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PREFACE

The work presented in this final report was in response to the following

three topics as suggested in the contract's scope of work.

1). Investigation of possible multivariate extensions of existing
univariate distributions which have been used for modeling
meteorological phenomenon.

2). Development of Goodness-of-fit tests, in particular for non-
Gaussian distributions.

3). Investigation of the effect of correlated observations on

statistical inference

Reports 1-4 are concerned with some aspects of topic #1. Report 1 contains
an estimation procedure for several discrete multivariate distributions.
Report 2 contains a procedure for computing cloud cover frequencies in the
bivariate case. This procedure can be used to compute probabilities for
cloud frequencies fcr either two geographical locations or for the same
Tocation at different times. Report 3 contains the procedure and correspond-
ing computer code for calculating conditional bivariate normal parameters.
This report was requested by the COR. Report & contains a procedure for
transforming mul tivariate non-Gaussian distributions into a nearly Gaussian
distribution.

Reports 5 and 6 are concerned with topic #2. Report 5 contains a
goodness-of-fit test for the extreme value distribution which is used in many
meteorological applications. Report 6 contains a goodness-of-fit test for

several continuous distributions.
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Report 7 is concerned with the problem given in topic #3. In this
report, the effect of autocorrelated observations on confidence regions is
inves tigated.

Report 8 contains a computer code for generating both random and non-
random observations for specified distributions. This program was used to
generate the samples for the Monte Carlo simulation needed in the other

reports.
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ESTIMATION IN DISCRETE MULTIVARIATE DISTRIBUTIONS
Summary

Procedures for estimating the parameters of three discrete
multivariate distributlions, the Multinomial, Negative Multinomial,
and the multivariate Polsson distribution, are given along with
approximate variances for the parameter estimates.

I. INTRODUCTION

This paper is concerned with the problems associated with the
estimation of parameters for three discrete multivariate distributions,
the multinomial, negative multinomial, and the multivariate Poisson,
which are the multivariate extensions of three common univariate
discrete distributions, the tinomial, the negative hinomial, and the
Poisson distribution. The distributions are introduced in Section 2.
A detailed explanation of the estimation procedures along with
approximate bounds for the variances of the estimates are given in
Section 3. An example 1s presented in Section 4 which is intended
to demonstrate the use of the estimation procedures. A listing
and card input description of the computor program is given in the

Appendix.
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II. DISTRIBUTIONS

Johnson and Kotz (1969, Ch. 11) provides a detailed

discussion of the functions described below.

2.1 Multinomial Distribution

The simplest of the three distributions both in
structure and theory is the multinomial distribution. Let
El’EQ"“Ek be possitle events which can occur from a series
of independent trials. If Ej has probability Pj of occuring

and n'j is the number of times Ej occurs in the N trials where

'S
> nj = N , then the joint distribution of the random

J=1

.variables n,,Ns,...,n, is the multinomial distribution with
Y o~ o

parameters N’Pl’P2""’Pk' The distribution is defined by

Ir n 4 k
P(n 405,000 ,my) = N 1§=1(P3 /ngt) (Ogny; 3=1nj=N). (1)

2.2 Negative Multinomial

Just as the multinomial distribution is a natural
extension of the binomial distribution, the multivariate
negative binomial distribution is a natural extension of the
negative binomial distribution. Hence, the probability generating
functiun for the multivariate negative binomial is defined by

k

q - §=1Piti>'N (@)




k
With Pi > o fOI‘ 811 i-l’loo’k; N > o, and Q - Z P- = 1.

ixl ?

From formula (2) we have the following distribution function

‘ k
| r(N+ £ n.)
{e] 1 -N k n,
I n;! '
j=1 1

where ng > 0, i=1,...,k.

This is called the negative multinomial (or multi-

variate negative binomial) distribution with parameters
N’Pl’Pz”"’Pk' where N is a non-negative integer. A special
form of this distribution 1s a compound Poisson distribution

which can be further simplified to a bivariate form as

e TR W T T TR

described by Bates and Neyman (1952).

2.3 Multivariete Poisson

, Consider a sequence of k variables X19XpgeaasX)
such that each one is a combination of two independent uni-
variate Poisson variables where one of the Poisson variables
is present in all k variables. That is,

X) = UHVy,X5 = UtVoseeey Xy = UHV, and UsVisVoseee, Ve
are independent univariate Poisson variables with expected

values 6,91,92,...,9k respectively. The joint distribution

of X1 9X0 30000 X is

m o717
J
. ¢ 1
P(xl’.oo,xk) = exp(-E-ﬁl_.,.-Bk) ;:z.o J.. _(x_l:—JT!_
Xn=J X, -
922 ) kk 3




where m = min(xl,xz,...xk). This is called the multivariate

i
} Poisson distribution with parameters &,91,92,...,ek.

III. ESTIMATION

r

:

‘ In section 3.1 the techniques used to estimate the
parameters of the three distributions are described. The
subsequent section is concerned with the variances of the

estimates for the multinomial and negative multinomial dis-

t
I

tributions. A computer program was written to perform the

needed computations.

3,1 Parameter Estimation
The meximum likelihood estimates of Pl,P ,...Pk for the
multinomial distribution are the relative frequencies
i’j = nJ/N (j=l,...,k) (5)

i where nj is the observed frequency of Ej given N independent

trials.

The method of moments is the most convenient approach
for estimating the parameters of the negative multinomial
distribution. The moment generating function of a k variate
negative multinomial distribution is

k .
m (tyyeaesty) = (Q -2 Pie‘l) .
i=]
Thus we obtain the following moments

3m(t oo t )
1 Yk .

£=0




2
) m(tl,...,tk)

E(n. . :
(ngny) 7T, T o
= N(N+1)P;P,
- N°P, P, +NP.P
it it
E(nj)E(nJ)
= E(ni) E(nj) + N
glVlng E(ni)E<n )

N - E(ninjj - E(niSEan5 (6)

and

Pﬁ= E(nj)/N. (7)

Equating raw estimates to moments to obtain an estimate for N,

we have

and P, = EJ/N for i, j=1,...,k and i#J where

>
o]
o]

2.,

-
L]

-y J
ning nin‘j
0 n
I n r n
n, = —iil—fi— ;3 D = —iil—fifgi iven n observations
L H Lnk n g Je

The accompanying computer program utilizes this method of
moments in two ways. There are k(k-1)/2 possible estimates of
N by this method where k is the number of parameters. Similarly
3 The
program first averag-s the k(k-1)/2 values of Eiﬁj and n;ny and
then outputs an estimate of il based on these averages. The

there are k(k-1)/2 possible values of Eiﬁj as well as nn

second approach calculates the k(k-1)/2 estimates of N and prints
out the average estimate of N. The parameters Pi,i=1,...,k is

also estimater twice corresponding to the two estimates of N.




The method of moments is also used
the parameters of a multivariate Poisson.

* ating function is given by
k
B(tyyeeesty) = exp | -g(l-exp( L lti)) -
1=

It follows that

am(tI’ L ’tk)

Therefore

n
) 2
-— i=

X,.
F'S -— 1[1
£ = xixj - xix;j where X =

3 X Xy

Bince o; = E(xi)-e, a method of moments es

E=E [xixj] - E [xi] E [:xj:l .

in estimating

The moment fener-

k t.
I e,(l-e “)] (8)
i=]

ati = E(xi) =£ + ei (9)
t=0
2
) m(tl,...,tk)
°tiat3 " E(xixj)
£=0
= (E+8i)(5+ﬁj) + &
= E(xi) E(xj) + £

Substituting raw estimates for expected values we have

30)
n
L x, x
Y . <1
= .1;1_11_1___. . (11)

timate for ei is

(Ej-z). Again the accompanying computer program uses two

| approaches to estimate ¢ via the method of moments, First

estimates ¢ based on these two averages.

the program averages all possible values for x.x. and iiij and

14
Next the program

averages the k(k-1)/2 possible estimates of & and outputs
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this average as a workable estimate of ¢. The parameters

of 85 i=l,...,k are estimated twice to correspond to the

two estimates considered for .
3.2 Variances of Parameter Estimates

The exact variance of the estimates for the multinomial

v ‘rameters can be easily derived. Consider

var (§j) var (ny/N).

)2 2

1]

E(nj/N - {E(nj/N)}

1 2p 2 2
NP.S + NP.q.) - P,
N2 (NP5 + NPja5) - By

P.q. P.(1-P.)
= - 45 (12)

[}

hence an approximate variance for ﬁj is ﬁj(l—ﬁj)/ﬁ.
In order to place approximate bounds on the variances
of the negative multinomial parameter estimates, consider

Fisher's Information Matrix for the maximum likelihood para-

meter estimates which is defined as

5 -1
V(al,ag,...,ak) = (E [— -g—a%g-%] ) (13)

where a4 and a'j are parameters and L is the likelihood function.
Kendall and Stuart have shown that this matrix is the asymp-
totic variance-covariance matrix for the maximum likelihood

parameter estimates. From equation (3), we have the following

n ( k ) n
I Tr(N+Z n. . z n. .
s : 1J _ k . ig
L - =l 3=l ™ o (p Q)Y (24)

n
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n n k
InL =g 1n r(N+S4) = 1n(n 1 n34!) -n 1nr(N) (15)
. J=1 . J=1 i=1 .
k n
-Nn 1n Q + §=1(;l nij)(ln P, - 1n Q)
J
k 1 0
where S. = ¢ n.., S; = ¢ n,., n is the number of samples
TS S P B

taken and nij is the number of times Ei is satisfied on the

jth sample.

n E(S -)-l ~
_llﬂﬁﬁ__ =1 ¢ Y L a1 Q (16)
9 i=1 k=0 N+K
2 n  L(s.)-1 @ .
Tl oy 2T Sl kD) A7)
3N j=1 k=0 (N+k)< k=1

where Fi is the number of 81'5 greater than or equal to Jj,

2
3 "1In L - )
aNa%. = K nh for i=1,...,k (18)
1 1+ P
i=1 1
A k 1 ;
31n I B £=1 . i (19)
aby kK 7.
l + 2 P 1
j=1 9
IR
Nn + I E(S 1
2°1n L ~ £=1 L b(hjf) 20)
3?P- B k ~ P - P 2
dJd (l + & L)‘ j




n Kk
3 Nn + & |.(l'\l1\
3 1n L a . . . .
T3 e ror i/ (&1
d 1 (L« Py

21!

Using the two sets of estimate:sn tror N, Pl""’rk and numerienl
‘rQ '1 (AR . .
values for I oi), E(&i ), and E(bi)‘ we can obtain approximatoe
M A8 t N

bounds for V<N’Pl"“’lk)‘

IV. AN EXAMFLE

Negative multinomial data were obtained from Arbous and
Kerrich (1951,p. 424) to illustrate the output from the computer
program. The results are found in Table 1. Notice that in the
binomial case both estlimates of N are the same since there are
only two variables. For this same reason, only one Fisher's
information matrix is produced. If more than two variables
were considercd, we would have obtained two different estimates
for N and the information matrix. From the two distinet varian-
ces obtained from these matrices one could obtain the boundary
points of the internal about the variance of the parameter

estimates.




THE MOMENT ESTIMATE OF N OBTAINED BY AVERAGING

THW RAW MOMENTS FIRST IS 3.350

THE CORRESPCNDING PROBABILITIES ASSOCIATED WITH

THE RESPECTIVE VARIABLES ARE 0.295
0.385

THE MOMENT ESTIMATE OF N OBTAINED BY AVERAGING

ALL POSSIBLE MOMENT ESTIMATES 3.350

THE CORRESPONDING PROBABILITIES ASSOCIATED WITH

THE RESPECTIVE VARIABLES ARE 0.295
0.385

FISHER'S INFORMATION MATRIX USING THE MINIMUM
ESTIMATE OF N

1.207

-0.108 0.010

-0.140 0.012 0.017
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APPENDIX

CARD INPUT DESCRIPTION

Caxrd 1
Cols.
3 1 if a multivariate poisson distribution is to be analyzed
2 if a multinomial distribution is to be analyzed
Any other number in this column indicates that the
negative multinomial distribution is to be analyzed.
FOR THE MULTIVARIATE POISSON AND
NEGATIVE MULTINOMIAL DISTRIBUTIONS
Card 2
1-3 contains the number of variables
4-7 contains the number of observations
7-77 contains 7 pieces of data in consecutive 10-column spaces
Card 3*
1-70 contains 7 pieces of data in consecutive 10-column spaces
FOR THE MULTINOMIAL DISTRIBUTION
Card 2
1-3 contains the number of events
474 contains 7 pieces of data in consecutive 10-column spaces
Card 3"
1-70 containg 7 pieces of data in consecutive 10-column spaces
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A PROCEDURE TO PREDICT CLOUD COVER
FREQUENCIES IN THE BIVARIATE CASE

Summary

The purpose of this report is to present a procedure
for approximating cloud cover probabilities for two different
locations or for the same location at different times. 1In
addition a monte carlo procedure is presented for integrating
the bivariate normal distribution. This program is used for
computing the approximate probabilities.

If one assumes that the density function for the bivariate
cloud cover model is approximately bell-shaped, then it 1s shown
that the desired conditional probablities can be approximated
using the bivariate normal distribution. Examples illustrating
the feasibility of this procedure are included. However, if
the bivariate density for the cloud cover model is highly J or
U shaped this procedure provides results which are less than
satisfacfory. Examples i1llustrating this situaticn are also
included.

I. INTRODUCTION

The purpose of this report is to present a procedure

for estimating joint probabilities for the degree of cloud

cover over two regions or one region at subsequent time Iintervals.

Falls (1974) demonstrated that the beta distribution
adequately describes th~ variation in the ainounts of cloud cover.
This conclusion was based upon analysing cloud cover data frém

diverse locations, for dilferent times of the year and for

17




18

different times of the day. Thus, we may expect that the
multivariate beta distribution, sometimes called the Dirchlut

distribution would be a natural extension for describing the

bivariate case. However, a thecretical requirement of the Dirchet

distribution is that the variables be negatively corrciited, and
this constraint seems to intuitively disagree with the actual
situations., Consequently, a different approach was required, one
allowing for both positive and negative correlations.

Pelzer and Pratt (1968) provide a possible approach, that
of using the nor-ial distribution for approximating tall proba-
bilities in the peta distribution. Thus, if one assumes that
the correlation between the two sites 1s structurally related
tc the c¢u-relation present in the bilvariate normal distribution,
one may bte able to extend the work of Peizer and Pratt to the
aaltivariate retting, that of approximating joint probabllitlies
nsing the tivariate normal distribution (BVN). This approxi-
mation would aproar to work adequately for those cases where the
univariate normal approximation gives satisfactory approximations
“o the beta distr:bution,

This report :onsists of three main sections. The first
scction describes a program for integrating the BVN over rect-
angular regict,s, Thic section 1s basically self contained, and
it pr-vides the user the needed explanation for integrating the
BVN. The second section 1llusirates how thils procedure ls used
in approximating the bivariate cloud cover model. Applicatlions
and examples of this procedure are presented in section 3. The

program documentation and listings are presented in the Appendix.

s el
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II. BVN PROGRAM

A procedure was required for integrating the bivariate
normal distribution over a specified region. The RVN program
provides an approximation to the above integral. This section
consists of three sutsections, 1) introduction to the monte
carlo theory, 2) application of this theory to the BVN distri-

bution, 3) examples.

2.1 General Monte Carlo Technigue

An excellent summary on the general principles of monte
carlo theory can be found in Newman and Odell (1971). The
following is a discussion of this method as related to double
integration.

Let zr(xl,xe) denote an arbitrary two dimensional vector

and f(x) a real valued function of x. Consider the integral

o—-f f(;)a(g)dxldxg (2.1)

- T 0B

where g(x) denotes a probability density function on the plane.
The integral (2.1) is the expected value of f(x) and can be
estimated by

P - ¥

L b 4

"
- vy

where X5 i=l,...,N are random samples from the pdf g(x). The

variance of 0, is given by

1|
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var (3) = & var (£Ge)ef £ [ (20)-0)%e(x) axyox,

which can be estimated by
2 . gl ’:1 (£0x;) - 92,
The estimated standard error is given by, e = s//n.
The following describes a procedure for reducing the
magnitude of the var (é ). Suppese that there exists a function
h(x) on R (two dimensional reals) which approximates f(x) on

2

R™ and suppose that

x = [ [ n(x) e(x)ax,dx,
is known. Then

o= x ¢ I.J. (£(x) - h(x))e(x)ax,dx,.

The variance of f(x) - L(x), is given by
var (£(x)-h(x) ) = var (£(x))+var(h(x))-2 cov(f(x),h(x)).

1f var (h(x)) < 2 cov (f(x), h(x)), we have that

var (£(:t) - h(x)) <var (£f(x)).
Note that if (f-h) and h are positively correlated then var (f-h)
is less than var (f). This is true since

var(f) = var [ h+f-h )
« var(h) + var(r-h’ cov(h,f-h)

'Thus we have

var(f-h) = var(f) - var(h) - 2 cov (h,f-h).

L
it g i
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Assume the correlation of (f-h) and h is positive. Hence,
var(f-h) < var(f) - var(h)
which implies that
var (f-h) < var(f).
Therefore the larger the correlation of (f-h) and h, the
greater the reduction of the variance by removal of the regular

part h(x).

2.2 Program Explanation

™e object is to integrate

b, ,b

o=f )2 f(xly, rax,dx,.
81 &

o °°1°z

( 1

03,0, dand

where p‘= ("1’"2);

BVN distribution =

(x| pyz)

1 (xy=1,)(x,-u

2)

p 01 S 02

zT——-TT XL_EL 2
2r0,0, (1-92)1/2 exp [Co -2

x-u 2
(-2—;‘) 1} (2.2)

In formula (2.1) we define g(x) = 1 , i.e.

g(x) represents a bivariate uniform distribution, and
evaluate the integral

dxldx2
£(x| uy £) (bl'al)(be'an. (2.3)

b, b
g=J1)7°
8 &
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It follows that
0 - g (bl"al ) (be-aa )

and the estimate

L I a (bl‘al)(be‘aa)

where
-~ 1N
2 RN £(x;l ¥, )

when x. is a random vector from the pdf

g(x) = (bl—al§(b2-a27; aJ hd XJ hl bJ y 4=1, 2
' 0 3+ Otherwise
Since q(x) is the product of two independent uniform distributions,
a random vector is generated using the equations xj=aj+uj(hj-aj).
j=1,2 wuhcre uj is distributed uniform over the interval (0,1).
In the BVl program the requiar part h(x) is defined to be
all the terms up to the coeffecient 1/8! in the two dimensional

Taylor's expansion { Fulks 1969, p, 260 ), The tvo dimensional

Taylor's expansion abcut ihe point (a],a?) is given by

af
£(xy,%y) = £(ay,8,) + (x-84) B (ay,8,)
| 1 > 3%
- af c : - a
+ (xp-85) 3%, (ayap) + ?T’[(xl a)) ;;;2 (ay,ap)

2 2
3_ 1 - 2 L (aq,a,)
* 2(x1'al)(x2_a2)axlax2 (ay,85) + (xp-0p) ;;;2 1%

3 2, 2of .
+ %ﬁ-[}xl—nq)a ;i;; (a),85) + 3(x;-a,) (12-82);;;?;;; (aya5)

5 53
+ 5(x1—a1)(x2—u2)2——3—£—2(a1,a2)+(x2—n2)' 2 f (81’02):]* coo
axlax2 3x25

(2.4)

o e i

pa———
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Hence it was nccessary to find all partials (up to 8th order)

of the BVN distribution function, f(xl,xe).

Let (al,ae) = (ul,té) the mean vector of the BVN

distribution. "Then equation (2.4) becomes

of ( 1 2
4y qus )=f(xq ,X,) { (xy-u,)
2p
- 0102 (X2"'v2)) ] = 0
X= W
x2= u2
32f (u u ) - -1
—3x-_§ 1272 3 > 3]2
1 2:01 02(1—9 )
a’?r . P
%/
3x13x:‘, %0 1?.? 02?(1- p?). /
o)
ii_f? ) -1
B 3/2
a)(2 2 %oy 023(1- 92)
atr _ >
) 2w0,” 0, (1-p")"'
2 tr 3,
9 X~ 90X 2
271 2'014022(1_92)5/

T N T T v T Ok A
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3x1:3x2

s T
3x1 3x2

9 f
3
axl 3x2

I

-15
ono 102?(1_0 2 )7/2

105
9
02 (1_0 )

2:019

=105 »
2v0,%,2(1-»

1549007

2
2'017023(1_02)9/

—45P_GOp -

2,016° (1- p2)9/2

9202492t

9/2
2y

2:015 A2(1-p" )0/(

4% p— GOP

4y 6 2)9/2
1 %2

OIO

(1-¢

15+90p ©
Quo 30 7 (1-¢

=105 p

2
7)9/

2y 8B

2.9/2
1°2 )

ono (1-¢

e o o
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» B¢ 105
2] = 9/2
3x2 2101029(1-92)

However, since all odd ordered partials of the BVN distribution
evaluated at the mean are zero, equation (2.4) can be simpli-

fied as follows

£(Xq4%,) = 1 - E(xy-u,)? 1
1’ 2 2'0102(1-92)” ? l 1 2'° 30 (1.92)37?
- - P 1 2 1
+(X1 "1)(x2 Ua) > o 2‘3/2 - z(xa-u2) P
2"’1 95 (1-+°) P'l°1023(1..0 )3’/’

3
2:01502(1—9

1 4
(xy-1y)
ton 17" 2)5/2

30

+ = e e W (2.5)

1
-8 (xl-vl)a(xe—ue) 575

From equation (2.5) we observe that Hf(xl,xg) - h(xl’XE)H
becomes large as (xl,xg) deviates from (uy,u,), where h(xl,xg)
are the first 25 terms in (2.5) and || * || is some distance

function. Ior this reason

j £f(x) - h(x) g(x) dx
A

may not be bounded, especially for large rcgion A. However,
if the regular part h(x) is not removed, the convergence would

be very slow. .To accclerate the convergence and allow for
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integration over large region:, the RVN nropram divides the
original integration region into four rectangular regions
and integrates each region separately. The program divides

the four regions as follows.

Let Ly < xy < u; and L, < x5 <u, be the integration
region. When divided into the four desired regions

this becomes

(Tyup) (uy,u,)
3 4
1 2
(Ty,5) (uy, 1)
L] I111 L.-, tl.
Region 1 limits are Ly < X3 € —— 5 Ly < x5 &~ .
L, +uy Lytu,
. . . . < < < [
Region 2 limits are —5= 2 Xy Suq; L2 X I .
L L,+u

Region % limits are L1 XSy Xy 2 Uy .

Region 4 limits are _l?__ LX) LU 5 T Xy S Uy

After obtaining the approximate integral for each region the
results are then added together for the final answer. The final
standard error is computed as th:¢ average of the standard errors
corresponding to the four regions.

Since it is difficult to deterwine if var(h) < 2 cov(f,h),

the BVN program is currently set up to integrate Loth the BVN
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function and the BVN function after extraction of the regular
part. Convergence is currently checked by computing the
estimated standard error of 0 after every 1000 random samples.
There are six input items. These are the means,
(ul,u2), the standard deviations, ¢4, 9,, the correlation ¢ ,
the maximum standard error, starting value for random number
generation (odd integer I5), and the limits of integration.
The estimates for each of the four regions are outputed along
with their estimated standard error. If the regular part is
removed, the correlation between f-h and h is output. The
output also indicates whether or not the regular part has been
removed. Finally, the sum of the values obtained by integrat-
ing over each of the four regions is displayed as the final

answer.

2.3 Specific Examples

This section presents the output of four examples along
with the correct answers Pearson (1931). The four integrals

chosen are
1. [o Io f'(x | o, z)dxldx2

where T = 1 5

.5 1l

2. I% ]1 £(x | oy T ddxqax,

1 =.5
-.5 1

where I =




2. [ f x| o, T )axyax,
oo

where I = 1 =7
-.75 1
4, -.f( | o, I )dx,d
f” ll X 10 XqdX5

1 .75
where I = .75 1

The results of the BVN program are given in the Tables

(1-4).

29
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THE RESPECTIVE MEANS ARE 0.0 0.0

THE RESPECTIVE STANDARD DEVIATIONS ARE  1,00000000 1.00000000
THE CORREIATION IS 0.50000000

THE MAXIMUM ERROR ALIOWED IS 0.00300000

THE UPPER BOUNDS ARE 4, 00000000 4., 00000000

THE LOWER BOUNDS ARE 0.0 0.0

AN APPROXIMATION FOR THE 1 REGION
THE VALUE IS 0.2930342318 WITH A STANDARD ERROR OF C(.0025139714
AND A CORREIATION OF 0,£115916511

THE REGULAR PART IS POSITIVELY CORREILIATED WITH THE INTEGRAL AND THUS
EXTRACTED

AN APPROXIMATION FOR THE 2 REGION

THE VALUE IS  0.0161%55461 WITH STANDARD ERROR OF  0.0006924657
THE REGUIAR PART IS NOT REMOVED

AN APPROXIMATION FOR THE 3 REGION

THE VALUE I3  (€.0164091896 WITH STANDARD ERROR OF 0, 0007069048
THE REGULAR PART IS NOT REMOVED

AN APPROXIMATION FOR THE 4 REGION

THE VALUE IS  0.0040517887 WITH STANDARD ERROR OF  0.0002146261
THE REGUIAR PART IS NOT REMOVED

THE TOTAL FPROBABILITY IS 0.32963076
WITH A STANDARD ERROR OF 0.00103199

The correct answer is 33333

TABLE 1.



THE RESPECTIVE MEANS ARE 0.0 0.0

THE RESPECTIVE STANDARD DEVIATIONS ARE  1.00000000  1.00000000
THE CORREIATION IS -0. 50000000

THE MAXIMUM ERROR ALIOWED IS 0.00300000
THE UPPER BOUNDS ARE 400000000 4 . 00000000 |
THE LOWER BOUNDS ARE 0. 50000000 100000000 '

AN APPROXIMATION FOR THE 1 REGION

THE VALUE IS  0.0111994202 WITH STANDARD ERROR OF  0.0006024142
THE REGUIAR PART IS NOT REMOVED

AN APPROXIMATION FOR THE 2 REGION

THE VALUE IS  0.0000608119 WITH STANDARD ERROR OF  0.0000054074
THE REGUIAK PART IS NOT REMOVED

AN APPROXIMATION FOR THE 3 REGION

THE VALUE IS  0.0000904058 WITH STANDARD ERROR OF  0.0000072492
THE REGUIAR PART IS NOT REMOVED

AN APPROXIMATION FOR THE 4 REGION

THE VALUE IS  0.0000000995 WITH STANDARD ERRCR CF  0.0000000122
THE REGUIAR PART 1S NOT REMOVED

THE TOTAL PROBABILITY IS 0.0112%5074
WITH A STANDARD ERROR OF 0.00015%77

The correct answer is 012447

TABLE 2.

- ”a{




THE RESPECTIVE MEANS ARE 0.0 0.0

THE RESPECTIVE STANDARD DEVIATIONS ARE 1.00000000 1.00000000
THE CORRELATION IS -0.75000000

THE MAXIMUM ERROR ALLOWED IS 0.00300000

THE UPPER BOUNDS ARE 4,00000000 4.00000000

THE IOWER BOUNDS ARE 0.0 0.0

AN APPROXIMATION FOR THE 1 REGION

THE VALUE IS  0.1118712551 WITH STANDARD ERROR OF  0.0028780424
THE REGULAR PART IS NOT REMOVED

AN APPROXIMATION FOR THE 2 REGION

THE VALUE IS  0.0001379567 WITH STANDARD ERROR OF 0,0000210493
THE REGUILAR PART IS NOT REMOVED

AN APPROXIMATION FOR THE 3 REGION

THE VALUE IS  0.0001607447 WITH STANDARD ERROR OF 0,0000219862
THE REGULAR PART IS NOT REMOVED

AN APPROXIMATION FOR THE 4 REGION

THE VALUE IS  0.0000000005 WITH STANDARD ERROR OF  0.,0000000001
THE REGUIAR PART IS NOT REMOVED

THE TOTAL PROBABILITY IS 0.11216996
WITH A STANDARD ERROR OF 0.00073027

The correct answer is .115027

TABIE 3.

J______i:__________________________________________‘________________..........-.-:-nk:lj



THE RESPECTIVE MEANS ARE
THE RESPECTIVE STANDARD DEVIATIONS ARE  1.00000000 1,00000000

THE CORREIATION IS 0.75000000

THE MAXIMUM ERROR ALLOWED IS 0.00300000

THE UPPER BOUNDS ARE 4.,00000000 4,00000000
THE IOWER BOUNDS ARE 0.50000000 1,00000000
AN APPROXIMATION FOR THE 1 RECION

33

0.0 0.0 3

THE VALUE IS 0.113%2274387 WITH STANDARD ERROR OF 0.002757%6353
THE REGULAR PART IS NOT REMOVED

AN APPROXIMATION FOR THE 2 REGION

THE VALUE IS  0.0084165793 WITH STANDARD ERROR OF 0,0003595563% 3
THE REGUILAR PART IS NOT REMOVED %

AN APPROXIMATION FOR THE 3 REGION

THE VALUE IS 0.002322003%4 WITH STANDARD ERROR OF 0.0001715015
THE REGULAR PART IS NOT REMOVED

AN APPROXIMATION FOR THE 4 REGION

THE VALUE IS  0.0027903045 WITH STANDARD ERROR OF  0.0001249913
THE REGULAR PART IS NOT REMOVED

THE TOTAL PROBABILITY IS
WITH A STANDARD ERROk OF

0, 212785436
0.00085585

The correct answer is .128133 §

TABLE 4, ?

.
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III. APPROXIMATION

The introduction briefly presented the reason why
the Dirchlet distribution was not applicable in the multi-
variate case. As the beta distribution seemed firmly
established as a proper model in the univariate case, it
seemed more reasonable to build a prédiction process utilin- .
ing the beta distribution than to seek a new model applicable

to both univariate and multivariate cases. This led to the g
BVN distribution. |
E

The reason why the Dirchlet would not work wac the

theoretical requirement of & negative covariance between the ;:
variables--a situation not frequently encounternd in most
applications., However, the BVN distribution imposes fewer con-

straints on the value of the covariance. Also, the normal dist-

tribution has been shown to yield excellent approximaticns for
"tail" probabilities in the univariate beta case (See Peizer and
Pratt, 1968, pg. 1418). Also, the normal approximation exists

for the beta probabilities over any interval. If the covariance
(or correlation) is thought of as effecting an increase or de-
crease in probabilities (compared with uncorrelated probabilities)
rather than depicting the underlying association between the eg
variables, then one should be able to determine this effect ©

using either the approximations to the beta probabilities or

®

gs

&

|
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the beta rrobabilities themselves. The only reason why a
bivarist. model is required is because we know cloud cover
frequencies at the sites are related. Otherwise an assumption
of independence would allow one to compute the joint probabili-
ties via a direct multiplication of the univariate beta proba-
bilities.

Finally, it is important to stress that the BVN, as
we usr. it. is only a mechanism to calculate probabilities.
In conversations with MSFC personnel it was noted that some
persons in the meteorological profession had proposed the
normal distribution as a model to describe cloud cover
freguencies. Such a model may or may not be plausible and.
we did not investigate it. The beta model serves as the
basis for our analysis, i.e., we assume the beta model fits
the Jdata--all we must do is calculate the parameters. Falls
(1973) did encounter months, time intervals and sites where
the beta model was not a good fit. It would be proper to
preface all our remarks and, indeed, the whole report with
the condition that the beta distribution must yield a good fit
on the data at hand. However, it is also proper to assert,
based on proper evidence, that the beta model is always
adequate, at least for the purposes envisioned. The result
is the same--situations where the results obtained from

applying the model differ substantially from eémpirical results.
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3.1 Normal Approximation to the Beta Distribution

Peizer and Pratt (1968) show that the tail probabili-
ties for a wide range of distributions can be approximated
using a normal distribution. Much of the article is not
germane to our discussion and will not be discussed. However,
it is informative to trace their procedure for approximating
the univariate beta distribution.

The density function for the beta distribution is

given by

h(x3a,8) = T.{a—(f-’-;-%%-j— A1(1-x)8"L; O<x<1,0, 8> 0. (3.1)

To approximate the probability that Q:x:xo, i.e.
Xo
Pr {xxx } = f h(x:a,B8)dx
o}

calculate the quantities

d) = (a+8 - 2/3%) X, - (a- 1/7%)
X, l-xo xo-,5
d2=d1+.02(-§—- G‘F a+8)"
and
d
z = Z { 12(g +8-1) [ ( g ~.5
- IB-OS-(Q"‘B"I)(I-XO)I 6(G+8_1)-1 FB l_][l XOJ
1/2
(a"OS)LOg a-'s ]) (3.2)

[a+8-1] x
o

The approximate probability is given by
P= (2 e™’ ay.

1
v 2y
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Of course, should you desire Lo have a right tail probability.

. The approximate value for the right tail probability

is

P= |

2

1 =Yy
— e dy.
z Ay y

The error in these approximations is less than .0l if a, 8 > 1
and less than .001 ifa, 8 > 2. It also follows that

P, {x, ¢ x < x;)} can be approximated as

b ¢ X 1
Pr {xoixixl} = [ h(x;e,8)dx = 1 -f oh(x:a,B)dx -f h(x;e ,8)dx
X o X
o 1

or

z 2 -
pffo L Mgy Lt L Ny
- /-2—.' zl an Z "5

However, the error is potentially doubled for this case.

The approximation is not valid for a, 8 < .5 which
implies the data must be highly U-shapcd for the approximation
to fail. This could further restrict the applicability to
some locations and for some seasons. However, Falls has shown

that this situation is infrequent.

3.2 The Bivariate Case

Assuming that x and y are beta distributed,

X, <x ¢ X1y Yo <y y, can be approximated by

le Zyl

| f f(z_,z_)dz_2_ . (3.7
XYy Xy .
X0 Yo

where f (Zx’zy) is the BVN distribution defined in equation (2.2).
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IV, THE APPROXIMATION PPROGRAM

In order to use the BVN approximation, a computer
program was developed to convert raw data and desired beta
intervals into the z-values and correlations (BVN program
inputs). This program takes raw data and calculates means,
variances, correlations and estimated beta parameters for both
raw and categorized data. Then for each inputed beta interval
value (lower and upper values for each variate) it calculates
a corresponding z-value.

Two aspects of the program need explonation. The
formulas in Section 3.1 are not defined for the beta values of
0 or 1. Consequently, the program cannot handle such values.
For this reason, 0 or 1 must be inputed as O+e¢ or 1l-¢ where € >0
is some arbitrary real number. Likewise -4 is used for -, +4
for + @ in the BVN program.

Since the approximation fails if @ 48 < .h the
program resets the parameters to .51 and prints a notice to
the user if the estimated beta parameter value falls below .5.
It is then left to the user to decide whether or not he wants
to use this acknowledged poor approximation.

The beta parameters are estimated using the method of
moments as described by Hahn and Shapiro (1967, pg. 95). The

estimated beta parameters for the original data are

B = %g) [ ¥(1-X)-52)

Xe_
1-X

e i e o T
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where X and 82 are the sample mean and variance.
A frequency table for both original and category data
is given in order to compute the empirical probabilities which

are used to check the corresponding npproximate BVN probabilities.

V. DATA

The data used in this study was compiled by ESSA,
National Weather Records Center, Asheville, North Cerolina
and was provided to the authors by Organization ES-42,
Marshall Space Flight Center, Alabama. The sites selected
were Fort Worth and Houston, Texas. Daily records (January
1971 to December 1975) on cloud cover, measured in tenths,
were recorded every third hour.

The data was grouped into the categories shown in
Table 5 (Fall 197%).

Table 5
Cloud Cover Categories
Category Tenths

0
1,2,3
4,5
6,7,8,9
10

Uy & W Y

Since Falls (1971) demonstrated that the beta distribution
adequately describes variation in categorial data, our primary
investigation was restricted to categorical data. However,
the approximation program is not restricted to categorical

data.
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VI. EXAMPLES

A complete set of probabilities (25 values) have
been calculated for the Fort Worth 9 a.m. and Fort Worth
3 p.m. combination. These values are presented in Figure 1.
Each of the five portions of figure represents a category
level for 9 a.m. and the abseissas reﬁresent the categories
for 3 p.m. Table 6 presents a portion of the approximation
program and Table 7 gives the corresponding BVN computations.

Figure 1 values were determined based on observed and
expected frequencies for 5 years (155 values). As can be
noted, the agreement is quite catisfactory with a couple of
exceptions. Values for Category 1 for 9 a.m. and Category 2
for 3 p.m. shows a wide divergence. Also the five values
predicted for 3 p.m. and Category 4 for 9 a.m. show substantial
disagreement.

These discrepencies between observed and predicted
values can be explained by analyzing how well the beta model
describes univariate cloud cover in the various data sets.

From Table 6 the category frequencies for Site 1 ( 9 a.m.)

are 46, 29, 20, 39, 21 respectively and the estimated beta

.parameters are .862646 and 1.06241. These paramcters are for

a very U-shaped density which decreases as x + 1. Consequently,

the fitted distribution does not reflect the variation in these
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data for categories 1 and 4, which is reflected in the approx-

imate probability.

Some additional comments are necessary. First it is
important to note that we have only 155 data points and more
data would, in most such cases, give better fit to the true
distribution hence a better approximation. Secondly, this
problem is not restricted to this one isolated case. Based
upon our analyses, we feel that the substantial disagreement
between observed and predicted probabilities were based upon
the inadequacy of the beta distribution. It does not seem
likely that large errors will occur because of this condition
but if the parameter values are low the approximation error
could contribute substantially to the disagreement between the
values. Thirdly, it must be noted that Figure 1 is based upon
integration limits (determined by the transformation from
categories to the (0,1) interval) that should give the best
results. The category values 1, 2, 3, 4, 5 are transformed
to .1, .3, .5, .7, .9 respectively. The corresponding limits
of integration are found in Table 6.

Table 6
Integration Limite

Category Integration Limits Midpoint
1 .01 to .2 .1
2 .2 to .4 )
3 4 to .6 .5
4 .6 to .8 o7
5 .8 to .99 .9

W T T oo e F

B




The values in Table 6 are the usual "continuity" corrections

for approximating probabilities for digcrete variables. It

must be noted that the intervals selected will not always

L reflect the underlying situation and hence could contribute
to the differences in values. However, if the above limits
are a source of error then its effect will be minor compared
with the other errors and its effect will decrease over wider
intervals.

As noted, we have elected to use categorical data
throughout the analyses. However, one might consider using
the original data in that the beta model might actually fit
whereas the categorical fit was inadequate. Another reason
for using the original data is the greater flexibility in
selecting the integration limits which can be made to closely
agree with the original situation (cloud cover measured in

tenths).

6.2 Application of the Programs

The apprcximation programs must be run to obtain the
approximate integration limits used in integrating the BVN
distribution. The input needed for this program consists of
two parts. The first part consists of the raw data (read
pairwise with the first value corresponding to the first site
and the second value corresponding to the second site or the
data can represent one site at two different times). The

second part consists of the inputed boundary numbers for the
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regions to be integrated. Before continuing one should
inspect the outputed beta parameters and corresponding

frequency tables. If the estimated beta parameters are

significantly less than .5, then one must proceed with
caution since the calculated integration limits are probably
unreliable (for reason explained previously).

The outputed correlations and the integration limits

are then used as inputs into the BVN program. Note that

since the approximated integration limits pertain only to
the standard normal distribution, the mean vector will be

(0,0) and the standard deviation will be (1,1). The main

output of the BVN program is the total probability. This
value represents the approximate probability of a specified
category or categories et Site 1 intersected with a specified

category or categories at site 2.

For example, Table 7 lists the output of the approxi-
mation program for the percent of cloud cover over Fort Worth,
Texas, at 9 a.m. and 3 p.m. during the month of July (1971-
1975). Since the beta parameters for the original data is
significantly less than .5, we decided to work with the
category data. The category data z's are the approximate
integration limits corresponding to category 1 at 9 a.m. and

" category 1 at 3 p.m. These values were then used as input
for the BVN program along with the correlation of .57. The
output of the BVN program is found in Table 8. The total

probability of having cloud cover in category 1, (i.e.

L
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essentially no cloud cover) at 9 o.m. and of having cloud
cover in category 1 at 3 p.m. during July at Fort Worth is
shown to be approximately .06%2. Wherecas the empirical value,

found in the category frequency table, is fg% = 0645,
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INPUT PARAMETERS
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APPENDICES

Appendix A gives a description of the card inputs
followed by a listing of the BVN program. Appendix B gives
a similar listing for the approximation program. Both programs
are written in Fortran and, the approximation program can
compute 100 individual integration limits in less than a
minute (on IBM 370/155). The BVN program also takes less

than a minute to calculate one total probability.

i ey




Card 1

Card 2

Card 3

Card 4

Card 5
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APPENDIX A

BVN Program - Card Input

1-14
15-28
1-14
15-28
29-42

1-14
21-25

1-14
15-28

1-14
15-28

mean of the first variable of the BVN
distribution
mean of the secon§ variable

standard deviation of the first variable '
standard deviation of the second variable
correlation between the two variables

maximum standard error allowed
odd, five digit random integer

upper integration limit for the first
variable
lower integration limit for the first
variable

upper integration limit for the second
variable
lower integration limit for the second
variable

CdAt
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APPENDIX B
Approximation Program - Card Input

Cols.

Card 1 1-4 number of data pairs
5=80 19 pairs of data with each element of
each pair right Jjustified in a two
column space; no decimal points

Card 2+ 1-76 19 pairs of data with each element of
each pair right Jjustified in a two
column space; no decimal points. That
is the data is read with an 19F2.1
format . There will be as many cards of
this type as necessary to punch all data.

Last 1-10 lower integration limit for the first site
Card 11-20 upper integration limit for the first site
21-30 lower integration limit for the second site
31-40 upper integration limit for the second site
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A PROGRAM TO COMPUTE CONDITIONAL BIVARIATE
NORMAL PARAMETERS

Summary

This report derives the conditional bivarliate normal
parameters from an orlilginal quadravariate distribution. The
paper presents the theory and appended is a computor program
developed to glve numerical results. An example 1s presented
in the paper.

I, INTRODUCTION

This report presents a sketch of the thcory and a computer
program designed to calculate the bivariate normal conditional
distribution derived from the quadravariate normal distribution.
The required computer inputs arce described and an evample is

presented.  The computer program is appended.
Theory

The general multivariate normal distribution has the density

1 ' v-1
f (xl' xzo---b xk) = RTZIZII/Z exp {"1(5,'}*_) z (.’i‘H.)} (1)

(2m)
where g}: (ul, Moseres uk)’ the vector of mean values and
B
] o

n %2 %«

J=|%1 %2 "% ,

0 O0,, ...0
| k1 k2 kk_|
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A property of the multivariate normal distribution is that
marginal and conditional distributions are also normally distributed.
The general expression for these distributions are found often in the
literature [scc Morrison (1967)] . We shall confine remarks here to

the specific case.

Assume we wish to Jderive (xl, x2.| Xqs x4). If we define

" | v, . ‘%121 Y3 e
; - "2 | HTRY: "1 %220 Y3
2leaca | = 1 ooCo | and CT R PSP Ll R L L i it bRl ,
- u ] ' 1} 0 ‘o 0
-2 u: L, 31 32 : 33 M
' [ “a1 %2+ %43 a4 ]
then letting
x "
x= =11 = __2_| » we have
% X3
*4
£ (x,]x,) : (5 (x-3) (2 e (2)
X, |x = - exp {-% (x, -u X Y -y . 2
1122 2nli" | 13 1 1
Where
- 21
L= 1y- Ty By By (3)
and
" . r.. ..} ) (4)
ooyt Ip Iy (o).

Computation of the parameters for this conditional distribution rcally
reduces to computaticn of the quantities £ and gf. Carcfully note
that the value of gf includes values of X, = [xs. x4]' that must be
specified before numerical values for _gf can be calculated.

Even for this rather easy case the actual expressions for z’
and u ' and therefore for the quadratic form in (2) are very romplicated
algebraically. They are, however, very amcnable to numerical compu-
tation via computer. The least complicated for the expressions is

*
that for y and the actual form is given below (letting o for

34°%3

convenience ).

- T T T
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A
M 10y 3 9 mq035) (X5oug) *(0) 370y 3%e) (Xgmuy) ) /053040547
\

Mt (1025 9470249 33) (X3745)* (050 37023039 & g ug )} /(033044-0347)

*

- *
The matrix triple product 212 :221 221 makes I a complicated
.-
expression and this, of course, causes (L) 1 and, thercfore, the

quadratic form in (2) to bc almost incomprchensible in an expanded form.
Computer Program and Required Inputs

The computer program is writtcen to accept quadravariate data
and rcturn the conditional bivariate parameter. The conditional variance-
covariance matrix and the associated standard deviations and corrclations
arc initially calculated uand printed. The program is designed to take
as many pairs of "conditioning valucs'" of x, and x, as desired and print

3 4

.
out both the values of Xs and x, plus the associated valucs of ¥ .
Example: The following data was input to the program

'
v = (21.58, -.04, 43.35, 1.25]

= 0503, P .= .7382, P, = -.0199

Yo,, = 11.03, »

11 12

o3z = 11.52, 0,.x 1614, P, = .8134
/G35 = 15.47, Py.= 1524
[xs.x4] = [43.35, 0]

Attached as Appendix I is the output giving the calculated paramcters
for the bivariatc conditional. Note carcfully that the standard

deviations and corrclations are printed in matrix form for convenicnce--
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not to be confused with the variance-covariance matrix printed above it,

Below the standard deviation and correlation matrix the values condi-

tionoed on and the result'ng conditional means are printed. The original

inputs and matrices will be printed only once but the values conditioned

on, followed by the conditiona: mecans calculated using those values,

will be rcpeated for each set of conditioning values read in.

Input to the progrum consists of the fcllowing cards:

Card

Card

Card

Card

Card

Card

Card

Card

1

The 4 means for thce quadravariate normal in 4F10.4
Format,

Standard deviation for varjahle 1 followed by
correlations for variables 162, 183, and 1§3 in
4F10.4 l'ormat

Standard deviation for variable 2 followed by
correlations for variables 2§3 and 264 in 3F10.4 .
Format.

Standard deviation for variable 3 followed by
correlation between variables 3§4 in 2F10.4 Format.

Standard deviation for variable 4 in F10.4 format.

Number of sets of x., X4 values to be conditioned
on in 12 Format.

‘5t sct of xs. x4 vialues to he conditioned on
znd Sct of " " " " " " 11
3rd " t1) ” " " ” (1] (1] "
etc.

The source deck listing is given in Appendix II.

References

Morrison, D. F. (1967). Multivariatc Statistical Methods, Wiley,

N. York.




APPENDIX I

MCANS VECTFR = 21,5800  -0,4070  A3,350n 1,20M

VARIANCE-COVARIANCE MATRIX

121.6609 6.374 25,7021
€.304 132,.7104 20,7630
25,9021 28,7635 239,3200
-3.2025 136,7336 34,3778

crrd. VAR, COV,.EATRIX

53,17973 4.03824
4,83023 44,7625

SUGCORRLIIATRIX

7.29244 0.N0022
0.09922 c.rcence
VALUES COUDITIONCD on 43,3570 -0,33870

COUDITIANAL NCANS 21,7081 -0,8071

-3,20%
136,733C
34,3978
212,863




prrnsIon sInn
1v2(2,2),v3(2
2 Pin(4, 4),u(a

RLCAD (J
1 FORUIAT
on 21
L=1

IF (I.LE.3
l\LI’\“(J 9
FORMAT (4

w N

(

1
4
1

) (
{

3) 1
{

APPLADLIX T

~—w >

(u(
1.4
.4

? Pl S WP

) L=1+1
SU (I),(RHO(I,J),JzL,4)
11.4)

.

bn 4 1=1,4
L=1+1
S(I,1)=SD(1)**2

IF (L.EN.C) G0 TO 4
D0 4 9

S(J,1)=

=PHO(1,3)*SD(T)*<D(1)

4 CONTIHUC
VRITE(G,5) (U(I),I=1,4)

5 FORHAT(']'///' HEALS VECTOR =

(

I,J)

',4(F10.4,2X))

URITE(E,6)
6 FORUAT(' VARIMICE - COVARIANCE MATRIX'/)

D0 7 I=1,4

7 WRITE(6,8) (S(1,4),d=1,4)

8 FORUAT(5X,4(F10.4,4%))

DO 9 1=1,2

DO 9 J=1.2

Vi I,Jg=S(I,J)
V2{1.0)=5(1.0+2)
v3({1.3)=5({1+2,J)

9 va(1.)=5(1+2.0+2)
D=V4(1,13*V4(2 ,2)=V4(1,2)*V4(2,1)
C=v4(1.1
va(1,2)=2va(1,2)/0
va(2.1)=-va(2.1)/0
va(1.1)=C/D
D0 10 1=1,2
uT(1)=u(1}

10 U2(1)=u(1)

,VVV

»2),5D(4),
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N

12

13

14

15

16

17

18

19
20

21
22

APPENDIX IT ( CONTT'NITD )

uvo 1
0o 1
vva4(1
b0 1
VV24(I
D0 12
2
I,
2
I,

e C4 0
il w e »

R << NP =N ONN

V24(1,0)+V2( 1, K)*VA(%,))

00 1

vy (

091

vVV(

0n 13

IRER

SIGHA(T 0 3=v1(1,9)-Vvv(1,J)

COR(l.l) SORT(SIGNA(1,1))

COR(2,2)=SCRT(SIGA(2,2))

COR(2,1)=SICIA(1,2)/(COn(1,1)*Crp(2,2))

COR(1,2)=COR(2,1)

HRITE(6,14) SIAHA

URITE(G,15) cor

FORUAT('OCOND. VAR, COV.MATRIX'//2(2X,F10.5)/)

FORMAT (' CSDSCORR MATRIX' //2(2X ,F10.5)/)

READ(5,16) 1l

FORIAT(12)

D0 23 N=1,M

READ(5,17) (X(1),I=1,2)

FORMAT(2F10.5)

00 18 1=1,2

XU(1)=X(1)-U2(1)

D0 19 1=1,2

vX(1)=0

DO 19 J=

VX(1)=VX
I=
1

Qe e

V(I,0)+VV24(1,K)*V3(¥K,J)

H Hesrllsr i B S B Co it U
.__,.—a_a"...a"...o-.av_av._‘_‘

-—-HQ—:L-—ch

)=y
)

DO 20
US(1)=U1(1)+vX(1)

WRITE(G,21) (X(I),1=1,2)
WRITE(6,22) (US(1),I=1,2)

1,2
(1)+Vv2a(1,3)*Xu(J)
1,2
(1)

FORMAT (' OVALULS CONDITIOH[D on',2(5x,F10, 4)//)
FORHAT(' CONDITIONAL MEANS ',2(5X
sTop

END

,F10.4)/7)
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TRANSFORMATION OF NON-NORMAL MULTIVARIATE DATA
TO NEAR-NORMAL

Summary

A procedure for transforming non-normal multivariate data
to near-normal data is presented. The procedure 1s based upon a
multivariate generalization of a technique proposed by Box and
Cox (196h4). Several examples of the procedure are included along
with a documentation of the computor software.

I. INTRODUCTION

Investigators are often confronted with the problem of

' analysing multivariate data. Upon lnvestigating the existing
procedures for analysing this type of data, one soon reallzes
that a majority cf the existing techniques are restricted to the
normal distribution. However, real data often violates this

" normality assumption. Thus the investigator is confronted with
two possible approaches: 1) determine a non-normal multivariate
distribution which provides a satisfacory model, 2) determine a
technique for transforming the non-normal data to near-normal
data. If the investigator is mainly interested in modeling the

multivariate data, then the first approach 1s probably most ap-

propriate, however, if the main interests are in making statistical

inferences or probabilistic forecasts then the second approach

could prove to be adequate. In this paper, we

65
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have presented a procedure which addresses this second approach. The
procedure is a multivariate generalization of a procedure proposed by Box

and Cox (1964). They proposed the following univariate transformation

A
y -1 for A ¥ O.

A
y(X) = (1)

log(y) for A #0.

>

Andrews et. al. (1971) extended this transformation to the bivariate case.
In their paper, they were able to find approximate maximum 1ikelihood
estimates for A, by eramining the contures of the 1ikelihood function. 1In
this paper, the method of Box and Cox is extended to the multivariate case,
where the maximum likelihood estimate for A is determined using a numerical
analysis approach. The procedure is presented in a multivariate analysis of
variance setting, however, several examples are presented which demonstrate

the versatility of the technique.

II. Procedure

Let YLI.Q.. Y1 denote a random sample of n, p- dimensional
n
i

observations from a population with finite mean My and finite covariance

Zis fori=1,2, ..., m. The problem can be stated as; find

N (A VO )7

p such that Y§;) is distributed normally with

66
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mean Myo and common covarince f, where

YiJ = (yiJ!""yid ) (2)
()
(Ak) (yijk - l)/kk for Ak $0
Yi3 © (3)
log(yidk) for A, = 0
for 1=1,2,...,m, J=1,2,...,n,, and k=1,2,...,p. For O, !ig) can be written as
(A) _ =1y
YiJ D (\fiJ - J) (k)
where
D= diag(xl,x?_,...,xp)
J is a pxl vector of 1's
A A A
) S 1 2 p T
YiJ (y1319y132"°°’yidp) .
Since Yis) N(ui,z), its density function can be written as
f(z) = ¢".~xp{-1/2(z-u)Tz'."l(z-u))(2u)"p/2|}:|'1/2 (5)
vwhere 2z = Yig). From this, one can determine the density function for the

P - o _ _ _ . N L. " . mia
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untransformed data w = Y1J as g(w) = K1J f(z) where,

. Y a2 _ 0 M1
ST S ~H A T (6)

Hence the joint likelihood function becomes

_ ¢ m ni -np/2 |, -n/2
LAY = (o Ty Kyy) o (amTE g
ial §=1
S S .9 RSO )
cexp{-% ¢ (Yij -u) I (Yi' -u)} (7)
=1 j=1 J

m
where n = z]ni. The likelihood 7Tunction can be written as
]:

L(A) = K(2m)"P/2 g M2 oxp fonps2) (8)
m n;
where K = 1H] IIKiJ and u and £ are replaced by their maximum likelihood
= j:]
estimates
PRI C R CY
My = — =
i ny j=1 ij i
(9)
. "N ) () )
I -

=%1=i. jfl(vij "'Y.I ) (Y‘lj 'Y1
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Equation (8) follows from equation (7) since

L T € PSP ¢ ) B
LN SIS S TR

. =1 j=
m n
i Ay, () (A) T
= T T (trZ (Y -\ | T
= tr I (151 351(Y1j - ) (Yij - ) )

=n tr (' L) = np.
Equation (8) can be further simplified as

L(A) = C + h(2) ) (10)

where C = (ZII)""p/2 exp {-np/2}

h(r) = [K2/n g |Tn/2 (1)

Note that maximizing the 1ikelihood function L()) s equivalent to
minimizing the function h(A)'1- This function can be further simplified by

considering
m n
SAUNETNS SIS WL
i=1 j=
p n A -1
=1 (now () M2
k=1 i1 e
e P AL
n () ¢ )2 (12)
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;
. moony 1/n th 3
where y, = (n jn1 yijk) is the geometric mean for the k variate,
k=1,2, ..., p. From equation (4) £ can be written as %
s (Y(x) (1) (Y(A) _(A))T
= - - v
f=1 g=1 131 1
= L I D (Y, ~Y e o= Y
jo1 §=1 1J i ij i
Hence |Z|, becomes
zl = o] 121 ji] (Vi3 - ¥ ) ii ™"
0% Il (14)
]
where G= I I (Y,.-Y) (Y, -Y.).  Thus the minimization of ;
i=1 j=1 J J ;
1
h(x)'] is equivalent to minimizing §
;
= __le] %
(p y e (15)
A, : 15
k=1 k™ k %
noA A, %
Note that equation (15) reduces to 1E](y1 -y) ;
- 16
12 (16) |
(y )

P . X ) |
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which was proposed by Box and Cox (1964) for the univariate case.
The function @(1) in equation (15) can now be minimized using a
standard numerical technique. In this paper the Flecher-Powell algorithm

of deflected steepest descent is used (see Appendix A).

111. Application

The first example i1lustrates a violation of the equality of covariance
matrix assumption in a multivariate analysis of variance problem. The data set
ijs R.A. Fisher's classical iris data (Fisher, 1936) where the response
measurements are sepal length, width and pe}a1 length, width for three iris
species: virginica, versicolor, and setosa. Although this cata was originally
presented as an application of linear discriminate analysis, Morrison (1967)
uses this as an example in multivariate analysis of variance, for which he
states, "we shall of course assume... a common covariance matrix". However,
in applying Bartlett's 1ikelihood ratio test for equality of covariance, we
obtain a test statistic of 141 for 20 degrees of freedom. Hence the hypothesis
of equality of covariance can easily be rejected with a high level of
significance. In figure 1, the confidence ellipse for the two untransformed
variables: sepal length and sepal width, clearly il1lustrate the difference
in covariance matrices. The data is then transformed, and the corresponding
confidence ellipses are presented in figure 2. Although the confidence
ellipses for the transformed data are more nearly identical, Bartlett's test
statistic has been reduced to 63, however, this value is still significant

at the .01 level,
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In the second example, we are interested in obtaining probabilistic
forecasts. The data was originally preserted in a paper by Haggard et, al.
(1973), in which the author was able to model the maximum rainfall from
tropical cyclone systems across the Appalachians using the Gamma distribution.
Since rrz of their primary objectes was to obtain esiimates for the
probability of rainfall exceedence in the Appalachian regions, I felt that
comparative results could be obtained by transforming the data then using

the well tabulated normal distribution. The results are given in Table 1.

Iv. Conclusions

A method transforming non-normal multivariate data to nearly-normal
data 1s presented. The method extends the univariate transformation of
Box and Cox (1964) to the multivariate case. A numerical method for
approximating the optimal transformation is also included (see Appendix A).
The procedure was then applied in two applications. The first was in the
area of multivariate analysis of variance where the primary objective was to
achieve equality of covariance matrices. It was shown that the transformed
data was less heterogeneous than the untransformed data. However, the
population covariances were still unequal. The second application i1lustrated
that this type of procedure can be used when the primary objective is the
estimation of tail probabilities. This method allows the use of the normal

distribution on the transformed data, rather than determining the appropriate

non-normal distribution for the untransformed data.
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TABLE 1

Expected Probabili ties of Exceeding Arbitrary
Precipitation Amounts Nver the Appalachian Region

Precipitation Data Set*
in inches
A B ¢ D
1™ 11 11 11

1 978 .966 .93  .999 .98 .97 995 .997
2 913 .93 .95 .99 .93 924 971 .97
3 .81 .89 .e93 .92 .85 .84  .926 .93
4 N7 .723 .86 .89  .789 .79 .86 .86
5 613 628 .06 .625  .M0O .N9 794 788
6 515 .58 .605 .472  .631  .s44 M7 .706
7 427 439 .507 .36 556 .57 639 .623
8 .39 .39 .48 .283  .486  .500  .562  .544
3 283 .291 .40 .27 423 .43  .489 .47
10 227 .22 273 .8 .35  .3%6  .422 .40
15 070  .066  .079 .090 .65 .66  .182  .174
20 019 .06 .020 .057  .070 066 070 .076
25 .05  .003  .002 .042  .028 .025  .025  .032
30 000  .000  .001 .033 .01  .009  .008 .023

* A - maximum 24-hour precipitation all storms. B - maximum 24-hour
precipitation from no more than one storm per year, £ - maximum
precipitation totals from all storms. D - maximum precipitation totals
from no more than one storm per year

I- gpamma parameters from Haggard et.al.(1973); II transformed
normal probabilities,
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Appendix A

Flecher-Powell method of deflected steepest descent, requires the

gradient vector

p -
E]
P8
g(r) = g% (A.1)
2
op
ax,
i )
where
o) = = (A.2)
(el Wk )2
A -1
- kTN -2
) alm Ny )"¢ 6]
200 _2dal (&5 a2, ke KK
M, o, M ax, (A.3)
A -1
< kT -2
AL ) P LA, LA
o = =2( 1=I] AW o) O + Iny) A,
(A.4)
. r - p
Since |6] = jfl 955 83 where
6= (953 (A.5)

a4 5 is the cofactor of 95
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Also, since gij only depends upon Ai. xj using the chain rule we have
p 39
. %;EL =z ag ai (A.6)
h i=1 J-] ij h
where
el . (A.7)
99 ij
i
and r
f if u, v #h
Yw . J b, ifuorv=h (A.8)
)\ -
h *
b3 ifu=v=nh
L
and
m n A A A
- 3 1 u ="h
b2 axh (151 31 (y1Ju y1u ) (y1Jh yih) )
m n A A A A
- i, u _ ="u h _owhy -
ha jf](yiju Yiu 1 W50 Y5507 Yin!t ¥5p)
m n, A A A A
= h ="h h _='h, —
b3 7 2 L 321 Wish = Yin ) 55010 Y5507 Y5n 0 Y4 3p)
(A.9)
From this, equation (A.3) becomes

W) 2 P oa Bk ah 2%

‘ oA p A~ kh ;
" M7 o k=1 M 2 ;

(1 Ay ) k#h h h 3,

k=1 g

—'I . j‘:
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Test of Fit for the Extreme Value Distribution
Based Upon the Generalized Minimum Chi-Square

Summary

A goodness of fit test for the extreme value distribution is developed.
The procedure is based upon the generalized minimum chi-square distribution
[Gurland and Dahiya (1570)] . Application of the test is given for some

extreme value data [Gumbel (1964)].

I. Introduction

There are several difficulties with using the Pearson chi-square test
of fit for continuous distributions [c. f. Dahiya and Gurland (1970 )].
These difficulties are primarily concerned with the choice of cell width and
the number of cells. However, to the applied statistician or non-statistician
who must use test of fit procedures on a frequent basis, the primary difficulty
of the procedures is in the users set up. That is, the user must have knowl-
edge of the tabular values for the null hypothesis. Dahiya and Gurland
(1970 , 1972) presented a goodness of fit test for several continuous dis-
tributions which eliminate most of the user’s set up. Their procedure was
based upon the generalized minimum chi-square statistic. In this paper, I have
developed a test of fit for the extreme value distribution based upon this

generalized ninimum chi-square technique.
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II. Procedure
Suppose that one would like to test the null hypothesis given by

Hyt X oXgseeenX % Fx(x;e) (1)

where xl,xa,...,xn denotes a random sample of n observations from a distribution

is an asymptotic Fisher-Tippett type 1 distribution, that is,

X
Fx(x;e) = exp{-exp(-(x~-a)/8)} (2)
—® < @ < ™
g > 0.

Let T denote a transformation from the population raw moments to §{, which

can be written as a linear function of the parameters 6 where

T
n' = (ni,né,---,n;)

(3)

£ = (612650 0008)

and n! is the Jth rav population moment for F

J
matrix, and 6 = (a,B)T. That is,

X and £ = W6 , W is a known sx2

T: n+ & = We. (h)

1 ' L t
Let m = (ml,me,...,ms)T denote the sample raw moments corresponding to n

and let h = (hl’hQ""’hs)T denote the sample values corresponding to &,

that is,
]
T:m -+ h. (5)




81

By the central limit theorem, we know
n(m' - n') ~ n(@, G) (6)
where the ijth element of the matrix G 1is

95 = ni Ny - n; n; (7)

~ for i, j=1,2,..., 5. Italso follows that

n(h -€) ~ n(@ ,Z) (8)

where I = TGTT. Now using the distributional properties for the quadratic
forms, we know that

=1

Q*=nth -7 T (h-g) ' 9)

has an asymptotic chi-square distribution with s degrees of freedom where
I 1is a consistent estimator for ZI. Since £= W8, an estimate for © can be

found by minimizing Q*. In which case, the estimate becomes

o= (w7l Wz . (10)
By letting E = wa, Q* becomes

Q = nh'Ah (1)
where

~ _ A_] A

A=2Z" (I -R)

. R . (12)

R =w' &yt

Again by the distributional properties of the quadratic forms, 0 has a non-
central chi-square distribution with degrees of freedem = tr ZA and non
centrality parameter A = ETAE if and only i¥ YA is an idempotent matrix.

It is easy to verify that (XA)2 = IA, and A =0, so Q has a chi-square




Apsimrani .
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distribution with s-q degrees of freedom, Using this distribution, one
can reject the null hypothesis (1) with type I error if Q > 2(s-q),where
Xa
Pr( X » y2(s~a)) = a. (13)

Dahiya and Gurland (1970) developed the non-null distribution for a, using this
distribution one can compute the power of the test for a specified non-null
distribution. In order to test (1), the transformation T and the matrix W need to
be specified. Since we know that the populations cumulants for the extreme value
distribution are

J-1)

x, = (-B)Jw( for § =2,3,... (14)
(1)
wh
o o8 o (1) 16(ne1)
(1)
6(“) = f i-n. (15)
i=1
By letting €= ( -19 -lynooa K _l)T and W = (W(Q)/W(l),-..,W(s+l)/¢’(s))T:
R "s+2"s4l (1) (1) (1) (1)

and 6 = B it is possible to map n + £ where s = 4 and q = 1. By letting

T th
h = (hl,ha,hB,hh) , where hJ = kJ+2/kJ+l, for J=1,2,..,4, and kJ is the }J
sample cumulant. We are now able to compute Q, where
T
=363 g3 (16)
aem
J = (Jmn); don = ggn for m,n=1,2,...,s

and B is the maximum likelihood estimate for 8.
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The values in equation (15) can be found in Abrahomovich, hence J becomes

r -
1 0 0 0
-.885  .6079 0 0
J= 1/8 (17)
0 -1.131 a0
0 0 -.5901  .154 |

- From these values, we are able to compute Q in (11) for the sample values

Xys Xos veen X0 Hypothesis (1) can be rejected if Q > x2(3) since

Application

In this section, an extreme value data set given in Gumbel and
Goldstein (1964) is analysed using this test of fit procedure. The data set
consists of the oldest ages at death for men and women in Sweden from the period
1905-1958. The data for male and female are fitted separately. Gumbel and
Goldstein (1964) estimated the extreme value distribution parameters using
a modified method of moments. Tables 1 & 2 contain a comparison of the two
different procedures in term of estimated parameters and cumulative teil
probabilities., It must be noted, that the null hypothesis of the extreme
value distribution being the null distribution could not be rejected at a
significance level of greater than 70%.

In the second example, extreme monthly temperatures and winds for
three United States locations were analysed. The data set taken from th
daily meteorological records, 1970-1971, for New Orleans, LA., Orlando,

FL., and Daytona Beach, FL. The results are summarized in Tables 3 and 4.

e b e



Table 1: Comparison of Procedures using Swedish Men

Method of 2
Moments Generalized minfmum
o 8 x* Fy(x) a 8 X*

102,49 1.39 100.90 .0433 102.53 1.25 100.90
101.6C . 1625 101.66
102. 61 .3994 102.61
103.24 .5582 103.24
104.22 . 7497 104,22
105.72 .9067 105,72
106.50 .9457 106.50

* the values X represent the 5, 10, 20, 30, 40, 50, 54th

smallest sample value. Fx and Gx are the corresponding c.d.f.

Table 2: Comparison of Procedures using Swedish Women

Method of 2
Moments Generalized minimum ¥
a 8 X* Fy(x) a 8 X+

103.83 1.25 102.54 .0604 103.33 1.57 102.54
103.31 .2196 103.31
103.94 .4002 103.94
104,52 .5623 104.52
106.15 .8553 106.15
106.50 .8889 106.50

* came as in Table 1
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Gy(x)

.0251
.1346
.3914
.5674
7720
.9250
.9591



TABLE 3
Extreme Monthly Temperatures
Site Extreme Value Distribution
o B Q*
New Orleans 83.8 .98 .001
Orlando 84.8 .88 .003
Daytona Beach ' 81.7 .67 .002
* null distribution of extreme valued distribution can not be rejected.
TABLE 4
Extreme Monthly Winds
Site Extreme Value Distribution
a B Q*
New Orleans 0.4 2.9 9
Orlando 13.6 2.5 .6
Daytona Beach 13.0 2.2 4

* same as in Table 2
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IV. Conclusions

A procedure for testing the goodness of fit for the extreme value
distribution, based upon a generalized minimum chi-square is presented. The
procedure is applied to several data sets where the extreme value distribution
is a potential fit, although it must be mentioned that the meteorological data

" set was included in a manner which lends itself to program utility rather than
for meteorogical interpretation.
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Test of Fit for Continuoas Distributions Based Upon

the Generalized Minimum Chi-Square

Summary

A procedure for test of fit for several continuous probability
distributions based upon the generalized minimum chi-sqare method is
presented. The procedure was first presented in a series of papers by
Dahiya and Gurland ( (1970a),(1970b),(1972) ). Examples of the procedure

are included, along with the corresponding computer listing.

I Introduction

Dahiya and Gurland (1970a) discuss the difficulties with using the
Pearson chi-square test of fit for continuous distributions. These dif-
ficulties are primarily concerned with the choice of cell numbers and widths.
However, to the applied statistician who must use test of fit procedures on
a frequent basis the main disadvantage is in the users setup. That is, the
user must have knowledge of the parameters and the tabular values for the
specified null distribution. These demands severally hamper the investigator
who must determine an appropriate distribution from potentially many distribution
functions. The purpose of this paper is to present a test of fit for continuous
distributions wunich minimizes the users interface in the estimation of
parameters for the specified null distribution or in specifying the tabular
values of the null distrihution. In fact, several different families of

distributions can be tested for fit using a single
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setup. The procedure is based upon the generalizec minimum chi-square
(GMCS) statistical method. Section 3 contains the GMCS procedure for the

univariate normal and gamma distributions.

Procedure

Suppose that we want to test the null hypothesis

HO: X0 Xpp ooiXp Fx(x;e)é Fix:0) (1)
where Xgo Xguee Xy is a random sample of n-observations from an unknown
distribution function Fx(x;e); 9 1s a g x 1 vector of parameters and

F(x;0) is a specified family of distributions with admissable parameters O.
The (GMCS) procedure can be used for testing any family of dis-

tribution ¥F(x;0), provided there exists a transformation T, where

T: p=+¢g (2)
|} [} ] [) T 1 th o
where u' = (u',u',...u'), u' 1is the §~ raw population moment
s
and £ = (51.52....ES)T can be expressed as & = W8 (3)

for a known s x q matrix w and s > q. Lletm' = (m', m'....m')T
1 2 S

denote a s x 1 vector of raw sample moments and define

h =(hys hysereh )T t0 be the image of the transformation T, that fs

T: m' + h, Using the central 1limit thenrem, we have

n(m' - u') = n(g, 6) (4)

where G ~ (gjj)o 9” = U; ny - D; U;o 1,3=1,2, ...,s.
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From this, it can be shown that
n(h - £) +N(9, L) (5)

where [ = JGJT. J the jacobian matrix for the transformation T. Now using

the properties of quadratic forms, we know that

Q=n(h-6T (n-g) (6)

has a chi-square asymptotic null distribution with s degrees of freedom.
Furthermore, this distribution does not change when we estimate & in (6)
by f. where f is a consistent estimator for L. Since £ = W6, we can
estima.e 6, by findiny 3 which minimizes Q. This estimate is giver by

o= M £ )t wT T, . (7)

By letting £ = Wg, the minimal Q s
Q= nthe &) “T(h -~ £) = nh'an (8)

where

~

A=z (1-R) (9)

R=wm 2 w) ' .

Again, using the properties of the quadratic forms, we know that 6 has a
non-central chi-square distribution with deqrees of freedom = tr(f 3) and
asymptotic non-centrality parameter A = ETRE, if and only if 23 is idem-
potert. Under the null hypothesis, tr(fﬂ) =§-qand A = 0, Hence the
asynptotic distribution of a is xz(s - q). Using this distribution, we
can reject the null hypothesis with o type I error {if 6 > xa(s -q).
Gurland and Nahiya (1970) developed the non-null distribution for 6.
Using this result, they were able to compute the power of the test for

selective alternative distributions.
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In the next section, the general procedure is adapted for two specific o °
distributions, the normal and gamma. ° .
® ’“
Normel Distridution
S
Suppose one would like to test the following hypothesis 2
e
» . 2
Hyt X)»XpeeeenX v Fulxio) € N(uyo®) (10) 7
e
2,T 2
vhere g = (elﬂu ,62'0 ), uw andg are unknown parameters. If we let ;
] »
' 1 T ";
£ = (gl-ul,gaalogea,g3-;'3,ghslog(§uh)) X
A
. "
we have :
) 'y
£ = Wo (11)
whure
» » " ?
8 = (0,.0,), 0,=logs, . ®
T o] i
c 1
W= (12)
0 o0
0 2
1° 2]
9 ]
The trensforamtion T from p to § can be achieved in tvo steps; T{: u =y
T,: u + §. Hence,I in equation (5) becomes
T.T
I=J,,60,J, (13)

Pr R S ) | e & emetl



where

3um

J]'(jm); j’T— myn=1,2, ..oy S

n
. . je M =
J2 (juv), j ru u, V ]’ 2’ te ey s.
Lv
By assuming that u' =0, J] and Jy become
1
1 0 0 0
0 1 0 0
fo= | 23, 0 1 0
2
0 0 0 1
. d
r -
] 0 0
, 0 1/62 0 0
2 0 0 1 0
1
0 0 0
362,
and equation (14), becomes
[ |
92 0 0 0
0 2 0 4
L= 1o 0 685 0
0 4 0 32/3
- .

9

(15)

(16)

(17)
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Since e2 is unknown, let 32 denote the usual maximum l1ikelihood estimate.

Then L= L . Now by computing 6 and a in equation (7) and (8),
% = 8,
one can test the hypothesis (10).

Gamma Distribution

Test the hypothesis

H0: Xps Xpaeens Xnﬂ»Fx(x;e) n r(e],ez) (18)

where the density function for the gamma distribution r(e], 92) is

6,-1
-y 1
f (x56,,6,) = SR AR y = x/6 (19)
X 1*72 2
8, r(e1)

61092 > 00

Since 5 = (j-1)! e]ej, the jth cumulant, we can express £ = We*,
2

where
-1 -1 -1, 7
E = (E] = K]’EZ =Ky K ’53 = K3Ko s 54 = KaK3 ) (20)
1 0 ]
0 1
*
W=1, 2 % = (0} = 8,0,.0, = ez) (21)
0 3
b
The transformation T from n' to £ can be obtained in two steps
T.l n' -+ K
(22)
T2: K =+t




where X = (K'| tgan39K4)To

In which case I becomes

1.1
where
1 0 0
i 0
J =
1 B3 J3 ]
L e s I3
g = 2m
Jp3 = -yt 6MY
e )
Jpg = 63+ 20y
, o T8y +J) J
nj '“‘;L“"“ 92§
r(e,)
]
1 0
-KZK;1 K;]
J2 = 0 -K KE]
0 0
!

(23)
]
0
0
) (24)
1
50 -3’
137,
L] ] 1 3 3
Jag = -4y
j=1,2,3 4, ... (25)
T
0 0
0 0
-1 (26)
Ko 0
-1 -1
-K4K3 K'3
o
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Since 01.62 are unknown, they can be estimated by 876, where

Xle]

D>
n

y e (1 + (1 + ay/3)%

log (X/GM)

<
"

n
1l I x,i (27)
n i=1

>
]

A A

By replacing 9192 in I, we can test the hypothesis (18) using Q.

Results

In order to demonstrate the GMCS procedure, the procedure was used
in three different experiments. The first was to simulate data from several
different distributions and determine the test of fit. In the second example
the procedure was analysed using meteorological data consisting of several different
atmospheric variables. The third experiment consisted of analyzing a meteorological

data set from a specified distribution function.
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Experiment 1

In this experiment, random observations were simulated from many
different distribution functions in order to demonstrate how robust the
procedure 1s to varyina sample sizes, shape parameters, etc. This part of
the experiment was not meant to provide conclusive evidence that the
(GMCS) procedure is better or worse than any other procedure, but was
intended to point out any apparent deficiencies. The results have been
summarized in Table 1. In this table, I have only included the results
for fitting the true distribution, however, the nrocedure may have indi-
cated that another distribution could have provided satisfactory fit.
However, this is explainable since the Gamﬁa and Extreme Value distribution

can resemble many other distributions depending upon their shape parameters.

A G




True

Distribution

r(v, 8)

2

N(u, o

Extreme
value, a, B

Exponential
A

»

TABLE 1

Evaluatfion GMCS procedures using Simulated Data

Sample Estimated
Parameters Size Parameters
Y 8 Y 8
3 ] 10 1.2 1.06
" " 25 1.0 91
" " 50 1.1 .86
" " 100 1.1 .90
2 1 10 97 .98
" " 85 .88 .88
" " 50 1.18 .96
" " 100 .83 .72
.5 1 10 1.99 1.6
" " 25 .80 .63
" " 50 1.02 J7
" " 100 1.17 91
M 02 N@B ) U 02
10 25 10 12.1 11.8
25 9.5 31.5
50 8.9 20.0
100 10.2 23.9
a B NOB a ]
5. 1. 10 5.01 1.68
25 5.04 1.15
50 5.04 .85
100 4,82 .85
2. 2. 10 2.90 .98
25 2.69 1.50
50 1.74 2.08
100 2.09 1.95
)y NOB X
5 10 .69
25 .56
50 .53
100 .42
1.0 10 1.04
25 .83
50 1.28
100 1.1
2.0 10 2.60
25 1.89
50 1.97
100 1.92

null hypothesis can be rejected at a =

0.5 level

96

>

6.600*
.001
1.200
4,900*
5.600*
14,900*
12.700
3.300
.420
1.000
1.200
15.100*

..008
091
.041
.001

O

001
.008
.003
.006
.002
.004

.033
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Experiment 2

In this experiment meteorological data sets from three southern
Unfted States locations were analysed. The first set consisted of monthly
percepitation totals and monthly mean temperature for the years 1936-1975
for sites New Orleans, LA, Orlando, FL, and Daytona Beach, FL. The results
for these data sets have been summarized in Tables 2 & 3, where the data
sets are partitioned into five year intervals, each containing 60
observations. The second data set consists of daily (high temperature,
maximum wind speed) for the three U.S. sites. The cbservations are
partitioned into monthly intervals for the 1970-1971 data. The results
are summarized in Tables 4 A 5, Tables 6 & 7 contain the results for test
of fit for extreme monthly temperature and wind for the three U.S. locations.
It should be mentioned that the above data set was partitioned for the

author's convenience rather than for meteorological interpretation.
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TABLE 2
Monthly Total Precipitation

' . Site** VYear Normal Exp Gamma Extreme
L u o Q )\ Q Y 8 Q a 8 Q
]
I 193%-40 4.8 24 3.3 .02 7.6* 1.9 .04 0 12.9 3.0 3.5%
41-45 4.5 12 1.3 v 8.2* 2.2 .05 " 8.3 2.4 1.8
46-50 5.4 20 .8 " 5.3* 1.8 .03 " 9.4 3.1 3.3*%
. 51-55 4.6 9 1.4 " 7.8%  cecccmcncccnccea- 6.7 2.2 1.4
[ 56-60 4.7 8 .3 " 10,6* 2,7 .06 " 7.3 2.1 1.1
61-65 4.6 7 .0 " 9.3* 2.3 .05 " 6.3 2.1 1.1
) 66-70 4.4 8 .3 " 8.6* 2.3 05 " 6.7 2.2 1.2
f Nn-75 5.8 10 .3 " 13.1* 3.5 .06 " 8.8 2.4 1.3
11 1936-40 4.2 13 7 .02 3.7% 1.6 .04 0 7.5 2.5 2.2
41-45 4.0 14 1.4 " 3.6% 1.6 .04 " 8.8 2.4 2,3
46-50 4.5 19 5 " .9 1.1 .02 " 7.7 3.0 3.9*%
f 51-55 4.4 16 .9 " .9 1.5 04 " 8.0 2.7 2.7
56-60 3.4 9 J " 2,0  eccccmcccccaaao 5.3 2.2 1.9
61-65 4.3 19 1.2 " 1.4 1.3 .03 " 9.0 2.9 3.5*%
66-70 4.0 9 1.4 " 4,6* 1.7 .04 " 6.1 2.2 1.5
; 71-75 3.9 15 1.2 " 1.3 1.2 .03 " 7.8 2.6 2.8
‘ ITT  1936-40 3.8 7 1.5 .02 6.1*% 1.8 .05 0 5.6 2.0 1.2
41-45 4.5 16 .3 " 2.0 1.3 .03 " 7.4 2.8 3.0
46-50 4.4 13 .3 " 3.5* 1.5 .03 " 7.1 2.6 2.3
51-55 4.1 20 1.9 " 2.2 1.3 .03 " 9.3 2.8 3.5*
56-60 3.9 10 .3 " 3.3* 1.5 .03 " 6.2 2.3 1.9
61-65 3.9 9 .3 " 9,.9% 1.7 .04 " 6.1 2.2 1.5
66-70 3.9 14 .8 " 1.3 1.2 .03 " 7.3 2.6 2.7
n-75 3.9 9 .3 " 5.3* 1.7 .05 " 6.0 2.2 1.5

* null hypothesis can be rejected at a = .05 level

** | - New Orleans; Il - Orlando; IIl - Daytona Beach
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TABLE 3
Monthly Mean Temperature

.

Site** Year Normal Exp Gamma Extreme
A T W y 8 Q a 8 Q
1 1936-40 69,7 116 .0 01 24,1+ 26 .36 .0 75.2 8 .0
41-45 69.4 120 " " " 25 .39 " 75.1 9 "
46-50 69.4 106 " " " 29 .39 " 74.6 8 "
51-55 69.2 1N " " " 25 .42 " 74,9 " "
56-60 68.5 121 " " " 25 .36 " 74.2 " "
61-65 67.5 121 " " " 22 .32 " 73.0 " "
66-70 67.0 130 " " " 23 .34 " 72.9 9 "
71-75 68.6 99 " " " 23 .49 " 73.8 8 "
11 1936-40 71.0 69 .0 01 24.6% 40 .57 .0 75.2 6 .0
41-45 72.0 80 " " " 4 " " 76,7 7 "
46-50 73.4 58 " " " 43 " " 77.0 6 "
51-55 71.8 72 " " " 57 .80 " 76.0 7 "
56-60 71.8 78 " " " K] .48 " 76.1 7 "
61-65 72.4 73 " " " 40 .55 " 76.6 " "
66-70 71.8 83 " " " 36 .51 " 76.3 " "
71-75 73.6 70 " " " 53 72 " 77.4 6 "
111 1936-40 69.7 63 .0 01 24,7% 41 .54 .0 73.7 6 .0
41-45 70.1 86 " " " 33 A7 " 74.8 7 "
46-50 71.5 61 " " " 40 .56 " 75.3 6 "
51-55 70.4 75 " " " 55 .78 " 74.9 7 "
56-60 70.0 82 " " " 32 .46 " 74.5 7 "
61-65 69.8 76 u " " 39 .56 " 74,3 7 "
66-70 70.0 89 " " " 34 .49 " 74.7 7 "
Nn-75 N.3 60 " " " 34 .50 " 75.2 7 "

* null hypothesis can be rejected at a = .05 level

** 1 - New Orleans; Il - Orlando; II1I - Daytona Beach
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TABLE 4

Daily Maximum Temperature

~

Q

11.6*
12,8*

null hypothesis can be rejected at a = .05 level
I - New Orleans; II - Orlando: IIl - Daytona Beach

data set consists of daily observation for a monthly interval, only
these selected months are presented.
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TABLE 5
Dajly Maximum Wind

Datew** Normal Exp
M g Q A Q
1/70 9.6 7 .0 .10 11.2*
3/70 9.8 6 " " "
6/70 6.8 6 " .14 9.7*
10/70 7.6 9 1.3 .13 9,3*
m 8.4 12 .0 0 8.7*
I 9.7 7 . 10 11.1*
6/71 5.3 2 ' .18 10.4*
10/7 4,7 5 .3 .20 g,1*
1/70 a6 10 .0 .10 10.4*
3/70 1.3 10 " .04 10.6*
6/70 8.4 4 " 12 11.1*
10/70 8.8 6 " O 11.1*
N 8.8 7 " I 10.7*
/N 10,17 1N " 0 10.7*
6/ 7.4 3 " .13 11.3*
10/N 6.8 5 " 14 11.0*
1/70 9.2 5 .0 .10 11.3*%
3/70 8.8 6 " " 11.2*
6/7 9.0 7 " " 10.9*
10/70 10.3 13 " " 10.3*
/N 8.0 7 " " "
/N 9.5 M " " "
6/ 7.3 3 " " 11.5*
10/ 7.5 6 " " 10.7*
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null hypothesis can be rejected at a =.05 level

I - New Orleans; Il - Orlando; II1 - Daytona Beach
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data set consists of daily observation for a monthly interval, only

these selected months are presented.
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TABLE 6

Extreme Monthly Temperatures

Site Normal Exponential Gamma Extreme
W ¢ x @ vy & @ a & 0
1 2.5 1.5 .0 012 16.9%  ccccmccmcccvea- 83.3 .98 .00
I 82.9 1.3 .0 .012 16.9%  ---eeecceeee-e- 84.8 .88 .00
194 81.1 .8 .0 012 16,9*% ereecccccccea-e- 81.7 .67 .00

*  null hypothesis can be reje~ted at a = .05 level %

** | . New Orleans; II - Orlando; I1I - Daytona Beach §

TABLE 7
Extreme Monthly Winds

Site Normal Exponential Gamma Extreme
; 02 Q A Q Y B Q a 8 Q
1 114 17 26 .09 13.6* 1.4 .13 .0 15.4 2.9 .9
I1 1.2 1 .0 .08 14.1* 1.1 .10 .0 13.6 2.5 .6
1984 ) 10.3 9 .0 .09 14.5* 1.6 .16 .0 13.0 2.2 .4

w rull hypothesis can be rejected at a = .05 level

** 1 - New Orleans; Il - Orlando; 11l - Daytona Beach
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Experiment 3

In this section the procedure was applied to a data set found in
Haggard et. al, (1973). In their paper, they analysed a meteoroloaical
data set consisting of maximum rainfall amounts in the Appalach‘an region
resulting from tropical disturbances. In their paper they satisfactorly
modeled the data set with a Gamma distribution. In this section, I wanted
to determine {f the GMCS procedure would indicate that the Gamma
distribution would provide a satisfactory fit. Also, since the original
authors were interested in making probabilistic forecasts, I have included
the similiar forecasts based upon the GMCS fitted distribution. The results
for the test of fit are summar’zed in Table- 7. Table 8 contains a
comparison of the GMCS fitted Gamma distribution with the results found
in Haggard et. al, (1964),




Data
Set**

o O W >

Al

. B

CI

TABLE 7
GMCS Procedure for Maximum Rainfall within the
Appalachians
Normal Exp Gamma Extreme

- T S A L
7.29 .3 1.7 .14 5.14* 1.9 3.8 .14 16.3 4.4
8.08 53,5 1.24 .12 4.70~ 2.2 3.8 .09 16.6 9.6
9.37 55.6 42 .10 3.40* 1.9 5.07 .00 15.9 5.2
10.18 55.3 .32 .09 3.90* 2.2 4,5% .00 16.6 5.2
7.18 39,7 1.23 .13 5.05* 2.1 3.4 .06 14.2 4.0
7.94 41.8 .8 .12 4.78* 2.4 3.4 .04 14.7 4.2
9.2 47.9 26 .10 3.73* 1.9 4.8 .02 14.5 4.9
10.0 46.5 .18 .09 4,24 2.3 4.3 .00 15.2 4.9

* null hypothesis can be rejected at o = .05 level

** A - maximum 24-hour precipitation all storms.
precipitation from no more than one stom per year.
totals from all storms.
one storm per year. A' - D'
Camille rather than 31 inches,

D>

.04
.03
.05
.03

.02
.02
.04
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Haggard et. al.

Pesult

;e
2.2 3.33
2.8 2.88
1.9 4,73
2.6 3.87
2.2 3.1
2.9 2.6
2.0 4.5
2.7 3.6

B - maximum 24-hour

C - maximum precipitation
D - maximum precipitation totals from no more than

- same as A - D except using 27 inches for




Precipitation
in inches

WO NDODON D WN —

W oONNDUD N —

N =t et
oo

w Ny
o,

Expected Probabilities of Exceeding Arbitrary

I*

.976
.909
I8]7
.716
.615

.519
.433
.357
.292
.237
.077

.023
.006
.002

n978
913
.821
N7
.613
.515
.427
. 349
.283
0227
0070
019
.005
.00

I1

. 966
.890
797

.698
.602
.513

.432
. 362

.248
.090

.030
.009
.003

II

972
901
.806
.704
.603
.510
425
.352
.288
.235
.078
.023
.006
.002

Data Sets**

.980

.926
. 850
.764
.674

.587

.505
.431
. 364
.306

118
.042
.014
.005

.981
.932
. 865
.789
710
.631
.556
.486
.423
. 365
.165
.070
.028
NUR

Precipitation Amounts Over the Appalachian Region

Il

.980
.930

.788
.705
.632

.559
.490
.427
37
172

.075

.031
013

II

.977
.924
.855
779
.700
.623
.500
.482
419
. 364
. 169
.073
.031
.0]5

.994
.968
.923

1792
'7]6
1639

.565
.494

.429

.077
.029
"010

995
9N
.926
.866
.794
17
.639
.562
.489
422
182
.070
.025
.008

% 1~ Haggard et.al, Gamma distribution; II- GMCS Gamma distribution,

*%

Same as Table 7

o ol
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Conclusions

A goodness of fit procedure based upon the theoretical work of
Dahiya and Gurland [(1970a), (1970b), (1972)] is presented. The proce-
dure has been documented in the computer software package (Appendix A).
Several examples using meteorological data sets are analysed using this
procedure. The principle advantages of this procedure err existing
goodness-of-fit tests 1ies in the ability to tést for several distri-
butions using a single user setup. This advantage stems from the
freedom of testing a distribution without having to specify all the un-

known parameters of the tabular values of the null distribution.
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Appendix A

User setup for Gurland's (GMCS) procedure

J0B CONTROL PARAMETERS

CARD coL DESCRIPTION
1 1-5 IUNIT INPUT DEVICE for DATA.
6-10 NOB Numper of observations to be fitted.
15 ICOR ICOR = 0.
20 IDIST 1 NORMAL distribution fitted.

0 NORMAL distribution not fitted.
25 1 Exponential fitted.

0 Exponential not fitted.
30 1 Gamma distribution fitted.

0 Gamma distribution not fitted.

35 1 Extreme value distribution fitted.
0 Extreme value distribution not
fitted.
2 1-80 NFORMT Format for input raw data.
3+ Input raw data




MAIN
GCALC
RHAT1
RHAT2
TRIPLE
AHAT
QHAT
GREXTR

GRNORM
GREXPO
GRGAMM
DGMPRD
DMIN
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Program Description

main program; input job parameters
calculates the coefficients for matrix G.
calculates the matrix ﬁ for exponential dist.
calculates the matrix ﬁ for other dist.
calculates matrix product x*y*z.

calculates matrix R;

calculates matrix 6.

performs goodness of fit for extreme value
distribution.

performs goodness of fit for normal dist.
performs goodness of fit for exponential dist.
performs goodness of fit for gamma dist.

IBM matrix multiplication

IBM matrix inversion




MAIN
GCALC
RHAT1
RHAT2
TRIPLE
AHAT
GHAT
GREXTR
GRNORM
GREXPO
GRGAMM

Subroutines Needed By A Given Roufine
GRNORM, GREXPQ, GREXTR, GRGAMM

DGMPRD

DGMPRD, DMINV

DGMPRD

DGMPRD

DGMPRD

GCALC, TRIPLE, DMINV, RHAT 1, AHAT, QHAT, DGMPRD
GCALC, TRIPLE, DMINV, RHAT 2, AHAT, QHAT, DGMPRD
Same as GREXTR

Same as GRNORM
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FURTRAN IV G LEYEL 21 MA IN DATE = 78192 le
0001 T IMPLICIT REAL*S (a=H » 0=2)

_0dv2 DIMENSIIN _ RAW(B)IsCUMLUBISCENRLIB)I»Gl4rs4)sX(10000s IDISTLLIO0), _

$ NFURMT(20)sXJLlaru) s EXJBLLD0D)

v 0903 DIMENSIIN LINEC(33)

Q004 " COMMJIUN /MOMENT/ RAWsCUMLSCENRLS 3o NUB
0005 CUMMIN / NUMBER/ XDIVsXMEANSXVAR, XGEIM, IUNITH ICORSPI»STD

r Q0Ub 9030 READ(5,L,ENDI=29999) TUNIT,NOB» (IDISTUI)sI=1s5)

Lvor b FORMAT (SI5) R
0008 READ(5,2) (NFORMT(I)»1=1,20) ;
0009 2 FORMAT (20A%) _ o
00i0 FFCIOIST L) LEQ. 5) GO TQ 9004 ;
0014 READ(IUNIT,NFURNT) (X(J)s J = LeNOB) :
oolL2 DO i52 I=1,N0B»si2 ;

_9o013  XMAX = XUI) e
0014 XMIN = X(1) ;
0o15 A K2 in ) i i §

" 00io L= [+l |
0017 20151 J = KoL , - ) §

0048 [F (X(J) GT, XMAX) XMAX=X(J) é
0vi9 IF (X(J) oLT. XMIN) XMIN=X(J)

0020 151 CONTINUE
002l oo b52 WRITE(6s153) XMAX, XMIN S .
0022 153 FURMAT( T2595F5,1)

Q023 o ACHECK = O
0024 D0 111 J = 1,108
0025 il IFt XtJ) JLE. 0.) ICHECK = |

70020 WRITE(6,125)

0027 WRITE( 60 123) (X(J)s»J=1sNOB) o L

T00e28 TTTTTTTTTXOIY = DFLJATUNGE) )

. 0029 XMEAN = 0.0 B

70030 T T TTTUXXVAY T s 0.0 T T T -

0031 SVAR = 0,0
0032 SUM = 0,0 IR

_0033 XM3 = 0,0 OF SIVAL pagy s
0034 XM4 = 0.0 QUALITY

0035  sM2 = 0.0 — i} .
0036 SM3 = 0,0
0037 SM4 = 0,0
0038 Pl s 3,1415926
0039 e SDIv. = XOIV - 1, e _ . —
0040 T 00 9CoL 1 = i,NOB
0041 _ XMEAN = XMEAN ¢ X{(I) / XDIV
0042 - SUM = SJUM + UABSIX(1))

0043 IF (SUM J.LE. 0.,) SUM=0,1
0044 i SO = DLUG(SUM! / XDIvV

0045 ~ XGEJM = DEXP(SD) _
0046 9001 CONTINUE

0047 DO 9C02 1 = 1,NOB e
0048 XVAR = XVAR & ( X(I) = XMEAN )*%¥2 / XDIV
0049 _XM3 = XM3 ¢ ( XU{I) - XMEAN ) *+ 3 / XDIlV

. 0050 XM = XM4 + ( XU1) = XMEAN ) =% & 7 XDIvV
0051 SM2 = SM2 + X{1)*%2 / XDIV o

00%2 777 7T 77 SM3 = SM3 4 X(1)%%3 ¢ X0Iv 07 7 T UToTTTTomom oo B
0053 SM& = SM4 + X(1)*%4 / XDIV o L
0054 T T T T OSTD s DSWRTUXVAR) T T T o
0055 9032 CONTINUE o
o o
T e .




(RN

(o LOOP TILL ALL DISTRIBUTION REQUESTS HAVE SEEN 5ATISFIED
c e L L I
< ,
0056 DU 9003 I = 1,
00357 IF (CIDISTUI) JLEe. O) OR. (IDISTUI) «GT, «)) GO TO 9023
vJ58 [oUY = [DISTLI) , n
0059 GO TU ( lislisl3s14)s IDUM
C. R S _
c NURMAL IDIST = 1
c
0060 il CALL GRNCRM(XM3)
0061 50 T2 9203
c
. C_ . . EXPUNENTIAL L IDIST = 20 . I
C
0062 12 CALL GREXPO(SM2,SM3,SMasX) _ .
0063 60 T 9)03
C _ L ot N . N
¢ GAMMA IDIST = 3
c
0064 13 IF( [CHECK -EQ. 0 )  CALL GRGAMM(X,SM2sSM3,SMa)
0065 _ ARITE (5,121)  ICHECK . o
00606 121 FORMAT( 1O0Xs 25( 12,1X))
00o7 . __ .60 T3 9203 . e o
c
L c SXTRZIME VALUE IDIST = 4 o
C
0068 L& CALL GREXTRt(X) e
(6069 9033  CONTINUE
0070 _ ... 62 TJ 9000 e
c
_ c BIVAR JATE NORMAL IDIST(1) = 5
¢ .
0071 ' 9034 READUIUNIT,NFORMT) ((X({J-1)%2¢1), X((J=11%242))» J=1,NOB)
0072 Call BIVAR(X,NUBs» TUNIT)
0073 123 FORMAT(TZ25, £Fl2,5) ... _
0074 125 FORMAT(LFL//7/71HO»TS51, *THE UBSERVATIONS®5//)
c
0075 9999 WRITE(6525)
0076 __ 25 FORMAT(*1*) o .
0077 REWIND 9
0078 10 READ(9.15,END=¢0)_ LINE e ~
0079 15 FORMAT(3344)
0080 WRITE(6,15) LINE
0081 Gu TO 10
0082 20 sTu* o .
0083 END




FURTRAN IV G LEVEL

0001

0002
0003
9004
0005
0006
0007
0008
0009
00i0
0011l
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FORTRAY IV G LEVEL

0001

vo02
0003
0004
0005
0006
0007
0008
0009
0010
0011

(s NaNg)

112
21 ST GeALe T T T T T T TDATE = 78192

SUBRJUTINE 3CALCLICOR)

CCALZULATE ¢ FOR FIRST FOUR DISTRIBUTIUNS

IMPLICIT REAL*8 (A=-H » 0-1)

DIMENSIIN RAW(OB)sGl4ra)sCUMLIB )W CENRLIB)»ALL1000)58(1000)
COMMON /7 MUMENT/ RAW>CUMLoCENRL» 5o NUY

XN = JFLUAT(NOB)

DO 130 1 = 1se

00 1Q) J = 1lr4 ,
Glisd) = RAA(LI4J) = RAW(II*RAWLJ)

CONTINVE
RETJRN
END

i RHAT1 DATE = 78192

SUBRJUTINE RHATI(W»SIGINR)

T CALCJLATE VECTOR R HAT FOR EXPUNENTIAL DISTRIBUTION

IMPLICIT REAL*8 (A=-H , 0-2)

O DIMENSTIN w(4)»SIGI{4s4)sRU4r4)»OUMI4)»X{1)sFIURL4s4)

CALL OGMPRDU arSIGI»IUMsLsr4s4)

. CALL OGMPRD(OUMsWsXslirdrl)
X€4) = 1,0 7 X(1)

CALL DGYPRD(X,WoODUMs Lsls 4)

CALL DGMPRO(W,DUMI)FIURS4»1s4)
CALL OGMPRD(FOUR,SIGIsRr4s4r4)
RET JRN ' T
END

FURTRAN IV G LEVEL

- L CORHATZ T TTTUTDATE = 78192

0001 B TSUBRIUTINE RHAT2(WsSIGIsR)
c
T ¢ CALZULATE R HAT MATRIX(4X2) FOR GAMMA, NEG BIN, NORMAL
c
0002 77T T T UTTTUIMPLICIT REAL®S CCA-H 5 0-10) T -
0003 ' DIMENSIIN_ AHl4s2)sSIGI(4s4)sR(4r4)rdT(224)0UM(2,4)sX(202)5
FUURT4s4)5M(2)5LL2)
0004 00 9000 I = j»2
0005 DJ 3200 J = 1,4
0006 9090 WT(1,J) = Wwildsl) o L ~ - B
0007 CALL DGUYPRCIWT,SIGIsDUMsZsdra)
0008 _ CALL DGMPRDUDUM»sWsXs2s 492) i
0009 CALL DMINVIX»25DEToLo M)
0010 L CALL DGYPRDIX,»WT»DUM»2,254)
00T CALL DGUYPRCUWs»DUMIFUURS 4525 4)
0012 i CALL DGYPRD(FUUFsSIGIsRr4r4s4) _ L _
o013 TUTTT U RETJRN
0014 END

T T




21l ’ T AHAT ) DATE 13

0001 TTTTSUBROUTINE AHATISIGISR,A)
¢ —
- c CALCULATE A HAT
C . - - - - s - R A - cae &=
0002 T T TIMPUICET REAL*E  (A-H » 0-1)
0003 _ __DIMENSIIN SIGIt4s4)sRU4r&)sAlhsalsR]tArs),
0004 TR L L e 16
0005 DO 1 J = 1s6
0006 RICI»d) = =2(1rJ)
G007 C1F (1 JNE. 3 ) GO TOD L
0008 RIUEod) = RILILJD ¢ 1,0
# 0009 1 CONTINGE |
0910 CALL OGMPROISIGIsRI»A»&r4s &)
oorr . _RETJRN e e
; 0012 END
]
| ZORTRAN IV & LEVEL 21 ST T TRIPLE " DATE = 78192
]
| 0001 SUBRIUTINE TRIPLE(Xs»Ys2Z) . T
¢
| C CALCULATE X * v * X TRANSPUSED aND RETURN VaLUE IN Z
] C
| 0002 T IMPLISTT REAL*8  (A=H » 0-1) o
, 0003 DIMENSIIN XU4s4)sYU4ra)sZUasaloUUMI4sa) o XT( 404)
, 000¢ DO LI = Are
| 0005 D0 1 J = ls% e e
0006 1 XT(T1530 = x(J. 1)
| 0007 ~CALL DGMPRO(XsY»DUMr4sr4s4) R .
' 0008 CALL DGYMPRC(DUMsIXToZsrbs4r4)
0009 RETURN
0010 END
'ORTRAN IV G LEVEL 217 7 7 T QHAT g
0001 " "SUBRJUTINE QHAT(XN»H» A»Q) T 1
e . 2o c — e - — -
c CALCULATE CHI-SQUARE Q HAT T
T
0002 IMPLICIT REAL®*B (A-H , 0-2)  ~
0003 _ __DIMENSIIN 4(4),Al4»4),0DUM(4)sXXL1)
0004 CALL OOYMPRO(HrA»OUMsLlrar4)
0005 CALL DGMPRD(DUMsH» XXsls4rl)
| 0UV6 Q = XX(L) * XN ;
| 0007 RETJRN :
| 0008 7~ END e ;
ORIGIN
OF £ - PAGE I




JRTRAY IV 6 LEVEL

114

2l GREXTR OATE = 78192 L4/47,

4001 c SUBRIUTINE GREXTRIX)
c GURLAND RUUT INE FOR EXTREME VALJY: JISTRIBUTIUN
c
.002 IMPLICIT REAL®S (A=H,0-2)
4903 C DIMENSIIN  XJL(ar @) sRAW(BISCUMLLB)»CENRLIB) »GlaradonlalsHlad)
, & IIM(4r&)»SIGILara)sLladrMla)s THETALG)sRIGo4)sAL4»4 )
) & . X(1C€00)»BrAT(LO00), TOENOMILOD) L
204 CUMMON 7 MUMENT/ RAWsCUML,CENRL,3»NO3
.05 CUMYIN 7/ NUMBER/ XD IVsXMEANSXVARs XGEDM» LUNIT» ICOR,PISTV
¢
.06 XN s DFLOAT(4UB)
2307 LERIS),)
=908 L ONEsL.Y . T U,
o
o ~§* CALCULATE EXTREME CUMULANT MOMENTS
c PUT CUML (1=1) IN PLACE UF CuMLIL) [N DRDER TQ MAKE THE SAME
¢ SUBSCRIPTS JF H=-VECTOR AS THAT JF THE JACUBIAN MATRIX
¢
009 ESU‘ s 300
.o10 SIXso,
2l 3ETA = DSQRT(SIX) * STD / PI .
e B = BETA -
Jo13 DO 1 1 = l,NOB
14 1 ESUM = ESUM ¢ DEXP( X(11/B) L _ - .
BNV ) ALPHA = B * DULGGIESJIM) - B * DLIG(XDIV)
.ol EMEAN = ALPHA - 0,577216%8 ) - - o
017 EMODE = ALP4A ' -
Y EVAR « P %¢ 2 ® g ¢+ 2 /6, N
LJi9 CUML (L) s 1,b45%p%%2,
-3¢0 _ CUNLL2) = 2,39b%u%%3, . . L L
.92l CUNL(3) = 6,494%B**4,
922 C CUML(4) = 24,886%B*®5, . -
.3¢3 CUMLI5) = 122.078%8%%6,
L024 CUML(0) = 726,01%p%%7,
025 CUMLIT) = 5)60,545%8%#8, ‘;’f‘ﬁmﬂl PAGE qs
. ¢ O0R QuAL
Jd¢co €1 = CuML(D)
J27 €2 = Custt2y . L . o
028 T €3 s CUMLI3) -
2029 Ch m UML)
J030 €5 = CuMLLS)
4031 C6 = CUML(D)
2932 C7 = CUNL(T)
C
2233 TTRAW(L) = XMEAN
_)34 RAW(2) s Cl ¢ XMEAN®®2 e
4335 RAW(3) = C2 ¢ 3,%CL1oXMEAN ¢ XMEAN®*3
4036 RANG&) = C3 ¢ 4, %C2#XMEAN ¢ 3,851%62 ¢ 5, ¢CLEXMEAN®S?
T € T ¢ XMEAN®*¢ - o
2337 RAWIS) = C4 + 5,%CI¢XMEAN ¢ 10,%C2%C1 ¢ 10,%C2¢XMEANSS
€ % L5, #CLe®2 #XMEAN ¢ LD, SCLOXMEAN®®3 ¢+ XMEAN®®5
¢
.J38 T UURAWID) s CH ¢ 6,%C4*XMEAN ¢ 15, %C3%CL ¢ 15,¢CI*XMEANS®2 ¢+

10,%C2%%2 ¢ 60,%C2*%CL*XMEAN ¢ 20.,%C2¥XMEANS*3

oo

¢ L *CLE%: ¢ 45, 8L 18672 ¢ XMEAN®®2 ¢ 15, #CLOXYEAN®*4 ¢
XMEAN®**0

g
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JRTRAY IV G LE/EL 21 GREXTR DATE = 74192 Le/s46y
i C
939 RAWL7) = Co ¢ T.*CHCXMEAN ¢ 21.¢C6%C1 ¢ 2]1.%CH*XMEANS ¢, , -
€ ¢ 35,8C30C2 ¢ L05,¢C 30 .o XMEAN ¢ 35,8C3*XMEAN®S]
[ ¢ T0,%CL*%2 SXMEAN ¢ LJ5,%028CLlewl o 210,%32
& SCL¥XMEAN®S2 ¢ 35,6C2¢XMEAY®®G ¢ LO05,%Clee] £XMEAN
v & e L0y, L%e2 SXMEAN®TS ¢ 2,,*CLEXMEANSEY  » XMEASST
[
J040 _ RAN(B) = C7 ¢ B,*CO®XMEAN ¢ 28,€CH%CL ¢ 28,%CHSXMEANTE2 )
i & 90.,%C4*C2 ¢ L6B.,*C4*CLlEXMEANY * 56.¥C4*XMEAN®®S ¢
& 35,%C3%%2 ¢ 280,%C3¢C2¢XMEAN ¢ 210.%C3%  , %5; ¢
& 427 ,*C3I*CLeXMEAN®®2 ¢ 70,%C3CXMEANS®S ¢ 230,6(02¢%2 w(}]
€ 28),8C2%82 SXMEAN®®Y ¢ B6J,%(2€(L**2 ¥XMEAY ¢ 9200, %C2%C
& SXMEAN®EI ¢ 56, %C2*XMEAN®ES5 ¢ 105,*#Cl¥%4
o B e A20,%( 13 EXMEANT®Z ¢ 2i0,01%62 sXMEANeS. N
& ¢ 28,%CLeXMEAN®®O + XMZAN®®Y
c
el ' CALL  GCALC( ICOR)
c .
C INITI &L t2E W
c e U -
D42 T T T U TRLLY el L e ks
D43 di2) = ;.,710
1044 Wis) = 3,850
J45 Wi4) 24,900
c
S ¢ . INITIALIZE W
¢
YT Hi{lr = CUML(2)/7CuMLLL)
oe?7 MUZ2) & ZUNLU3)/CUNML(2)
48 HU3) = SUMLL&)/7CUMLL3)
1049 H(4) = ZUML(S5)/CUML(4)
. '
¢ INIVEACIZE 91— '
c
.50 DO 120 1,4
51 DO 120 J=l»r6
)52 IFUUL.ed.d 3, ORLUETI=1),EQ.JDN) GU TO 120
.053 . R R T I A o R o o o
JJ54 HED) CONTINJE
.055 XJl0isl) = JNE
.056 Xd142-2) = L /CUMLIL)
.057 X$002s1) = =CUMLL2)/CUMLLL)*s2,
.o58 XJi13,3: s L,/CUMLL2)
S99 KJilasa) = =CUML(4)/CUMLI3) 82, , N - S
,060 Xslidr2) = =CUML(3)/CUML(2)%%2,
.90l XJll4er4) = 1,7CUML(3) .
C
[ CALCJULATE CHI-SQUARE TEST AND EXTREME PARAMETER
c .
062 . CALL TRIPLElXJlsGeSlGL) e
Jo3 T T T UCALL DMINVISIGIaesDETALS M) T -
Ny CALL RHATL(W,51GlsR)
AT CALL AHAT(SIGI,R,A)
.Jbb CalL JHATIXNsHrA»Q)
67 CALL DGUMPRO(RsHITHETAr» 4 4s )
C
.68 wRifE(be 125) ~~ ~~— T R
,009 WRITE(Os 122) (X(J)eJI~1sNOB)




GRTRAN IV'G LEVEL ™

LT T T 77T TGREXTR DAYE = 78192 Le747

O T T - -—— s

.970 WRITE(or 123) EMEAN
s dRITE(bel24) STOD . . L
372 TWRITE(or 126)  EMUDE
373 WRITELOY 127) EVAR o o
274 WRITE(Oy [28) XvaR™~—~ — T
75 WRITE(0s 126) XMEAN _ L i L
It T T TTUWRITE(9, 1300 ALPHA»B85Q
277 WRITE (5,121) ALPHA,»8,0Q o
o7 121 FOKMAT (/7 ,T25," PARAMETERS 3 ALPHAS ',EL5.5,10X, BeTAs *,E15,.5,
o € 17oT39,% *e8( CHI-SQUARE VALUE )1¢es *,E15,5)
79 T T2 T OFORYATLIY 3S, SF10.90
_IBO 123 FORMAT(//7/,T37,°THE MEAN OF THE EXTREME VALUES [S$S'»F15.7,/)
_J8l 127 FORMAT(///sT37,°VARIANCE OF THE cXTREME VALUES IS'»F15.7+7)
382 124 FORMAT(///sT37,°THE STANDARD DEVIATION 159 8XsFl5.79/) .
83 125  FORMATUIHI//7/1IH0»T5., " THE OBSERVATIINST /1M,
ET41s *GURLANDS PROCEDURE FOR EXTREME VALUES®y//) o
J8¢e T 120 FORMUTU/ 1/sT37,°THE MODE OF THE EXTREME VALUES IS'»F15>.707)
)85 129 FORNAT(///oT37,°THE SAMPLE VARIANCE IS'»ilXsFl5.7) L
¢ INITIALIZE w
/86 029  FORMATU///+737,'THE SAMPLE MEAN IS'»i5XsF15,7) o
87 13)  FORMAT(77,T25,°' EXTREME PARAMETERS: ALPHA®s *,F6.2,5Ks* BETA= ¢,
o €&  F6.20//5739," e%¢( Cril-SQUARE VALJE )%** *,F13,3; = _ _
.JB8 RETJRN
289 _END
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DATE » 78192

WiTH DATA FRUM UNIT

1474

L

9001 SUBRIUTINE SREXPULSY2s SM30 SM4 s X)
¢
€ 7T GURL AND KUUT INE FUR ENPONENTTAL 1STRI8UTION
c
w002 ' IMPLICIT REAL®*s (AN » 0-2)
| 2003 DIMENSIIN XJLUasa)oKANEB)sCUMLIBINCENRLIBIIGLGr@) oWl
' [ AL )o0UMLAsa)sSI0LLGre)olin)rMla)r THETALG),
& RUes6.sAl494)sX(1000) N
. 3004 COMMUN / NUMSER/ XD IV, XMEANS XVAR» XGEIMS» IUNTT,» ICORSP14STO
: V005 CUMMIN / MUMENT/ RAWSCUML/CENRL,S»NUS
900 ARITE(0s JOCIIIUNIT
v00? 1020 FURMAT(/7 /77, EXPONENTIAL OISTRIBUTIIN
¢ 13,77)
2008 XN = DFLUAT(NOS) _ N .
2009 ZER] « 3,0
2010 ONE » 1,0
¢
¢ CALCJLATE EXPUNENTIAL MUMENTS
¢
TS S __RAWl4) = XMEAN L L
212 TTRAW(Z2) = 2 ¢ XMEAN®EQ
913 RAW(3) = o ¢ XMEAN*®3 .
wie RAWI &) = 24 ® XMEAN®®4
)15 RAW(S) * 120 ® XMEAN®®S
Jolo RAWlO) = 729 = XMEAN®SY
2.7 _ _RAWL7) = 5C%0 * xMEAN®*7 _
w048 RAW(B) & 4(C320 * XMEAN®#3
W19 CALL GCALC(LICOR)
c
¢ INITIALIZE W
‘ OR
020 D0 9000 1 = 1,4 Givgg
w21 9030 wll) = | - POop IS
c _QUAL
c INITIALIZE W
c
222 HEL) = AW(L)
L0238 o MG2) x 5M2. 0 Rawlld) oo )
J024 T H(3) = SM3 7 SM2
2025 Hl4) = SMe ¢ SM:
c
) ¢ INITIALIZE J1
c
2026 DO_9001 [ = 1,4
20¢7 D0 9001 J = 1r4
J028 IF ¢ (1 .EQ. J) ,OR., ((I-1) .EQ, J) ) 6O TO 9001
w29 T XJ1l1.Jd) = ZERU
4030  90)1 CONTINUE o
L031 X$i(1s1) = INE
2032 XJ1(2,2) = 1,0 7 RAdL1)
.933 XJ103,3) = 1.0 7 RAN(2)
J034 XJ1(6s4) = L.0 7 RAAL3)
.035 XJil2si) = =RAW(2) / RAW(1)ee?
FEY) C XJL0302) = -RAW(3) 7 RAW(2)e82 .
.037 XJ1(4s3) = ~RAW(4) / RAW(3)ss
c
T T T T T CALCJLATE CHE-SQUARE TEST AND EXPONENTIAL PARAMETER

B —————— 2 S e .
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OQRTRAN IV G Level &l GRGAMM T DATE s T8lW le/4

SUBRJUUTINE GRGAMMIX»3M2»SH43»S5Me)

GURLAND RUUT INE FJUR GaMMA DISTRIBUTIJIN
TTIMPLACIT REAL¥B  lA=d » 22} T
OIMENSITIN XJllaso)oXJ2(ara)rRAALB)»CUMLIB)I»CENRLIT )

B 3 e 4)owl4s2)sHL4)sDIM(aradoSIGIlasra)oslla)osMla)s

& THETA(4)sRU4r4)»Al4s4)»X(1L000)»SCUMLLLIQ0)

COMYIN 7MUMENTZ RAWsCUML,CENRLs GoNJ3

CUMMON 7 NUMSER/ XDIVsXMEAN,XVARs XGEJIM» IUNIT» ICORsP1I»STD

WRITECOs LOCOMIUNIT

FJRSAT(I/I:' GAaMMA OISTRIBUTIGON ﬁl[H DATA FRIM UNIT 'ol3l/ll<
XN = JDFLGAT(NUB)

ZERJ = J,0

N TG — . - -
CIFUXMEAN JLE. O4) WRITE(Gs21)
FORMAT(* *%&¢NcGATIVE VALUES wWRUNG OISTRIBUTIJUN®*% ¢)

CALCJLATE GAMMA MOMENTS
AKX s TDA3SUXMEAN) e T ) T
Y* = DLOGLO(AX / XGEUM)
YYY = DABS (YY)

TL = ,2500 *« (1,0 /YYY) * (1,0 # DSIRT(l. + i.333333333300%YYY).
T2 = AKX 1 T)

CUML( L) Tl T2

*x
CUMLT2) = Ti * T2¥%2
CCUMLI3) = TL * Tz#*3 ¢ 2,0
CUML(4) = TL * T2#%4 * 6,0
00 3511 = 1,8
TLIMIT = 2, *#(-251)
XX = OFLOATCXN
IF ((TL LGE, 57.577 WOR, UTL .LE. TLIMITY) GO TO 98
RAW(I) = DGAMMA(TL ¢ XX) / DGAMMA(TL) * T2##xX
63 T3 351
RANUI) = (TLeXX=1,) * T2 #% XX
CONTINUE

"CALCULATE SAMPLE CUMULANTS FOR 5AMMA

SCUMLI(L) = Awll)
SCUMLI2) = SM2 = RAW(Ll)*%2 , _ _ - o
SCUML{3) = SM3 = 3,%¥SM2*RAW(L) + 2.*%RAW(1)¥*3

__ SCUML(4) = SM4 = 4,*SM3*#RAW(L) ~ 3.%SM2%%2 ¢ 12, *SM2¢RAW(1)**2

& =0, *RAW(1) **4

CALL GCALC(ICOR)

_WUlsl) = ONE . T,
Wi2s 1) = ZERD )
Wi3sl) = ZERD B
Wlarl) = ZERD
Wils2) = ZERD ] o
W(2,2) = ONE
Wi3,2) = 2,0 _ .
Wl4s2) = 3,9
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FURTRAY IV & LEVEL 21 - GRGANM DATE = 78192 1474
I T TINITIALITE W
c
V043 HUL) = SCUMLLL)
o044 H(2) = SCUMLL2) 7 SCUMLLL) . _ o
0045 HU3) = SCUMLI(3) 7 SCUMLL2)
Q040 o _Hia) = S5CUML(4) 7 SCUMLL3) ———— R
. C
c INITIALIZE J1 . .
C
0047 B L2 I T T S T P o
0048 DI 130 J = 14
JU49 ) ~IF L. W67, J) GO TO 100 ) i
9050 IF (1 EQ. J) XJLt1sJ) = ONE
0051 o __IF tI .NEs J) XJilleJ) = ZERD" e
9052 10) CUNTINJE
3053 XJ1l(2si) = <2 %= RAWLL) e _
0054 - TUUXJLU301) = ~3%RANL2) ¢ 6*RAN(T) )
J055 XJLUhs i) = -4%RAWL3) ¢ L2*RAWI3I*RAW(L) = 24%RAW(1)*¢3 B
2056 TTTXIL(302) = =3%RAW(YLY T T T
0057 XJ104r2) = -0%RAWIZ) ¢ L2%RAW(L1)e%2 L
0058 XJ1(8,3) = -e*RAW(1)
c
I TUINITIALT2E J2
c
0059 IR T B N YO SN P T - T T -
2060 00 121 J = 1,4 L e
0061l IF C (1 EQ, J) .OR. ((I-1) .EQ. J) ) GO TO 101
0062 XJ2{1,J) = IEROD e B
0063 131 7 CONTINUE - '
s XJetlsl) = INE - ) o
0265 XJ2t2e2) = 1,0 / CUMLIL)
0066 XJ2(3,3) = 1.0 /7 CUML(2) L
0067 XJ2Ulara) = 1,0 7 CUMLI(3)
0068 S XJ20251) = ~CUMLI2) /7 CUMLIL)**2 ~ .
20069 XJ2U3s2) = =CUMLI3) /7 CUML(2)¥®2
0070 © XJ2(4s3) = -CUML(4) /7 CUML(3)**2 -
C
[+ CALCJLATE CHI-SQJARE TEST AND GAMMA PARAMETERS o
c
0071 ~ CALL TRIPLE(XJLsGeOUM) i 3
0072 " CALL TRIPLEIXJ2»dUM»SIGI)
0073 CALL DMINV(SIGI»4»sDET»LsM) ) )
0074 CALL RHAT2(W»SICIsR)
0075 _ CALL AHAT(SIGI,R,A) ] e -
0076 CALL QHAT(XNsH» A, Q)
0077 ) CALL DOGMPRD(R,»Hs THETA» G&r 45 ]) _
0075 XR = THETA(L) 7 THETA(2)
6079 XL = 1.0 7/ THETA(2)
0080 WRITE(Os 123) XRsXL»Q
cO81  WRITE(Y92124) XReXLeQ . L
0082 TU123 7T FORMAT(//,T25,* PARAMETERS : k= *,E15.,5,10X»* LAMDA=',EL5,5s
3 17,739, se%( CHI-SQUARE VALUE )®%x ¢,E15,5)
0083 124 FORMAT(/ /57290 GAMMA PARAMETERS: R= ',F6,255%X,* LAMDA= ', Fb.2,
& 7/,739,% ##¥{ CHI-SQUARE VALUE )J&*% ¢,F10,3) _
0084 RETURN )
coss L ERD e
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“JRTRAN IV G LEJEL 2L GRNORM " DATE = 78192
01 " SUBRJIUTINE SRNURM (XM3»X)
TTUUTETTTT GURLAND NORMAL OISTRIBUTION RUUTINE
c
o002 T T U IMPLLISIT REAL®8 T tA=H , 0O-2) ) o
0003  DIMENSIIN XJLl(424)sXJ2(4rs4)sRAWIB)ISCUNLIB)SCENRLIB), N
& 500r @) oWl 4r2)oH{4)o0UNLGs&) o STIGItLAs&)oLL&)IMIN), ]
S & THETAL4)oR{424)0Al4r» &)X 11000} i , ‘
0094 COMYON /NUMBER/Z XDIV, XFEAN, XVAR, XGEOMs IUNIT» [CORsPI»5TD :
0005 COMMON / MOMENT/ RAWsCUMLoCENRLS 3o NOB
0006 T T T MRITELOs 10CONIUNIT T T T
0007 120 FORMATU(///,% NORMAL OISTRIBUTION WITH DATA FROM UNIT *513,7/)
0008 T T T 7T XN = DFLUOATU(NUB) T ST o T
0009 ZER] = J).,0 |
2010 ONE = 1. C :
C -
o TTFALCIUATE NORMAL MOMENTS T T T
C
2011 7 7 CENRLEL) = ZERO T -
_o01¢e CENRL(2) = XVAR - VR
2013 CENL(3) = ZERO
00ie CENRL(4) = 3 * XVAR®®2 o o _
79045 T T 7T T TTT RAWILL) = XMEAN
00lo RAW(2) = XVAR + XMEAN®*®2 -
THOLT T UUURAW(3) 2 3 € XMEAN € VAR ¢ XMcAN®®3 T
v0i8 RAW(&) = 3 € XVAR**2 ¢ b * XMEAN®*2 * XVAR ¢ XMEAN®%4
0019 RAW(5) = 15 ¥ XVAR®®2 % XMEAN ¢ 10 # XVAR ¥ XMEAN¥®3 + XMEAN*¥5
0020 RAW(S) = 15¢XVAR®E3 + 45EXVAREXMEANE¥2 ¢ [SEXVARFXMEAN®®4 ¢
& XMEAN®*y
00¢l , ) RAW(T) = LOS*XMEAN*®*XVAR®®3 + B4&XVAI*X2&XMEAN®®] + B
. & 2LEXVAREXMEAN®®S & XMEAN**7?
9022 RAWIB) = i05EXVAK*®e & 420¥XVAR®¥IEXMEANE®2 ¢
[ Z1I*XVAR®® 2% X MEAN®*4 + 2B*XVAR®XMEAN®®S ¢ XMrAN*®3
0023 ~ CALL GCALC(ICOR) )
C
c INITLALIZE W
(o
0024 o Wtl.1) = ONE e .
0025 T2 1Y =BG '
0026 W(3sl) = ZERD
voce? Wlasl) = 2ERQO B
0028 Wlle2) = ZERY B
0029 Wi2,2) = ONE
0030 . Wi3,2) = LERQ o o
0031 Wl4r2) = 2.9
- C
o INITLALIZE 4
¢
0032 HUL1) = XMEAN
o33  HE2) = DLUG  LCENRLI2)) L
0034 H(3) « XM3
0035 H{4) = 20L0G (CENRL(4) /7 3,0)
¢
(o INITIALIZE J1L ~
c
0036 DO LICO T = lsé S _
0037 DO 100 J = 1lre ) }
0038 IF (1 «5T. J) GO TO 100
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121

21 GRNORM VATE = 78l9¢

l4/a?

J039 IF (I «EQ¢ 40 XJL(LsJ) = ONE
9040 BF UL WNE. J) XJ1(Ded) = ZERD . _ —
004l 109 CUNTINUE
Jo42 XJit2s1) = =2 * RAW(1) , )
2043 XJ103si) = =3%RAW(2) ¢ 6F¥RAWI])EE2
044 C XJ1t3,2) = -3 * RAWl1) .
3045 XJLU4sl) = =4%RAW(3) ¢ L2%RANI2)SRAW(L) = L2*RAW(1)*¢3
9040 . XJ1t4r2) = SERAWILI**Z2 B .
VLY XJlt4s3) = =4 * RAW(L)
c
i C TINITIALIZE J2
o
J048 DO LCL I = 1lr4
0049 DO lCL Y = l,e o )
S Wwi50° I[F (I €4, J) GO TO 101
051 XJ2tisJ) = LERD - B
2052 1007 7 CONTINYE — 7T o o o
3053 XJ2tlel) = ¢ B L
2054 TUIF (XN JEW. L.) GO TO B
005 7 XJ2€2,2) = 1. / (CENRL(2) * XN / (AN = 1.0) ) L
3096 XJ2(3.3) = INE
0057 . XJ2la,4) = XJ212,2)*%*2 (. 3.0 I
2098 i G0 TQ 9
c
c 77 CALCJLATE CHI-SQJARE TEST AND PARAMETERS
c
0059 8 XN = XN + 1,
w060 Go 13 7 _ ~ e
2061 9 T 7T CcALL TRIPLE(XJIL,GoDUM) ~
J0062 CALL TRIPLE(XJ2»DUM»SIGI) , ~
0003 7 T CALL DMINV(SIGI»4sDET, L M)
JOb4 ) CALL RHAT2(W»SIGI,R)
0065 CALL aHAT(SIGI,R,A)
066  CALL QHAT(XNsHsA»Q)
0067 CALL OGMPRD{(Rs>HsyTHETA»4» 4y1)
JOb8 _ TVAR = JEXPU(THETAt2M) o
2069 WRITE(Gs 123) THETA(L)r TVAR,Q
0070 ARITE(9,124) THETA(Ll)s TVAR, Q
0071 123 FORMAT(//7,T725,% PARAMETERS : MJ = ,E15.5,10X," SIGMA='»EL5.5
4 /75739, #%%( CHI=-SQUARE VALUE )*%% 9,E15,5) S
o072 L2 FORMAT(//,T255' NORMAL PARAMETERS: MU= ',F6,2s5Xs' SIGMA= ', F06.2
& f/15739,* *4%( CHI-SQUARE VALUE )*#*x *,F10.,3)
0073 T T RETJRN
0074 END
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. 0038

0039

0040

004l

0042

0043
0044
0045

GREXPO

TTTTCALL TRIPLEUXJLPG»SIGE)
CALL DMINVUISIGl»4sDETsLsM)

CALL RHATI(W,SIGIsR)
CALL_AHAT(SIGI»RsA)

TTUTTTCALL T QHA TUXNSHY A5 Q)
_CALL OGMPRDIR)HoTHETAs4s» 4rl)
XLAMOA = 1, / THETALL)

ARITE(G6s 123) XLAMCA»Q

0046
0047

0048
0049

0050

WRITE(9»124) XLAMDA»Q
FURMAT(//»,T25,* PARAMETERS

17,739, ®¥x{ CHI-SQUARE
FORMAT(7 /7,725, EXPINENTIAL PARAMETERS: LAMDA= *,Fo0.2»/
1415739, =*x( CHI-SQJARE

O RETJRN
END
™
-?%QW
Rp, AL
Qp ‘%QF
QQQ: 1y
L%

‘2 EL1349 »/
VALUJce J*%% *,E13.5)

VALJe D&*%x ¢,F10.3)

G R il




Effect of Correlated Observations on Confidence
Sets Based Upon Chi-Square Statistics

Summary

This paper investigates how the presence of correlation in a multivar-
iate sample effects the confidence coefficients of confidence sets based

upon chi~-square statistics.

I. Introduction

.

Basu et. al. (1976) investigated the effect that simple equicorrelation
within a multivariate normal sample has upon confidence sets based upon chi-
square statistics. They suggested that their results could provide a useful
applicaticn in the area of pattern recognition using remotely sensed LANDSAT
data. However, several recent investigetions have demonstrated that the equi-
correlated correlation structure is not an appropriate model in the Landsat
application. In fact, Tubbs and Coberly (1978) demonstrated that the correl-~
ation struction in the LANDSAT data is similiar to observations obtained
from a stationary autoregressive process. In this paper, I have investigated
the effect that autocorrelated data have on confideﬁce sets based upon chi-

square statistics.,

IT. Basic Concepts

Let X X denote a sample of n p-dimensional normal observations

1’...’ n

with mean U eand common positive definite covariance matrix I. Suppose
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T
that X = [xl,xa...,xn] and that

E[(X - E(X) ) (x- BT =T 81 (1)

vhere I‘n is a positive definite nxn matrix, A @ B denotes the Kronecker
product of matrices A end B, and E(¢) denotes the expectation operator

Note, if the sample xl...xn is random then I‘n = I, where I 1is an identity

matrix.

Now suppose that the sample )(l...)(n is a realizetion from a discrete
stationary time series {Xt} with continuous density function fx(°). Ir T
denotes the autocorrelation matrix for n lags.

That is,
F = (py) 128 = 1,2.000m

(2)
).

pij = corr(Xi,XJ

It is well known [Fuller (1972) ] that there exists an orthogonal matrix

U such that

*

UST U & 2l D (3)
where

D, = diag (dl,de,...,dn)

a = rx(o)

d = fx(II)

ok

e T & (51 k=1.2,00,(0-1) /2,

o
oS
[}
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and
2~ 2~ Ce 2~ )
1 cos(2/n) . . cos (20 _n;-l_l )
n=-1
n-1 n-1 n-1
1 cos( - ei/n) . . . cos( = 21 - )
n-l n-1 n-1
0 sin(—n- 2M/m) . . . sin(T an == )
L -
By letting
Z = U*X (5)
it follows that
B (z- ®2)) (z2- H2))7l=Dp_& I (6)
Furthermore, it follows that
ke = _1 0
=n“X; X=-=— r X (7)
Zl n 1=1 i
whers 2 = [Zl...Zn]T. The distribution for ZJ is
. Z 'vN(nlsu I)
1 vy
' (8)

zJ " N(d.c}JZ); J=2,3,...,n
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where the symbol ~ means "is distributed as". The expectation of ZJ = zero

gince
. n=l -1 |
E(z,) = E(ZL (cos(d=L2mk/n) X ) ) (9)
J k=0 n k
or
n-1 -1 ;
= B(I (stn(22me/m) X))
k=0
T cossd "l simedzl
= u( 2 cos(ig—-eﬂk/n) ) or u( & sin( — 2k /n) ) j
k=0 k=0
= 0,
Now let
Q(w = a®-w'rt(X-w
n (10)
=T 1
Q = I (X,-X)" I (x,-X)
2 P 3
If Fn = I, it is well known that
Ql(u) " xz(p)
o (11)
L, VX (n-1)p

where xa(v) denotes a chi-square distribution with v degrees of freedom.



However, if I‘n is given by (1) we have

a(X-p)? £ (Xen)
(n;’f-ni‘u)" g! (nlf-nl‘u)

T =1
(zl-E(zl) PRl (Zl-E(Zl) )

Ql(u)

T -1
dl(zl‘E(Z1” (alz) (Zl-E(Zl) ).

Hence
Ql(u)/'cl1 ~ xz(p)-
: (x0Tt oD
= - T ,-X
Now consider Q2 le (XJ 3 o
n -
= trI Yz (xJ--'f) (xJ-x)T]
J=1
n
= tr I XX - KX)
J=1 33

However, since U is orthogonal (14) becomes

n 4
Q, = tr I3 2.2.7 - nXXY)

J=1 JJ
n
= tr Yz 227
oz 9%
n .
= I 2,75
3=2" J
n
T aw

g2 Jd

(12)

(13)

(1k)

(15)
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for WJ » ZJT (ddz)-lzd' We know that wJ has a chi-square distribution with

p degrees of freedom and that W, , W, are independent for each

S
i * J = 2.3.000,“5

III. Confidence Set for Mean

Let HO denote the null hypothesis that X ...Xn is & random semple frecm

1

a p-dimensional normal population with E(X) = p, cov(X) = I, The statistic &
as given in equation (10) is used to define a coniidence set for the unknown

population mean u, That is, let

2
I, = {u: Ql(u) 2 Xe (p)} (16)
vhere xea(p) is the 100 ¢ percentage point of xe(p). Thus since

Q, v xz(p) vhenever H_ is true, ve knov that
Plue I, | H true) = e (17)

Let H, denote the slternative hypothesis that the sample satisfies ~auation

1

(1), Ir Hl is true, then find the velue O such thet

Plue I, | Hy true] = a, (18)

4
3
i
]

]

NP w.mmwumj
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From equation (13), we know that a must satisfy the following relationship

Xg (P) = xﬁ(p)/d1 (19)

IV. Confidence Interval for the Dispersion Scalar

let X denote a sample from a normal distribution with mean u

1".xn
and covariance matrix 022, vhere I ic a known positive definite matrix, Let

1
hypothesis that the sample setisfies equation (1). If Ho is true, then

Ho denote the hypothesis that the sample is random and H, denote the

2 2
/o= Vv X
% p(n-1) (20)
vhere Q2 is given by equation (10). Hence the interval
2 2
0o < Q2/".:,1;(31-1) (21)

is a 100 € confidence interval for 02. However, to find the confidence

interval for 02 vhen Hl is true, it is necessary to determine the distri-

bution of Q,. From equation (15) we obtain

n
Q,,/'ca = I aWw (22)
= J=2 JJ

vhere WJ, for § = 2,3,...,n are distributed as independent chi-squares with

p degrees of freedom. The distribution for (22) can be expressed in the
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following series representation {[c.f. Kotz, Johnson, and Boyd (1967)].
PQ, /0% < ¥yl = I ¢, G(v+ 2k y/g) (23)
k=0

where G(v+2k;y/8) denotes the cumulative probability density function for
a central chi-square with degrees of freedom v+2k, and )’ B are known functions

of the d, 's, for j=2,3,...,n. Hence, whenever H, is true, the confidence

b ] 1

interval for 02 in equation (21) is given by a where a is the value which

satisfied the following relationship

a= I ¢ G(r(n-1) + 2k; Yel 8). (24)
k=0

where

2
Ye ¥ Xe,p(n-1)

V. Examples

Suppose that xl...xn are a realization from a stationary auto-

regressive process of order one with parameter 6. Then the spectral density
function is

1
21 (1+¢2-2$ cos W)

fx(w) - (25)

Hence
dy, = (+47-24 cos(2n/n) )L k=1,],...,0-1/2

2
(26)

-2
dl - (1-$)
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The o=values vhich satisfy ejuation (19) are given in Table 1 for

c= .99, 9.
TABLE 1
a-Values for AR(1l) Process
P\¢ .0 .1 .2 .3 A .5
9900 9795 .9606 .9285 . 8776 L8021
1
.9500 9222 .883% .8298 . 7603 6728
.9900 9760 9LTS .853 . 809L .6838
2
.9500 .9116 . 8529 . 7695 .6598 .5270
.9900 .9681 L9145 .8071 63L6 Tk
5
.9500 . 8896 .2856 .6337 .LL8s 26L2
.9900 .9570 .8623 .6T0L . L0sSs .16 82
10
.9500 . 8614 .6952 N TIN:] 2363 0823
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From Table 1, we observe that a 95% confidence elipse is a 65.98%
; ’ confidence elipse if the sample xl...xn is a bivariate sample from an auto-

regressive process of order 1 with parameter ¢ = 4

TABLE 2
o-Values for AR(1) Process

.0 .1 .2 3 b .5 .8

=
Lie)
Z

3
|
:
s
} 13 1 .9500 .9326 . 8759 .T901 .6913 .5938 . 3896
> 2 .91L43% L8817 .T768 6317 L1822 .3539 .1518
; 5 L91L L . 8211 .5822 +3365 .1666 L0754 .0089
‘ 25 1 .91L3% L8742 7577 .5996 .L386 .3020 . .0902
2 1.0000% .835 L6452 . 3869 .1998 .0927 .0081
5 1.0000#% 1% . 334k .0934 .0178 .0026 .0000
51 1 1.0000% . 8859 6223 . 3550 .1702 0712 .0036
2 1.0000% . 7850 . 3872 1260 .0286 .0050 .0000
5 1.0000% . 5460 .0933 .0056 .0001 .0000 .0000
| ‘ 1001 1 1.0000% .782  .3811 .1209 .0266 .00b3 .0000
F 2 1.0000% .6123 L1453 .01L6 .0007 .0000 .0000
5 1.0000%* .2932 .0080 .0000 .0000 .0000 .0000

* the specified level € = .9500

From Table 2, a 99% confidence interval for o2 is a 19.98% confidence

based upon a bivariate sample of 25 observations from an AR(1) process with ¢ = .4,
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VI CONCLUSIONS

It is wvell known in applications using atmospheric observations that the

data are non-random and in fact are highly correlated. Very little research
has been done in the area of determining the effect that correlated samples
have upon statistical inference, In this paper, I have investigated the effect
that samples taken from a stationary autoregressive process have upon ﬁhe

- confidence regions for the parameters of a normal distribution. Tables are
included for the effect that sampling from an AR(1l) process have upon these

confidence regions.
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GENERATION OF RANDOM VARIATES FROM SPECIFIED
DISTRIBUTIONS

Summary

Due to the complexity of many of the existing statistical problems
associated with atmospheric variables, computer simulations have proved to
be a very informative technique. However, due to the various types of
atmospheric data, thus the different type of statistical distributions one
can no longer perform simulations based sclely upon normal data. So in
anticipating this problem, this paper presents the computer software for
generating both random and correlated data for several specified distributions.
A brief explantion of the procedure is given along with the program documen-
tation.

I. INTRODUCTION

In order to obtain insight into some of the statistical problems
with atmospheric data, it is necessary to be able to simulate some of the en-
vironmental situations. However, since most of the data are non-normal it
is necessary to generate data from various specified distributions (e.g. Gamma,
Beta, Negative Binomial, etc.). The purpose of this paper is to document the
procedures used in generating both correlated and uncorrelated observations.
The uncorrelated procedures have been documented in Newmann and Odell (1971).
The correlated procedures have been compiled from numerous sources, however,
Johnson and Kotz (1972) provide the primary reference. In this paper, I have

included only a brief description of the statistical distributions. For a

more detailed discussion see Falls (1971).
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II. UNCORREIATED VARIATES

All of the procedures listed here are transformations
of independent random variates from a uniform U(O0,l) distribu-
tion. The pseudo-random number generator used is a congruential
generator (IBM SSP RANDU) whose choice was based solely upon
convenience. However, some additionél testing will be necessary
to determine if the pseudo-random variates procedures are satis-

factory for our purposes.

Continuous Distributions

2.1 Univariate Normal Distribution N(u,c2)

The Box-Muller transformation [ 1] has been used. It

can be summarized in the following result.

Result: 2.1 If u and v are independently distributed

U(0,1) then,

X
J

are independent random variates with the standardized normal

(-2 1n u)% cos 2 wVv
(-2 1n v)% sin 2 v ¢y

distribution N(0,1).

Thus if u;....uy is a sequence of independent U(0,1)

one can generate a sequence X;....xy of independent N(0,1)

using the above procedure. Also if o, 0 is a fixed known constant,

then Yi = oX; + u, i=1,2,...,n is a sequence of independent
normal with mean = y, variance = 02.
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2.2 Multivariate Normal N,.(u,I)

Let xl....xp be a sequence of p independent normals
with mean O and variance 1, then x = (xl,....,xp)T is said
to be multivariate normal with mean @ and covariance matrix
I (pxp identity matrix). However, if x » Np(ﬁ,Ip) then

p
¥y = Bx + y has a multivariate normal distribution with mean=u
and covariance matrix r, where I= BBT. From x we can find y
for any specified real positive definite symmetric matrix I.

This follows rrom the following result.

Result: 2.2 Let I be a real p.d. symmetric matrix. Then

there exists a lower triangular matrix B with positive ele-
ments on the main diagonal such that L= BBT. This is often

referred to as the Crout factorization of L.

2.3 Gamma Distribution (1 ,k)

Let Upeseelp be a sequence of k independent random

variables each having a U(0,1) distribution. Then
X=-1/%2 1n ﬁ u, (2)
i=1

is a gamma with parameters A and k. Note the chi-square
distribution with n degrees of freedom can be obtained by
letting k=n/2 and a=¥. Alro, if n is odd then y = x+w2 is
chi-square with d.f.=n if x ~ r(k = n-%, A =%) with w~N(0,1).
The exponential distribution with parameter A can also be

obtained by letting k=1 in (2).
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2.4 Beta Distribution B8(p,q)

If x; ~1(1,p) and x5 ~r(1l,q) are independent then
y=x%/ (x1+x2) has a Beta distribution with parameters

p and q.

Discrete Distributions

If the distribution function Fx is known then we can
generate pseudo-random numbers by using the inverse function
Féd'. However, this procedure can be simplified by letting
x be the random variate from Fx which satisfied the relation
F (x-1) <u < F (x) where u is a random variate having a
U(0,1) distribution. This procedure could be used to generate
Binomials, since the distribution function for the Binomial
is easily obtained. Included is a discussion of some other
discrete distributions which can be generated without knowledge

of Fx'

2.5 Poisson Distribution P(a)

If XpeeeeXy is a sequence of N independent exponentials
with parameter i, then a non-negative integer k such that
S, < 1and § ,>1 is distributed Poisson with parameter 1,

where

2.6 Negative Binomial Distribution NB(p,N)

The negative binomial distribution can be generated
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from a mixture of a Poisson and a Gamma distribution., That

is, let X be distributed as a Poisson with parameter g, where

@ is a random variable from a Gamma distribution with parameters
A,R. Then X is distributed as a negative binomial with para-

meters p = A/(1+1) and N=R.

III. CORRELATED VARIATES

Continuous Distributions

5.1 Correlated Multivariate Normal Distribution CNORM (u,I,A)

Let Zo’zi""ZN be a sequence of N+1 p-dimensional
independent multivariate normals with common null mean vector

@ and pxp covariance matrix . Then

- a2 2\ % .
X; =a; 7+ (1-ai) Z; +¥ for i=1,2,...,N

are correlated multivariate normals with mean vector ¥ and
dispersion matrix A 1 where & denotes the Kronecker product

of A and r, that is

B ~ m

81q% a122 ceee aan
nxn pxp *
anlz‘ ® L ] [ ] ® [ ] - * annz
. -
(np x np)

and A is an N x N matrix where the i,jth element of A is

«j «J i;‘j, iJ3=1,2,e0.04n
8,: =
1 1 i=j

From the dispersion matrix A ® I we have that
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cov (xi,xd) = ¢i¢oj o 1#:]
= L i=d

Hence the correlation matrix between vector Xi,X1 is

= i=
I, J
where I_ is a pxp identity matrix. When p is 1 we have

P
the univariate case.

3,2 Correlated Univariate Gamma Distributionr{ \,R,A)

Let 74, 215....2, denote a sequence of independent
variables having the following Gamma distributions
ZO T A,Ro)

Let Xi=ZO+Zi,i=l,2,...,n, then Xl....Xn is a secuence of
correlated Gamma variables where XiN F(A,Ri) and the correlation

between Xi and Xj is

CORR (X;,X4) = a4

where a4 is the ijth element of the nxn matrix A and

1 if i=j
. R %
R ) if 1A

i

aij (




2.3 Correlated Beta Distribution 8 (p,q.A)

Let zozl....zn be a sequence of independent chi-
squares with degrees of freedom df:--vi (Gamma with a=1,

Ri=vi/2) fOI‘ i=o,l,2-..,n. Let
n
X. = Z- / ( z ZJ) i=1,2,oaa’n

then the X;'s are correlated Beta with parameter (pi’qi)
n ;

where p; = v, /2 and Q; = P = Py where p = I o Py
J= ¢

Then the correlation between Xi and Xj is given by

CORR (x x ) = ay

and .
i=j
f PP i#J
(p-pl)gp-p )

Discrete Distributions

2.4 Correlated Poisson P(1,A

140

et Z Zl,....,Z be a sequence of independent Poisson

with parameters Ci,1=0,l,2,..,n, then

is a sequence of correlated Poissons with Xy~ P(Ai)

g Ci + Co,i=l,2,...,n and the correlation between Xi
3 is given by

Corr (X, Xj) = ay
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and

IV. CONCLUSIONS

The purpose of this paper is to document the
procedure used in programming uncorrelated or correlated
number generators for various specified distributions.

The results are fairly well known and should prove to be
satisfactory for most simulation nqeds. As mentioned in
the introduction, the procedures are dependent upon the
choice of the pseudo-random number generator selected, and
hence the objective of the situation to be simulated may
dictate changes in the random number generator. A simple
package is presented which would hopefully satisfy the
neads of those researchers interested in generating numbers

from the statistical distributions given.
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APPENDIX A
{ . JOB CONTROL PARAMETERS
. CARD oL DESCRIPTION
1l 1-5 NREPS - Number of sets of numbers to be

generated (IS)
? (215) 6-10 IX - Seed for random number generator.
' (I5) IX=0, then program will initiate
using CPU clock
** Note the following set of cards are repreated NREFS times

2 1-5 NOB -~ Number of observations to be
generated (I5)

6~-10 ITYPE - Type distribution to be generated (I5)
1 - Normal 4 - Peoisson
2 ~ Gamma 5 - Negative Binomial
3 -~ Beta 6 - Binomial
11 ICOR = 1 correlated dats (11)
= 0 uncorrelated data (Il)
12 ISTAT= 1 P, ivvy “tatistics (I1)
= 0 N. rdint
12-13% IUNIT= O D >t output generated data (T2)

£ 0 Generated data output on
external device # 1UNIT

*** Note the following cards depend upon the distribution
selected on Card # 2.

- NORMAL -
3 1-5 NV = Number of variates (NV=2=bivariate
normal (I5)
6-10 KEY= O Standardized normal mean = O
variance = 1
KEY =1 Read Mean, Variance (1I5)
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IF KEY = 1 Read following cards
CARD COL DESCRIPTION
4 (16F5.0) Y(1),I=1,.NV Mean vector
5 (16F5.0) S(I),I=1,NV**2 Covariance matrix
** OF ICOR = 1 on card 2 read following for correlated case
6 Correlation factor (see page “ii)
Means (same grouping as correlation
factors) only need when NV=1
- GAMMA -
2 1-5 Rl Shape parameter (F5.0)
6-10 XLAMDA  Scale parameter (F5.0)
** IF ICOR = 1 Read following
4+ Correlation factor (page iii)
- BETA -
3 1-5 Rl Beta parameter (F5.0)
6-10 R2 Beta parameter (F5.0)
** Il ICOR = 1 Read following
4 1-5 VND  Parameter for 2, (see page 9 )(F5.0)

5+ V(I), same format as correlation
factors (page iii)

- POISSON -
2 1-5 XLAMDA Poisson Parameter (F5.0)
¢* IF ICOR = 1 Read following
4+ Correlation facters (page 1ii)
ii
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~ NEGATIVE BINOMIAL -
CARD COL DESCRIPTION
3 1-5 P parameter (F5.0)
6-10 N parameter (15)
**JF ICOR = 1 Read following
4" Correlation factors (page iii)
~ BINOMIAL -
No additional inputs needed.
*** The following cards are used to define the A-matrix
used in defining correlated observation
~ CORREILATION FACTORS -
1 (13) NG= Number of groups 1 £ NG < NOB
2 (1615) NOL(I),I=1,NG Length of each group
NOL{1)+ 'NOL(2)+...+ NOL(NG) = NOB
3 (16¥5.0) VALUE (I),I=1,NG, A value for each
group
example 1 NOB=25 NG=1 NOI(1)=25
VALUE(1)=.8
the CORR(Xi,XJ)=(.8)x(.8) = .64
CARD
1 ¥yl
N ¥¥¥25
3 mas
example & NOB=25 NG=2 NOL(1)=10 NOL(2)=15
VALUE (1)=.5 VALUE (2)=.8

then CORR(Xi,Xj)= .25 i,j <10
.40 i<10, J >10
.40 J <10, 1 >10
.64 i, j »10
CARD
1 ¥¥e

2 ¥Y¥10p¥K15

3 ¥¥¥.S¥K¥.8
(Note: ¥ decnote blank column)
iii




MAIN
SUPER

BETA
GAMMA
BINOM
NORMAL
POISSN
NEGBIN
CBETA
CGAMMA
CNORML
CPOISN
CNEGEN
FRINT

STATS
RANDU
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PROGRAM DESCRIPTION

main program to read in Jjob parameters

supervisor routine to direct the generation

of data, computation of statistics and printed

output.

generates independent Beta variates.

"

"

"

"

"

"

"

"

"
LA
1"
"
"
correlated
1"
11
"

"

Gamma variates.

Binomial variates.

Normal variates.

Poisson variates.

Negative Binomial variates.
Beta variates.

Gamma variates.

Normal variates.

Poigson variates.

Negative Binomial variates.

prints generated values and output on specified

unit,

calculaters statistic for ger.eiated values.

generates random uniform variates.

iv




CNORML

CNEGBN

CBETA
CGAMMA
CPOISN
NORMAL
BETA
GAMMA

BINOM
GMETRC
POISSN
NEGBIN
RANDA
RANDU
STATS
PRINT
MAIN
SUPER
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SUBROUTINES NEEDED BY A GIVEN ROUTINE

RANDA
NORMAL

GAMMA
POISSN

GAMMA
GAMMA
POISSN
RANDU
GAMMA

RANDU
NORMAL

RANDU
RANDU
GAMMA
GMETRC
RANDU

SUPER

CNORML
CBETA
CGAMMA
CNEGBN
CPOISN
NORMAL
GAMMA
BETA
NEGBIN
BINOM
POISSN
STATS
PRINT
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JOB
PARAMETERS MAIN

PARAMETERS

STEP ___31 SUPERVISOR

T T 1 T 1T 1

—Y ‘ [L-
CGAMMA NEGB CBETA| |CNORML| |CPOISN] | BETA GAMMA BINOtjl NORMAL| IPOISSN; |NEGBIM

) YES STATS /STAT
' i&—{ PARAMETERS
NO

e

PRINT
NO GO BACK TO
SUPERVISOR
! YES
END !
vi
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L Y

DIMEMSTON X (200)4Y(100) «S(100)70100) 3
COMMAONMZIY/ Y So/

COMMUNM /A7 TX e IVa] « XLAMNALRZ oP oM
Ix=b}an771€ 3
READ(S.1NN) NPFPS
NN 99 TI=14MRFPS é
READ(S100) MOSITYPFIUMIT ;
CALL TYPF(LMDITYRF)

CALL PRIMT(YaMOQTIUNTITSITYPES]IT)
Qq CNANTIMNF
100 FORMAT (1IT1S) :
STV _
ENn

SURRONT IME RFTA (X «NQ)

DIMENSTON X (200)eY(100) «S(100)72(100)
COMMOM/A/ TXeNVeR]1eXLAMDARZ 4PN
COMNO/P/ Y oSl

xLAMYA=Y,

(ALL "Af‘* A(XaND)

CURRDIITYTME GAMMA (X eNO)

DIMENSTOM X (NO) <Y () 00)

COMMOM/R/ YaSel ’

COMMONZAZTX sMVaR] «XLAMNDAGR? P N
=-l o*( l ./XLAMD )

=K1+ .5

:Rl-x

DN 99 TI=1«NO

Xx=1,

Do =) eK

IM=I X=(TX/10)#]04+]

DO 2 J=1e1M

CALL RANMM(IXeIXeYFL)

XX=XX#YF

1) =X #ALNG (X X)

oLF o) RFTURN

MORMAL (Y oMNeND D)
]'..] «NOY

(DI+Y (D) #Y(T)

o>

o=\
Pt
-

M IOZT =X

QR

D= [T e~ i)
‘Oll:c

ZM~D> <N~
S—-or=—x

URIGINAL PAGE 15
OF POOR QUALITY

SHRROIITIME RINAM(X+NO)

DIMENSTON X (NO)

L()”MUM/A/ IX,NV RISXLAMDA R 24PN
no I=
IN-}X (IX/]O)“lO*l

DO 2 K=1e«]IN
2 CALL RAMDUY(IX I XeYFL)
X(I)=YFL
RETURN
E

ND
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SUREOIITIME MORMAL (X NN MY N GKFY)
PDIMEMSTAM X (200) oY (TO0) S O100) 7 (100)
COMMON /N /Y e Re/
COMMOMZA/ZTX oMV el ] o XLAMPDAGR?

L eferl
MVV =NV @AY
PP2=he 2R 14H

C GFNFRATF MVN TMDFPEMDEMT UMIFORM (0e1)
DO 2 [=1eNVUN
INZIX=(TY/10) %10+
DO 4 w16 In

I OCALL A IXeIXeYFY)
2 Xtl)=vF|

C THANSFOR A TO NVO MORMAL (Ne])

J=NVO /2.

0 4 1Vl
A=SUR T (=2 JHAI_OG(X (2% T=1)))
X(P¥]=1)=L¥COS(P2AREX([#2))
4 X (22 )=AGSIM(L2EX (14#2))
IF(XEY FN.D) RETHIPN
WRTTF (4 «200)
200 FORMAT (e MEAN AND COVARTANMCEFYe//)
FEAD(ST100) (Y{T)el=]aNV)
WRITE (Ae?D0)) (YU{T)eI=1eMV)
EFAD(S<10M (SHT) e I=)eNVY)
wWRITE (Re”01) (S(D)eT=1eNVY)
200 FORMAT(IOXe10NFIN, 3)
lF(NV.GT.l) G0 TN A
S X(I)=s(1 YEX(I)+Y (1)
HKETURM
A N=MY
DO 11 =) NV
0011 T=1eH
1Y Z((J=))#+])=0,
Z(1)1=8IRT (S (1))
DOTY [=2«N
12 Z(1)=S¢1)/72 (1)
NNYY J=Patl
DO19 T=1M
SHM=0,
IF(I=))19e15417
16 M= )=]
DN1A X=] M
14 SUMSS1 M7 ((K=1) eN+T )& 0D
2((J=1) =N+ )=SURT(S ((J=1) #N+T)=SHIM)
60 TO19
17 M=J=1
DOIH K:‘n“
19 SUMSSHM4 (7 ((K=1)#N+T) #72 ((K=1) #N+))
70(J=1) #N+T)= (S ((J=1) #N+T)=SUM) 72 ((J=1) ¥N+J)
19 CONTINDF
DO 7 T=1eNO
0 7 K=1«NV
S{I=1)#NVeK) =Y (K)
DY T =) .K
7 SU(I=))¥nV+K) =S ((T=- 1) SNV+K) +7 ((J=1) ¥NV+K)
* #X (MVET=(NV=-J) )
DO H T=148N0
DO 8 g=1.MV
a x{({tJ=-1) N0+I)'%((I-1)*NV+J)
RETUR?Y
100 FORMAT(1AFH,0)
£ NO)
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