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ABSTRACT

A review and summary of recent developments of the Green's function

method and the computer program SOUSSA (Steady, Qscillatory, and Unsteady Subsoni c

and ,Supersonic Aerodynamics) are presented. Applying the Green's function method to

the fully unsteady (transient) potential equation yields an integro-differential-delay

equation. With spatial discretization by the finite-element method, this equation is

approximated by a set of differential-delay equations in time. Time solution by

laplace transform yields a matrix relating the velocity potential to the normal wash.

Premultiplying and postmultiplying by the matrices relating generalized forces to the

potential and the normal wash to the generalized coordinates one obtains the matrix

of the generalized aerodynamic forces. The frequency and mode-shape dependence of

this matrix makes the program SOUSSA very useful for multiple frequency and repeated

mode-shape evaluations. The program SOUSSA is general, flexible, easy to use, and

accurate. Applications to aerodynamic design are also discussed. The userjprogram

mer manual for SOUSSA-P 1. 1 is presented in Volume 2 of this report (NASA CR

159131).

iii



Section

TABLE OF CONTENTS

Page

ABST RACT • . . • . . . • • • . • • • . • • . • . • • • . . . • . . • . • . . . .• ii

LIST OF ILLUSTRATIONS. . • . • • • . • • • • . . • • • • . • . • • • . .• vii

LIST OF SYMBOLS • • . • . . • . • . • • • • . . . • . . • . . • . • . • • •• vi ii

INTRODUCTION •. • • • • . • . • • • • . • • • • • . . . . • . • . . • . •• 1 - 1

1.1 Review of Development of Method •.•...•.••...••.• 1 - 2

1.2 The Computer Program SOUSSA-P 1. 1 • . . . . . . . . . . . . .• 1 - 4

1.3 Formulation of Problem, , , , . , •••.• ,. , , , , , .••.•• , 1 - 5

2 SUBSONIC AND SUPERSONIC INTEGRAL EQUATIONS, , .•.. , 2 - 1

2.1 Green's Theorem for Potential Aerodynamics •... , ...•• , 2 - 1

2.2 Subsonic Integral Equation •. , , , ... , , .•...•• , , , •. , 2 - 6

2.2. 1 Subson ic Green's Theorem ••• , . , . , .• " .. , . , ., 2 - 7

2.2.2 Generalized Prandtl-Glauert Transformation. , • , " 2 - 9

2.2.3 Contribution of Wake ." •.••..•......•.•.• 2 -14

2.2.4 Basic Equations Used for SOUSSA-P 1. 1 • , ..•• , ,. 2 - 17

2.3 Supersonic Integral Equation •• , , ••..•• , , . , , •• , , ., 2 - 17

3 NUMERICAL SOLUTION OF THE INTEGRAL EQUATION •.• , " 3 - 1

3, 1 Subsonic Formulation, .••. , .. , . , .•.•... , , . . . • .• 3 - 1

3. 1. 1 Space Discretization , ..• , ••. , .•. , . • • • . . •• 3 - 1

3.1.2 laplace-Domain Analysis ~ , .• , .••.•.•..... , 3 - 5

3.2 Supersonic Formulation, , . . . • . • . . . • • . . . . . . . . . • .• 3 - 6

3.3 Formulation for SOUSSA-P 1.1, •.•......•.•..... ,. 3 - 9

4 NORMAL WASH, . , . , ..•. , .•.. , ....•.•..•... , • , •• 4 - 1

4.1 Physical Boundary Condition , •.• , ...••• , • . . . • . . •• 4 - 1

4.2 Relationship Between Normal Wash and Displacement. • • •• 4 - 3

iv



TABLE OF CONTENTS (Continued)

Section

4.3 Linear Relationship Between Normal Wash and
Generalized Coordinates •..••..•..••.....•.... 4 - 5

5 PRESSURE COEFFICIENTS AND GENERALIZED
AERODYNAMIC FORCES • 0 • 0 ••••••••••••••• 0 0 • • • •• 5 - 1

5.1 Pressure Coefficient. 0 •••••• 0 • • • • • • • • • • • • • • • •• 5 - 1

5.2 Formulation for SOUSSA-P 1. 1 •.••...•.. 0 : • • • • •• 5 - 3

5.3 Generalized Aerodynamic Forces •. • . • • . • . . • • • . • •• 5 - 9

6 APPLICATIONS •••.•.•. 0 •••••••••• 0 0 •••••• 0 • • •• 6 - 1

6.1 Aerodynamic Analysis ••..•.••..•• 0 •••••• 0 • 0 0" 6 - 1
,..., ,.., - ,..,

6.1.1 Physical Meaning of ~1' ~21' ~321 and ~ •.•.• 0 6 - 2

CONCLUDING REMARKS7

6.2 Aerodynamic Design .. .. .. .. .. . .. .. .. .. .. .. .. ..
.. . .. .. .. .. .. . .. .. . ~ .. .. ..

6-3

7-1

7. 1 Advantages of Formulation • 0 •••• 0 • 0 00 0 • • • • • • • •• 7 - 1

7.2 Work in Progress •...•• 0 ••• 0 • 0 • • • • • • • • • • • • • •• 7 - 2

REFERENCES .. .. .. .. .. .. . .. . .. .. .. .. . .. . .. .. .. .. . . .. .. .. .. .. .. .. .. .. ...... R - 1

Appendices

A THE VALUE OF THE FUNCTION E ON THE
SURFACE A - 1

A.l Steady Subsonic Flow •••.• 0 0 • 0 •• 0 ••• 0 • • • •• A - 2

A. 1. 1 Regular Point ..•••.• 0 •••••• 0 • • • •• A - 3

A.l.2 Comments .. 0 ••• 0 • • • • • • • • • • • • • •• A - 6

A.1.3 Non-Regular Point ••••••.••.•••••• A - 7

A.2 Unsteady Subsonic Flow •.•.••...•.•.• 0 • • •• A - 10

v



Appendices

TABLE OF CONTENTS (Concluded)

Page

A.3 Supersonic Flow • 0 0 • • • • • • • • • • • • • • • • • • • •• A - 11

A.3.1 Supersonic Solid Angle •••.• 0 • • • • • • •• A - 11

A.3.2 Value of E* for Supersonic. . • . . . . • • •• A - 17

B LAPLACE TRANSFORM IN UNSTEADY
AERODYNAMICS ••.•.••••...•..•.••.. 0 ••••• B-1

B. 1 Laplace Transform •..••..••.••.•••.• 0 • 0 • • B-1

B.2 Truncation of Wake ••.......•.... '0 • • • • • • B-2

B.2.1 Laplace Transform of Truncated
Functions ••••..•. o •• 0 • • • • • • • • • • B-3

B.2.2 Rationale for Wake Truncation •• 0 • • • • • • B - 6

B.2.3 Advantages of Wake Truncation • . • • • • . • B - 8

B.3 Oscillatory and Steady Flow ...•..•.•••.•.••

B.4 Initial Conditions •••.•.....•..... 0 ••••••

B - 15

B - 18

C INFLUENCE OF MOTION OF SURFACE . . . . . . • • . • • • C - 1

D BODY-AXIS BOUNDARY CONDITIONS. . . . • . . • . . • • D - 1

E CLOSED-WAKE PHENOMENON. . . . . . • • . . . • . • . . • E - 1

vi



2 - 1

5 - 1

A - 1

A-2

A-3

B-1

B-2

E - 1

LIST OF ILLUSTRATIONS

Page

Aerodynamic Nomenclature for Potential Flow •• ". • • . • . • . . .• 2 - 3

Geometry for Trailing Edge Evaluation •.•.•.••.•...... ". • 5 - 6

Solid Angle • . . . . . . . . . . . • . . . • • • • . • . • • . . . . . . • . .• A - 8

Supersonic Solid Angle for P* on L
B

•..••.•.•••.....•• A - 13

gomain of Integration for Supersonic Solid Angle for
P* on L;B •..•. " "......................... A - 16

Truncated Functions. . . • • • • . . . . . . . . • • . . . . . . • • . . . . • B - 4

. The Contour of Integration ••...•.•...•.•..•.••..•.• B - 12

Geometry for Green's Theorem for Closed-Wake
Configuration. . • . . • . . . . . . . . • . . . • . • . . . . . • . . . . . • • E - 3

vii



c

I
Dhj

E(P)

A

E-

LIST OF SYMBOLS

Speed of sound

Aspect ratio

Span

See Equation (3-7)

See Equation (3-10)

See Equation (3-16)

See Equation (3-19)

Chord

Pressure coefficient

See Equation (3-7)

See Equation (3-10)

See Equation (3-7)

See Equation (3-10)

See Equation (3-16)

See Equation (3-:-19)

See Equations (2-1), (2-55), (A-27) and (A-47)

See Equation (6-21)

See Equation (4-29)

See Equation (5-34)

viii



LIST OF SYMBOLS (Continued)

" (3)E
kh

See Equation (5-14)

E~~ See Equation (5-41)

E~~E) See Equation (5-30)

-
~ 1 See Equation (6-4)

-(0)
~ 1 See Equation(7-1)

"'(1)
~ 1 See Equation (7-1)

-~2 See Equation (6-17)

...
~ 3 See Equation (6-9)

-(0)
~ 3 See Equation (7-2)

-(1)
~3 See Equation (7-2)

~4 See Equation (6-10)

Fn See Equation (3-7)

F. See Equation (3-10)
In

F' See Equation (3-16)
n

F;m See Equation (3-19)

G See Equation (3-7)
n

G. See Equation (3-10)
In

ix



G'
hn

H

H(P)

k

..e

l (P)n

M

-n
-n 1

N
-
N

p

-p
P

r~

LIST OF SYMBOLS (Continued)

See Equation (3-16)

See Equation (3-19)

Number of nodes on body

See Equation (2-61)

Reduced frequency, w..e/Ucx>

Reference length

Shape functions for M, see Equation (3-2)

Normal to O"B

Normal to o"w

Number of nodes on wake

Normal tOL:B

Normal to "E
W

Shape functions for '1' and ~ I see Equation (3-1)

Complex reduced frequency, s..e/Ucx>

Point having coordinates (x, y, z)

Point having coordinates (X, Y, Z)

Control point, (X*, Y*, Z*)

lagrangian generalized coordinates, see Equation (4-23)

See Equation (2-18)

x



r'
fj

R

s

t

T

-u
Uco

X, y, z

-x
X, Y, Z

LIST OF SYMBOLS (Continued)

See Equation (2-57)

See Equation (2-28)

See Equation (2-66)

Complex frequency (Laplace parameter)

See Equation (l-6)

See Equation (1-1 O)

See Equation (1-1 O)

See Equation (2-2)

See Equation (2-3)

See Equation (3-5)

Time

Nondimensional time, see Equation (2-26)

Displacement, see Equation (4-1O)

Velocity of undisturbed flow

Space coordinates

Point of the unsteady surface cr, see Equation (4-10)

Nondimensional space coordinates, see Equations (2-26) and (2-62)

See Equations (3-13) and (3-21)

See Equations (3-14) and (3-21)

= (l - M2 ) 1/2

= (M2 _1}1/2

xi



Mn

e

,.
e

p

(J

LIST OF SYMBOLS (Continued)

Kronecker delta, 1 for i = h, 0 for i;' h

Discontinui ty of 'P across the wake, 'Pu - 'P.e

Nodal values of M

Time for a disturbance to propagate from P to P*, see Equation (2-21)

See Equation (2-60)

See Equation (2-31)

See Equation (2-32)

e for P = Ph

See Equation (3-10)

See Equation (2 -69)

See Equation (2-70)

+ - -e- for P = Ph

See Equation (3-19)

Convection time of wake vortices, see Equation (2-53)

Value of II for P = P , see Equation (3-3)n

Fluid density

Unsteady surface at body

Surface of body (x, y, z space)

Surface of wake (x, y, z space)

xii



l:B

cp

¢

~.
I

'1'.
J

-'1'.
I

w

LIST OF SYMBOLS (Continued)

Surface of body (X, Y, Z space)

Surface of wake (X, Y, Z space'

See Equations (1-18) and (1-19)

Perturbation velo~ity potential

Velocity potential, U x + cp
00

Nondimensional perturbation velocity potential, cp/U
oo

t

Nodal values of ~U

lap lace transform ~.
I

Unsteady component of ~

Normal wash in x, y, z space

Normal wash in X, Y I Z space

Normal value of '1'U

laplace transform of'!'.
I

Conormal wash in X, Y, Z space, see Equation (2-65)

Nodal value of '1'~

laplace transform of 'Y'.
J

Unsteady component of '!'

Frequency

Solid angle

Del operator in x, y, z space

Del operator in X, Y, Z space

xiii



B

i

M

R

TE

u

U

W

ex>

()

C)

C)
(")

[ }

[ ]

[ ]8

6 ( )

LIST OF SYMBOLS (Continued)

SUBSCRIPTS AND SUPERSCRIPTS

Body

Imaginary part of complex number

Lower

Modified; see Equation (4-1) and Appendix C

Real part of complex number

Trailing edge

Upper

Unsteady

Wake

Free stream condition

SPECIAL NOTATIONS

Laplace transform of ( )

Vector

Matrix

Derivative with respect to T

Column matrix

Matrix

Evaluation at time t* - 8; see Equation (2-25)

Discontinuity of ( ) across wake, ( )u - ( )i

xiv



SECTION 1

INTRODUCTION

Presented here is a general formulation for steady, oscillatory, and unsteady

subsonic and supersonic, potential aerodynamics for complex aircraft configurations.

This formulation is the basis for the computer program SOUSSA-P, which may be used

for a variety of aerodynamic computations. These include, for example, the fbrtow

ing types of aerodynamic analysis:

• Unsteady State Applications

Q) Flutter or Gust Analysis.

b) Flutter or Gust Analysis with multiple sets of frequencies.

c) Flutter or Gust Analysis with multiple sets of boundary
condition modes and/or generalized-force modes.

d) Flutter or Gust Analysis with multiple Mach numbers.

• Steady or Quasi-Steady State Applications

0) Steady-State Pressure Distributions.

b) Structural Design Loads.

c) Aerodynamic Coefficients.

d) Stability Derivatives.

e) Static Aeroelastic Analysis.

Reviews of other methods in this field are given in Refs. 1 and 2 and, there-

fore, are not presented here. The method is based upon the Green's function method

(to transform the ve locity-potential differential equation into an integral-differential

delay equation) and the finite element method (to transform the equation into a set of

differential-delayequations in time).
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A review of the development of the method is presented in the following

subsection. The integral equation used in SOUSSA-P is obtained in Section 2, whereas

the numericol formulation for the solution of the integral equation is presented in

Section 3. The boundary conditions are considered in Section 4, whereas Section 5

deals with the evaluation of pressure coefficients from the potential and the evaluation

of the generalized forces from the pressure coefficient. Section 6 discusses the matrix

relating the generalized aerodynamic forces to the generalized coordinates describing

the rigid-body motion and/or deformation of the aircraft. The use of the method in

aerodynamic design (find the shape given the pressure distribution) is also discussed in

Section 6. Concluding remarks are presented in Section 7.

Subtle points in the formulation are dealt with in the Appendices. In parti

cular, the value of the function E for a point on the surface is obtained in Appendix

A. A discussion of Laplace transform and the truncation of the wake is given in Appen

dix B. The effect of the motion of the surface of the body is discussed in Appendix

C. Appendix D deals with the boundary conditions for a body-axis formulation. In

Appendix E the closed-wake phenomenon is examined.

1.1 REVIEW OF DEVELOPMENT OF METHOD

The method is based upon a formulation developed by Morino (Refs. 3 and 4)

in which the Green's function method is applied to the equation for the velocity poten

tial. Use of the infinite'"'5pace Green's function method yields a representation of the

potential <p at any point, p, in the flow field (control point) in terms of the values of

the potential and its normal derivatives on the surface, L:, surrounding the body and its

wake. The integral equation is obtained by imposing the requirement that the value of

the potential at p approaches the value of <p on the surface if papproaches a point on

the surface. The wake is a natural byproduct of the method and is treated as a layer of

1 - 2



doublets. It may be noted that the integral eguation is different from other ones cur

rently used in oerodynamics in that it does not require that the boundory condition on

the normal wash be satisfied, but rather makes use of the continuity of the potential as

the control point approaches the surface, (J. The two boundary conditions are mathe

matical equivalents, however. The tangency boundary conditions are automatically

satisfied by the type of representation obtained with the Green's theorem. A feasibility

analysis by Morino and Kuo (Refs. 5 and 6) indicates that the method is fast and accu

rate. A general formulation for steady and oscillatory subsonic and supersonic flow is

given in Ref. 7. In that formulation the surface of the aircraft and its wake was

divided into small quadrilateral elements. Each element was replaced by a portion of

a hyperboloidal paraboloid (hyperboloidal element) defined by the fo.urcorner points of

the element. In this process, the continuity of the surface was maintained, although

discontinuities in the slopes were introduced. The unknown potential was assumed to

be constant within each element (zeroth-order element) and therefore, the integral

equation was approximated with a system of algebraic equations.

An extension to the fully unsteady formulation, both in the time and com

'plex-frequency (Laplace) domain, is presented in Ref. 8 for an arbitrary finite-element

representation. Evaluation of the matrix of the generalized aerodynamic forces is pre

sented in Ref. 9. Modification of the theory for coplanar surfaces is discussed in Ref.

10. Numerical results for subsonic and supersonic flows have been obtained for wing

body-tail configurations in steady oscillatory and full unsteady (transient) subsonic and

supersonic flows (Refs. 9 and 10).

More recently the computer time for the evaluation of the aerodynamic in

fluence coefficients has been reduced considerably by using numerical quadrature to

evaluate the source and doublet integrals for "distant ll elements (Ref. 11). Additional

work includes the wake roll-up (Ref. 12). An overall review of the method is given in

Ref. 13. An assessment of the method is given in Ref. 14.
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1.2 THE COMPUTER PROGRAM SOUSSA-P 1. 1

The method reviewed in Section 1.1 was originally imbedded in the general-

purpose computer program SOUSSA-I (~eady, 9scillatory, and ~nsteady ~ubsonic and

~upersonic ~erodynamics - interim Version), which was first presented in Referece 9.

SOUSSA-I was at the time the most general code available for potential aerodynamic

analysis. However, SOUSSA-I was developed in an academic environment, for research

and proof-of-concept purposes. 'A more general and efficient version (SOUSSA-P) was

planned for "production" applications. The SOUSSA-P program possesses the following

qua Ii ti tes:

•

•

•

•

•

•

User Orientation - To enable its use without extensive specialized
training.

Generality - The program has been structured to facilitate the
analysis of aerodynamic problems involving a wide range of flight
speeds, arbitrary aircraft geometry, multiple sets of vibration and
deformation modes, and multiple sets of frequencies. Furthermore,
SOUSSA-P was designed to be compatible with most currently avail
able geometry preprocessors.

Computational Efficiency - A premium has been placed on the con
servation of central processor time as well as central memory so that
the program may be a useful tool for application to complicated con
figurations such as complete aircraft.

Simplicity of Method - It provides a commonality between subsonic
and supersonic, steady and' unsteady flows. Also, the expressions for
the coefficients are very simple due to the vector formulation of the
problem. Furthermore, the use of quadri lateral hyperboloidal elements,
described in terms of their corner points, allows for application to
arbitrarily complex configurations.

Accuracy - The method is accurate and fast, as indicated by the
results obtained thus far.

Modularity - To facilitate incorrorating new or improved features of
the method or the computationa algorithms.

SOUSSA-P employs the sophisticated data handling capabilities of the SPAR

Finite Element Structural Analysis, System level II, computer program (Ref. 15), which

is in part responsible for realizing the aforementioned qualities.

1 - 4



1.3 FORMULATION OF PROBLEM

The integral equation used in SOUSSA-P is derived in Ref. 3. For the

sake of clarity, a simpler derivation is presented in this report, assuming from the

beginning that the motion of the surface is infinitesimal. *

In this report, the isentropic inviscid flow of a perfect gas, initially

irrotational, is considered. Under this hypothesis, the flow can be described by the

velocity potential, '1>, such that the velocity VF of the fluid is given by

(1-1)

where ~ is the del operator (nabla). Consider a frame of reference i, i, k such that the

undisturbed flow has velocity U in the direction of the Taxis. Then the small-
CD

perturbation, linearized equation of the unsteady aerodynamic potential is

(1-2)

where <to is the speed of sound of the undisturbed flow, 'Y 2 is the Laplacian operator,

and

d

dt

a a=--+u-
at coax

(1-3)

is the linear substantial derivative. Then, it is convenient to introduce the perturbation

potential cp, such that

Note that

cp =0

in the undisturbed flow.

*This point is discussed further in Appendix C.

1 - 5
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A very general approach is considered in Ref. 3 by assuming that the body

immersed in this flow has arbitrary shape and is moving with arbitrary motion, including

deformation. Thus, the surface of the body is represented in the general form

S (x, y, z, t) = 0

The no-flow-through boundary condition on the body is given by (see
•

Subsection 4-1)

(1-6)

0$

a t
+v(/>.\'$=O on $ = 0 (1-7)

By using Equations (1-3) and (1-4), Equation (1-7) reduces to*

(as as)Vtp.V$ =-- +U -
ot a::> ox

or

(1-8)

d$

dt
(1-9)

As mentioned previously, a simplified approach is used here, in which the surface is

assumed to move only infinitesimally with respect to the frame of reference traveling at

velocity U (in direction of the negative x-axis) with respect to the undisturbed flow.
ex>

Mathematically, it is assumed that the surface of the body is represented in the form

s (x, y, z, t) = SB(x, y, z) + E: SU(x, y, z, t) = 0 (1-10)

*This is the exact boundary condition: no small-perturbation assumption is used here.
A nonzero flow-through boundary condition can be easily included in the formulation
by adding the flow-through term in Equation (1-8).
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with € < < 1. In Equation (1-10), 5B represents the steadY"1ita te geometry while Su

gives the unsteady perturbation.

Next consider the pressure distribution which can be evaluated from the

exact nonlil"ear Bernoulli Theorem for barotropic fluids

fP _1 dp = _(3~ + U
ocp + 1

V'P • V'P) (1-11)-
P P ot

00 ox 2
00

or if nonlinear terms are neglected,

p - p 1 (3'1' 3'1') 2 dcpC = 00 = -2 + Uoo
(1-12)- = - -P 1

U
2

U
2 ot ox

U
2 dt- p 00

2 00 ex)

which is the form used in SOUSSA-P 1.1.

Then the nondimensional generalized aerodynamic force acting on the non-

-
dimensional mode M h is given by

(1-13)

where (JB is the surface of the body and l is a reference length.

Finally, consider the boundary condition on the wake, .i.e., that the pressure

discontinuity across the wake be equai to zero. Using Equation (1-11) one obtains*

r~ + U ~ + 1. (V'P + V '1'. ) · v] (cp - cp,) = 0EH co ox 2 u XI u XI

*The subscripts u and l indicate the upper and lower sides of the wake. They are
used even when the wake is vertical or rolled-up.

1 -7

(1-14)



or

D

Dt
!:::.cP = 0 (1-15)

where !:::.cP = CPu - CPi, and D/Dt is the substantial derivative, i.e., the time derivo

tive evaluated by following a wake particle which by definition has velocity

v = -U i +
ex>

1
(\7 CPu + VCPi,)

2
(1-16)

Note that for steady state Equation (1-15) becomes

d
!:::.cP = 0

dsW
(1-17)

where sw is the arc length along a wake streamline. Equations (1-15) and (1-17)

are exact, i.e., involve no small-perturbation assumption. Equation (1-15) may be

integrated to yield

(].,o18)

where 1" is the time necessary for a particle in the'wake to travel from the point, PTE

(origin of the vortex line at the trailing edge), to the point p. Small perturbation

hypothesis is used in SOUSSA-P 1.1 and hence 1" is approximated by

(1-19)

Th is is consistent with using the linearized Bernoulli's theorem for the evaluation of

the pressure since in this case Equation (1-12) yields
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(~ + u ~) bC{J = 0
ot ex> ox

or

bep = b ep(x - U t)
ex>

An additional boundary condition is that the normal component of the

velocity is zero on the wake, i.e.,

(1-20)

(1-21)

o¢ = 0 (1-22)
on

This condition may be used to obtain the geometry of the wake.
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SECTION 2

SUBSON IC AND SUPERSONIC INTEGRAL EQUATIONS

Considered in this section is the integral equation for unsteady subsonic

and superson ic potential aerodynamics for an aircraft having arbitrary shape. The rigid

body motion and/or deformation of the aircraft is assumed to consist of small perturba

tions (starting at t = 0) with respect to the constant""'5peed motion. The objective of

this formulation is to describe the functional relationship between aerodynamic poten

tial and its normal derivative (normal wash, ~ =ocpjon) on the fluid boundary.

The analysis presented in this section is based upon an integral formulation

presented in Refs. 3 and 4, which includes completely arbitrary motion. Note that

in order to perform a Iinear""'5ystem analysis of the aircraft, it is convenient to use a

general aerodynamic formulation, i.e., fully transient response for time-domain

analysis, and the aerodynamic transfer function (Laplace transform of the fully unsteady

operator) for complex-frequency-domain analysis. Consistent with this type of analysis,

the unsteady. contribution is assumed to start at time t = 0, so that for time t < 0 the

flow is in steady state. Furthermore, the unsteadiness of the aircraft is assumed to

consist of small (infinitesimal) perturbations around the steadY""'5tate configuration.

-In this section the subsonic formulation is presented in detail; the extension

to supersonic flows is also outlined.

2.1 GREEN'S THEOREM FOR POTENTIAL AERODYNAMICS

The purpose of this analysis is to obtain a representation of the potential in

terms of its value (and the values of its derivatives) on the surface of the body and the

wake us ing Green's Theorem.
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Note that the equation of the aerodynamic potential given by Equation (1-2)

is not valid on the wake, where discontinuities on cp exist. Thus, consider the volume V

in which Equation (1-2) is valid. At any instant of time, this volume is given by the

whole physical space except the volume , VB' occupied by the body and the infinites

imally thin layer, VW' representing the wake. As mentioned above, the volume V is

assumed to be time-independent. Define the fUriction E (see Figure 2-1).

E(x,y,z)=l

=0

in V

(2-1)

This function represents the domain of validity of the equation of the potential and will

be called "domain function. II Consider the surface of discontinuity of the function E,

that is, the surface, cr, surrounding the volume VB + Vw. let

Sy(x, y, z) =0

be the equation of the surface cr.

(2-2)

Note that the surface cr is composed of two branches. The first, 0B' is the

surface of the body given by Equation (1-10) (with e = 0 except for the boundary con

ditions*). The second is the surface, crW' of the wake

Sw(x, y, z) = 0 (2-3)

Note that this surface crw is considered twice, since cr is a closed surface. In other

words, the two sides of the wake are considered to be two independent surfaces

having the same equation (but opposite outwardly-directed normals).

*In other words, the boundary conditions take into account the motion of the surface cr,
but are applied at the mean (steady) position.

2 - 2



z
E=I

(OUTSIDE BOUNDARY)

y

1'.- ---- X

-i

n=UNIT NORMAL
TO SURFACE

Figure 2-1. Aerodynamic Nomenclature for potential Flow.



As mentioned previously, the present formulation is based upon the Green's

function method. The infinite-space Green's function for the equation of potential is

defined by

2 1 (iG)V G - - -- = 0 (x-x*, y-y*, Z-Zir, t-t*)
2 d 2

ct:o t

(where 0 is the Dirac delta function) with G == 0 at infinity.

(2-4)

(2-5)

Multiplying the equation of the aerodynamic potential, Equation (1-2), by

the Green's function G and subtracting Equation (2-4) multiplied by q>, yields

G (V2c; - _1 ~) - c; t2G-_1 i G) = - c; 0
i dt

2 i dt2
CO 00

Making use of the identities

and

(2-6)

d

dt
L~~==~
\ dt J dt

(2-7)

Equation (2-5) reduces to

V· (GVq> - c;VG) __1 d

a~ dt (
G~ - c; dG). == - c;1'l

dt dt
(2-8)

Multiplying Equation (2-8) by the domain function E, defined by Equation (2-1),

integrating over the whole four-dimensional space-time and noting that, for any

function g, (see Equation (2-1»

CO

fff E g dV == fff g dV
-<Xl V

2 -4
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one obtains

0:::

I
-co

Using the relations

co

f
-co

for g ( ±co) =0 and

dt III [v. (GV,!, - cp"lG) __1 d
Y a2 dt

co

co

=- IfIf E cp & dY dt
-c;o

og dt = 9 (co) - 9 (-00) = 0
ot

(2-10)

(2-11 )

III og dY
Y ox

(2-12)

and simi lady

fff "l- adY =g;pa . ndo =~a . vSylvSyl-1 do

y 0 0

(2-13)

where a is an arbitrary three-dimensional vector and n is the outwardly-directed*

normal to the surface

-n =
VSy

Ivsyl
(2-14)

*"Outwardly" is understood as"going from the body into the fluid", that is, from the
region E =0 into the region E =1•
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Equation (2 -1 0) reduces to

'1 ~lvSy.(Gvcp -cp\1G)

-cD 0 L

(G dcp -cp dG)JIVS
V

I-
1

do dt
\ dt dt

en

= fIff E cp 0 dV dt
-00

(2-15)

Finally, making use of the definition of the Dirac delta function yields

E<P.) '" <P., t.) =7if:P rv Sy. (GV", - ",VG)
-00 0 l

__1 U°
Sy

(G dcp _ cp dG)] IV S 1-1 do dt
2 00 oX \ dt dt V

Cb:,

(2-16)

Equation (2-16) is the desired Green's Theorem for potential subsonic and supersonic

small-perturbation aerodynamics. (Compare Equation (3-19) of Ref. 3.)

2.2 SUBSONIC INTEGRAL EQUATION

Equation (2-16) is valid for both subsonic and supersonic flow. In this sub

section the flow is assumed to be subsonic, i.e., M = U / a < 1. In this case the
00 00

Green's function is given by (Ref. 3)

G =- 1 0
411r~ e

2-6
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where

(2-18)

with

(2-19)

while

with

e =a~2 t~ + M (x-x.) ]

2.2.1 SUBSONIC GREEN'S THEOREM

Combining Equations (2-16) and (2-17) one obtains

(2-20)

(2-21 )

00 ( ]

Uoo 0Sy dOe 1 -1
+ f ~ VSy. VOe - - - - cp- IVSyI dadt

-00 a 2 ox dt rg
aoo ~ (2-22)
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Next note that

d6e = (~ + U ~) 6 =06e
dt at co ox e ot

Combining Equations (2-22) and (2-23) yields

(2-23)

oS J--.:i dq> _1 0e I~ S \-1 dcr dt
ox dt r~ V

2 - 8
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Performing the integration with respect to time, one obtains*

-~
e UIX)

'VSV·['Vcp] -
2

a
IX)

oSy [ dCPJ 8
ox dt r13

1--do
I'VSy'

1--do
IvsVI

(2-25)

Equation (2-25) is the desired subsonic Green's theorem.

2.2.2 GENERALIZED PRANDTL-GLAUERT TRANSFORMATION

In order to obtain a formally simpler expression for Equation (2-25), con

sider the generalized Prandtl-Glauert transformation and nondimensionalization

~ = cp/Uc:xf

X = x/13 ~

y = y/~

Z = z/~

T = UcJ/~

where ~ is a reference length.

* In Equation (2-25), the symbol [ ]8 indicates evaluation at time = t* - 8.

J8 == [ J It = t - 8
*

2 - 9
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Note that

~ =_1_ dy dz = i dY dZ _ i dL:

r~ Iv Sy I r~ 10 Sy/O x I Rio Sy/OX I R IV0 Sy I
(2-27)

where V is the gradient operator in X, Y I Z variables, and L; is the transformed a in -the
o

space X, Y, Z, and Ris given by

(2-28)

Using Equations (2-26) and (2-27), Equation (2-25) reduces to

where

4rrE(P*H (P*,T*) = -if;p [ Je 1 dE
Vo$y· 'lot R

I VoSy IE

+~ V S •
Vo (+) [t ]e dE

o y I VoSy IL;

-~
...

t:~r
1 dL;V S • V e -o y 0 R I Vo$y IL;

(2-29)

with

[ ]e_ (2-30)

and

...
-e = [M (X*-X) + R] M/f3

2 - 10
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Introducing the normal derivative

o --. =N
oN

.V ==o
(2-33)

Equation (2-29) may be rewritten simply as

...

[~r-gp_l 08
dL:

L: R oN oT /

where

'f=~
oN

(2-34)

(2-35)

indicates the component of the nondimensional velocity in the direction of the normal

N to the surface L: of the X, Y, Z space (not in the direction of the normal, n, to the

surface CJ of the physical space) and is known from the boundary conditions (see

Section 4). The re lationsh ip between 'f and ~ is given by

'f = N .V ~ = Iv1SI(o""Syx o~ + 0Sy o~ + oSy ~)
u 0X oY °Y 0Z 0Zo

= .t/Uoo [(1_M2) oSy ~ + 0Sy ocp + 0Sy ocp ]

I V0 S I oX ox oy oy OZ oZ

= .t IVSyL vcp.(n-M2 n i) = -!... JVSy, (V-M2 n ~ )(2-36)
Uoo IVoSyl x UCX) IVosyl x ox
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Equation (2-36) may be rewritten in a more interesting form by noting that

i can be decomposed into two vectors; the first one, i ::: n ;;, normal to l: and the
n x

second one, it' tangent to l:, in the (i, n) plane

Note that

i ::: i
n

- - r-+ i =n n + I
txt (2-37)

where

1 1-n 2n
x x

i = i - n n= 0 -n n ::: n n ::: i t
t x x Y x Y t

0 n n n
z x z

(2-38)

(2-39)

is a unit vector tangent to l: and

- [ 2 2 2 2 2 2] 1;2it ::: Iit I = (1- n ) + n n + n n
X x y x z

[
2 2 2 2 2 ] 1/2 2 112

::: 1 -2n + n (n + n + n) ::: (1-n )x x x y z x
(2-40)

Note also that

1/2

2 (oSV)2 (oSV)2 (oSV)2
(l-M) - + - + -

ox oy OZ

(2-41)
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(2-42)

Combining Equations (2-36) to (2-41) one obtains

1 2 2 -1/2 {- 2 [- 2 1/2_] J'±' = - (l-M n) VW' n - M n . n n + (l-n) t
U x . x x x
CD

1 2 2 -1/2 [ 2 2 - 2 2 1/2 - ]=-(l-Mn) 'VW' (l-Mn )n-Mn (l-n) tlb x x x x

[

1/2 (1 - n 2 )1/2 ]=_1_ (1-M2n
x
2) *_ x M2n

x
dW

U 1 M2 2 dSt
CD - nx

where St is the arc length along the direction of the unit tangent t. Note that if

n = 1, then '¥ = 6 V/Uoo' whereas if
x

then

Mn '; 0
x

'¥ =
Uoo

(2-43)

(2-44)

The approximation introduced in Equation (2-43) implies small-perturbation from free-

stream velocity for M > 0 and is consistent with the use of the linearized differential

equation for the perturbation velocity potential of Equation (1-2).

It should be noted that, in Equation (2-34) the surface!: is assumed to be

fixed with respect to the frame of reference. However, the effect of the motion of

the surface is retained in the boundary conditions, which are considered in Section 4. *

Also note that (consistent with the hypothesis of small perturbation with respect to the

steady-state configuration) the surface of the wake is assumed to be the one of the

steady-state case. It may be noted that since L: is fixed, Equation (2-34) represents a

*This point is discussed further in Appendix C.
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Iinear operator. Hence, flow can be decomposed into steady and unsteady contributions,

which are decoupled and can be evaluated separately. As mentioned previously, the

flow is assumed to be steady~tate for T < O. Therefore, the unsteady parts of the

potential and the normal wash, ~U and '¥U' respectively, are identically equal to

zero for T < 0:

~U :: 0, '¥U:: 0 (T < 0) (2-45)

These conditions are introduced to permit the use of laplace transform. This point is

discussed further in Appendix B.4.

CONTRIBUTION OF WAKE

In order to understand the nature of the aerodynamic operator, Equation

(2-34), it is convenient to isolate the contribution of the wake.

Note that, as mentioned in Section 2.1, the surface}:; is composed of two

branches G The first is the (closed) surface of the body, LB. The second is the (open)

surface of the wake, 'Ew'*:note that this surface is considered twice since ~ is a closed

surface. In other words upper and lower sides of the wake are considered to be two

independent surfaces, having the same equation but opposite outwardly-directed

normals, Nu and Nt' respectively. This may be expressed as

N =-N
u t

(2-46)

(2-47)

*Note: In inviscid flows the wake has zero thickness. However, the method may be
used for finite-thickness wake with appropriate changes in the wake boundary condi
tions. For a fuselage with a truncated base, inappropriate modeling of the wake as a
closed wake yields a nonunique solution to the integral equation. This phenomenon
is analyzed in detail in Appendix E.
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Combining Equations (2-34), (2-46) and (2-47) yields

~ [ d ~ (_1)dE -~[O'r '"
1 o@ d- -2:;

2:; oN R B 2:; oT R oN B
. B B

ff [A'¥](H) J- dryy + SS [Aip)(H) _0_ (+) d~
~ R ~ oNu

ff [ r '"
oA~ ~ _1_ 0(H)

df.w (2-48)

~ oT· R oNu

Note that, according to Equation (1-22), At = O. However, in general

A'¥ I O. For, using Equations (1-22) and (2-42), one obtains

(2-49)

Thus, excluding the case nx = 1, which violates the small perturbation assumption,

only if

A'¥ = 0 (2-50)

i.e., only for

d
-Acp=O
dS t

(2-51 )

Equation (1-17)).

(1 )

(2)

(3)

incompressible flow (M = 0)

vortex-lines parallel to x-axis (n = 0)
x

steady-state and small perturbations (~ Acp:'~ Acp = 0, see
dS

t
ds

W
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Note that the small perturbation assumption (required for the linearization of

Equation (1-2» implies that n::: O. Therefore, 6'J.f ::: 0 and hence Equation (2-48) may
x

be approximated with

_1 a; }dL'."
R oN -w

u

4TTE{P*) ~ (P*, T*) =- 1P ['J.f] e _1_ d2:B
2:

B
R

+~ {tl@ a~ [+] -[:;r
I: B

+ [ {[MI@ a~u (+)- [a:;r

1

R
o~ } d2:

oN B

(2-52)

where 2:B is the closed surface of the body, wh He "Ew is the open (i.e., one side) sur

face of the wake, and M is the potential-discontinuity across the wake evaluated in

the direction of the normal, N (i.e., M == 9 - 9 n). It should be noted that the
u u JfJ

value of M' is not an additional unknown, since Equation (1-18) may be rewritten, in

nondimensional form, as

- -
A~ (P, 1) = A~ (PTE' T - II) (2-53)

where II is the nondimensional time necessary for a particle in the wake to travel

-(along a vortex line#, within the steady flow) from the point PTE {origin of the vortex

-line at the trailing edge}, to the point P. Small perturbation hypothesis is used for

the steady-state flow, and hence, II is given by the nondimensional form of Equation

(1-19), i.e.,

(2-54)

Equation (2-52) is the basis for SOUSSA-P 1.1.
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BASIC EQUATIONS USED FOR SOUSSA-P 1.1

It may be noted that, as shown in Appendix A, Equation (2-52) is valid

also on the surface L: if the function E, defined by Equation. (2-1), is generalized as

E = 1 outside L:B

= 1/2 on L:B (regular point)

= 0 inside L:
B (2-55)

(2-56)

-
If the point P* == (X*, y *, Z*) is on the surface L:, Equation (2-52) is an integral

equation (with differential~elay dependence upon time) relating the values of ~ and

o~ on the surface L: to the values of the normal derivative ~ with 6cp given by
oT oN
Equation (2-53). This is the equation used in SOUSSA-P 1.1. (On the other

-
hand, if P* is not on L:, Equation (2-52) is not an integral equation but simply an

integral representotion of the. potential ~ at any point of the flow field in terms of the

values of ~ and~ and the normal derivative~ on the surface L: p)
oT oN

2.3 SUPERSONIC INTEGRAL EQUATION

Equation (2-16) was derived without assuming the flow to be subsonic; there-

fore, Equation (2-16) is valid for supersonic flow as well. The supersonic Green's

function is also defined by Equation (2-4) which may be solved to obtain (see Ref. 3).

G= __H_ (6e++6
e
-)

4nr'
~

where

(2-57)
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with

while

with

and finally

6 + =6(t-t* +e±)
e-

e± =_1_ [ M (x* - x) ± r~ J
aexfl,2

(2-58)

(2-59)

(2-60)

(2-61 )

Repeating the same procedure used to derive Equation (2-52) from Equation (2-16),

using ~ I instead of ~ in Equation (2 -26), i.e.,

one obtains

x =X/~It Y =y/t Z =z/t (2-62)

4" E(i'.), (P., T.) =- ~ ([ YOl@+ + [yoJO- ) ~, dEB

+~ (['le+ +[, l@-) a:
o

(;. ) dEB

(Equation continued on next page)
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~([al( 08+ +[~( a~- )l!- dE
LB oT oNc aT aNc R' B

+ ff (16<1"+ +16<1"- ) 0 (f.-) drwrw oNc
u

where E(P*) is given by Equation (2-55L

dryy

(2-63)

= _N 0
x oX

+ N ~ + N 0
y oY z oZ

(2-64)

is the conormal derivative,

is the conorma I wash, whereas

and

(2-65)

(2-66)

=0
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Furthermore

+
indicates evaluation at time T =T* - e- with

+e- = [M (X* - X) ± R'l M/~'

and finally

(2-68)

(2-69)

(2-70)

Equation (2-63) is the basis for the supersonic SOUSSA and is presented here for the

sake of completeness and for future reference. The supersonic option is not available

in SOUSSA-P 1.1.
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SECTION 3

NUMERICAL SOLUTION OF THE INTEGRAL EQUATION

Equations (2-52) and (2-63) fully describe the problem of Iinearized unsteady

subsonic and supersonic potential aerodynamics around complex configurations. In

order to solve this problem, it is necessary, in general, to obtain a numerical approxi-

mation for Equations (2-52) and (2-63). The numerical formulation used in SOUSSA-P

is derived in this section. For the sake of completeness a general formulation for an

arbitrary finite-element representation is presented first. Then the zeroth order

formulation used in SOUSSA-P 1.1 is obtained.

3.1 SUBSONIC FORMULATION

Consider first the subsoni c integral equation given by Equation (2-52). In

order to discretize the space integral operator over the surface L:
B

it is convenient to

*use a finite-element representation for the normal wash 'l' and the potential ip.

3.1.1

(Ref. 8),

SPACE DISCRETIZATION

Using a general finite-element representation, it is possible to write

H
'l'{P, T -e) = :E 'i'h (T -eh) Nh{P)

h = 1

H

~(P, T - e) = 2: ip h (T - @h) Nh{P)

h = 1

(3-1)

*Finite-element representation is meant here in a very broad sense: actually any inter-
polation formula of the type given by Equations (3-1) and (3-2) is consistent with the
formulation presented here. However, for arbitrarily complex configurations, only the
finite-element interpolation (including splines over patches) is sufficiently general to
be of interest here.
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where '¥h (T - eh) and ~h (T - eh) are time dependent values of '¥ and ~ at the point,

-
Ph' on L: B at the time T - eh (where G'h is the disturbance-propagation time from

Ph to P*); furthermore Nh(P) are prescribed global shape functions, obtained by

standard assembly of the element shape function (see for instance Ref. 16). The points

Ph will be referred to as nodes*; H is the total number of nodes on the body. For

simplicity the same shape functions are used for ~ and '¥, although this is not essential

to the method.

Next consider the integration over the wake. In order to facilitate the use

of Equation (2-53), it is convenient to divide the wake into strips defined by (steady

state) vortex lines emanating from the nodes on the trailing edge. The strips are then

divided into elements with nodes along the vortex lines. The potential discontinuity

can then be expressed as

N

6 ~ (P, T - e) = :E
n =1

6 ~ (T - e ) L (P)n n n
(3-2)

where N i~ the number of nodes on the wake, 6~ (T - e ) is the value of 6~ at the
n n

nth node p(W) on the wake at time T - e (where e is the propagation time from
n n n

p(W) to P*), and L (P) is the global shape function relative to the nth node of the
n n

wake. Note that according to Equation (2-53)

6 ~ (T) = M (TE) (T - II )
n m(n) n

(3-3)

*These nodes used to define the functions '¥ and ~ do not necessarily coincide with
the points used to define the geometry of the surface L:B•
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where m =: m(n) identifies the trailing-edge node which is on the same vortex-line as the

nth node p0N). Furthermore, IT is the time necessary for the vortex-point to be con-
n n

vected from the trailing-edge node p(T(E» to the wake node p0N). It may be worth
m n n

noting that f:..~ (TE) = ~ h - ~ h where hand h n identify the trailing-edge nodes
m u t u JV

(upper and lower sides, respectively) on the body corresponding to the mth node on the

trailing edge. Therefore, it is possible to write

!:l~(TE)
m(n)

(3-4)

-
where Snh =1 (Snh =: -1), if h identifies the upper-side (Iower-side) node Ph on the

body corresponding to the nth node 'Pr) on the wake (i.e.'Ph coinCides with the node

P~~~~ on the trailing edge), and Snh =: 0 otherwise. Thus,

= -1

= 0

Of p- = p-(TE) ° th °d f ~
I h - m(n) IS on e upper Sl e 0 LoB

Of P- = p-{TE) ° th I °d f ~
I h - m{n) IS on e ower Sl e 0 LoB

otherwise. (3-5)

*Combining Equations (2-52), (3-1) and (3-2) one obtains

+ L: F !:l ~ (T - e ) + '" G !:l~' (T - e )n n n £..I n n n
n n

*For notational simplicity T* is replaced with T in this whole section.
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where

Bh ~ Nh (P) 1- - d~B
2n ~B R

Ch = ~ Nh (P) 0 (+) d~B2rr ~B oN

~ Nh (P)
'"

Dh = 1 o®
d~B-

2rr ~B R oN

F -- ff L (P) ~ (-1-) d~Wn 2rr 'Ew
n oNu R

ff L (P)
'"

G 1 1 o® (3-7)= -- -- d~·n 2rr ~ n R 0 Nu W
W

and according to Equations (3-4) and (3-5)

A~ (T - ®) = L: S h ~ h (T - ® - n ) (3-8)
n n h n n n

Next consider, in particular, that P* coincides. with the node i on ~B (P* = Pi). In this

case E =1/2 and, using Equation (3-8), Equation (3-6) reduces to

~ ° (T) =1: BOh '¥ h (T - ®oh) +L COh cP h (T - ®oh)
I h I I h I I

+ L: D0h ~ h (T - ®oh) +:E:E F. S h cP h (T - ®• - n )
h I I n h In n In n

where

+ L:L:G ° S h; h (T - ®. - n )
n h In n In n

(3-9)
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3. 1.2 LAPLACE-DOMAIN ANALYSIS

Equation (3-9) indicates the nature of the aerodynamic operator relating

potential and normal-wash as obtained by using finite-element representation to dis-

cretize the spatial problem. The operator is a Iinear differential-delay operator to

which the methods of operational calculus can be applied. In this section ~ and ~

will indicate the Laplace transform of the unsteady part of the potential and normal

wash, respectively, with initial conditions obtained from Equation (2-45). * However,

before considering the Laplace transform of Equation (3-9), it is convenient to make

some remarks about the contribution of the wake. It may be noted that, according to

Equation (2-45), ~U is identically equal to zero for T < 0; therefore, according to

Equation (3-4),

(T < n )
n

(3-11 )

Hence, if the analysis is limited to T < T , only the contribution ofmax

elements with n < T need be considered, because n = T represents then m~ n m~

full extent of the physical wake. The elements with n > T would contribute to
n max

the transfer function and thus to the transform of ip but not to the final solution in the

time domain for T < T • The advantage of deleting these latter elements is notmax

only that less computational time is used (since fewer elements are employed) but also
-pn

that the issue of convergence connected with the infinite wake (factors e n with

Real (P) < 0 and n - 00) need not be addressed. **n

*See Appendix B.4.
**This problem is analyzed further in Appendix B.2.
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Next, taking the Laplace transform of Equation (3-9) yields*

(3-12)

where i h and ~h are the Laplace transforms of the unsteady parts of i}h and '1'h whereas

and

-p (e. + IT )
- '" (F. + P G. ) e In n S

L...J In In nh
n

-pe·h= B
jh

e I

(3-13)

(3-14)

In Equations (3-13) and (3-14), p is the complex reduced frequency (non-dimensional

Laplace parameter), given by p = (y + i) k, where k = OJ ..e/U is the reduced fre
00

quencyand y = Real (p)/ Imag (p). Note that for simple harmonic motion, p = ik

(see also Appendix B). In particular, steady-state is obtained with p = o.

Equation (3-12) is the desired numerical approximation of the subsonic

integral equation relating (in the Laplace domain) the transformed vector of the

potentioI {th} to the transformed vector of the normal wash {Yh }. It is the form

that is actually solved in the SOUSSA-P 1.1 program.

3.2 SUPERSONIC FORMULATION

Using Equation (3-1) and following the same procedure used for the sub-

sonic case, one obtains the supersonic time-domain aerodynamic operator

*The same results are obtained for oscillatory flow (see Appendix B.3). For a dis
cussion on the initial conditions see Appendix B.4.
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2 E(P*) § (P*, 1') = L: B~ ['¥~ (T - 8~) + '<(T -8h)]
h

+ ~ F' rli~ (T -e) + M (T -e-)J
L.JnL:n n n n

n

~
+. + -' J+ ~ G M (T - 8 ) + G A~ (T - e)L.J n n n n n n

n "

(3-15)

where

I 1 ~ - HBh = -- Nh(P) - d~B
2rr L: R'B

I "~ Nh(P)
0 (R~) d~BCh = --

2ft ~B o N
C

t6 H
"'"+

o± 1 Nh(P)
oe-

d~B= --h 2TT L: B R' oNc

I

= _1 II Ln(P) _0 (~)F d~Wn
2rr oNc R

L: W u

G± = - 2
1
n II Ln(P)

H o~±
d~W (3-16)

n R' oNcL:W u
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with

(3-17)

-
In particular 1 if P* coincides with the node i 1 using Equation (3-8), Equation

(3-15) reduces to

+ :E LFin Snh [~h (T - 8~ - 11 n) + CPh (T - 8i~ - Un)]
h n

:EL: ~
+ • + _. - ]

+ G. S h CPh (T - 8. - 11 ) + G. S h CPh (T - 8. - 11 )In n In n In n In n
h n

(3-18)

where

p* =P.
I

(3-19)

Finally 1 taking the Laplace transform of Equation (3-18) one obtains*

(3-20)

*The same results are obtained for oscillatory flows (see Appendix B.3). For a
discussion on the initial conditions see Appendix B.4.
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where

+
,,' + -p(@. + II )

- LJ (F. + P G. ) e In n Snh
n In In

"" ' -p(e~ + n )
- L.,,(F. +pG~) e In n Snh

n In In
+- ,-pe'h -pe'hZjh = Bjh (e I + e I) (3-21 )

Equation (3-20) is the desired numerical approximation of the supersonic integral

equation relating (in the Laplace domain) the transformed vector of the potential

{ ;h} to the tronsformed vector of the conormol wosh {;~} • Note thot, for

supersonic trailing edges, F. E G"!" = G~ E 0, i.e., the contribution of the wake
In In In

is identically equal to zero. Note also that even if the trailing-:-edges are not completely

supersoni c (i.e., if a portion of the aircraft is contained in the Mach aftcone of any

trailing-:-edge point), the wake can be truncated at finite distance from the aircraft,

without any effect on the solution.

3.3 FORMULATION FOR SOUSSA-P 1.1

This section deals with the subsonic formulation used in SOUSSA-P 1.1.

This formulation is a particular case of the general formulation presented above, and

is briefly illustrated here. Divide the surface of the aircraft L:
B

into small

elements, ~h. Consider the shape-function, Nh, equal to one inside ~h and equal to

zero outside L:h, i.e.,

= 0 otherwise (3-22)

3-9



A point located on the element ~h and identified as the center of the element will be

designated as the point at whi ch ~ and 'l' are evaluated. Equation (3-1) may thus be

interpreted as saying that, within the element ~h' the normal wash and the potential

are approximated with the values 'l'h and ~h at the center, Ph' of the element, ~h •

(Note that the shape functions given by Equation (3-22) may be called zeroth-order

shape functions. Therefore, the formulation presently used in SOUSSA-P 1.1 may be

called zeroth-order finite-element formulation.)

Next, note that using Equation (3-22), Equation (3-7) yields for instance

Bh = SS _1 dI: h
2TT I: R

h

C
h

1 ff 1 oR
dI: h= - -

2TT R
2 oN

I:h

,.

D
h

1
SS

1 08 d= - - I: h
2fT R aN

I:h

(3-23)

(3-24)

(3-25)

If I:
h

is a quadrilateral element, then I:h may be approximated with a

hyperboloidal element (see Ref. 7)

- - - - -
P = POO+PlOs+ POl Tl + Pll sTl

1 1

=L L
n =0 m =0

P- l='m'l"ln
mn '" 'I

3 - 10

(-1::; s::; 1; -l::;Tl::; 1) (3-26)



- -
where sand 11 are local coordinates with origin at the element center, P00' and Pmn

are obtained in terms of the locations of the four corner points as

Poo 1 P++

PlO -1 -1 P+-
1= - (3-27)

POl 4 -1 -1 P-+

Pll -1 -1 p--

Note that quadrilateral hyperboloidal elements can be combined to yield a closed sur

face. Using these elements, the coefficients Ch and ~ can be evaluated analytically

as (see Ref. 17)

Ch = '0(1,1) - '0(1,-1) - '0(-1,1) + '0(-1,-1)

Bh = 'S(l,l) - 'S(1,-l) - 'S(-l,l) + 'S(-l,-l)

with [using -Tf/2 ~ tan;l ( ) $; n/2]

(3-28)

(3-29)
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and

IS (g, Tl) =

- - -1+ (R. N) tan
c p

where

(3-31)

- - - -
A2 (s, Tl) =: 0R/ 0 Tl =: POl + s P11

and the subscript c indicates evaluation at the element center (s = Tl = 0).

(3-32)

(3-33)

(3-34)

(3-35)

If the values of R• N at the four corner points of the element do not have

the same sign, then the use of the principal value of tan-1 is incorrect (Ref. 18).

In th is case the tan-1 term is evaluated by replacing the hyperboloidal element with

two triangular elements: this is legitimate in view of the fact that the integrand in

Equation (3-24) is the solid angle (see Ref. 3) which depends only upon the perimeter

of the element, not the actual surface shape. A more complete analysis of the problem

is given in Ref. 18.
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(3-36)

Next consider the coefficient D
h

which is evaluated as

II
,.,

ff i (:~-MNX)Dh = 1 08 d M
d2":h- - 2":h ----

2'fT R oN 2'fT~
2":h 2":h

M ff 1 oR 1 2 IJ 1~ -- Rh - -- d2":h +-- M NX - d2":h
2'fT~

2":h
R2 oN 2'fT~ h R

2":h

:: (Rh Ch - MNX Bh) M/~
h

where Rh and NX are the values of Rand NX :: N. i at the center, Ph' of the element
h

,
Similarly the wake is divided into elements, 2": , and the shape-functions,

n

L (P), are defined as
n

L (P) ::
n

if
,

P E 2":n

:: 0 otherwise (3-37)

Hence the coefficients Fond G are defined as
n n

F = 1 ff, 1 oR d2":'-- -n 2'fT R2 oNu
n

2":n

JJ !
...

1 08
,

G = d2":n 2'fT , R oN u
n

2":n

3 - 13
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The definition of Fn is identical with the one of Ch (with l:h replaced by L;~). There

fore, the evaluation of Fn is identical to the one of C
h

. For G
n

, assuming that the

wake has small inclination with respect to the X-axis (i.e., N
X

« 1), the expression

is

Gn = R F M/~n n

where R is the value of R at the center of elemertt L;' •
n n

Finally

(3-39)

(3--40)

is the propagation time from the center i\ of the element L:
h

to the control point P* .

Similarly

and

®n = [M(Xf:N) - X ) + Ipf:N) - PI] M/~
n * n * (3--41)

(3--42)

where h(n) indicates the center of thE. frailing-edge element from which the wake strip

containing the point pf:N) emanates. In the User's Manual (Reference 15), 9 indicates
n n

y

® = ® +11n n n

3 - 14
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SECTION 4

NORMAL WASH

In th is section the relationsh ip between the normal wash '¥ (or the conormal

wash '¥t) and the generalized coordinates, q , describing the deformation of the air-
n

craft, is presented. It should be noted that in this report the motion of the aircraft is

assumed to consist of very small (infinitesimal) perturbations around a steady~tate con

figuration which itself generates a small perturbation from free stream. In particular,

in de fin ing the integral equation, the surface, ~B' of the body was assumed to be time

independent (see Equation (1-10) with e = 0). However, as mentioned in Subsection

2.1, the unsteady contribution is retained in the boundary conditions wh ich are con

sidered in this Section. This point is analyzed in detail in Appendix C where it is

shown that in order to take into account the motion of the surface, '¥ in Equation (2-34)

is given by Equation (C.18), i.e.,

I-(t) -(t) I1 a 1 x a2
'Y=- ~M----

U 1- - 1OJ a 1 x a2

(4-1)

where the superscript (t) indicates evaluation with time-dependent surface (e lOin

Equation (1-10». The vectors a are evaluated from the unperturbed surface (e = 0 in
ct

Equation (1-10». The subscript M on * indicates that the modified expression for V

(including the motion of the surface) is used here (see Appendix C).

4.1 PHYSICAL BOUNDARY CONDITION

The boundary condition on the body is obtained by imposing the condition

that a fluid particle which is on the point p of the surface of the body at time t will

remain on the surface, i.e., will be on the point p + 6P (also on the surface of the

body) at time t + At. If the surface of the body is described by

S (p, t) = 0

4 - 1
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then it is also true that

S (P + 6p, t + M) = 0 (4-3)

with llP =V FM, where V
F

is the velocity of the fluid, V
F

= V¢. Taking the Taylor

series of Equation (4-3), and using Equation (4-2), one obtains

or, taking the limit as A t goes to zero,

os =0
Ot

where, using Equations (1-1) and (1-3)

o = 0 + V • V =~ + v¢> • V
Ot ot F ot

-~+U ~+V<P'V=~+VCP'9
ot co ox dt

(4-4)

(4-5)

(4-6)

Note that VS can be assumed to be directed as the outwardly directed nor

mal n(eventually Equation (4-2) must be multiplied by -1) so that

-(t) _ VS
n ---

\vsl
(4-7)

The superscript (t) emphasizes that the normal is evaluated at t since nindicates the

norma I in the steady-state configura tion.

Thus, the boundary condition, Equation (4-5), may be written as

1

Ivsl
dS + vcp •
dt

VS

Ivsl
= 0 (4-8)
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or

'!' = _ dS ;(VS I == __1_ (aS + u ~)
M dt/

I\ l\7sl ot OJ (,..<

4.2 RELATIONSHIP BElWEEN NORMAL WASH AND DISPLACEMENT

(4-9)

Next note that while Equation (4-9) is the classical form for the boundary

conditions, here it is convenient to express the boundary condition in terms of the dis

placement, u. Therefore, the surface of the body will be assumed to be given not by

Equation (4-2) but rather as

(4-10)

where pgives the reference configuration rigidly connected to the i, 1, k-space while

U is a small steady or unsteady displacement relative to this configuration. In Equation

(4-10), sex (ex = 1,2) are convected curvilinear coordinates, moving with the surface

of the body. The normal n(t) is then given by

-(t) - (t)
-(t) 0 1 x a2n =

I-(t) -(t) Ia
1

x O
2

with

-(t) ox op + ou - -a = = =Q + uex ex ex
01;0' o gc:Y 0'?:,0'

- - 0'.where u = ou/OI; •
ex

(4-11)

(4-12)

In order to rewrite Equation (4-9) in a form compatible with Equation (4-10),

introduce the velocity of the surface of the body
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- oX = oU
vB --

ot ot

Then the component of vB along the normal ii(t) is given by*

~ • ~(t) = _ oS ~VS I
B ot! I

Note also that the x-component of the normal n(t) is given by

n(t) = oS ~VS\
x ox / I

Therefore Equation (4-9) may be rewritten as

'i' = (-U T + ~ ). n(t)
M 00 B

Finally combining Equation (4-1), (4-11) and (4-16) one obtains

(4-13)

(4-14)

(4-15)

(4-16)

-(t) -(t)a 1 x a2

101 x02\
(4-17)

Note that using Equation (4-12) one obtains

where

-(t) -(t)a
1

x a2

1~1 x °21
-= n + t1n (4-18)

(4-19)

* Equation (4-14) may be obtained fr.o~ Equation (4:-5~ wfrl ten for <!.poinJ moving with
the surface, i.e., having velocity vB. This yields SB I'lSBI + vB • n =0 in agree

Ofj

ment with Equation (4-14). Note that Equation (4-13) is valid only for a wind-axis
formulation. The extension to body.:.cxis formulation is given in Appendix D.
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This yields

where the steady part of the normal wash is given by

'YS = -T • ~

and the unsteady part is given by

4.3 LINEAR RELATIONSHIP BETWEEN NORMAL WASH
AND GENERALIZED COORDINATES

Let the displacement ube expressed as

M
u(gQ',t) = J, L qm(t) Mm(~Q')

m=l

(4-20)

(4-21 )

(4-22)

(4-23)

where qm are the nondimensional generalized (Lagrangian) coordinates and Mm(sQ')

are prescribed nondimensional modes (ordinarily the natural undamped modes of vibra-

tion of the aircraft). In SOUSSA-P 1.1 the motion is assumed to consist of small

perturbations around a steady-state motion. Therefore q are assumed to be small.
m

Then, to first order one obtains

M
6n = ~

m=l
q 6nm m (4-24)

4 -5
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and, again neglecting higher order terms,

'if
U

= M .i1q
m m

M

L
m=l

i .. 6 n qm m
(4-26)

Next, taking the Laplace transform of Equation (4-26), one obtains*

(where s is the Laplace parameter) or

with

(4-27)

(4-28)

= [PM . n - T. 6~ ]
m m - -

p = Ph
(4-29)

where

is the nondimensional Laplace parameter (complex reduced frequency).

(4-30)

Equation (4-29) is used in SOUSSA-P 1.1 for the evaluation of the normal-

wash matrix ~~~ ] •

*It is assumed q (0) = 0 (see Appendix B.4).
n
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SECTION 5

PRESSURE COEFFICIENTS AND GENERALIZED
AERODYNAMIC FORCES

In this section the relationship between the pressure coefficient and the

potential is considered first. For the sake of completeness the formulation for arbitrary

finite-element representation is included here. The modifications necessary for the

zeroth order formulation used in SOUSSA-P 1.1 are then outlined. These include a

special definition of the shape functions (making use of the averaging scheme first

introduced in Ref. 9) and the special evaluation of the pressure coefficient for trailing

edge elements (for both subsonic and supersonic flow). Finally the relationship between

generalized aerodynamic forces aod pressure coefficient is presented for an arbitrary

as well as zeroth-order finite-element representation.

5.1 PRESSURE COEFFICIENT

The pressure coefficient is evaluated from the linearized Bernoulli theorem as

dcp = _2.!:.- (o~ + U o~ )
dt U ot co Ox

co

(5-1 )

In order to· evaluate o~ , it is convenient to use the following proc~dure. Note that
ox

o~ - V~ • i
ox

and that V ~ may be evaluated as

5 - 1
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where

-<Ya

with

(5-4)

The covariant components aO'~ of the metric tensor are given by

- -a = a • a
O'~ 0' ~

where the base vectors a are given by
0'

(5-5)

(5-6)

a
0'

Therefore,

(5-7)

(
1 o~ - -1 o~ - -2 o~ ";' • - 0 ill)Cp = - 2 1, U
co

at + i . a - + i . a - +, n - (5-8)
ogl og2 On

Next note that, as with Equation (3-1)

(5-9)

(where Nh (gO') does not necessarily coincide with Nh). Hence, the tangential deriva

tives are evaluated as

H

=L:
h =1

5 - 2
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Thus neglecting the term n aip and combining Equations (5-8) and (5-10) one obtains
. x on

or in the frequency-domain

i.e.

with

'" ]oNh
+

-2 __
a 2

OS --
P=Pk

(5-12)

(5-13)

5.2 FORMULATION FOR SOUSSA-P 1.1

(5-14)

Next it should be noted that the formulation for the evaluation of the pres

sure as described in Section 5.1 needs modification in the case of zeroth-order form-

ulation, for Equation (5-10) cannot be used in connection with Equation (3-22) un less

it is interpreted in terms of the theory of distribution (or generalized functions). In

order to avoid this problem, the following procedure is used in SOUSSA-P 1.1: from

the values, ~h' of the potential at the centers 'Ph of the elements, r:h' the values,
I _

'k' of the potential at the corners, Pk, of the elements, are evaluated by averaging.

In other words
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(5-15)

A

where [A
kh

1 is a weighted averaging matrix defined as

(i.e., if the Pkis one of the corner points of the element Lh) and

A

~h = 0 otherwise.

(5-16)

(5-17)

In Equation (5-16), the weights W
h

are proportional toa typical length of

the element (which is assumed to be equal to the square root of the area of the element

Lh). Having evaluated the values of ~ at the corner points, the potential is expressed

as

(5-18)

A

where Nkare first-order global shape functions obtained by assembling local shape

functions of the type

(5-19)

where Sk = ± 1 and 11 k =± 1 are the locations of the corners Pkof the element Lh

(S and 11 are the coordinates over the element; see Equation (3-26».

Thus, Equati9n (5-10) is replaced by

(5-20)
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Equation (5-20) is formally equal to Equation (5-10) with

(5-21)

However, note that the averaging scheme cannot be used to evaluate the

value of the potential difference between upper and lower sides at the trailing-edge

nodes. Therefore, a different method has to be used to evaluate the pressure at the

centers of the elements adjacent to the trailing-edge.

Consider the subsonic case first. In this case the trailing edge evaluation

is based upon the Kutta condition, i.e., that the pressure discontinuity goes to zero

like the square root of the distance from the trailing edge. Therefore, near the trailing

edge,

- x

(5-22)

Noe that the average value of the potential (cpu + cp;)/2, at the trailing

edge can be evaluated correctly using the averaging scheme. Hence, indicating with

e~ the values obtained with the averaging scheme, kAmay be obtained from the values

of <:' at p. and p. (assuming that x. ~ x. , see Figure 5-1), as
p 11 12 '1 '2

c + C = constant = 2kA :: <:' + <:'
Pu Pn p', p',

7J 1 2

(5-23)

values of

Note that, according to Equation (5-22), kD may be evaluated from the

~. - -
C at p. and p. (assuming that x. :: x. , see Figure 5-1), as

p 13 '4 13 14
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UPPER SIDE

LOWER SIDE

Figure 5-1. Geometry for Trailing Edge Evaluation

WAKE



- - -1/2(C - C ) (x - x)
P P TE =constant =2k

u f" D

- -
F::d (e· - C' )

p. p.
13 14

Equations (5-23) and (5-24) yield

x. + x. )-1/2
13 14

2

.. ( )( )-1,1.2x. + x.
k = l (' - (:. x _ 13 14
o 2 p. p. TE 2

'3 14

k = l ((:' + C' )A 2 p. p.
11 12

(5-25)

- -Equations (5-24) and (5-25) may be used to evaluate C andC(assum-p. p.
11 12

ing that x. ~ x. ) as
11 12

C = l (6 + C' + A (:. pC' )p -p. 2 Pi l p. p. Pi
411 12 '3

- l (e' + - pC' + p~ )( = (. -p. 2 p. p. p. •
12 11 12 13 14

where

(2xTE - x. - x. r/2
A 11 '2p =

2xTE. - x. - x.
'3 '4

5-7
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Note that Equation (5-26) together with

~ ~

C = C'
Pi Pi

may be rewritten as

(t::. not on trailing edge)
I

(5-29)

(5-30)

where the matrix E~TE) is obtained from the unit matrix (see Equation 5-29) by replacing
II

the row corresponding to the upper-side elements E. which are in contact with the
11

trailing edge (see Equation (5-26», i.e., for = il' with

E~TE) = 1/2 for = i1II

= 1/2 for = i2

= p/2 for = i3

= -p/2 for = i4

= 0 otherwise (5-31)

Similarly for the lower""5ide elements E. , i.e., for i = i2 ,
12

E~TE) = 1/2 for = i1II

= 1/2 for = i2

= -p/2 for = i3

= p/2 for = i
4

= 0 otherwise (5-32)
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This is easily accomplished in the program by introducing an index function

ih = iKutta (h, m) (5-33)

(where m ranges over all the trailing edge segments and h = 1, 2, 3, 4) which gives

the element numbers il' i
2

, i3 and i4 relative to the mth trailing edge segment.

The above results may be combined by noting that

(5-34)

gives the proper values for C at all the element centers as
p

(5-35)

5.3 GENERALIZED AERODYNAMIC FORCES

Next consider the generalized aerodynamic forces e given by Equation
n

(1-13). In order to obtain the relationship between e and C h set, in analogy ton p,

Equation (3-1)

Combining Equations (1-13) and (5-36) yields

(5-36)

e
n

-1=
i

5 - 9
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where

Equation (5-37) may be rewritten as

f e 1 == [E(4)] fC 1
l n - nh l p,h- (5-38)

(5-39)

In soussA-p 1.1, in approximating Equation (1-13) and hence Equation

(5-39), the pressure is assumed to be constant within each element, i.e., the pressure

mode shapes are given in Equation (3-22). (This is consistent with the numeric.al approxi

motion of the integral equation.) Combining Equation (3-22) and (5-37) one obtains

E(4) _ -1 SS noM donh - -
i n

°h

-1 l

II
l - - FA ds

1
ds

2 (5-40)= - 0 1
x O

2
0

i n
-1 -1

or, approximating the integrand with its value at the center,

E(4) = -4 (0 x a 0 fA )1- -
nh 2 1 2 n P = Ph

t

(5-41)

Note that a are the bose vectors in the physical space, not in the Prandtl-Glauert
cr

space. It should also be noted that the formulation presented in this subsection is

valid for both subsonic and supersonic flows.
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SECTION 6

APPLICATIONS

In this Section the formulation developed in the preceding Sections is

applied to two specific problems: aerodynamic analysis (with emphasis on flutter

analysis) and aerodynamic design.

6.1 AERODYNAMIC ANALYSIS

For the sake of clarity matrix notations will be used throughout this

Section. For instance, Equation (4-28)may .be written as

'!' = E q- -1

where

; = {Yh}

q = {~m}

and

(6-1)

(6-2)

(6-3)

(6-4)

Similarly Equations (3-12), (3-20), (5-35) and (5-38) may be written as.

(6-5)

(6-6)

(6-7)
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where ~_:' is given by Equation (6-2), ; =(~ }, C =(C k}' and; = (; }, whereas_ n _p p, _ n

- [V jh J; ~ = [ZjhJ (6-8)Y =

~3 = [E~~J (6-9)

~4 = ~~~J (6-10)

Combining Equations (6-1), (6-5), (6-6) and (6-7) one obtains

t = ~21 ~

with

~21 = ~2 ~1

~321 = ~3 ~2 ~1

E = ~4 ~3 ~2 ~1

where

- -1 -
~2 = Y z

(6-11 )

(6-12)

(6-13)

(6-14)

(6-15)

(6-16)

(6-17)

6.1.1. PHYSICAL MEANING OF ll' i 21 , i 321 AND i
Note that the nth columns of the matrices ~21' ~321 and ~ give the vectors

of the values of the potential, pressure coefficients, and generalized forces, respectively,

due to the nth boundary-condition mode (nth column of ~1)' This is apparent from

Equations (6-11), (6-12) and (6-13) by setting
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= 0

m = n

min (6-18)

-Finally, note that the matrix ~ given by Equation (6-12) is the matrix of the

generalized aerodynamic forces used, for instance, in flutter analysis. (This is apparent

from Equation (6-13).) Other applications for the matrix I include evaluation of

aerodynamic coefficients, stability derivatives and forces due to turbulence.

6.2 AERODYNAMIC DESIGN*

Consider the aerodynamic-design problem (also known as the inverse problem)

of determining the aircraft surface shape which will generate a desired (prescribed)

steadY-5tate (p =0) pressure distribution.

The problem may be solved using the procedure presented here. Let p(O)

and p(1) indicate an initial-estimate shape and the revised shape, respectively. Let

the displacement u = p(l) - p(O) be expressed as

_ N •., ex
u = I: q M (S )

1 n n

The difference in pressure between initial and new shape is given by

6 = C(1) - C(0) = E_ a_ -p _p ;L

where (p = 0, for steady state)

~ = ~32dp =0

(6-19)

(6-20)

(6-21)

If the pressure is prescribed at N points, solving Equation (6-20) one obtains the

values q and hence the displacement uand from this the new shape. If necessaryn

the procedure might be repeated until the iteration converges. (At any iteration a

*This option is not available in the version 1.1 of the program SOUSSA-P.
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new geometry is considered: this impl ies re-evaluating the matrices ~1' I2 and I
3

,

wh ich depend upon the geome try.)

Note, however, that the above procedure is likely to yield wiggly shapes.

Hence it is convenient to use few mode shapes and satisfy Equation (6-20) in a least-

. *square sense, I.e.

i.e.

minimum
q (6-22)

which yields

ETE- - ~ = (6-23)

( AT" )-1 AT
q = ~ ~ ~ ~ (6-24)

Equation (6-24) may be used to obtain the values of q from the desired

(prescribed) change §., in pressure distribution.

*Smoothing between iterations is an alternative procedure.
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SECTION 7

CONCLUDING REMARKS

A general formulation for subsonic and supersonic, steady, oscillatory and

unsteady aerodynamics for complex aircraft configuration has been presented. The

formulation is used in the computer program SOUSSA-P 1.1. A few comments about

the present formulation are presented in th is Section.

7.1 ADVANTAGES OF FORMULATION

The formulation presented here offers a unified approach to solve steady,

oscillatory and unsteady problems for both subsonic and supersonic flow. The formula-

tions for subsonic and supersonic are very similar and highly "compatible" from a

programming point of view. The formulation is such that very little human interven-

tion is necessary; each surface element is treated the some way.

The formulation is very modular. The matrices Sl' S2' S3 and 14 ore ob

tained in a totally independent way. Note that the formulation is particularly advanta

geous for multip Ie frequency evaluation. For, note that, comparing Equations (4-29)

and (4-30), it is possib Ie to write

E = E(O) + p E(l)
-1 -1 -1 (7-1)

where i~O) and ~~1) are independent of p. Similarly (see Equations (5-14) and (5-34»

E = E(O) + p E(l) (7-2)
-3 =-3 -3

-(0) -(1)'
where S3 and S3 are independent of p. Also (see Equation (5-39», ~ is

independent of p. Finally,
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"'" -1 "'"
~2 = Y Z (7-3)

where for subsonic flow Yjh and Zjh are given by Equation (3-13) where bjh , Cjh ,

*D.h, 8.h, F. , G. , 8. , II andS h are independent of p. Therefore, once the
I I In In In n n

above p-independent arrays are evaluated, the evaluation for multiple frequency

requires only the assembly of the matrices ~1' y, ~ and ~3 and the evaluation of

(7-4)

where ~21 is obtained by solving the system of algebraic equations

(7-5)

In addition, calculations for updated sets of modes (as necessary in optimal

design where a different set of modes is used at each iteration, but geometry and Mach

number are not changed) are greatly facilitated by the modularity of the formulation •
...

For, only the matrices S1 and E4 are mode-eJependent, therefore,

~ and 13 need not be reevaluated at each iteration.

...
the matrices V,

The above features make the program SOUSSA-P 1.1 not only general and

flexible, but also modular, simple to use and efficient, especially for calculation in

volving multiple frequencies or mode changes.

7.2 WORK IN PROGRESS

While the program SOUSSA-P is the most advanced program for unsteady

aerodynamics for complex configurations, the Green's function method covers cases

which are not included in the present version 1.1 of the program. In particular,

the method can be used to solve nonlinear subsonic unsteady flow in the time domain.
,.. ,..

*Similarly, in supersonic flow, Vjh and Zjh are given by Equation (3-21) where all
the coeffi cients are frequency independent.
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This work is now being completed. Preliminary results are presented in Reference 22.

The formulation is now being extended to unsteady transonic flow (Reference 23).

(The Green's function method is applicable to fully nonlinear unsteady transonic flow

with moving shock waves (see Reference 3).)

Additional work now underway includes a higher""Order finite-element

formulation, special-purpose elements (such as hinge-line elements), wake roll-up

and jet engine flow modeling. Finally, preliminary work for the inclusion of the

rotational part of the velocity flow field (for use in boundary-layer analysis) is also

underway.
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APPENDIX A

THE VALUE OF THE FUNCTION E ON THE SURFACE

Consider Equations (2-52) and (2-63) which give (for subsonic and supersonic

flow, respectively) a representation of the potential q>, anywhere in the fluid volume,

in terms of the value~ of q> and ~~ on the surface of the body and 6. ~ on the surface

of the wake. The values of O4i/ON on the surface of the body are given by the boundary

conditions but the values of ~ are not known. In order to solve the problem, it is thus

necessary to obtain first the values of ~ on the surface. This can be accomplished by

-
letting the point P* of the fluid volume V approach a point P of the surface. Theno

Equation (2-52) yields

4rr E* ~ (Po' 1) = lim 1- ifP~B [,¥]8 i dl::B
p* .... P £,o

(A-1)

where

(A-2)
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is the contribution of the wake and

-
E* = P* outside L: B-

P* inside LB (A-3)

A similar expression is obtained from Equation (2-63) for supersonic flow.

In this Appendix, it is shown that, in the limit, Equation (2-52) is still

valid if the definition of the function E is generalized as follows:

-
E = P* outside LB
*

E = 1/2 P* on LB (regular point)
* -E = 0 P* inside L: B (A-4)
*

- -
In order to simplify the discussion of the limit as P* -'> P , the steady subsonico

case is considered first. The results are then extended to the unsteady subsonic case.

The supersoni c case is cons idered last.

A.l STEADY SUBSONIC FLOW

- -
Consider the steady incompressible flow first. By letting P* ... P , the

o

integrands become singular in the neighborhood of P • Thus, it is convenient to
o

separate the contribution of a small neighborhood of Po' which will be indicated as

L • The neighborhood L is a small circular element of the surface LB with center
e e

P and radius e. Thus, Equation (2-52) may be rewritten as:
o

(A-5)
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where I is the contribution of the neighborhood of P , given by
e 0

I
e = (A-6)

A.1 .1 REGULAR POINT

-
Consider first the case in whi ch Po is a regular point of the surface ~B'

i.e., a point in which there exists a un ique tangent plane to the surface ~B. For

notational simplicity, the analysis is performed by assuming that the origin is located

-
at P and that the Z-axis is normal to the tangent plane and directed from E = 0 too

E = 1, i.e., parallel to the normal N. The point P* is on the Z-axis and therefore

P* == (0, 0, Z*). (The extension to an arbitrary element is obtained by replacing the
A" " _

coordinates X, Y, and Z with a local coordinate system X, Y and Z with P locatedo
" ,.. "" A

at X = Y = Z = 0 and with Z normal to the tangent plane and directed from E* = 0

to E*= 1.) Separating terms of order e and noting that X* = Y* = 0, Z = 0 and

oR I oR- == - - , Equation (A-6) reduces to
oZ Z = 0 oZ* Z = 0

dXdY

- ~o (A-7)

where the subscript 0 indicates evaluatior. at Po. By using polar coordinates

e == tan -1 y
X

A-3
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one obtains

e

Ie = - 2rr 'to J
o

- 2rr ~o

Noting that

1 (A-9)

Equation (A-9) becomes

+ O(e) (A-11)

... .
Finally, by letting P* go to Po,(that is, Z* - 0), one obtains

lim Ie = lim [-21T'Yo ()2+Z~ _ \Z*I'
P* -+ Po Z*-O I

-2rr ~o Z* ( 1 - _1_)] + O(e)
/2 2 Iz*1

Je + Z*

= + 2 rr ~ + O( e)- 0

A-4
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where the upper (lower) sign holds for Z* > 0 (Z* < 0), that is, when P* is located

outside (inside) the surface L:B ; correspondingly, the function Eassumes the values

E = 1 (E = 0)* * •

Finally, using this result in Equation (A-l) one obtains, for P* on L:B

(i.e., 2
0

= ~*),

l' 1
R

d~

-
Note that, in both cases (P * inside or outside L:B),

(A-13)

E = E* .:;:
1 = 1 1 1 P* outside L:B- - - - -

0 2 2 2

o + 1 1
P* inside L:B (A-14)= - = -

2 2

Furthermore, R is the distance between the dummy point, P, and the control

point (on the surface ~B)' Po. Hence, by letting € go to zero, Equation (A-13) yields

Note that for steady subsoni c flow, Equation (2-25) yields

A-5

(A-15)
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-
Note that Equation (A-16) must be used if P* is outside or inside the

surface, whereas Equation (A-15) must be used if P is on the surface. However,
o

by comparing Equations (A-15) and (A-16), it is easily seen that Equation (A-16) is

valid everywhere (outside, inside and on the surface 2:B), if the convention is made

that E is given by Equation (A-4).

A.l.2 COMMENTS

It should be emphasized that in obtaining Equation (A-15) fram Eq'uation (A-13)

the limit e-+ 0 is performed with P* on the surface 2:B• This implies that the contribution

of 2: is now of order e. In order to clarify this point, consider the quantity
e

. (Ie i _0 1
,. ,.

=
·0 az. J R2 + z~ )

RdR
e
0

[ z. r z* z*
= j p? + z~ = j i + z~ j e2 + z~

(A-l7)

0
e

0

and note that

whereas

(A-18)

lim

e -+0o

A-6

lim 0 = 0

e -0o

(A-19)



The difference between these two limi ts is due to the fact that, in the limit (as Z*-40),

the integrand of IE: behaves like a Dirac delta function and hence, its contribution
E:o

for a domain which excludes the singular point is zero.

It is apparent that the sequence of limits as indicated in Equation (A-18) is

performed for Equation (A-12), whereas the one indicated in Equation (A-19) is used for

Equation (A-15). The above results may be restated by saying that the limit as P* - j5 of a
o

doublet is a generalized function, i.e.

o
oN

+~ S(i> -i> )
2 0

(A-20)

-
where the upper (lower) sign holds for Po outside (inside) ~B.

A.1.3 NON-REGULAR POINT

The above resul ts may be general ized to non -regular points (i.e., points of

~B in which there is not a unique tangent plane to ~B) if they are expressed in terms

of the classical concept of solid angle. Note that by definition, the solid angle, dO, is

dO = cos CYRN =

where d~p is the projection of d~B into a plane normal to R (see Figure A-l).

Using Equation (A-21) one obtains

(A-21)

~ 0 (-1) d~ = 1
~ 0N 4'lT R B 4'TT

B

A-7
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Figure A-l. Solid Angle.
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where

Q* = 0 p* .inside 2.:a

= 2rr P* on La (regular point)

= 4rr j5* outside La (A-23)

Next, note that using Equation (A-22), Equation (A-16) may be written as

41T~* = - ~~
1

dLa-
R

La

+ ifP (~ -~*) 0

(~) dLB + 'w-
oN

La

(A-24)

since, according to Equations (A-22) and (A-23)

(A-25)

for P* outside and inside LB. Note that the right-hand side of Equation (A-24) is

continuous because the Dirac delta function in Equation (A-20) is now multiplied by

(A-26)

-
Therefore, Equation (A-24) is valid for all cases, i.e., for P* outside La' inside La
as well as on La (for both regular and non"'1"egular points). Finally, Equation (A-24)

may be rewritten as Equation (A-16), if E* is defined as

(A-27)
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Note that the above Equation is a generalization of Equation (A-4) in that it is valid

for non-regular points as well.

In SOUSSA-P the control point is always located.at a regular point (center

of the hyperboloidal element described in Subsection 3.3). Therefore, in the rest of

this report it is always assumed E = 1/2 on l:B'

A.2 UNSTEADY SUBSON Ie FLOW

The results of the Subsection A. 1.3 are immediately extended to unsteady

subsonic case by noting that, using Equation (A-25), Equation (2-52) may be rewri·tten

as

1 08--
R oN

(A-28)

with 'W given by Equation (A-2). Equation (A-28) is valid for P* outside and inside

~B' In addition, there are no discontinuities as P* approaches ~B since the Dirac delta

function due to the doublet distribution is multipled by zero. Therefore, the equation

is still valid in the limit as P* approaches the surface ~B' This implies that Equation

(2-52) is valid on the surface ~B as well if E* is defined by Equation (A-27), or in

particular, by Equation (A-3).
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A.3 SUPERSONIC FLOW

Consider the steady supersonic case. For steady state Equation (2-63) re-

duces to *

41TE*~* ~~' 2H
dl: B= -

l:'
R'

B

+ ~ ~ _0_ (:~) dEB + 'W
l: oN

c
B

where IW is given by

IW = JJ b..~
0 (:.) d~

'Ew oNc
1

A.3.1 SUPERSONIC SOLID ANGLE

Note that (see Equations (2-64) , (2-66) and (A-21))

__0_ (2H) dEB
oNc \ R'

= [NX2- (~) - Ny~ (~) - NZ~ (~)]2H dEB
oX 'R' 0 Y R' 0 Z R'\

(A-29)

(A-30)

= (A-31)

*AII the integrals in this subsection are defined within the theory of distributions
or generalized functions. Therefore, the concept of the fin ite part of the integral
is considered whenever applicable: with this convention the derivative oH/ONc
is identically equal to zero.
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Therefore, the analysis for the value of E* on the surface is facilitated by intro

ducing the concept of supersonic solid angle defined by

dO' ~ (:J 2H dO ~ (A-32)

...

Note that

Hence, dOl is independent of the distance. This implies that the integral

is independent of the actual surface L:B but depends only upon the topological.

relationship between P* and L:B• In particular, it is apparent that

(A-33)

(A-34)

P* outside L:B (A-35)

If P* is a regular point (as defined in Subsection A. 1. 1) of the surface

EB, the value for Q~ may be obtained by replacing the surface EB with the surface

L:B, as indicated in Figure A-2. For notational simplicity the point P* is assumed

to coincide with the origin and the normal N to L:B is assumed to be normal to the
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H =1

H =0

z

x

-. Figure A-2. Supersonic Solid Angle for P* on E
B

•
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Z-axis. (If this is not the case, the analysis can be repeated with a local coordinate

system satisfying the above requirements.) With these assumptions one obtains (see

Figure A-3)

where R1= (X~ _ y2 _ Z2)1/2.

Consider the rule for the integral of the distribution u3/ 2

(A-36)

f

3/2u

du = lim

e -0o
[la fdu

€ . 3/2o u

(A-37)

This yields, for Ig'(O) 1< 00 ,

I -1/2= lim g u

e -0o

a 1/21e - (2 ug' - 9) I e~ = 9(a)/,JO (A-38)
o u =0

It is convenient to rewrite Equation (A-36) as

where

Q~ = 4 lim

e-O

I'
e

(A-39)

p =
e

A - 14
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or, using Equation (A-38) to perform the integration with respect to Y,

=-

= TT

2

-1
- tan (A-41)

Combining Equations (A-39) and (A-41) one obtains

P* on L:B (regular point) (A-42)

(It may be worth noting that if e is replaced with zero, the integrand is equal to zero

except at Z = 1X11• This indicates that as e goes to zero the integrand in Equation

(A-41) tends to TT/2 times a Dirac delta function located at Z ::: - !X1!.)

It is important to note that the value of n:, besides being independent of

Xl (which is to be expected), is also independent of Zl' i.e., the "angle of attack",

01 = tan -1 (Zl/X1)' of the tangentpl.ane, as long as Zl < IX1! •

The case Zl ;;:: !X11 corresponds to the case of P* inside L:B, for in this

case the domain of integration in Equation (A-36) is given by the wnole area inside the

circle in Figure A-3. In other words, if P* is inside L:B, n~ is given by Equation

(A-36) with Zl replaced by I Xli. Accordingly 'I: is given by Equation (A-40) with

Zl replaced by JX~ - i . This yields I'e = TT and
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Figure A-3. Domain of Integr£ltion for Supersonic
Solid Angle for p* on ~B. .
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-
P* inside L: B (A-43)

(Note the presence of a second Dirac delta function at Z = IX11 .)

In summary

-
= 0 P* outside L:B

= 2 rr P* on L: B (regular point)

= 4rr
-
P* inside L:B (A-44)

A.3.2 VALUE OF E* FOR SUPERSONIC

Note that

(A-45)

for P* inside and outside L:B; therefore, Equation (A-29) may be rewritten as

(A-46)

Repeating the considerations presented in Subsection A. 1.3 one obtains

that Equation (A-29) is valid for P* outside, inside and on L:B (for both regular and

non-regular points) if E* is defined as
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In particular 1

(A-47)

P* on EB (regular point) (A-48)

is the value used in SOUSSA-P.

The extension to unsteady flow is easily obtained using the same procedure

used in Subsection A.2 for subsonic flow.
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APPENDIX B

LAPLACE TRANSFORM IN UNSTEADY AERODYNAMICS

In this Appendix, issues related to the use of Lap1ace transform are examined.

In parti cular, the question of the truncation of the wake (its rationale and its advan-. ,

tages) are examined in detail. Finally, the relationship between the Laplace-transform

analysis for unsteady flow and the complex exponential-analysis for oscillatory flow is

examined; it is shown that Laplace transform results for Real (p) > 0 may be used to

study divergent oscillatory flow, whereas convergent oscillatory flows (of the type ept

with - a> :::; t :::; a» are "physically impossible" (the Laplace transform for Real (p) < 0

exists only for truncated""Wake analysis).

B.l LAPLACE TRANSFORM

Consider a function f(t) such that

f(t) = 0 (t < 0) (B-1)

and otherwise arbitrary. The Laplace transform of f(t) is defined by

.... fa>
f(s) = L(f) = 1.. f(t) e -st dt

o
(B-2)

where s is the Laplace parameter (complex frequency) and DE is the domain of

convergence of the integral.

Note that f(s) is a function of a complex variable: the definition of this

function outside the domain DE is obtained by analytic continuation. However, the

Laplace transform of f(t) is only defined in the domain DE-

B-1



The inverse Laplace transform yields

-1- 1 IQ'l + ioo - t
f(t) = l (f) = - f(s) eS ds

2rri Q'l-ioo
(B-3)

where the path of integration is in the domain DE. In order to evallJate this integral,

it is convenient to use Jordan's lemma (Reference 24, p. 81): given a single valued

function such that Ig(Reie>l~O, as R~oo, then

lim f () st d 0g s e s =
R~oo r

where t is a real constant and r is a semi-circular path with s = R e i9 , where

(B-4)

-rr/2:-:; e :-:; rr/2 for t < 0 and rr/2 S e :5 3 rr/2 for t> O. Thus, the path of integra

tion may be closed on the left-hand side of the plane for t> 0 (right-hand side for t < 0).

-
It may be worth noting that if f(s) does not have singularities for sR > Of, then Equations

(B-3) and (B-4) yield immediately f(t) = 0 for t < 0 in agreement with Equation (B-1).

For nondimensional time T = U t/1" one obtains
00

where

p = s1,/U
co

is the complex reduced frequency (nondimensional laplace parameter).

B.2 TRUNCATION OF WAKE

(B-5)

(B-6)

As mentioned in Section 3, the wake is truncated at a finite distance from

the body. This point is examined in detail in this Subsection.
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B.2.1 LAPLACE TRANSFORM OF TRUNCATED FUNCTIONS

Consider the IItruncated functions ll (see Figure B-1)

f
1
(t) = f(t) t < t

0

f} (t) = 0 t > t
0

and

f2(t) = 0 t < t
0

f2(t) = f(t) t > t
0

(8-7)

(8-8)

where to > O. Note that f1(t) = f2(t) = 0 for t < O. The transforms of f1 and f2
are given by

f(t) e -st dt

f(t) e -st dt (8-9)

Note that

... ... ...
f(s) = f1(s) + f2(s) (B-10)

...
However I if one is interested only in the interval from 0 to to then replacing f with
... ...
f1 yields no difference in the response (since f2 contributes only for t > to).

In order to clarify this point further, consider, as an illustration, the

function

f(t) = e -Qlt

= 0

t > 0

t < 0

B-3
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f(t)

o

Figure B-1. Truncated Functions.
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The Laplace transform is

- (00
f = )"o

Next consider

1
e -at e -st dt = __

s+a

t < t
o

[ Real (s) > a] (B-12)

(B-13)

The Laplace transform of f1 is*

e -at e -st dt =
s+a

(
-(s +0') to)

1 - e

(B-14)

where

f =
s + 0'

-1 -(s +a) t
f2

0
= e

s + a

[ Real (s) > a ]

[ Real (s) > 0' ] (B-15)

Using Equations (B-3) and (B-4) and the residue theorem yields

1 "" La1+.i 00L- (f) =
2rri 0'1 -100

1
st de s = 0

s+a -CI.'t= e

t < 0

t> 0 (B-16)

and, using t - to instead of t in Equation (B-4),

st
e ds = 0 t < to

-at=e t> to (B-l7)

*Note that the integral in Equation (B-14) exists for all finite values of s. Hence, DE

coincides with the finite s-plane (f
1

is not singular at s = -a).
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i.e. ,

L-1(f
1
) = 0 -00 < t < 0

at o < t < t= e
0

= 0 t < t < 00 (B-18)
0

-
It is apparent, comparing Equations (B-16) and (B-18), that the use of f

1- -
instead of f yields wrong results only for t > to. Therefore, if f1 is simpler to use

than f, it is legitimate (and convenient) to use f1 instead of f in order to obtain the

response for t < t •o

B.2.2 RATIONALE FOR WAKE TRUNCATION

In order to understand better the rationale for the truncation of the wake

it is convenient to consider the Laplace transform of the subsonic integral equation (as

mentioned in Subsection 3.2, the problem of the truncation of the wake is limited to

the subsonic flow). For the sake of clarity a simple case is considered here. Consider

a wing (with straight trailing edge located on the Y-axis) in incompressible flow •
...

Then Equation (2-32) for M = 0, yields e = e = 0 and Equation (2-52) reduces to

41TE(P*) ~ (P*, T) = - tff.. .['i' .!. - ~ ~ I.!.)] dL;ff R oN\R B
B

where

+
rb/2

JI JW dY
-b/2

(B-19)

(~J dX (B-20)
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with

R = R I
o Z = 0 (B-21)

Using Equations (2-53) and (2-54) with ~ = 1, i.e., II = X. Equation (B-20)

may be rewritten as

(B-22)

The upper limit on the integral is T instead of (X) because, according to Equation (2-45)

b~(Y, T) = b~TE (Y, T-X)

is equal to zero for X > T. The Laplace transform of Equation (B-19) is

4rrE.i.(p) ~ ~ [y ~ -t a~ (~)] dEB

+ f
b/2

JWdY
-b/2

where, using the convolution-integral form~la

l (f F(T - Xl G(X) dX) = l(F) l(G)

one obtains, from Equations (B-22) and (B-23)

B-7

(8-23)

(B-24)

(B-25)

(8-26)



Note that if the wake is truncated at X = To' Equation (B-20) yields

(B-27)

which yields, using Equation (B-23)

JW = iTO AiTE e-pX a (1) dX (B-28)
o aNuRo

It is apparent that if b. qI TE ('(, T-X) =0 for X> T, lfJ is equal to JW

for T < To. Therefore, according to the analysis presented in Subsection B.2.1, the

truncated wake integral equation may be used for T< T without any effect on theo

results. This is the rationale for introducing the truncation of the wake; the laplace

transform of the solution will depend upon the value of T , but the solution in theo

time domain is identical to the infin ite-wake solution for T< To.

It may be worth noting that J~)- JW as To-co indicating that the infinite

wake analysis may be obtained, in the limit, from the truncated-wake analysis. In this

case however, the wake integral is expressed in terms of a multivalued function (see

next subsection).

8.2.3 ADVANTAGES OF WAKE TRUNCATION

The integral over the wake is evaluated in Reference 3 for the case

p = ik. The procedure is briefly outlined here for the more general case PR =

Real (P) I 0, in order to show that the integral exists only for PR > 0 and also

that the function obtained from the analytic continuation of the Laplace transform

is a multivalued function which requires the use of branch cuts for the evaluation of

the inverse Laplace transform. It is also indicated that these problems are eliminated

by the use of the truncated wake which therefore has the following advantages:

8-8



first, the Laplace transform of the integral equation exists in the whole plane (therefore,

analytic continuation is not required); and second, it is a single valued function

Consider the wake integral in Equation (2-52)

(B-29)

For simplicity, assume, in line with the small perturbation assumption, that

the trajectory of the points of the wake are composed of straight lines parallel to the

X axis. Then, using Equation (2-53), Equation (B-29) yields

IW ~ J dY r[A~TE (Y, T -e -n) _0_ (_1)
TE X oN u R

TE

where

... ]• o~ 1- A~TE (Y, T - e - n) _\::I R dX
oN u

The Laplace transform of Equation (B-30) is

iw= fCD e -p(e+n) [~ (.!.) _p 09 .!.] dX
X oN u R oN u R

TE

(B-30)

(B-31)

(B-32)

or using for Nu the unit vector in the direction of the positive Z axis and Equation (2-32)

.., CD )[0 (1) MoR 1]I' = f· -p(e+n - - - p - -- - dX
W e oZ R ~ az R

XTE

B-9
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Note that according to Equations (2-31) and (2-54)

and that

= (B-34)

o
oZ

e -p(e+IT) =_e -p(e + IT) P ~ oR

~ oZ
(B-35)

Hence, Equation (B-33) may be rewritten as

-£ (X-X*+MR) 1
e ~ - dX

R
(B-36)

This integral is of the same type as the one given in Equation (D-11) of Reference 3.

Using the classical transformation

u = A+MR
~ Ro

where A = X - X* and

and noting that

(B-37)

(B-38)

(B-39)

B - 10



or

;;:J ~ *[R~ + A
2

+2AMR + M
2

; ]1/2

o

1= (Mf.. + R)
~ Ro

and

one obtains

(8-.40)

(8-41)

fCD -i (X -X*+MR) 1 dX fCD e -pRoU
dU (8-42)e - =

XTE R UTE J1 + U
2

where

X - X* + MR
(8-43)UTE =

~~
X=XTE

Next, consider the contour indicated in Figure 8-2, and note that

IC =
th -ik R Ur. e 0

C /1 + U2
dU = 0 (8-44)

since the integrand is analytic inside C. Note that using Jordan's lemma, Equation (8-4),

if the radius of C2 goes to infinity, the contribution of C2 goes to zero. Also, if the

radius of C4 goes to zero, the contribution of C4 goes to zero. Also, note that in

the limit, the contribution of C3 tends to (using V = i U = cosh cy)
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Figure B-2. The Contour of Integration.
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-ik R U
e 0

dV

-k R cosh a
e 0 da = - K (k R )o 0

(B-45)

where K is the modified Bessel function of second kind of order zero (see Referenceo

25). Therefore, Equation (B-44) may be rewritten as

• - ikR U
dU = f -I e 0 dU + K (kR )

UTE J1 + U2 0 0

(8-46)

Combining Equations (B-36), (B-42) and (B-46) and noting that (Reference 25)

(B-47)

dU
-, -ik~ (X* - XTE) [ 0
IW=e -

oZ

(where K1 is the modified Bessel function of second kind of first order) one obtains,

for p = ik,

oR ]- K1(kR) k_o

o oZ
(B-48)

The first term in the bracket can be easily evaluated numerically or analytically (an

analyti cal expression is obtained in Reference 3). However, (Reference 25)
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K1(0') ~ (Y + £n ~) 1
'1(0') + -

2

eo 1 [(: +-!. + ••• + _1_)0'
~2 m =0 m!(m+1)! 2 m + 1

1
1 ] (at (B-49)-

2 m + 1 2

(where y is the Euler constant) is a multivalued function.

Furthermore, using the same contour of integration, one obtains (using V = i U)

feo
-pR U f- i -pR U

0 0e dU = e dU
UTE )1 + U2 UTE )1 + U2

+ leo
ip~ V

e
dV (B-50)

1
JV

2
- 1

only for

Real p > 0 (B-51)

If Real p < 0, Jordan's lemma is not applicable. The contribution of C2

goes to infinity (while the integrals over C3, C4and Cs remain finite) indicating that

the integral over C
1

does not exist.

Finally, it is worth noting that if the wake is truncated, then 'Vi is given

by (see Equations (B-36) and (B-42»

B - 14



-p~(X* -XTE)
IUo

-pR U- 0 0

I' e
dU= e -W oZ UTE J1+ti

-pr3(X* - XTE) co 0 t t n ~ (-p)n
= e L: oZ

Rn 0 U dU (B-52)
o UTE )1 +U2 nln =0

where the integrals may be easily evaluated by the procedure used in Appendix D

of Reference 3. (The summation sign and the integral sign may be interchanged because

the exponential series is uniformly convergent in the interval of integration; this would

not be legitimate for the infinite wake.)

Equation (B-52) indi cates that i~ exists for any value of p, since the integral

of a uniformly convergent series is a uniformly convergent series.

In conclusion iWis a single-valued analytic function of p in the whole p

plane for the truncated wake, whereas it exists only for Real p > 0 for the infinite

wake. In this last case the use of analytic continuation is necessary to obtain the

function in the whole p-plane and this function is multi -valued.

B.3 OSCILLATORY AND STEADY FLOW

In this section is shown the relationship between Laplace-transform analysis
I

and oscillatory-flow (in particular steady-state) analysis. Consider Equation (3-9) and

assume '1'. and ~. to be of the type
I . I

and

A ik T
'!' .(T) = '!'. e

I I
(B-53)

~.(T)
I

A ik T= t. e
I

B - 15
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(B-55)

where

k = wt/UCD

In particular if k = 0 one obtains the steady-state analysis.

Combining with Equation (3-9) one obtains an expression similar to
tv N #flo ""

Equation (3-12) with '1'., ~. and p replaced by '1'.,~. and i k. Therefore, the
I I I I

formulation presented here for transient analysis (~. = 0 for T < O) in the laplace
I

domain is valid for oscillatory flow as well (-CD S T S CD), with the amplitudes of

the oscillatory solution given by

,.
1'. = '1'.

J J
P =ik

,.. ..,
!p. = t.
I J

P =ik (B-56)

This is a well-known relationship between the two types of analysis (the

same results hold for supersonic flow; see Equation (3-15}): as pointed out in References

26 and 27, anycocle developed for oscillatory flow (imaginary analysis) can be used for

Laplace-domain analysis (with zero initial conditions) simply by replacing k with

-ip •

However, in Equations (B-53) and (B-54)

-(X) < T < CD (B-57)

Therefore, the truncation of the wake (which is based upon Equation (3-1l); see also

Subsection B.2), is not applicable in this case. Hence, for oscillatory flows Equation

(3-13) must contain the complete woke.

More subtle is the relationship for exponentially growing or exponentially

damped oscillations; in this case, setting
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'Y. (T)
I

- T
= '±'. eP

I

- pT
~.(T) ::::~. e
I I

(B-58)

and combining with Equation (3-9) yields Equation (3-12). This yields no problem for

divergent oscillations, i.e.,

Real (P) > 0 (B-59)

-pIT
since the terms e n -.0 as IT :::: ~ (X - XTE) -. 00 (note that IT increases with the

n n n

distance of the wake element, ~ ,from the trailing edge).
n

However, for convergent oscillations, i.e.,

Real (P) < 0

one obtains

(B-60)

as IT - 00n (B-61)

i.e., the solution does not necessarily exist. (The resul~ of Subsection B.2.3 indicate

that indeed the laplace transform of the wake integral does not exist for Real (p) < 0.)

It should be noted that this phenomenon is r."t in contradiction with the physi

cal model; for, if the amplitude of 'Y. at t =0 is finite, then
I

'Y. (-00) =00
I

If 'Y. (-0:» has a "finite effect" at t ;:: 0, then the solution is infinite.
I

B - 17
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B.4 INITIAL CONDITIONS

Note that for any arbitrary function f(t)

. -
L( f) = sf - f (0) (B-63)

In relationship to Equation (B-63), the question of what restrictions have

been used on the initial conditions is examined here.

The flow is assumed to be in steady state for time t < O. This implies,

(see Equation 2-45)

~ = 0
U

and

'1' = 0
U

(t < 0)

(t < 0)

(B-64)

(B-65)

At time t = 0 it is assumed

q (0) = 0
n

in order to obtain Equation (4-27) from Equation (4-26).

(B-66)

It is not necessary to assume however that q CO) = O. This implies, fromm

Equation (4-26), that in general

(B-67)

Equations (B-65) and (B-67) imply, from Equation (2-48) that

(B-68)
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if and only if e I 0 (except at P = P*), i.e., for M I 0 (see Equation (2-31)).

However, in general

(B-69)

for M = O.

Finally, consider the effect of the initial conditions in obtaining Equation

(3-12) from Equation (3-9). If M to, Equation (B-68) applies and therefore Equation

(3-12) is correct, since the last term in Equation (B-63) is equal to zero. On the
;.,

other hand if M = 0 then e == 0 (see Equation 2-32» and therefore Equation (3-12)

is still correct, since in this case

D.h = G. = 0
I In

(see Equations (3~7) and (3-10».

It should be noted also that the case in which Equation (B-64) and (B-65)

are not valid (i .e., when the flow is not in steady state for t < 0) is examined in

Appendix F of Reference· 3, where it is shown that the formulation is still valid if the

term given by Equation (F-2) of Reference 3 is added to Equation (2-16).
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APPENDIX C

INFLUENCE OF MOTION OF SURFACE

As mentioned above / in deriving the integral equation, the surface of the

body has been assumed to be fixed (e= 0 in Equation (1.10». The correct derivation

of the integral equation for time dependent surface is given in Reference 3. Such

derivation is not needed here with the only exception of a minor point, which is

important in deriving the boundary conditions. For/consider the normal-wash

integral in Equation (2-34)

(C-1)

where 'if are the convected curvilinear coordinates (moving with the body surface) and

A
Of

oP= (C-2)

are the surface base vectors.

Note that if the surface is time independent then

(C-3)

However / if the surface is time dependent the two factors are different. Since

Equation (2-34) was obtained under the hypothesis of time-independent surface, it

is impossible to determine what is the appropriate value of IA1 x A21 to be used.

Therefore / in order to obtain the correct interpretation of Equation (C-1) it is

C - 1



•

necessary to make use of the results of Ref. 3, where it is shown that the correct

expression is (Equation (6-40) of Ref. 3)

(C-4)

where '¥Mis the normal wash in the modified expression of I'¥, whereas l:,@ is the surface

described by the equation

53 == S(P, T - 8) == 0

or

pe (E 1, E2) == P(E 1, E2, T - 8)

with 8 given by Equation (2-31).

- 8 @l
Note that the base vectors A of the surface l:, are given by

Ol

",8 [. ]-El or - t - ,..8A == - == A() - P V 8· A
Ol Ol 0 Ol

oEOl T - 8

- (t) 0 P :. - -8 08 -8
(where A == - , P == oP/oT and Vo 8 • A == - ) or, solving for A ,*

Ol 0EOl Ol 0EOl Ol

(C-5)

(C-6)

(C-7)

AEl == [A(t) - ~ 'iJ 8 • A(t) (l + ~ • V 8f1 ] (C-8)
Ol Ol 0 Oi 0 T-8

This yields (using Pas th}rd base vector, A~»

A8 x A8= [A(t) x A(t) - (l + P•V@f1 (j\(t) x ~ El'j. - j\(t) x ~ El,/)]
1 2 12 0 1 22 1

T-8

~ ~1 + ~ •Vo@f1 (;;.\1) X ~I) (1 + ~ .VoS) - ;;.\1) /i> ~ + A~I) X ~ 81,)]
~ T-8

*Note that, if a == b + cd· a, then d. a=d. b/(l - c· d) and

a == b+ cd ~ b/(l - c. d).
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= ~1 + ~ ."1 ef1 \A(t) x A(t) \ (N(t) + ~ • N(t) v e)] (C-9)
~ 0 1 2 0 T-e

(where 91 = "1
0

e • A~t». Note that (see Equation (4-14»
ex

I"lSio

Hence

=

"loS oS 1
-- --"18

oT Iv sl 0
o

T-8

T-e

(C-10)

-1

N(t) + P• N(t) Vo e IA~ x A~I dE:1 dE 2

T-e

= (C-1l)

Note that in the common case of a zero-thickness wing, at zero angle of

attack, with motion in the direction of the normal, "1
0
8 is in the plane of the wing,

• •- - . -
whereas P is along the normal N and hence P • "1

0
8:: O. In general for small "'Omplitude

oscillations at reduced frequencies of order one, one obtains

(C-12)

This approximation is used in this report..

Combining Equations (C-4), (C-11) and (C-12) and noting that, for small

ampl itude motion, R9::: R, one obtains
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1'1' = -~['1'~ 1A~t) x Ag) I] 8
1 d:s 1 d:s 2

(C-13)-
R

or

1'1' = -~['1'~ IA~t) x ~t)r1 dL;
(C-14)-

R
IA1x A21

where R, lA1 x A21 and dL; are evaluated at time Tor, more conveniently in the

undisturbed configuration.

The results of this subsection may be summarized by saying that EquatiOIl

(C-l) is still valid if ~ is defined as

lA1 x A218

IA1 x A21
8

'1'M (C-l5)

where YMhas been introduced in Equation (C-4) •. Note that Equation (2-44)

applies to '1'M as well, and therefore

\It _ 1 ,I.
IM- - 'I'

Uco

Note also that

(C-16)

lA1 x A218

IA1xA21

(C-l7)

Therefore in order to take into account the motion of the surface it is convenient to

retain Equation (C-1) with'!' given by
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tr =. (C-18)

In Equation (C-14) the superscript (t) is used to indicate evaluation with time

dependent surface (e f. 0) in Equation (1-10». The base vectors a are evaluated
ot •

from the time-independent surface (e =0 in Equation (1-10) ).
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APPENDIX D

BODY-AXIS BOUNDARY CONDITIONS

In order to extend the formulation of Section 4 to the body-axis formulation

(which is used in flight dynamics, see for instance Reference 28), it is necessary to

express the downwash in terms of the generalized coordinates and generalized velocities.

This relationship can be obtained by using the boundary conditions as obtained by

combining Equations (4-16) and (4-18) to obtain

'If = (D-1)

or

where

and, neglecting higher order terms

(0-2)

(D-3)

-- n
-

- i-An (D-4)

It should be noted that in the body-axis formulation u is the displacement

-
(of a point P on the surface of the body) evaluated with respect to the frame of- - -
reference iB, iB' kB- Therefore, including the motion of the body axes to Equation (4-13)

with u given by Equation (4-23) one obtains (see Reference 28)
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M
v M(R) (gQ') + 1- ""

n n L..J
m = 1

(0-5)

where typically iii are the nondimensional natural modes of vibration and q are them m

corresponding nondimensional generalized coordinates, whereas v are the nondimenn

sional components of the translational and angular velocities of the body-axis frame of

reference whereas M(R) are the nondimensional six rigid-body mode shapes. Note that
m

the nondimensional translational velocities are obtained from the translational velocities

by dividing by U (the corresponding modes are already nondimensional). On thero

other hand, the nondimensional angular velocities are obtained from the angular veloci-

ties by dividing by U /f, (the corresponding modes are made nondimensional by dividing
ro

by ,e,).

Combining Equations (0-4), (D-5), and (4-24) yields

6 M

'i'U = L vn M~R) • ;. + L fiJi, Mm· n qm - Anm • i qm] (0-6)
n=l m=l ~ro

The Laplace transform of Equation (0-6) is*

~

'i' =
6

L
n =1

M
M~R) • n vn + L

n =1
[p M • ii - Aii • i] qn m m (0-7)

Equation (0-7) may be rewritten as (the subscript h indicates the evaluation at the

center Ph of the element l::h)

*It is assumed q (0) = 0; see Section B.4.
m
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where

and

'E(l, V) = [M(R) • nJhn n __

P = Ph

(D-9)

E(1,Q) =
hm

- -[pM en-An ei]p-_p-
m m - h

D - 3
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APPENDIX E

CLOSED-WAKE PHENOMENON

Consider, for instance, the wake emanating from "the perimeter of the base

of a truncated cylinder. This wake separates the flow field into two parts: one inside

the wake and one outside the wake. This type of wake will be referred to as a "closed

wake". In this Appendix a few mathematical details relative to the analysis of a

closed-wake configuration are discussed. It will be shown that in this case the integral

equation (Equation (2-52) is singular (i. e., the homogeneous integral equation has a

nontrivial solution, and hence the nonhomogeneous integral equation has a non-unique

solution). For simplicity only the steady incompressible flow is considered here.

The integral representation of the potential for steady incompressible flow is

given by (see Equation (2-52»

(E-1)

If p* is on EB, the function E{P) assumes the value E* = 1/2 and Equation

(E-1) reduces to an integral equation for the potential on the surface of the body.

AS previously mentioned, whenever the wake separates the flow field into

two separate regions, one inside and one outside the wake, the ,integral equation is

singular. This problem occurs in the formulation for bodies with a blunt bock such as a

projectile or a fuselage with truncated base. A similar problem occurs in the formulation

for building aerodynamics and actuator-disk aerodynamics.
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In order to show that the integral equation for c1osed-wake configurations

is singular, it is convenient to obtain Equation (E-l) a different way. Consider Figure

Figure E-l(c), and note that the value E = 1 outside the body may be obtained as

the sum of the function E. for inner flow (i .e., inside the wake) and the function E
I 0

for the outer flow (i.e., outside the wake and the body) or

E(P) = E.(p) + E (p)
I 0

(E-2)

Applying Green's theorem to the reQions shown in Figures E-l(a) and E-l(b)

yields

and

(E-3)

= _tfi~ (.!.)_ cp _0 (.!.)
Y' on r on r

o 0

(E-4)

Note that

n. = n; n = n on L BI 0

n. = -n • n = n on r:.
WI u' 0 U

Thus, adding Equations (E-3) and (E-4) and using Equations (E-2) and (E-5) yields

(E-5)

4TT E(p*)cp (p*) -~ [:: (~)
0 (~ ) ] dE= -cp
on

B

+ II (cpo - epi) a C) dL (E-6)
onu r

EW
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(a) Flow Inside the Wake

(b) Flow Outside the Wake

E· =0I

n'I

-no

E= 1/2,

-- .....

-- .......

-- .....

-..... ,

-n

(c) Flow Outside the Body

£=1

E =1

Figure E-l. Geometry for Greeri's Theorem for Closed-Wake Configuration.
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Note that Equation (E-6) coincides with Equation (E-1) with ~ep '" ep - ep. In ordero I·

to show that the operator in Equation (E-6) is singular, it is sufficient to show that the

homogeneous equation (i.e., with oep/on =0)

has a nontrivial solution. ,In order to show this, consider the function

ep (p) = 0
NT

= 1

p outside L:.
I

p inside L:.
I

(E-8)

If ocp/on = 0 (homogeneous problem), this function is a trival solution

(i.e., 0 = 0) of Equation (E-4), whereas for Equation (E-3) one obtains (note that

dE.
I

(E-9)

which is identically satisfied, since (indicating with n the solid angle)

ifP a:
j

(;)
d L:. == n = o outside E.

I I

L:. 2n on E.I = I

= 4n inside E.
I

(E-l0)

Since CPNT is a nontrivial solution for both Equations (E-3) and (E-4) with oep/on = 0,

it is a nontrivial solution for their sum, Equation (E-7). Hence, the operator in

"Equation (E-1) is singular; therefore, if ep satisfies Equation (E-1), then

E-4



(E-ll)

(where C is an arbitrary constant) also sotisfies Equation (E-l).

Finally note that in the numerical formulation, Equation (E-l) is replaced by

Equation (3-12) with p == 0,. However, the doublet integrot represents solid ongles ond the

solid ongle is evaluoted exactly with the use of the hyperboloidol elements. Thus the

discrete form of Equotion (E-10) is still volid exoctly. Therefore, even the discrete

system is singulor, i.e., the determinant of the system given by Equotion (3-12) with

P = 0 is equol to zero. This implies thot the vector

(E-12)

is a nontrivial solution for Equotion (3-12) with right-hond-side equal to zero, or that

if~. is a solution to Equation (3-12), then
I

(E-13)

(where C is on arbitrary constant) is also a solution to Equation (3-12) (i.e., if the

solution exists, it is not unique).

E-5
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