t h e  form 

The r e s u l t i n g  equa t ion  is independent of 4,  and consequent ly  t h e  
When t h e  t r a j e c t o r y  is curved, equat ion  (22)  

9 



I 

Re v 
R 

R sin 8 cos @ = p sin 8 cos 8 + - - 

unless the range of 8 includes values for which Re = 0. The left side of 
- equation (23) is the component of the characteristic vector in the direction of 
n (eq. (21)  ) . The corresponding component in the ?-direction is R(8) cos 8. 
These two components and the vector length R, obtained from equation (21a), 
are sufficient to determine the component in the &direction. Thus, in this 
case, the characteristic line can be plotted as a function of 8 without com- 
puting the corresponding $ values explicitly. 

Example: Missile Destruct Region 

An illustration of the use of these equations is provided by the previ- 
ously mentioned problem of determining the region within which a target can be 
destroyed by air-to-air missiles fired by a maneuvering airplane. For this 
example the basic region is considered to be determined by the radar visibility 
region and the missile range. 

The radar visibility region is a function of the radar sweep azimuth and 
elevation angles and may be asymmetric and time-varying in form. However, for 
simplicity in the illustration, it is approximated by a fixed-angle cone. The 
missile range is determined as a basic range do, when fired from rest, together 
with a component Ad imparted to it by the forward motion of the airplane. The 
total range is therefore a maximum in the direction of flight and falls off 
somewhat if the missile is fired at an angle to this direction. 

The total destruct region, then, is limited laterally by the radar scan 

This region will be approximated by the region represented by the 
and longitudinally by the missile range, as depicted diagrammatically in fig- 
ure 5(a). 
analytic expression 

where d is the maximum range and the parameter n is chosen so that the ray 
to the point of maximum diameter matches the radar cone angle. (See fig. 5(b).) 
The point of maximum diameter is determined by differentiating the expression 
for the diameter 

R sin 8 = d cos ne sin 8 

and setting the derivative equal to zero: 

d(ms 8 cos ne - n sin n8 sin 8) = 0 

10 
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Thus, i f  e* is the  radar  semicone angle ,  t h e  va lue  of n s a t i s f y i n g  

n = cot e*  cot ne* 

is to be i n s e r t e d  i n  t h e  approximating equa t ion  (24). 
estimate 

I f  t h e  simple l i n e a r  

is assumed, then equa t ions  (23) and (24) y i e l d  

)] (26) 
clv, cos ne 

cot ne(cos e + V 
R s i n  8 cos $ = p s i n  8 

n 

The remaining components of t h e  c h a r a c t e r i s t i c  vector  can be ob ta ined  as 
explained fol lowing equa t ion  (23). 

Figure  6 shows, i n  p e r s p e c t i v e  view, an example f o r  a radar  ang le  o f  16O 
and a maximum range of 3.11 km. The v e h i c l e  t r a j e c t o r y  has  an i n c r e a s i n g  
cu rva tu re ,  g i v i n g  r ise to  an i n c r e a s i n g  e longa t ion  of t h e  c h a r a c t e r i s t i c  
curves  and, consequent ly ,  of t h e  envelope. 

Thus t h e  i n t e r c e p t  region for a missile i n  s t r a i g h t  f l i g h t  is confined to 
a r e l a t i v e l y  narrow c y l i n d e r ,  b u t  t h e  l a t e r a l  e x t e n t  of t h e  i n t e r c e p t  region 
for an a i r p l a n e  on a h e l i c a l  t r a j e c t o r y  is s i g n i f i c a n t l y  g r e a t e r .  

The shape of t h e  c h a r a c t e r i s t i c  l i n e s  is s t r o n g l y  s e n s i t i v e  to  t h e  trajec- 
t o r y  cu rva tu re  when t h e  basic region given by equa t ion  (24) is h i g h l y  elongated.  
This  dependence can be observed q u a l i t a t i v e l y  by s tudying t h e  envelopes f o r  
v a r i o u s  va lues  of t h e  parameter n i n  equa t ion  (24). For n = 1 ,  t h e  region 
is a sphere and t h e  c h a r a c t e r i s t i c  l i n e s  are circles. 

F igu re  7 shows, f o r  a s l i g h t l y  curved t r a j e c t o r y  (P = 3.05 k m ) ,  t h e  enve- 
lope t h a t  resu l t s  f o r  va lues  of n = 1.5, 2.0, and 3.0 corresponding, respec- 
t i v e l y ,  to radar ang le s  o f  31.5O, 24.1°, and 16.3O. I t  is seen t h a t ,  as t h e  
r ada r  ang le  e*  decreases, t h e  c h a r a c t e r i s t i c  l i n e s  and t h e  envelope become 
h i g h l y  elongated.  

CONCLUDING REMARKS 

A g e n e r a l  procedure for computing a r eg ion  of i n f luence  associated with a 
maneuvering v e h i c l e  has been descr ibed.  The method desc r ibed  for c a l c u l a t i n g  
t h e  envelope of t h e  i n d i v i d u a l  c o n s t a n t - s t a t e  r eg ions  d i r e c t l y  f r a n  t h e  ana- 
l y t i c  expres s ion  f o r  t h e  c h a r a c t e r i s t i c  l i n e s  has s i g n i f i c a n t  advantages over 

1 1  



t h e  s t r i c t l y  numerical  approach. t is more e i c i e n t  computat ional ly ,  and 
t h e  a n a l y t i c  form of t h e  c h a r a c t e r i s t i c  equa t ion  provides  a q u a l i t a t i v e  i n s i g h t  
i n t o  t h e  e f f e c t  of t h e  va r ious  f l i g h t  parameters on t h e  s i z e  and shape of t h e  
reg ion  of in f luence .  Appl ica t ion  of t h e  theo ry  w a s  i l l u s t r a t e d  by computation 
of t he  d e s t r u c t  reg ion  f o r  a f i g h t e r  f i r i n g  cannon s h e l l s ,  as an example of 
a simple vector l i n e  s u r f a c e ,  and t h e  d e s t r u c t  reg ion  f o r  a f i g h t e r  f i r i n g  
missiles, as an example o f  t he  application o f  t h e  envelope theory.  

Langley Research Center  
Nat iona l  Aeronaut ics  and Space Adminis t ra t ion  
Mampton, VA 23665 
March 20 ,  1980 
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\-Moving trihedral  coordinate system 

LCoordinate system fixed in space 

Figure 1 . -  Fixed and moving coordinate systems. 
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Diagrammatic view 

Flight path- Projectile path 

Computer plot 

Figure 2.- Example of computing distribution at fixed time 
of projectiles fired from turning airplane. 
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Projectile locations 
representing maximu 
effective range 

Diagram mat ic view 

\Projectile path 

Computer plot 

Figure 3.- Destruct surface swept out by projectiles fired from 
turning airplane (perspective view) . 
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Figure 4 . -  Geometry defining general point  on axisynrmetric surface.  



Boundary determined 
by r ada r  sweep Boundary determined 

by missile range 

(a) Potential missile effectiveness region as determined by 
radar sweep angle and missile range. 

(b) Analytic approximation to missile effectiveness 
region in the form d cos ne. 

Figure 5.- Physical and analytic approximations to 
missile effectiveness region. 
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Flight path 
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irplane at time T~ 

Airplane at time r 

Missile effectiveness region 

Missile effectiveness region 

Set of characteristic 
lines constituting 
envelope 

(a) Concept schematic. (b) Computed example. 

Figure 6.- Section of missile effectiveness envelope for airplane 
performing turn of increasing curvature. 



Flight path Flight path 

J 
Flight path 

(a) e* = 31.50. (b) e* = 24.1°. (c) e* = 16.3O. 

Figure 7.- Comparison of envelope shapes for increasing elongation of basic effectiveness 
region (decreasing radar cone angle), for slightly curved flight path. 
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