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FOREWORD
| The results in this report on the sudden stretching of a four-layered com-

posite plate were obtained during the course of research supported by the
NASA-Lewis Research Center in Cleveland, Ohio, for the period February 13, 1979
through February 12, 1980 under Grant NSG 3179 with the Institute of Fracture
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and Solid Mechanics at Lehigh university. The Principal Investigator of the
Project is Professor George C. Sih who wishes to acknowledge Dr. Christos C.
Chamis, the NASA Project Manager, for the encouragement he provided during

this Project.
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SUDDEN STRETCHING OF A FOUR-LAYERED COMPOSITE PLATE

by

G. C. Sih
Institute of Fracture and Solid Mechanics
Lehigh University
Bethlehem, Pennsylvania 18015
and
E. P. Chen

Sandia Laboratories
Albugquerque, New Mexico 87115

ABSTRACT

A research effort primarily concerned with the understanding of laminated
composite plates with cracks subjected to time-dependent extensional loads is
reported here. When loads are applied suddenly to a laminate, waves are re-
flected and refracted through the Taminae and give rise to stresses and strains
throughout the composite system. The process is three-dimensional in character

and presents a formidable problem in the theory of elastodynamics, particularly

in the presence of crack-like imperfections.

An approximate theory of laminated plates is developed by assuming that the
extensional and thickness mode of vibration are coupled. The mixed boundary
value crack problem of a four-layered composite plate is solved. Dynamic stress
intensity factors for a crack subjected to suddenly applied stress are found to
vary as a function of time and depend on the material properties of the laminate.
Stress intensification in the region near the crack front can be reduced by having

the shear modulus of the inner layers to be larger than that of the outer layers.
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INTRODUCTION

The current interest in laminates for structural appliication is associated
with the high strength-to-weight ratio which can be developed in laminates.
These laminates are generally composed of layers which have been reinforced by
embedding unidirectional fibers. The layers are adhered to each other such that
the fiber direcfion varies from one layer to the next in a previously determined
manner. The freedom of choice for fiber orientation in the layers of the com-
posite system enables the development of laminates with special preferential
directional properties for particular applications. Because of this character-
istic of fibrous composites, the employment of these systems rather than equiva-

lent homogenéous members will be clearly advantageous in many applications.

Because of the complicated internal structure of composite systems, stress
analysis is much more difficult than for equivalent single-phase material. One
fact which emerges very clearly from laminate studies is that the stress field
in composite systems is truly three-dimensional in character. Thus, even the
stress field in a symmetric laminate subjected to in-plane loading cannot be ac-
curately modeled by standard two-dimensional methods of analysis. The previous
work in this area further indicates that relatively little effort has been made
to formulate Taminate plate theories that can effectively solve for the redistribu-
tion of stresses and strains due to the presence of mechanical imperfections such

as cracks.

One possible means of simplifying the three-dimensional equations of elas-
ticity is to invoke the concept adopted in the fermuiation of plate theory. Ap-
proximate stress and strain dependence on the plate thickness coordinate are as-

sumed such that the governing differential equations possess only two indepzndent

R

It

P




space variables. In addition, special atterition must be given to the state of
affairs near the crack when formulating plate theories for analyzing crack prob-
lems. With this in mind, Hartranft and Sih [1] developed an approximate three-
dimensional theory for a single material plate containing a through crack. The
condition of plane strain was preserved ahead of the crack as suggested by Sih
[2]. This theory was later extended to laminates by Badaliance, Sih and Chen
[3] to solve the problem of a through crack in a laminar plate subjected to in-
plane loading. The through crack configuration represents a preliminary effort
to model the damage of composite plates. Additional compiications arise when
the Toad is time dependent. These considerations will be taken into account in
the development of a new dynamic theory of laminated composite plates subjected

to extensional loads.

This work is concerned with the formulation of a dynamic theory of laminated

plates and reduces to that of Kane and Mindlin [4] for the single material plate.

The idealized condition of stress and displacement continuity across the inter-
face is replaced by assigning certain conditions of material nonhomogeneity in

the thickness direction of the laminated plate as if it were a single layered

nonhomogeneous plate. The nonhomogeneity is made equivalent to a symmetric lami-

nate balanced with reference to its mid-plane. A through crack is assumed to

exist in a four-layered laminate. Dynamic stress intensity factors are obtained

for the case of a suddenly applied uniform in-plane loading and shown to vary
as a_ function of time. Discussed are also the influence of material properties

of the layers on the local stresses.
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BASIC FORMULATION

The elastodynamic equations of generalized plane stress are adequate only
if the frequency of vibration is lower than that of the first thickness mode and
the wave length is large in comparison with the plate thfckness. In other words,
the coupling between extensional and thickness mode ¢# vibration can be ne-
glected. When Taminated composite plates are stressed dynamically, loads are
transmitted through the laminae by the reflection of thickness refraction of
stress waves. The mode of vibration cannot be ignored, particularly in the vi-
cinity of a crack-1ike imperfection where the stress state acquires a three-di-

mensional character.

A dynamic laminate plate tieory wiill be developed to solve the probiem of a
four-layered composite plate with a through crack subjected to a suddenly applied
uniform extensional load. The theory is a generalization to that given by Kane
and Mind1in [4] for a single layer plate in which the extensional and thickness
mode (f vibration are assumed to be coupled. Accounted for is the lowest thick-
ness-stretch mode such that the displacement is normal to the plate surface.
Mindlin and Medick [5] have also considered a formulation in which the thickness-
shear mode of vibration with displacement parallel to the plate surface is also

included. The mid-plane of the plate is taken as the nodal plane of vibration.

Consider a four-layered composite plate of thickness h as shown in Figure 1
where each layer has the same thickness h/4. The two outer layers have material
properties (uz,vz) or (Az,uz) while the two inner layers have material properties
(u],v1) or (A1,u1). The Lameé coefficients are denoted by 2 and uj (i =1,2).
The layers are stacked such that symmetry prevails across the mid-plane of the

laminate composite. The crack of width 2a cuts through the entire thickness of

the laminate. -4
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The time-dependent displacement field is assumed to be

uy, = v, (Xsy.t)

vy = vy(x,y,t) (1)
_2z .

wZ - h VZ(/(sy’t)

It follows that the strain components can be written as

v

e, (Xs¥,t) = 'a_)%

ey (%sy,t) = ;;’_lx

EZ(X,y,t) = %.VZ

(2)

ny(x’y,t) = ;;5_+ §§X

sz(x’y,t) = %Z';;Q

You(Xs¥5t) = %;:_z_

in which the transverse normal and shear strains are assumed to be Tinear in the
thickness coordinate z. If each layer of the laminated composite plate is iso-

tropic, then the following stress-strain relationships may be used:

o, = (A+2u)ex + A(ey+KeZ)
qy = (A+2u)ey + A(8X+Ksz)

= 2
0, = (M2u)?e, + AK(ex+ay)
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3
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f Y e Y

Tyz = Wyz
Tax - Wzx
Txy T Wxy

The constant

k = w//12

accounts for the coupling between the extensional and thickness mode of vibration.
It is determined from the three-dimensional equations of elasticity. As in the

deve]opment of plate theories, the resultant strain quantities (Ax).’ (Ay)_,

ey (Axy) (j = 1,2) will be defined:

h/4
_ 2
[(Ax)1’ (Ay)], (Az)1, (Axy)1] = ﬁ-—h£4 [exaey,ez,vxy]dz
. | 2 M2
[(A).-)23 (Ay)29 (AZ)Z, (Axy)z] = 'ﬁ' {h}’q. [eX’ey’EZ’YX}’]dZ
-h/4
+ -h{Z [ex,ey,ez,yxy]dz}
96 h/4
[(sz)1, (Ayz)1] =73 -h;4 [sz,sz]ZdZ
96 -h/4 h/2
[(sz)z’ (Ayz)ZJ = 53 -h;z [vyzsvy,12d2 + h;4 [vygsvy,12d2

Substituting equations (2) into (5), it is found that

PN
(e

(4)

J
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av
(a) = () = 7
(1), = (4), = v,
| ), = ), = 52 55 (6)
| (AXZ)] N (AXZ)Z - %-2;5
() = (hy,), = 2.z

The laminate plate theory can be most conveniently formulated in terms of the

stress resultants

h/2
(Nx’Ny’Nz’ny) = -h;Z (OX’UY’OZ’Txy)dZ (7)

and the transverse shears

h/2
(Rx,Ry) = -h;Z (sz,ryz)zdz (8)

The stress-strain relations in equations (3) when enforced yield

N, (x.y5t) = 5 [(8+2Y) X Z—;Y—] + B,
Ny(x,y,t) = %-[(B+2y) ;;X-+ 8 %;5] + Brv,
| (9)
N, (x,y,t) = (B+2v)c?v, + %-BKh (;;5-+ ;;X)
Ny (Xo38) = 3 7 B + )

3 e
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;
and |
. )
12 2
, Re(X:95t) = g &%
(10)
av
‘ =1 sp2 2 3
Ry(xa.Yat) =18 sh 3y ;
E
| In equations (9) and (10), B, y and & stand for
= g = }\1"'«\2’ Y = 111+112a § = H'|+7112 (”)
|
L Denoting o and Py as the mass density of the inner and outer layers of the lami-
f nate, the three equations of motion governing Nx’ Ny,..., Ry become
' N, N, ] a2vx
: w ey T2 eyt
g
F aN aN 52y
Xy . _y.1 y |
} x Ty = 7 Mepten) 33 (12) %
\ i
3R 3R 3dy ;
B S 2 1 2 |
ax ay N, =zgh (p1+705) 5%z %
The result of substituting equations (9) and (10) into (12) renders ;
v v av 32v
2 3 X, ¥y 28 Z _ X
YUV, o+ (Bty) 5 (5 3y ) * TR (eq*ep) ¢z
X g AV avy 25 ¥z 32v |
YR+ (8h) 35 (Gt ) R T (ertep) o (13)
;
s 48 2 248« vy va azvz %
SVEV, - gz (BR2v)efv, = S (G 4 gy) = (egtTep) e i

I i L S L
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where v2 = 92/0x2 + 32/3y2 is the Laplacian operator in two dimensions.

METHOD OF SOLUTION

Equations (13) will be solved by introducing two potential functions d(x,y,t)

and H(x,y,t) as

=2, M
(14)
-3 _ oM
vy (X:¥,t) = 55 - 3

Making the appropriate algebraic manipulations, the governing equations for the

potential functions can be derived by enforcing equations (13):

2 2 +
y72H = (py*p,) %;% - s(gr2y) T + 1 KhX(B 21) g2

(oyrop)L(og+70p) St + 13 (a420) 28]

[}

(v24)1} (15)

wlw
|

Co(oyte,) + (8+2v)(p1*705)

Once o(x,y,t) and H(x,y,t) are known, v, and vy can be obtained from equations

(14) and
v (xy,t) = g [loytop) 28 - (8+26)726] (16)

Suppose that a uniform stress resultant No is applied suddenly to the crack
surfaces and the resulting deformation is symmetrical with respect to the x-axis,

then the following conditions are to be specified:

-10-
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0

Ny(x,o,t) -NOH(t), x<a
(17)

v, (x,0,t) = 0, x>a

y

where H(t) is the Heaviside unit step function. The condition of symmetry fur-

ther requires that

Ny (x,0,t) = Ry(x,o,t) = 0, for all x (18)

Let ¢*(x,y,p), H*(x,y,p), etc.,

Use will now be made of the Laplace transform.
H(x,y,t), etc. Equa-

denote the Laplace transforms of the functions ¢(x,y,t),

tion (15) when expressed in the Laplace transform domain become

(v -w])¢1( Xs¥>p) = 0

(92-03) 95 (X,¥,P) = O (19)
(v ~w3)H (x,ysp) =0
where the potential ¢(x,y,t) has been separated into two parts:
$(x,¥5t) = ¢1(%,¥,t) + 95(x,y,t) (20)
in terms of time t or
(21)

o (x,y,p) = ¢1(x,y p) + ¢2(x,y p)

in terms of the Laplace transform variable p. The parameters 6y (3 =1,2,3) in

equations (19) are defined as

-11-
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2 2 g (2 2
W, = ﬁé_o [ag+6g) 5" + 0 # {Llag#g) )" + o]

1/2

2 2
- a8, (5;;) [(ﬂ;) + .1t ]

w§ = (ra-|+pz)p2vr-1
in which the newly defined quantities are

8

- B+2 =
. 4(p-|+92) wz - 12 l<2 B+2
p0 p]+792 > 7o h (p1+92§
and Yo takes the form

2 - __ Ay(B+y)
Yo (O1+pz)(8+2Y)

Equations (19) then give

¢:(x,y,p) = = [ A(s,p) cos(sx) exp(-siy)ds

ERLN
O~ 8

B(s,p) cos(sx) exp(-szy)ds

3 |ro
o 8

*
do(X,y,p) =

H'(x,2p) = 2 [ C(s,p) sin(sx) exp(-s5y)ds

1
ERLN
O\ 8

with sj being given by

sj = Vs +wj, ji=1,2,3

-12-
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(23)

(24)
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The dynamic problem has now been reduced to finding the three unknown functions

A(s,p), B(s,p) and C(s,p).

DUAL COUPLED INTEGRAL EQUATIONS

Before the boundary and symmetry conditions can be enforced, it is necessary
* %*
to obtain vx(s,y,p), vy(x,y,p), etc., in terms of the unknowns in equations

(25). With the help of equations (14) and (16), it can be shown that

v:(x,y,p) = - -,2;? [sA(s,p) exp(-sqy) + sB(s,p) exp(-s,y)
0
+ s3C(s,p) exp(-s3y)] sin(sx)ds
v;(x,y,p) = - %? [s;A(s,p) exp(-sqy) + s,B(s,p) exp(-s,y) (27)
0

+ sC(s,p) exp(-sBy)] cos(sx)ds

~N

v (%,¥p) = ;Z [4,A(s,p) exp(-s3y) + 8,B(s,p) exp(-s,y)] cos(sx)ds

The quantities ¥ (j = 1,2) are given by

2
h(g+2y) ((P1%P2)P .
Aj = <SBKY) [ 6+2Y - m%], J = 1’2 (28)

*
Similarly, the Laplace transform of Nx(x,y,p), N;(x,y,p) become

* 2 * (D]+92)p2 ”
N (x,¥5p) = = vh g (77— - s}1 Als,p) exp(-syy)

(p]+02)p2 R
+ [———75?———— - s3] B(s,p) exp(-s,y) - ss3C{s,p) exp(-sqy)lcos(sx)ds

-13-

.
;
T I S T T T T T A T N T S T L e R A U S R I Uy g‘\nuﬁ




»
3
3
]

* 2 ® (D]+92)p2
Ny(x,y,p) = = vh g {[s? + ———1[A(s,p) exp(-sqy) + B(s,p) exp(-s,y)]

+ ss4C(s,p) exp(-s5y) }eos(sx)ds
(29)

*
Nyy(Xs¥5p) = %‘Yh {ssA(s,p) exp(-syy) + ss,B(s,p) exp(-s,y)

O~ 8

+-% (52+s§) C(s,p) exp(-sBy)}sin(sx)ds

* *
while Rx(x,y,p) and Ry(x,y,p) take the forms

R:(x,y.p) - %%;-Z s[a4A(s,p) exp(-sqy) + 4,B(s,p) exp(-s,y)] sin(sx)ds
(30)

* - .gh2 % .
Ry (x,y,p) = - gz;-g [s18;A(s,p) exp(-s1y) + s,8,B(s,p) exp(-s,y)] cos(sx)ds

The symmetry conditions in equations (18) when applied show that A(s,p), B(s,p)

and C(s,p) can be expressed in terms of a single unknown D(s,p):

sZ+s%
A(s,p) 5 D(s.p)

(p]+p2)p2 (p1+p2)p2
B(s,p) = -s, [“-“g;g;r—" wfl/{s, ["‘g:g;—— - w3]}A(s,p) (31)
255, (w2=-w3)
C(s:p) = - e yar—— Als.p)
(52+52)[__J__Jl___ - w2]
3 B+2vy 2

Application of the mixed boundary conditions in equations (17) leads to a sys-

tem of dual integral equations

-14-
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/ D(s,p) cos(sx)ds = 0, x>a
0
(32)
o nNo
é sF(s,p) D(s,p) cos(sx)ds = - Zohp? X<@
The function F(s,p) is known:
(pq+0,)p?
s2+3 (oy+p5)p2 $q Lo - u?]
F(s,p) = [[s2 + 1 {1 - 1 }
ss9 2y (pqte,)P )
Sol—gey— - w3l
2s2s.s wé-w3
L3 e 1] (33)
s?4s3 “(pq*p,)p?/ (B+2y)-wd

The standard procedure by Copson [6] may be applied to solve equations (32) and

the result is

Nl [(ey#0p)p2/ (B+2Y)]-w3
R T T U
()l

1 x
X é /e ¢ (g,p) J (sag)de (34)

*
in which ¢ (£,p) can be computed from a Fredholm integral equation of the second

kind:
* ] *
d (gsp) + (f) $ (nsp) L(E,n,P)dn = /E_ (35)
The kernel L(g,n,p) is
L(g,n,p) = VEn [ s[G(S, p) - 11 3 (s&) J (sn)ds (36)
)
-15-

D T



T

while the function G(s,p) is related to F(s,p) in equation (33):

{[(P1+Pz)p2/(8+2’f)]'w%}¥

8(s:P) = T/ (e Tz-g) (5P (37)

DYNAMIC STRESS INTENSITY FACTORS

Of interest is the intensification of the dynamic stresses ahead of the crack.
Hence, the integrals in equations (29) and (30) must be evaluated for large values
of s which corresponds to distances near the crack edge x = *a and y=0. In terms
of the polar coordinates r and 6 in Figure 1, the Laplace transform of the stress

resu]tﬁnts for small r are found:

*
kq(p)
* = 8 .6 i 38 0
Nx(r,e,p) = e cos 3 (1 - sin 5 sin 5 Y + 0(r”)
*
ki(p)
N;(r,e,p) = 12r cos %-(1 + sin %-sin %9) + 0(r%)
(38)
Ky (p) |
* AP e 8 e 38, O
ny(r,e,p) = o sin 7 cos 5 cos 5~ + o(r-)
* _ * _ 0
Ry(r,8,p) = Ry (r,0,p) = 0(r")
in which k:(p) is the Laplace transform of k1(t):
* * ]
k (p) = L(..F,J;E)_ No/g (39)

The Laplace inversion theorem may now be applied to give

-16-
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k()
v2r

Nx(r,e,t) = cos 2 (1 - sin ?-51n 36) + 0(r%)

k()
Ver

Ny(r,e,t) = cos g~(1 + sin g sin g ) + 0(r%)
(40)
Ky (t)

V2r

‘ - ;] 38 4]
ny(w,s,t) sin i-cos cos 5+ o(r”)

Ry(ra8,t) = R (ry8,t) = 0(r°)

Equations (40) reveal that dynamic loading does not affect the functional re-

lationship of r and 6. The stress intensity factor, however, is a function of

time:

N /‘ *
ky(t) = 2 [ £LLP) eyp(pt)dp (a1)
1 m Br P

where Br denotes the Bromwich path of integration. Once ¢*(g,p) is calculated

from equation (35) and evaluated at £=1, equation (41) may be solved numerically.

Figure 2 gives a plot of ¢*(1,p) as a function of c21/pa where ¢,q = (u]/p])1/2

is the shear wave velocity referred to the material in the inner layers. For
Py = Pos V1 = Yy = 0.3 and Py = Pos Q*(1,p) is seen to increase monotonically
with c2]/pa. Three different ratios of uz/p1 = 0.2, 1.0 and 5.0 are considered.
Making use of the results in Figure 2, k](t) in equation (41) may be computed.
Refer to Figure 3 for a display of k](t)/No/E versus c,it/a. The resultant

stress intensity factors are observed to vary as a function of time. Their am-

plitude rise quickly reaching a peak and then deciines. The solution for a homo-

geneous plate corresponds to “2/“1 = 1.0 as the Poisson's ratio and mass density

-17-
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Figure 2 - Numerical values of Q*(],p) as a function of c21/pa for a/h = 1.0
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Figure 3 - Normalized resultant stress intensity factor versus cz]t/a for
a/h = 1.0
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for the inner and outer layers are assumed to be equal. The peak value of k1(t)

is greater than that of the homogeneous plate solution for Ho>Hy while the opposite
is found for Ho<Hq. Hence, the intensity of the crack border stress field can

be reduced by having the shear modulus of the outer layers to be smaller than

that of the inner layers.

CONCLUDING REMARKS

A dynamic laminate plate theory has been developed for solving crack bound-
ary value problems. The complexity of the problem owing to material nonhomogeneity
and dynamic stress analysis necessitates certain simplifying assumptions so that
effective analytical solutions can be obtained. It is shown that the dynamic
stresses near a mechanical imperfection such as a crack are intensified depending
on the stacking sequence of the laminae. In general, this intensity tends to in-
crease quickly for small time reaching a peak and then decreases to the static
solution for sufficiently long time. When the modulus of the outer layers are
smaller than that of the inner layers, the crack border stress intensity reaches
a maximum quicker than the homogeneous solution but with a smaller magnizude.

The opposite holds for the case when the outer layers are stiffer than the in-
ner layers. Information of this type is useful for evaluating the resistance of

laminate plates to impact loadings.
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COMPUTER PROGRAM: DYNAMIC LAMINATE PLATE THEORY WITH A CRACK

* ¢ % 8 =

&

*

PROGRAM FLAP(INPUT.OUTPUT)

REAL NON(&L) oF (4e492)9GlUes) sD(4) +PT(4)
REAL B(6)eC(4)

REAL LP(19)+DTA(19)

EQUIVALENCE (NON+R)

COMMON Kl sK2+K3eKa
COMMON/AUX/HePoePKY ¢PK2+sBMU XY
LP{1)=0.0
DTA(1)=0,.0
READ 2¢K1eK29K3I K4

2 FORMAT(IZ2) .
K1 = ORDER OF SYSTEM nF EQUATIONS

K2 = NOe. OF DISTINCT kERNELS
K3 = NOQeo OF DATA POINTS
K4 = NOe. OF DATA SETS TO BE EVALUATED
SET UP DATA POINTS
AK=K3
DO S N=19K3
AN=N

S PT(N)=AN/AK
SET UP INTEGRATION MATRIX
M=K3=-2
N=K3~1]
A=K3
A=]1,/(3.%A)
DO 10 K=2¢M,?2
10 D{(K)=2.,%A
DO 15 K=1oNsy?2
15 ND(K)=4,7A
NDI{K3)=A
CALCULATE NONAOMOGENFNUS TERMS
PH9=1.0
DO 22 I=1.K2
PRINT 9
9 FORMAT(1KHI])
NO 999 T1=].Ké&
DO 35 N=1lsK3
35 NON(N)=RHS®*SQRT (PT (N))
CALL CONST(I)
CALCULATE KERNEL MATRTICFS
DO 20 N=1+K3
00 20 M=1+K3
FIMJNyII=FU(TPT (M) sPT(N))
20 CONTINUE
CALL CHANGE (FeGeDo 1)
CALL LINEQG(GeR«Co K3)
DO 40 L=1+K3J
PRINT AePTIL) ¢NON(L)
6 FORMAT(SXeFBo4eF15,.6)
40 CONT: 'WE
LP(TIT¢)1)=NON(K3)
DTA(II+1)=P
999 CONTINUE
CALL LAPINVIDTALLP)
27 CONTINUE
FND
-29-
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S0

35

30
25
40
42
60

70

FUNCTION SIMP(IsAeR)

COMMON/AUX/H P sPK]1 PK2+BMUI XY

MXYZ=2#8]5

DEL=0.,25%(B=A)
IF(DEL)40+454+50

SIMP=0,0

RETURN

CONT INUE

SA=Z2(1sA)*2(148)
SBxZ2(1eA*2,2DEL)
SC=Z(14ASDEL)*Z (T sae3.*DEL)
S1=(DEL/3e)2(SA+2,2SR*4,%S(C)
1IF(S1.5Qe0.,0) GO TN 4S

K=8

SB=SB+SC

DEL'—'OOS“DEL

SC=2(1+.A*DEL)

J=K=-1

DO S N=3sJe?2

AN=N

SC=SC*Z(1sAeAN®DEL)
S2=(DEL/3e)#(SAe2,8SR+4,¥*SC)
DIF=ABS((S2=S1)/S1)

ER=0,01

IF(DIF=-ER) 3092525

SIMp=S?2

RETURN

K=2a+K

S1=s2

IF (K=MXYZ) 353540

PRINT 42+1+AeB

FORMAT (SXe® INT, DNES NNT CONVERGE ®,1342F0.4)

PRINT 60eXeY
FORMAT (2F10.5)
NO 70 JUs=1.10
DipP=y
0IP=DIP/10.
wW=Z(1-.D1P)
PRINT 60eW
CONT INUE

CALL EXIT

END

SYMAOL IC REFERENCE WAP (R=])

ENTRY POINTS

4 SIMp
VARTABLES
0 A
0 8

250 DEL

cea  DIp

SN

TYPE
REAL
REAL
REAL
REAL

RELOCATINN
FeP,
FoP,
-23-
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1 SURROUTINE CHANGE (FeGeDo1)
COMMON KloK2eK39Ka4
REAL F(49442)¢6(0e4)4D(4)
DO 10 N=1lsK3
5 NO 10 M=1+K3
G{MyN) =F(MeNoI)an(N)
10 CONTINUE
DO 20 N=1+K3
20 GINyN)=G(NsN)+1,0
10 RETURN
END

SYMROLIC REFERENCE MAP (R=1)

ENTRY POINTS

3 CHANGE
VARTABLES SN TYPE RELOCATINN
0 O REAL ARRAY FeP, 0
0 G REAL ARRAY FaP, 0
0 Kl INTEGER /7 7/ 1
2 K3 INTEGER /7 / 3
S3 M INTEGER 52
STATEMENT LABELS
0 10 0 20
LOOPS LABFL INDEX FROM=-TO LENGTH PROPERTIES
17 10 # N 4 7 178
30 10 M S 7 2R INSTACK
6«2 20 N 8 9 4B INSTACK
COMMNN BLNOCKS LENGTH
/ 7/ 4
STATISTICS
PPOGRAM LENGTH 658 S3
SCM BLANK CGMMON LENGTH 4B 4

470008 SCM USED

-24-
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1 SURROUTINE LINEQ(AB«ToN)
REAL A(NsN) oBIN) o T(N)
DO S I=2sN
S Allé1)=Alls1)/A(141Y)
) DO 10 K=2N
M=K<]
00 15 I=1sN
15 T(1)=A(1+K)
D0 20 JU=1+M
10 ACJeK)=T (J)
JizJel
DO 20 I=JleN
T =T(I)=A(l+J)RA(JK)
20 CONTINUE
15 A(KeK)=T (K)
IF(KeEQeN) GO TO 1n
M=K+]
DO 25 I=MeN
25 A(Tl«K)=T{I)/A(K.K)
20 10 CONTINUE
# BACK SUBSTITUTE
D0 31 I=1N
T(H=R(I)
M=T+1
?2S IF(MsGTN) GO TO
DO 30 J=MeN
B(J)=B(J)=A(Jel)2T (1)
30 CONTINUE
31 CONTINUE
3n D0 35 1=14N
K=Nel=]
RIKI=T(K) /A (KeK)
Kl=k=l
IF(K1.EG.0) GO TO =5
35 DO 36 Jl=l.K1
J=K=J]
TOJ)=T(J)=A(JeK)®R (K)
36 CONTINUE
35 CONTINUE
40 RETURN
END

SYMSOLIC REFERENCE MAP (R=1)

ENTRY POINTS

3 LINEQ
VARIARLES SN TYPE RELOCATINN

0 A REAL ARRAY FoP,

172 1 INTEGER

176 J1 INTEGER

177 k1l INTEGER
0 N INTEGER FeP,

-25-
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15

b
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4

VARTARL
0
0
60
5S
0
2
56
Al
6

EXTERNA

20

15

FUNCTION FU(IsA.R)
COMMON/ZAUX/HsPaPK) e PK2+RAMUs X9 Y
X=A

Y=R

IF(A®B)Se10+S
FU=0.0

RETURN

SUM=SIMP (1+0.095.0)
ER=0.01

DEL =S.0

UP=DEL+5.0
ADDL=SIMP (T 9DEL +UP)
DEL =UP

TEST=ABS (ADDL/SIM)
SUM=SUM+ADDL
IF(TEST=ER)15420¢20
FU=SQRT (X#Y)#SUM
RETURN

END

SYMROLIC REFERENCE MAP (R=1)

ENTRY POINTS

FyU

ES
A

8
DEL
FU
I
PK |
SUM
uP
Y

LS

SImpP

SN

INLINFE FUNCTIONS

ABS
STATEMENT LABELS
14 S
22 20
COMMON BLOCKS
AUX
STATISTICS

PROGRAM LENGTH
SCM LABELED COMMON LENGTH 7R 7
470008 SCM USED

TYPE RELOCATINN
REAL FeP, 2 ADDL
REAL F.P, 4 BMU
REAL S7 FR
REAL 0 H
INTEGER FeP, 1 P
REAL AJX 3 PK2
REAL 63 TEST
REAL S X
REAL AUX
TYPE ARGS
REAL 3 SQRT
TYPE ARGS
REAL 1 INTRIN
0 10 INACTIVE
LFNGTH
7
648 52
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20
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ENTPY POINMTS

4

VARTARLES

0
113
118

EXTERNALS

STATEMENT LABELS

0

10

TYPE
REAL
REAL
PEAL

FUNCTION BESJO(A)
IF (A=3.)5+¢5+10
B=A#A/G,

W3] ,=2.2499997%8
2=8B+8
W=Wel,.265620842Z
22748
W=W=¢316386642
7=2+»8
W=W+.044447922
Z=748
WEW=e003944402
2=2%8
BESJUO=W+,00021%7
RETURN

B=3./A
W=,79788456-,00000n77%R
V=A=,78539816-.04156397*8
Z=8¢+8
W=W=,0055274%2
V=V=e0000395442
2=74%8
W=W=,00009512%Z
V=Ve,.00262573*2
=798
W=We+,0013723702
V=V=,00054125%2
Z=7+8
W3W=,00072R0542
V=V=,00029333%2
2=2%8
W=We,00014476%7
V=V+,00013558*2
BESJUO=W/SQRT (A) #CN< (V)
RETURN

END

SYMROLIC REFERENCE MAP (R=1)

RELOCATINN
FeP.

TYPE ARGS

REAL

INACTIVE 26 10

1 LIBRARY

-27-
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1 SUBROUTINE CONSTI(I)
COMMON/AUX/HePsPKY PK29RMU9 XY

PK1=0.3
PK2=0.3

S BRMU=50,0

H=1.0

READ 24P
2 FORMAT(F10,.5)

HH=1./H

10 PRINT 1¢BMUIPK]1+PKDeHHyP

1 FORMAT(////7/5Xe#
1A/H =8F4,2.8% C21/°PA =%F4,2//)

RETURN
END

SYMBOLIC REFERENCE MAP

ENTRY POINTS

3 CONST
VARTABLES SN TYPE
4 BMy REAL
S5 HMH REAL
1 P REAL
3 PK? REAL
A Y REAL
FILF MNAMES MODE
INPUT FMT
STATEMENT LABELS
37 1 FMT
COMMON BLOCKS LENGTH
AUX 7
STATISTICS

PRNGRAM LENGTH
SCM LABELED COMMON LENGTH
470008 SCM USED

MU2/MUL =%F6,29% NU]l =8#F4,2+% NUZ x

(R=1)
RELOCATINN
AX 0 H
0 1
AUX 2 Pk}
AUX S X
AUX
ouTPnIT FMT
25 2 FMT
568 a4k
7R 7
-28-
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FUNCTION Z(1.5)
COMMON/ZAUX/HoeP 9PK] ¢ PK2¢BMUI XY
COMPLEX DAsDL1+DL2SA+SReSCy»SO
COMPLEX GA+GByCA9CRICCyF 406
PI=3.1615926

PP=p#p

PG=2+/PP/ (] . +BMU)

AA=2e2 (1 e=PK1)/(1,=2.%PK])
AB=2e#(1,=PK2)/(1,=2.%PK2)
PA=2,/PP/ (AA+BMUTAR)
PO=2.,*H*H/PI/P1/ (AA*BMU®AB) /PP
RA=(].,¢BMU) / (AA+BMII#AB)
BB=10-BA
BC=(le¢T7.#BMU)I/4e/ (] *BMU)
BD=PI®#P1/2./H/H
ALP=1./QQ/BA/BB

DLP=8C/4./RB
DD=((ALP+OLP)#P0+] ) 0#2=4 HALPEDLP*PO* (POe1,)
G=CMPLX (DD+0,0)

DA=CSQART (G)
DL1=BD/DLP# ((ALP+ND| P)*P0O+1,+DA)
OL2=BD/DLP# ((ALPeDLP)#PN+] ,=-DA)
SC=S5¢S+DL1

SD=s5#SeDL2

GA=CSQRT (SC)

GB=CSART(SD)

GC=SQART (S¥*¥S+PG)
SA=(PA=DL2)/7(DL1-DI2)
SB=(PA=-DL1)/ (PA=DL>)
CA=SA/PG/BR
CB=2.,2(S*S+PG/2,)#22/06A% (] .,~GA/GR*#SR)
CC=2.,25#S%GC/SA

F=CA#(CB=CC)

Q=REAL (F)

QA=AIMAG(F)

1IF(QA=0.0)54910+5
Z=2(N=S)*RESJO(S=2X)=RFSJYD(S#Y)
RETURN

PRINT 9ePsSHF

FORMAT (4F10.5)

CALL EXIT

END

SYMBOLIC REFERENCE MAP (R=1)

ENTRY POINTS

o 2
VARTARLES SN TYPE
276 AA REAL
305 ALP REAL
303 8B REAL
305 8D REAL

RELOCATINN
277 AB REAL
302 BA REAL
304 BC REAL
4 BMU REAL
-29-
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98

81
82

83

12

13

85

SUBROUTINE LAPINV(GLAMGPHI)

THIS PROGRAM EVALUATES THE COEFFICIENTS FOR SERIES
OF JACOBI POLYNOMTALS WHICH REPRESENTS A LAPLACE
INVERSION INTEGRAL

REAL MUL

DIMENSION A(SO),GLAM(S0) +PHI(50) +Cl4e50)
DIMENSION BK(101),TT(101)
COMMON/2/TTeTFeDT ¢MNBK,,TT

READ 1+NNoeMNoMM

FORMAT (312)

READ 2+TIsTF DT

FORMAT(3F10.5)

PRINT 99

FORMAT (1H])

CALL SPLICE(GLAMsPHI MM,C)

PRINT 101

FORMATY(////7/5X 8 GLAM PHI #*)
PRINT 102¢ (GLAM(1) PHI(TI)o1l=]10oMM)

FORMAT (SXeF104SeSX.F10,5)

Ml1=MM=]

PRINT 99

DO 10 I=]eNN

READ 3+BET.DEL

FORMAT (2F10.,%)

PRINT 98+BETNEL

FORMAT(///77/75X«28FTA 28F5,39% NELTA =%F5,3)
DO 11 L=1eMN

AL=t

S=1.,/(AL+BET)/DFL

CALL SPLINE(GLAM¢P-] eMM¢CaSeG)

F=6#S

IF (AL=2.)81+82¢R3

A(l)Y=(1.+BET)®DFLar

GO TO 11
A(2)=((2.*BET)*DEL=#F=A(1))#(3++BET)

60 70 11

CONTINUE

T0p=lo

Ll=L=1

AL1=L1

DO 12 J=1.L1

Ad=J

TOP=AJ®TOP

CONTINUE

L2=2%# -1

BOT=1,

DO 13 JU=LsL2

AJd=J ?

ROT=(AJ+RET) #BOT
CONTINUE
MUL=BOT/TOP

RS 14 e a T ”-w«-w

SUM=0,0

DO 14 N=1loL1

AN=N

1F (AN=2,)85:86487

TOD:I. :
GO TO RR

~30-



86 TOD=AL1
60 1O 88
60 87 CONTINUE
T00=l °
- ICH=L1=(N=-2)
’ D0 1S J=ICHsL])
' AJd=J
65 TOD=AJ®*TOD
1S CONTINUE
88 CONTINUE
BODzl [
JA=L1+N
70 DO 16 J=L+JA
AJ=)
BOD=BOD#* (AJ+BET)
16 CONTINUE
c0=T100/800
75 SUM=SUM+CO*A (N)
14 CONTINUE
A(L)=MUL* (DEL®F-SUM)
11 CONTINUE
CALL JACSER(DELQAQQET)
80 10 CONTINUE
999 CONTINUE
RETURN
END

Rk I8 ~ o

SYMRNLIC REFERENCE MAP (R=])

o TR TR e W T T T e SN T T T T L T Sy T

ENTPY POINTS

| 7 LARINV
r
| VARTARLES SN TYPE RELNCATICN
| 377 A REAL ARRAY 364 AJ REAL
IS4 AL REAL 32 ALl REAL
371 AN REAL 351 BET REAL
4 BK REAL ARRAY 2 374 800 REAL
366 BOT REAL 4nl C REAL
376 €O REAL 352 DEL REAL
2 DT REAL ‘ 2 357 F REAL
35 G REAL 0 GLAM REAL
347 1 INTEGER ) 373 ICH INTEGER
363 J INTEGER 375 JA INTEGER
353 L INTEGER 361 L1 INTEGER
365 L2 INTEGER . 346 MM INTEGER
3 MN INTEGER 2 3446 MUL REAL
350 M1 INTEGER 370 N INTEGER
348 NN INTEGER 0 PHI REAL
355 S REAL 367 SUM RF AL
1 TF REAL 2 0 T1 REAL
372 7100 REAL 340 TOP REAL
1sy 1T REAL ARRAY 2
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1 SUBROUTINE JACSER(NsCsR) |
DIMENSION C(50)+SF(50) 9P (50)
DIMENSION BK(101)47T(101) ‘
COMMON/2/TT1sTFeDTsMNeBKTT
S TT(1)%0.0
BK(1)=0.0
LM=1
T=T1
12 T=T+DT
10 X=2,9EXP (=D#T) =1,
CALL JACOBI(MNsXsRWP)
SF(1)=C(1)=#P (1)
DO 10 L=2sMN
Ll=L=1
15 AL=L
: SF(L)=SF(L1)+C(L)#O(L)
L 10 CONTINUE
' LM=M+]
) BK (LM)=SF (5)
20 TT(LM) =T
f IF(TLLEL.TF) GO TO 12
’ PRINT 97
r 97 FORMAT(/////5%s% T K T K
1 T K #)
; 25 DO 31 MY=1.25

TR T

MA=MY+1
MB=MA+25
MC=MB+25
MD=MC+ 25
30 PRINT 96+ TT(MA) ¢ BKIMA) « TT(MB) 9BK(MB) s TT(MC) 9sBK (MC) o T
96 FORMAT (SX oFSe293X et 7eS03X9FSe2e3X0FTe5¢3XeFSaP03X4,F7,
1F7.5)
s 31 CONTINUE
‘ RETURN ;
| 35 END :

. - . - .
BT T T T A T T T T T P T T TP

SYMROLIC REFERENCE MAP (P=1)

ENTPY . POINTS

r: 3 JACSFR .
. i
VARTARLES SN TYPE RELOCATINN B
151 AL REAL 0 B REAL
4 BK REAL ARRAY 2 0 C REAL
0o D : REAL FeP. 2 071 REAL
la7 L INTEGER 144 LM INTEGER 1
1so L1 INTEGER 153 Ma IMTEGER ]
154 MB INTEGER 155 MC IMTFGER
156 MD INTEGER 3 MN INTEGER
152 MY INTEGER 241 P RF AL
1s7 SF REAL ARRAY 145 T REAL
1 TF REAL 2 0 TI RE AL :
sy 77 REAL ARRAY 2 146 X RE AL :
.
-32- )
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ENTRY POINTS
JACORI

3

VARTABL
1ok
110

0
173
113
108
112

0

SUBROUTINE JACOBI(NsXeBsPB)

C THIS PROGRAM CALCULATES JACOBI POLYNO1IALS OF ORDER

C K=1 WITH ARG X AND PARAMETER B GT =1}
OIMENSION PB(N)
AN=N
IF(AN=2,)14243
1 PB(1)=1,
RETURN
2 PB(1)=1,
PB(2)=xX=R%*(],«X)/2,
RETURN
3 B8SQ=8#8
BONE=B+1.,
PB(1)=1.
PB(2)=X=B*(1.,=X)/2.
DO 4 K=3¢N
AK=K
AK1=AK=1,
AK2=AK=2,
Kl=K=1
K2=K=2
COl=((2.%AK1)+RB) &YX
COl=((2.%AK2) ¢B)®CN]
COI=((2.2AK2) +BONEY#(CO]1=~BSQ)
CO2=2.2AK2% (AK2+B)+ ({2, 2AK]) ¢B)
CO=2.7AK1? (AK1+R)#( (2.#%AK2) +3)
4 PB(K)=(CO1®#*PR(K]1)=r02"PB(K2))/CO
RETURN
END

SYMBOLIC REFERENCE MAP (R=1)

ES
AK
AK?2
B
BSQ
Co1l
K
K2
P8

SN

STATEMENT LABELS

0
0

LOOPS
47

1
4

LAREL

4

TYPE RELOCATINN
REAL 107 Ax1
REAL 12 AN
REAL FoP, 104 BONE
REAL 118 Co
REAL 114 Co2
INTEGER 111 K1}
INTEGER 0 N
REAL ARRAY FeP, 0 X
INACTIVE 24 2
INDEX FROM=TO LFENGTH PROPERTIES
16 27 28 oPT
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Ty SUBROUTINE SPLINE(¥sYeMeCoXINT3YINT)
DIMENSION X(50) ¢Y(S50) »C(4950) i
IF(XINT=X(1))1+10,11 i
y 10 YINT=Y(])
’ 5 RETURN

11 CONTINUE
IF(X(M)=XINT)1912413
12 YINT=Y (M)
RETURN
10 13 CONTINUE ;
. K3M/2 %
N=M |
2 CONTINUE
IF(X(K)=XINT)3s144C
15 14 YINT=Y(K)
RETURN
3 CONTINUE
IF(XINT=X(K*1))be1Sy7
15 YINT=Y(Ke1)
20 RETURN
4 CONYINUE
YINTZ(X{K21)=XINT)2(ClloK)P(X(Ke])=XINT)?#2sC (3¢K))
YINT=YINT® (XINT=X (k) )} #(C(2eK)F(XINT=X(K))#82eC{49K))
A RETURN
t 25 5 CONTINUE |
; IF(X(K=1)=XINT)6914017 E
| 6 K=K-1 *
| GO TO &
| 16 YINT=Y(K=1)
! 30 : RETURN
17 N=K :
| K=K/2 ‘
3 GO0 TO 2 ’ :
7 LL=K
3s K= (NeK) /2
r 8 CONTINUE

TR

P T

T T TR T Neepem TOTT @

IF(X(K)=XINT) 3914418
, 18 CONTINUE : i
» IF(X(K=1)=XINT)6e1Re19 j
r 40 19 N=K ”
K=(LL+K)/2

GO 10 8
1 PRINT 101 ;
101 FORMAT (# OUT OF RAMGF FOR INTERPOLATION #) 3
4S sTop :
END

SYMBOL 1 ®~ REFERENCE MAP (R=1)

ENTRY POINTS j
3 SPLINE ,
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373

0
Nl
14}
140
227

10

15

20

?S

30

SUBROUTINE SPLICE(xsYeM,C)

DIMENSION X(S0)+Y(S0)9D(S0)sP(S0)9E(S0)9C(4950)

DIMENSION A(S003)4R(50)42(50)
MM=M=]}

DO 2 K=]1+MM

D(K)=X(Kel)=)X(K)

P(K)=D(K) /6.
E(K)=(Y(K*1l)=Y(K))/D(K)

DO 3 K=2¢MM

B(K)sSE(K)=E(K=1)
A(l142)==1.=D(1)/D(>)
A(143)=D(1)/D(2)
A(243)=P(2)=P(1)2A(1,3)
A(292)=2.%(P(1)eP(2))=P(1)RA(1.2)
A(2,3)=A12+3)/7A(24?2)
B(2)=B(2)/A(2+2)

DO 4 K=3+MM

A(Ke2)=2e2(P(K=1)¢D(K))=P(K=1)2A(K=]193)

B(K)=B(K)=P(K=1)%R (K=1)
A(Ky3)=P(K)/A(Ks2)
B(K)=B(K)/A(K«2)

Q=D (M=2) /D (M-})
AlMel)=1,4Q0A(M=2,13)
AlMe2)==Q=A(Ms1)#A (M=143)
R(M)=B(M=2)=A(Ms1) =B (M=1)
Z(M)=B (M) /A (Me2)

MN=M=2

DO 6 I=1,MN

K=Me1
Z(K)=B(K)=A(Ke3)#7 (Kel)
Z(1)==A(1+2)2Z(2)=A(1+3)22(3)
DO 7 K=1,MM

Q=1./(ke®D(K))
C(14K)=Z(K)=Q
C(24K)=Z(Ke1)=Q

C(34K) =Y (K) /D(K) =7 (K)#P (K)
ClagK)=Y(K+1)/D(K)=Z(Ke1) =P (K)
RETURN

END

SYMROLIC REFERENCE MAP (R=1)

ENTRPY POINTS
SPLICE

VARTABLES

SN TYPE RELOCATICN
REAL ARRAY 621 A
REAL ARRAY FeP, 145 O
REAL ARRAY las 1
INTEGER 0 M
INTEGER 143 MN
REAL ARRAY la2 @
REAL ARRAY FeP, 0 v
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