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INTERACTION OF THE INTERMEDIATE ENERGY NEUTRINO

WITH NUCLEI

E. V. Bugayev, M. A. Rudzskiy, G. S. Bisnovatyy-

Kogan, Z. F. Seidov

1, Introduction

Many authors have made theoretical studies of the interaction

of neutrinos with small and average energies. The research object

is usually the transition cross sections in definite states of the

finite nuclei, and also the total (with respect to all of the nu-

clear excitations which are possible for a given neutrino energy)

cross sections of the 'V-capture.  It is usually difficult to cal-

culate the cross section in the energy region E1 I0 -,-? I00 MeV,
where a knowledge of the structure of the low-lying excited states

of the target nucleus is very important. Therefore, at present

detailed calculations only exist for the simplest 12 C [1], [2],

160 [3], [4], 37 C1 [5l,[61 nuclei. In the energy region which is
far from the threshold (E.) > 100-200 MeV), it is possible to use

simple universal models, such as the model of the Fermi-gas [7]

and the envelope model of J. Bell and S. Llewellyn Smith (BLS)

[8], which use the approximation of completeness.

Further research on the neutrino-nuclear reactions is impor-

tant for two reasons.

1. The low energy neutrinos play an important role in astro-

physics. In the case of steady state combustion, particularly in

the case of a collapse, the stars emit neutrinos which can be re-

corded on the Earth. The energy of the emitted neutrinos in the

case of stead -v state combustion for stars of the main sequence

does not exceed 8 MeV, and it may be much greater in the case of
a collapse. In the first estimates made by Ya. B. Zel'dovich and

*Numbers in the margin indicate pagination in original foreign text.
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0. Kh. Guseynov [g], the enemy of neutrinos emitted in the case

of a collapse was 60 MeV. In the .recent calculations of D. K.

Nadjozhin, who made the most detailed examination of neutrino

processes in th e case of collapse, it was found that in the case

of diffusion in the nucleus of a star which is not transparent

for neutrinos their energy decreases and Eumax " 20-30 MeV [10].	 /a

The cross section of the v -capture must be known not only to

study the possibilities of recording the neutrinos, but also tb,

study the collapse dynamics. We must also stress that, in princi-

ple, there may be fluxes of much higher energy neutrinos having

an astrophysical origin, for example, neutrinos from pions which

decompose in a year, etc. Thus, the neutrino energy region from

the threshold up to approximately 100 MeV is of interest for

astrophysics.. In this region, as was already noted above, the

calculations are very complex and are made for each nucleus in-

dividually. Simple nuclear models close to the threshold are

not accurate enough, especially for light nuclei.

2. It is known that nuclear targets may be Widely used to

increase the statistics in accelerator experiments. If the aver-

age neutrino energy is not very large (for example, as for the

Argonne accelerator, where E.	 200-300 MeV), then a detailed

study is needed of the effects of the nuclear structure. Within

the framework of the shell model of the nucleus, this problem h^.s

been studied in [8]. The authors used wave functions of a harmonic

oscillator for the calculations, so that they could consider the

continuous spectra of the nucleus excitations. The excitation

spectrum in this model is far from the real one, and it is diffi-

cult to establish the error connected with it. The most detailed

calculations at present have been made for the v-capture reactions

in 12 C and 16 0 in [ 1 -41. They obtained the total cross sections

in the neutrino energy range from zero to 500-600 MeV. The article

Ill studied the V-capture by the :.nucleus 12 C. Experimental data

were used from 22 low-lying excited states in 12C, obtained from

experiments on the electro- and photoexcitation of 12C. Similar

calculations were made for the nucleus 1 6 0 in 131. Calculations

a
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were made in [2] of the cross section of semi-lepton processes in

nuclei with A = 12 on the basis of the shell model of the nucleus	 16

with an oscillator potential hole and allowance for bhe residual

interaction. For agreement with the experimental data, all the

transition cross sections had to be reduced, in spite of consider-

ing the residual interaction. A similar calculation was made for
16 0 in [ 41 .

Detailed calculations were made in [1-4] and are only possi-

ble for very light, well-studied nuclei.. It is extremely complex

to perform calculations for heavier nuclei, for example, for 37cl

[61, since the number of low-lying excited states in the nuclei

rapidly increases with an increase in their atomic weight A.

The purpose of this article is to formulate a unified method

for calculating the cross sections of inelastic neutron-nuclear

reactions for the neutrino energy regions from threshold values to

approximately 300 Me'V. A unified description is given in this

region using the precise calculation of all the nuclear transitions

described within the framework of a single-f requency shell model

with the Wood-Saxon potential (WS). The WS potential has a dis-

crete and continuous spectrum, and gives the correct sequence of

single particle levels up to the very heavy nuclei. Since present-

ly it is impossible to give a precise description of the true

nuclear states within the framework of this model, to obtain an

approximate total transition cross section in all the possible

finite states of the nucleus, we calculate the total transition

cross section in all the finite single particle states, in which

the transitions obey the law of conservation of energy. In real

calculations, certain simplifications are made, noted in the

second section.

We consider elastic and inelastic reactions with the neutrino

electrons:

A,
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ae + (A ll) '' C * (A,I-6 1) ,	 (1.1)
49 ♦ (A,})	 ae ♦ (A ll )% (1.2)

ae + (A Z)	 ^a + (A Z) . {a.3)
Preliminary results of the calculations were published in [11.].

This article consists of four parts and the appendices. The

second part gives the derivation of the formulas for the r}ross sec-

tions of the reactions (1.1) - (1.3)• The third part discusses the

results of calculating the- , cross sections and makes a comparison

with the work of other authors. In conclusion, the methods of im-

proving this procedure are discussed. Certain computational details

are examined in the appendices.

2. Interaction cross section in single particle shell model

1. Charged flux

The interaction cross section for a neutrino with a nucleus,

accompanied by transitions in an arbitrary group of nuclear states

T
equals ) (in a laboratory system):

CL6 ' n rr	 — , 	 tZ7kd(E;-E+ + c,o) + 	 k 3	 (2.1)

	

. lei) y k k,	 r t'	 (z^)
Here, Land k ko,,, 4_ are the pulses of bhe neutrino and electron,
respectively; q ,	 k-k , E  and E  -- energy of the initial and
final nuclei state; tja -- lepton tensor,

s 8
 (krkl4 ♦ k #k r^—^,, (kk) E

r 4!
k k^	 (2 2)

Here ' is the 4-vector, determined by the expression
	

/8

* ) We use the system of units * at • , and the metrics is such

th at e
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. .ft.*

 7G

3r r
A

the final and initial nuclei states, ('x

flu: (see, for example, [121)

2 F,

2.M
.	 A	 A

F4 ^(x - Y ;) + F,^6, P, ^(x-x;^ • S(x-x;) Pz , rC=
zM	 zM

In these formulas or, t ' 2 (C.. _ LIC E ^)	 and c i is the Pauli matrix;

Fl , Fi and FA -- weak form factors of the nucleon (for more details,
see the following section); P -- impulse operator; M -- nucleon

mass. Summation is performed over all of the nuclei. Dots mean
that the terms ^- Mi are omitted, and also corrections for the

exchange meson currents. In addition, we have omitted the induced

pseucdoscalar term (in6luded ih the cross section only in terms which

are proportional. to the lepton mass) and it is assumed there are no

currents of the second kind 1121.

We are only interested in the cross section which is summed

over all the spin and angular variables of the final nuclear system.

In this case, we may show (see Appendix A) that the convolution

r` ^'J I* is reduced to the form:
r rz

^7 7 + _ 46 k,k, ^'— cost e + 1%1,, a ^l7x + 17 ^y * +7= j !0- 'Ca er	 (2.5)

20i
 9 - 2Re (3j, } ^O i t (3,1;  ' ^+ ^.j j tos C

	 y ^
^ 	 •

Here e is the angle between k and l' (scattering angle), 	 /g

In deriving (2.5), we use a system of coordinates, in which the

I ' j) and (-*i) are
r operator of the

t p3M
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vector q is directed along the Z-axe.`., so that qo tm q Z . The upper
sign corresponds to a reaction with a neutrino; the lower -- with
an anti-neutrino.

As was shown in the Introduction ., for calculations of the cross
section we use a single particle shell model of the nucleus. The

nucleus wave function is derived by the unique Slater determinant;
the single particle wave functions of the initial and final states --
the corresponding functions of the Woods-Saxon potential belonging
to the discrete and continuous spectrum. This model may be immedi-
ately applied only to nuclei with filled J-shells. Therefore, in
deriving the formulas for the cross section, we only consider these
nuclei.

In the single particle model, the components of the vector
as is readily found from (2.3), are calculated with the

formula;

7'(i^).•^dz a
_ 164% 	A

(2.6)

where i and ^ are the single particle wave functions of the ini-
f	 A

tial and final states; ) 	 operator,

-F4 
O^	

L F4	 + FAQ 

	

Z.M	 zM
(2-7)

,D

A 
15 OV

o v Fj - 
FA 2-M

The equation (2.7) includes only the terms corresponding to the
components left in (2.4). In addition ., we use the additional as-
sumption	 441 , where v is the velocity of the initial nucleon
in the nucleus. In the nuclei V& K 0. 25, so that the correspond-
ing error is less than 25%. Due to this approximation, in (2-7) 	 /10

there are no terms with a derivative with respect to x, and the

a I

1	 6



calculation includes radial integrals of only the simplest types.
The validity of this approximation has been studied, for example,
in 1131., where it was shown that the discarded terms are only im-
portant in a differential cross section for small scattering angles
0 < 5 0

Following [144, we shall use several modified operators

We shall replace the first component in (2-7) as follows:

-4

- F, 1 - Fj 	(2.7a)
2'M	 -0 L OV

so that the vector part of the operator 7 satisfies the law of
conservation of the vector current:

Let us now calculate in our model of the cross section the
reactions (1.1) summed over all the possible energy states of the

final nuclear system.

a) Transitions in the discrete spectrum

In this case the integral (2.6) has the form:

dz. e (2.8)

The convolution 11014 4 is calculated directly using formula

(2.5). The exponent in (2.8), as is customary, is expanded in series

in terms of spherical functions, making it possible to separate the

radial and angular variables. As a result, we obtain the following

expression (details of the calculation are given in Appendix B):

7



M` Mf I" 	 7+^'	 C^

1(FA 	

L 'I L I	 L 4

+ 2 Sew ^, ! 	
+ ^,^ ` . .t )^} + , SZ 

F1 1 4 
6 ,) ^' ' +	 i

(2.9)
z	 ^'-	 0	 6

+cos FA	
Q ,^ o ^ ^	 T 2 

S= F^ FA .
q,	 M	 t l }	 I`°1

2.
' C9^S%v +	

C+'S^} J^
77 ^.	 ] ^w ICS 7n^t^' L . ^w ^^ ^^M,^Q.^^

	

JL4	 +ff	 j	 f t4 

The notation in (2. 0 ) has the following meanings
00

R.	 - R-	 cx^ C^'^^ R	 c") xzd,x ,	
(2. 1 0)

t7w^a;1^	 "'3^iJt	 "`Q' 1^
0

where	 h,e^ Cx^ is the single particle radial wave function;

- spherical Bossel function:
Z

AK	
^^ ^'J01K^GK^^^`o1K^GK^r^ 1L^ 1 ^z1CO)] T () C ) IIC)..,	 l	 f77 )Ot	 1 (2-11)

N	 2
7.

Here < )4"'4 j z"'z. I .j M) are the Klebb-Jordan coefficients . Determination
of the function T (IC) is given in Appendix B (except for T and C,
they also depend on the quantum numbers E j of the initial and

final stated).

Let us now use formula (2.1). We shall assume that the response

includes the nucleus as a whole (the effective mass of the target

equals the nucleus). We thus find (we assume the leptons are

8



a .

relativistic):
&6 . ^, G^ I	 % 1 E t	 A!

S1
	, k' cLka	 2.M 	4

CL.
	

. 

C2, 1.
	

Sk,ko 0	 +	 M"M i

k.0, a,
	 2 

^Iri 
^)	

1	 (1,12)

(tic)	 ^ k^ko C^I 4 2k° Siwi 	MiN
MT

k	
ka	

ka — E	
(2-13)

o 

MT

Here EV
* 

is the nucleus excitation energy (difference between the
energies of the final and initial level); M ,,, -- nucleus mass. Sum-

ko
mation in (2.12) is designated by Xfj and designates summation by
pairs J  and Jf.

Let us consider the simplest particular case, when the nucleus
has filled I.-shells (doubly magic:) and we disregard the spin-orbital
connection. Under these conditions, the expression similar to (2.9)
for transition from the shells I 

i 
in i f has the following simple

form:
Ik =	 L <tt 0110)]0	 z

	

T'_ [I 1 1, 1	 o 
f

M hu i 
^4 r	 3 11

	

2 'L 	 I	
) Cq,- %0 	^L	

a	 (2.14)
F
A

4 f: q! FA
4

	

4W	
M

4

2. 21 
F41 F	 4	 R,

Fj	 Z'	 2.)4	 A	 N i

1z^
^, ►^e

qj*-4) R.,,,.,, (-A)	 (2.10a)
4,

0
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L) Tranoitior., in continuous opectra

Pl or these tranoitionc, the integral (-2.0) mny be written in
the form:

Psi
A

I
(2.15)

0%

B PS •	 ^^{ Zr'^;><^;Sf ii M >	 (z)Cz)Yt ^. ^^ f	 .
Yt4

Here ptf is the wave function of the continuous spectrum for a
nucleon with tho energy p 2/2m and the spin proj2ction S f (vie use
the representation of the channel spin 1151 ) ; Y P e, i (%) -- the
corresponding; rad.1-ri1 fu

1

nction; lir -- the eiren function of the

operator *°7	 %.OIL

,
 ( 0 )	 i x(0	 The calculation of

^r4-1 r	
to carried out similarly to the case of transitions in

a discrete spectrum:

Irokk

2	 4
A2^`1 eoS'L 

♦ 2 Z ' )(F 4 F'
0

M

4	 (2.16)
I
..._.._
 

F, F

SU' W Z'	 L 6	 a	 A
.% 	 L J	 »'. ,

M

flip 
1%%tjj^

Y
As previously, the funs ions	 and 9 are determined by the	 /14
formulas (2-11), and the radial integrals now depend on the impulse

1PIS
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0

k

P

(2.16) includes summation over the prof canon of the spin of
the channel S  and over the direction of the nucleon flir",ht.
Therefore, we must integrate only with recopect to the modulus
According to (2-1) ) the cro po section equals:

Cy	 k
u6 (E. _E	 ryV,

2- 4 k k; (ZT,)3	
L, i	 tj f

( . 1^)

Describing `he cross sections of this form, 
we 

assume that the

flight direction of the lopton and nucleon are independent, i.e.,
we disregard the limitations on the final -state which arise due to

the law of conservation of nomentum. Strictly speaking, we would
have to expand the wave functions of nucleons in the nucleus with
respect to plane waves and to Introduce the law of conservation of
momentum explicitly into the calculation, which would greatly com-
plicate the discussion. Up to a certain degree, we can compensate

for this defect, by introducing a term considering the response in-
to the energy 6 -function ., and assuminj7, that this response is per-
ceived by a free particle of the mass M 

* 
(effective mass of the

target):	
I

E 4^E + ^^1 ' ŷ ka a^o 4M L -M . M	 - E 
:k, (^ 

4) , (2.19)

	

%M	 zM

Here Mi and Mf, are the masses of the initial and final (produced X.
after the flight of the nucleon) nuclei; E -- excitation energy of
the final nucleus. We obtain the following expression for the cross

section;

ko
PM

o	 0	 (2.20)

and the connection of p with k,0 and the scattering angle is' found



from the condition that the argument of the 6-function equal zero

(2. 19).

If we disregard the spin-orbital connection in the wave func-

tions of the continuous spectrum, then (2.15) is reduced to the

expression

s =	 ^ Pr (X) Y IN (x )Ye ^, (P) ,	 (2.21)f 	 f}	 r s^	 + f	 i f
and formula (2.16) is greatly simplified:

dst^ = ^6k I^' zR.t;+	 ze^^	 <eoe ol^oy]^
L^, ^^ ^	 o of ^ ^^ C ^ ) ^ L t
Si	 r	 P

2	 '^ 1
+

z_
F, 4M^z	

i8 +2Si►L t) + ^„i ^° + M1 ^F
A  cos L +M ^=.^ cos	

9	 M

e	 1	 4/2.	 22Si^t 2	 i A + 1 .^ 
V.♦ y F1 cis	 M F

1 F^	 s i:',	 R 
Pef'"^ e l •	 2.2 2(	 )

2. Neutral current

a) Elastic scattering of neutrinos by a nucleus

This process, which occurs without excitation of the nucleus,

is only possible due to a neutral current. Within the framework

of the single particle shell model (single-determinant wave func-

tion of the nucleus) for the vector ^^(), we have the following

expression, instead of (2.6),	 1^

..LQ,x', A

7 (l =	 ^. (x) e 
11 

7	 dx ,	 (2.23)

where are the single particle wave functions, and summation is

performed over all nucleons of the nucleus. We shall assume that

the nuclear operator of the current ` Q"1r, (aZ) is a mixture of an
isoscalar and the third component of the isovector. For example,

12
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u .

A	 .^

for )*(:%) , we have the following, instead of (2. u) :

R x	
F i F	 F . F^^C,	 x-x. t °	 eft s

4

v	 ,

• P: ^x Y;	 s'Cx - ^G;) P. 
J
	 (2.24)

QM	 2e'1

and similarly for	 Cj^,	 Substituting ^^ Cx'^ in (2.3), we ob-
tain ^^^^^ , which will have the Form (2.23) with the following
operator ^	 [compare with (2.7)1:

r

(Fl
o  

 F+;T ) ' - (F,' *4  F; T.,	 ♦(FOt F
3 ;LM 	 AA

c ; +^	 o
^o (Fq FA TS) — (FA 4 FA '^^ 

2M

Calculations, similar to thtj.e carried out above for the case
of a charged current, lead to the following formula for the cross

section of the elastic scattering of the neutrino by the nucleus:

I2

Cr	 k* 1

dSt, (2w)^ akoko	 1	 ZK0	 (2.26)
MT	 ^.

i

CF,LF4 ^.^ g

(2.27)

	

0	

0M 4^L ) ^-33 'jj vj. ] iZOA	 + q—M	 i

Mere we use the notation:

13
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R1Z

T E.T.,

"1^co t^.^^:^^ ^„^M,,, co ^^,^Mw^ ^7010f to ^^7^p 141^0> .

' i	 2.28

77 .	 C)	 Jc ,, C ^M ^^	 ^C	 )

07
—`^`70 ^`M`	 ^M^, ^ Q I MMA	 1 PDXIMAio, 	to

Summation is performed in (2.27) over all pairs of nucleons in the

nucleus (including i = m). The Form factors F 1i and FAi in (2.27)
have the following meaning: if i is a proton, then F 4.A

s 	 0	 !

if i is a neutron, then F4,A i - F40

Formula (2.26) generalizes the expressions in the literature

[16] to the region of average energies. For small (F f - 20 MeV)
energies ("astrophysical"energy region), in (2.27) we may confine

ourselves to terms with 7 ' 1 e 0. In this case

Boo	
SO

•	 2

43 r)4 x 16 '̂k* case

(2.29)

14
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It may be seen from (2.29) that the isoscalar part of the stream` 	 /18

leads to the coherent cross section

dA	
x,^ k o e:y^	

` 1 J (2,30)
Cod .

In particular, Fq	 Sty @4 . 7-in ttie Weinberg-S alam model [ 171 .

b) Inelastic scattering (excitation of the nucleus)

A separate calculation is not required here, since it is com-'

pletely similar to the case of the charged stream. The only change

consists of the fact that now the cross section is divided into two

parts -- the proton (p-p transitions) and the neutron (n-n transi-

tions). Each part, for a corresponding replacement oa the form

factors, may be calculated according to the formulas given above.

3. Calculation results

In deriving the formulas for the cross sections, it was assumed

above that the nucleus-target has completely filled j-shells, and,

consequently, there are unideterminant wave functions in our model.

In order to approximately consider the real filling of the shells

with nucleons, each single particle cross section describing the

transition between two shells is multiplied by the coefficient [181:

n1,	 _!^,

+	 Zj^q {d

Here Ni is the number of occupied positions in the J,-shell, and

N  is the number of free positions in the j f-shell. In this case

of discrete-continuous transitions with j i-shells, the correspond-

ing single particle cross section is multiplied by

All of the form factors of weak interaction for nucleons in

the nuclei were selected just the same as for free nucleons. In 	 /19

15



the case of a charged stream, using; the hypothesis of conservation

of the vector stream Mi , we Identified the weak vector form Factors

	

y	 F1 and F2 of the nucleon with the isovector electromagnetic Dirac

	

l	 and Pauli form factors:

411 C 	

P	 w

Thus Fg(o)' 1	 ZmFa (o) r ^, P - ^+^, = 3,306 Here,	 }'p = 1.79,

un = -1.91 -- anomalous magnetic moments of the proton and neutron.

For FA (4), we use the value -1.24	 1201. The dependence of the

form factors on q 2 may be described by the dipole formula
^	 2
 ^

Fa+ i F,q + ZM F1.

Here Mi = 840 MeV .1211. In the case of a neutral stream, we repre-

sent the form factors in the form of the sum of the isoscalar and

isovector parts:

Here the index 0 corresponds to the isosealar part, and the index

1 - to the isovector part of the stream. In the Weinberg-Salim

model

F ° (0 _	 a W > F 1( 0 ) Z C - 2 sew ewe

(I-F^ Ce ^ = S^w
(3.4)

8^,'^MP+r,,^ 2MFi(o) - L2Sew,

F4 Cod 
u 

o 
b Fh C0) _	

Fh(o) .

For the Weinberg angle 8w , we use sin2 8w = 0.3. Then we have the
following for the transitions between the proton states:

FAQ	 ^ (i 'r ^1 SQ.N. ®w } & - ® e i y

(o' z F 4 e (o) + 2' MF2,P `o} -o,ii 

16



/20

., 2 '^"zS^ to
W
* ^w^ = 01616

F4 	a

For transitions between the neutron states

Fqw. 
(0) : - 0^5^

F4b^. CQ^ 	 • C^5 ^7s.N'̂ ^bd(rr4 rw^ " 1̂ ^QS^K 8 W/`i =• ^r) s •^^^^^7

FA, (o) : - FAQ) " 0162..
 2

For calculations of the inelastic process cross sections (1.1),

(1.2), we have written a program making it possible to calculate

the wave functions of the discrete and continuous spectra and the

eigen energies of the connected states usi:ig the given nuclear

potential. We can also calculate the cross sections of the processes

examined using the formulas given in section 2. Appendix C gives

greater details about the selection of the nuclear potential and the

numerical calculations of the wave functions and the interaction

cross sections. In the calculations of the discrete-continuous

transitions, we have assumed an effective mass of the target which

equals the nucleon mass.

For specific numerical calculations, we selected the following

nuclei 12
C, 160, 37CI 56 Fe,, 71Ga, 81 Br. The neutrino reactions with

the nuclei are important both for accelerating experiments (with the
12 0, 1603 56 Fenuclei), and for experiments with solar neutrinos
( 3701, 71Ga, 81 Br). The neutrino interaction cross sections with

detector nuclei. (such as 3701, 71Ga, 81 
Br)must be known in a wide

range of the energy changes E  (0-1 GeV) in order to evaluate the

background of the cosmic ray neutrinos in the experiments 151

l



(the background arises from the interaction of the cosmic ray 	 /21

neutrinos with the detector nuclei). On the basis of the formula

obtained for the cross sections and the program, we can estimate

the background for an arbitrary detector.

In addition, for reactions of neutrinos with the nuclei exam-

ined, other authors have made calculations, whose results can be

compared with ours (1-81.

As a result of the calculations, we obtain differential and

complete cross sections of inelastic reactions (1.1) and (1.2)

occurring due to charged (n-p -transitions) and neutral streams

(p-p and n-n-transitions). Figures 1-12 give the basic computa-

tional results.

Below, for brevity, we shall designate the discrete-discrete

transitions as g-g, anal discrete-continuous transitions as J -W .

Figures 1-6 show the cross section e(Ej) of the reactions

(1.1) and (1.2) using the formulas given in the second paragraph,

for the nuclei 12 0 160 3701 56 
Fe,7lGa 81 Br. The solid lines

show the behavior of the sum of the cross sections

and	 of the transition; the dashed lines show the individual

cross sections .pis	 11 of the transition. The numbers 1, 2, 3
designate the transitions caused by a charged stream (n-p) and

the transitions due to neutral streams ( .n-n) and p-p). The be-

havior of the cross sections of the reaction (1.2) is similar to

the behavior of the cross section for the reaction with charged

streams (.1.1), since the difference in these cross sections is

basically due to a difference in the form factors. The total cross

section of the n-n and p-p transitions is approximately 30% of the

cross section of the reaction (1.1) almost in the entire region of

the change in E , except for the region E  < 40 meV, which is close

to the threshold of the reactions examined.

Figure 7 gives the total cross section 151$ ♦1w of the reac-	 /22
tion (_1.1) for the nucleus 16 0 with closed n and p shells, along

a
G
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with the results obtained by other authors. In the Ev < 80 MeV

energy region, which is close to the threshold, where the cross

section of the 14 transition is much less than the cross section
of the J1 transitions, the cross section we obt-ained is similar
to the total cross section of the transitions between all indivi-
dual levels examined in (3), obtained by adjusting the experimental
data. In the Ev > 80 MeV region, the cross section of the g"

transitions predominates; therefore, our cross section is greater
than the total cross section obtained -In [3]. The shell calcula-

tions performed using the approximation of completeness [8] in

the Fv < 200 MeV region, lead to a larger value of the cross sec-

tion than with ours, and at F, = 300 MeV it is approximately 2

times smaller than ours. It is known that the study 181 could

not explain the experimental behavior of the cross section 12

obtained at Argonne 122] (the theoretical values were Less than

the experimental values by a factor of approximately 2-3 at q 

0.05 GeV 2 ). The results of our study show that this divergence

may be reduced, if we consider the transitions more exactly in the

continuous spectrum state. At F v = 300 MeV our cross section ap-

proximates the cross section of the reaction (1.1) for 8 free
neutrons.;

Figures 1, 3, 4, 7 use the crosses to designate the cross

section for the reaction (1.1) obtained in the Fermi-gas model in

171, where the matrix elements were taken from experimental data

with respect to the p-capture. For light nuclei 
(12C, 16 0), the

method used in 171 is worse than for average and heavy nuclei, and
the agreement with our shell calculations is not good enough, where-

as for 37 C1 and 56 Fecross sections, which we obtained within the

framework of the shell model and the Fermi-gas model, coincide in

the examined region of neutrino energy. The cross section formu-

lated from the 16 0 on the basis of the Fermi-gas calculations from 	 /23
[12] behaved similarly to the cross section from [7].

Figure 8 shows the total cross section 6 1j.*10 for 12C
[the reaction (1.1)] and the cross section obtained for the same

reaction in 111. The divergence between our cross section and the

19



cross section From [l] is great for small E v , in contrast to the
cross section of the reaction with 160, which is apparently re-

fated to the fact that the 12 C is a light nucle= having a cluster

structure to which our shell model is only slightly applicable.

Figure 9 makes a comparison of the total cross section for

one neutron for the reaction (1.1) for all of the nuclei examined,

with the cross section of the reaction (1.1) for a free nucleon,

given in [121. It may be seen that the difference in the cross

section 5(E,/d is great at E,, < 100 MeV. For large energies
the differences become small, and at El. = 300 MeV the cross sec-

tions approximate a single-nucleon cross section.

Figure 10 makes a comparison of the cross sections dS'ldst
of the reaction (1.1) obtained in different models for the case

160 at Ev = 300 MeV.

Figure 11 ,gives the reduced differential cross sections

Otsla)/q for all of the nuclei examined and makes a comparison

with the cross section daldQ for a free nucleon. In connection
with these figures, we should note the following. In the low angle

region (for fixed energy E  of the corresponding region of small

q 2 ), the experiment gives much larger cross Miections than theory.

As was noted in the study of Cannata and Leonardi [131, in this

region it is necessary to consider relativistic terms in the ex-

pansion of the nucleon stream, and also to consider the collective

effects in the nucleus.

z
Figure 12 shows the quasi-elastic peaks CLw1d,Qd.E^ for the

reactions (1.1) in the nucleus 160, calculated on the basis of our

model and the Fermi-gas model [121. The difference in the positions /24

of the quasi-elastic peaks in these models is due to the fact that

there are no thresholds in the Fermi-gas model for the reactions

(1.1) and (1.2), and the nucleons do not occur in the potential hole.
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4. Conclusion

We have described the processes of inelastic and elastic

neutrino-nuclear reactions ;1.n a wide range F within the frame-

work of a single-particle shell model of the nucleus with the
Woods-Saxon potential. This description represents a step forward

as compared with the simple model of the Fermi-gas, since the use

of the potential with a finite depth makes it possible to describe

the state of the continuum and the related states using the solu-

tion of the Schroedinger equation with this potential. The parame-

ters of the potential were determined so that the energies obtained

of the connected states and the thresholds of the single-particle

transitions were similar to the experimental values. We calculated

the sums of all possible transitions in the connected excited states

and in the state of the continuum for nuclei of 1203 1603 37 C1, 56pe,

7lCa, 81 Brin the neutrino energy range of c s E, *( 300 MeV. An ex-
amiriation was made of reactions taking place due to the charged

streams and due to neutral streams of weak interaction.	 It is

shown that the cross sections of inelastic reactions occurring due

to the neutral streams represent approximately 30% of the value for

the cross section of reactions with charged streams.

The method described in this article is universal, and may be

applied to any nuclei, and gives good accuracy for nuclei with

closed shells. Only the parameters of the Wood-Saxon potential

are necessary, which lead to a system of levels of°the nucleus which

is close to the experimental one.

In calculations of transitions in a continuous spectrum, we

disregarded the possibility of a nucleon sticking in the nucleus,

and it was assumed that the potential is real. For small q, the	 /25

probability of a nucleon sticking in the nucleus is great. With

an increase in q, the probability of a direct flight of a nucleon

participating in the reaction increases. For amore exact representa-
tion of the state of the final nucleus, calculations are necessary

which consider the imaginary part of the optical potential, and

^r
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also the calculation of the evaporation processes of nucleons from
the excited nuclei. In the	 11 ens 	 rerhir	 ,ion, the reoulto obtained, 
using the shell model are similar to the reoulto obtained uoin p, the
Permi-eas model. The situation is more complex in the threohold
energy range, since there it Is necessary to conoider the reoidual
interaction of nucleons in the; 	 Not considering this fact
leads to the fact that the cross section we obtain exceeds the
real one by approximately a factor of two for nuclei with unfilled
shells of the 1" 2 C type, as would be expected from comparing our
cross sectiono with cross sections obtained using a careful adjunt-
ment of the experimental data WA31.

It is also necessary to consider the residual interaction in
order to find a more exact distribution of the onergy probabilities
for the excitation of the final nucleus.
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APPENDIX  A

Let us give the basic stages An deriving the formula (2. 5)
for the oonvolut ion of ^ rO r( j . First of all, by direct
calculation using, (2.2) we obtain the expression

r^
l ^` ^'	 Ic o	 k o	 k,	 k,

M ^	 h '^I

X 17 ^^ a 4 -1 4 151	 ^_ kk	 to	 ^ 

(A,l)

IL

-,

It is more convenient to use the fact that (see [ 231) the
cross section in which we are interested is summed over all spins

and integrated with respect to the flight angles of all particles

(except for a lepton) . The utAque vector, which "exists" after
the summation, is the vector q. Therefore, all three-dimensional
vectors and tensor°s (not lepton) existing in (A.1) may be expressed

(after summation) by the components of the vector q and the tensor
5,t.1 and	 $j. 9^	 ( -L ,^ I,2,3), Consequently, we may writa (the
bar above indica.teo the summation):

^	 }	 ^9^ ^	 z	 z^, 9r

l	 ^'
(A.4)	 /27
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.0 1	 4r

VA	
4	 %Ox, - 

- 3	
(A - 8) /28

It follows from (A.2) - (A- 1 1) that are may make the fol l owing [, Ub-

ztitution directly before the rjummation ., i.e., in (A.1):

+

(tile functions B A 0 and D are found from (A-3) - (A.4) by removing
the b,tx above).

We selected the coordinate system so that the vector I is 
dic-

tributed along the Z-axis. Except for q, we have two lepton vectors;

(A -G)

The first ano second terms in (A.1) may be tranoformed consider-

ing (A.5) as follows:

F

.t .1* -,

	

	 .	 I	 I I	 It

J )F)	 I

LO

11,

The first component in the last term in (A.1) may be discarded,

since

Ar AO

(we recall that 
OV

Finally, we transform the last component in (A.1):
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.lecting all the formulao, we reach the exprecaion (2.5)

3r

APPENDIX B

1-t	 *1 11 	 11	 4	 4	 It	 .11
	 tiow shall WAV " " " 6V"V.V" 1 V" U.VVW 1 Ow WV UVV.Lvvu the

r )rmulao (2.9), (2.16) and (2-27). We firot perform oummation
over the spins and perform integration with reopeot to the angles
in the Integrals (2.6). Expanding the exponent in this integral
in series in terms of onherical funotionz

A

e	 ^4;	 (B, 1)
10

we reduce this problem to calculating, the following two ,,)!.,%ndard

Integrals:

M4 	 Y^ t M	
1) < 0101t 0).

7 t
4IC-6 4 <jM j Ctjj,Mj' <'301KjCK>  1 j i

(B.2)

Z

01 e

j4 I

We also use the following formulas for	 and	 symbols (241:
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C2e^^i^Cw^' <er0a0^c^o^ , 	^,¢
s ^ s

IL

1i C. 1^

(JC)	
CO>

6(274!)

/29

( B.3)

<	 lco^
Ei

The function f CIC) is determined by the formulas;

(cc.) _ 
Xef

C^2G 
Cx^•xf "C,

-?42.	 c	 r

may, =(2)^ ^^ )^e,,f - j^,t ) .

Substituting (B.3) into (B.2), we obtain simple expressions for

our integrals:

H.)'¢ *C,

• ^, 2c+t < 1.M jC-Kj jtMj)(701KltK ><j^ i 1} i 1C0), ^•^7C)
(B.5)
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a,

The K1ebb-Jordan coefficients, containing j i 
M i and 3fMf are lost	 /30

during squaring and summation over M  and Mf,

Mi M}	 2C. 1 cc KK

For example, we obtain the following result for the term in

(2.5), which is proportional to 11,
12

16	 j

C)il

q	 ^o

71	 ^	 Z f Z

C^.^^f 2^ >^ fc }fC
The interferential terms, which are proportional to the product

of the vector and axially-vector form factors, are reduced during

summation over T and T' always, with the exception of the last com-

ponent in (2.5).

We may readily obtain the formulas for the particular cases

[(2.14) and (2.22) not by using (B.3), but directly by using the

following well-known relationships in (B.2) 1251:

t^•ffs^+C	
/.;,^ ^2 ^^^^ 2c•{^ <{K30^CK)VjM:CKj--

^^7 ^f	 (B.7)
• i { ? =^ 

e ^`^^t Si ^ j;M`^ êf"	 ^ a}Mf^\t 2 jK'I Sf>(I0e MBE le k, }
^C.f
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APPENDIX C	 /31

Selection of Effective Nuclear Potential and

Certain Details of Numerical Calculation

1. Discrete spectra

The wave functions and the eigen energies of the discrete

spectrum were calculated by solving the Schroedinger equation with

the effective nuclear potential in the Woods-Saxon ford (consider-

ing the Coulomb potential for the protons). The potential was taken

in the following form;

.) = V^CX) -VO f o	 _S(x} i v 	 1i ° . 1 is
S^ C! x  

(C-1)

2 fcs	 > > 9 ^+ +1Z	
(C.2)

The Coulomb potential Vc (X) was assumed to equal the potential of

a uniformly charged sphere with the radius R  and the charge

\4CX) ; C 	 7[,^ CZ)	 ( C•3)

where, for the protons

at XA94
I^C^)	

x,yR^	
(C.4)

ati
for the neutrons

Y)^'(X.) %
	

(C•5)

To solve the Schroedinger equation, a program was written making it

possible to find the wave functions and the eigen energies of all
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/32the states of the discrete spectrum using; the given A and Z.

For the 12 C and 164 nuclei. we made several detailed calcula-

tions with different values of the parameters for the nuclear poten-

tial in order to obtain partial transitions in the reactions (1.1)

and (1.2), which were similar to the experimental values for the

thresholds. This was due to the fact that, as the calculations

showed, the cross sections of the partial transition between two

levels depend mainly on the difference between the eigen energies of

thesb levels, i.e., on the threshold, and to a lesser extent, the

asbsolute values of the energies of the levels. For 12C, we final-

ly selected the following set of the potential parameter,s'(0.1) -

(C..5)
= VoP u 5 MeV 

^S VS? 
$^, Mev

Oh,	 01t 	 4 ,24 	 .	 (C.6)

The quantities P.o and 	 were calculated in the case 12C using

the formula	 r
f' ®rs u ^ O'r: ^^/

(C.7)
For the nuclei 160. 37Cl. 56Fe a 71Ga. 

81 
Br. the values of "L;.. Q,^

and YJ for the potentials (C.l) 	 (C.2) were taken on the basis of

the study [261. These parameters are given in Table 1.

The values of the quantities Von and Vop for 16 0 are the follow-

ing:

V0061 56 Me V	 V CP = 52 MeV ;
(C.8)

For 37C1, 56 Fe, 71Ga,
81 
Br, we used the interpolation formulas from

[27] for Von and Vop:

voee= 49,84 - 46,5 -	 IVA (MeV)

V10 = 57,8 + 9,2	 .	 (r4 (MeV) (C.9)
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The quantities R# and RS for these five nuclei were determined

using the formula [261:
4I3

R 6 = wt; (A -4)	 , L_®,S. (C.10)

The potential (C.1) - (C.5) with parameters determined from (C.9)

and (C.10) and Table 1 make it possible to obtain the energy of

the upper filled single-particle levels, coinciding with the ex-

perimental data in a wide range of A and Z. Table 2 gives "uhe

values of single-particle energy levels for all of the nuclei which

we examined, obtained as the result of numerical calculations.

The Schr
\1
oedinger equation for the radial part of the wave func-

tion R Ke^ Cxiof the nucleon, located i n a field with the potential

(C.1) - (C.5), was solved in the usual way 1281 using the substitu-

tion of ^
Kej C%) =x R^,^^ j , as the result of which the following

equation was obtained for 	 CSC)

d wt. (x) — <<^ z)^xe. CX) +0,04 	IGVLL o o,I 	 x	 $23 f 	 s x dx

	

PA	 ' C-4)	 (C.11)
]	 . 0,06939 -̂, - 4) ° _ ^ 	 0

where E tal 4 0 is the eigen energy of the level with the quantum

numbers k1L$j.

The solution (C.1) must satisfy the boundary conditionsw
rr 1	 and the normalization condition	 Z

	

^	 o

In a small region close to the center of a nucleus

0 < X 4 T 4 < 9 the solution is selected in the form of the spherical

Bessel function
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where for the neutrons	 ^, • [0j0411jCVe +E t%t))j 	, and far the pro
tons	 x10104%1^lCVnEwt,)-01044° t'L-{,iR1

41,
	The quantity

Xt was selected to equal 0.4 f.

As the solution at X -> oo , we selected the Whittaker function

b 4 +'f	 t ^C.'x	 where	 1	 /34a r	 ^	 ^^ . ^o,okb23l 	 ^^ l2 ^ ^ z p ,U G ^'^^^

for protons and	 = 0 for neutrons. Using its integral repre-
sentation, we may write

cNV	 _

OLt
(C. 13 )0

In the case of the neutrons I = 0	 and the function W is re-
duced to the Hankel function of the imaginary argument, which can

be represented in the form of the finite series:

a,.,^	 ) (C.14)
where	 The quantities Nl ,N 2 ,N2 are arbitrary numerical

factors.

In the case of protons, we obtain the function W and its deriva-

tive with respect to x, calculating the integral from (C.13) and the

integral of a similar type arising in the calculation of the deriva-

tive CLW/41L, , using the Laguerre formula with 6 nodes [29] .

Equation (C.11) was solved using a computer as follows. We

assigned the quantum numbers K, I P' , ^ and the value of E iaj
From.0 to the point xl , the analytical expression (C.12) was used

as the solution. The values of the function (C.12) and its deriva-

tive with respect to x of the first order were calculated at the

point xl , and were used for a numerical solution of the complete

equation (C.11) using the Runge-Kutta method of fourth order with

an automatic selection of the integration steps, with the condition

that at each step the relative error in the value of the wave func-
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T. 7

Lion and its derivative did not exceed 10 -5 . The numerical integra-

tion was performed from the point x1 to a distance of 13 fm from the

nucleus center. By roughly varying the energy E v! j , it was found

that the number of nodes of the calculated wave function became equal

to n+l, including the node at the point x = 0. Then, using the cal-

culation of the relative deviation of the derivative of the wave func- /35

tion, obtained by numerical integration from the derivative of the

asymptotic (C.13) or (C.14), we found a more exact value of the

eigen energy. The calculation of the eigen energy of the level was

completed, if the relative deviation of the derivatives at the point

where it interlaced with the asymptote, which was a distance of

13 fm from the center of the nucleus, was less than 10 -3 , or if the

absolute error in the value of the eigen energy was less than

5 . 10 -5 MeV. Then the wave function obtained was normalized to

unity. To find one value of the eigen energy, from 15 to 23 itera-

tions were necessary. The values of the wave function corresponding

to the values of the argument 13 xi , where xi were the nodes of the

quadratic formulai^^,)	
-'Z "L Kx Ĵ 	 [301	 L 1 T 14.	 L 

were calculated and written on magnetic tape, since they were neces-

sary to calculate the integrals 	 and

from expressions (2.10) and (2.17).

To correct the program., we calculated the wave function and

'the eigen energies of the nucleus of 208p6 with the potential

parameters from the study of Blomqvist and Wahlborn 1281. The re-

sults obtained fully coincided with. their results.

2. Continuous spectrum

The states of the continuum were described by wave functions

obtained by solving the Schroedinger equation with the same poten-

tial which was used to calculate the wave functions describing the

connected states. One difference was that, to reduce the computa-

tional time, the spin-orbital term in the potential was discarded.

In addition, we only calculated the wave functions with -. 4 I0.
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The correction showed that the states with large E did not make

a great contribution to the cross section in the examined region

of the neutrino energy.

36The equation for the radial parts of the wave functions of the

continuous spectrum T e4 ("') of a nucleon with th e energy R,
after substitution of	 ^ rt (x)' 'SC Tpt( C,CC, was ob tained from

(C.11), if we make the substitution E ac	 G 7 0 and discard the
spin-orbital term in the potentiRl:	 r

	

" t ^x^ - {^x) ♦ o,okbl3	 t 1^. ,^'	 (x, -	 (C. 15 )e

O lt	
Cox)

f-^ Cox) tCx^ 07-C )	 J
In the asymptotic region from (C.5) we obtain the equation for

Coulomb wave functions Ft (x) and Gt C%) [15]

Close to the center of the nucleus, (C. 15) has the solution (C-12)

where the expression for $ is obtained from the previous substitution

E ,P j	 E .

The expression (C.12) was selected as the wave function in the

region from 0 to the point x l , and from the point x 1 to a distance

of 13 fm from the center of the nucleus the equation (C.15) was

solved numerically by the Runge-Kutta method with a constant step.

The step was chosen so that their lengths did not exceed 0.1 fm,

and was constant in the intervals of D XC + I3% ,? 	 where xi are

the nodes of the quadratic formula, just as in the case of the wave

functions of the discrete spectrum. 	 There had to be an integer

number of integration steps in these intervals. When these condi-

tions were observed, the integration accuracy was sufficient, and

the values of the function calculated at the points 13 x i , after

they were multiplied by the number m, determined from the interlacing

condition with the asymptote, were written on magnetic tape. A dis-

tance of 13 fm from the center of the nucleus, the numerical solu-

tion was interlaced with the asymptote, which was selected in the

form 1151:
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^.N Qpi^t  
	 { 

GC(Y) ♦ e ' Fa`-4^ -i GP4,C% s[Fj%)	 ^	 )1
^+	 (C.^.6>

i► poi [t4f rt-Ft t%)    4 Slw Ot • Gr JX) 1
/37

6xnce we nave not considered the imaginary part of the potential,

the phase of the scattering; ^9 is real. The quantity m , which

must be multiplied by the wave function, obtained by numerical in-

tegration, and the phase 
Vt are determined from the interlacing

conditions:

^} (,x) = 4? [ems ^c • Fit Cx) t S«, ^'^ ° ^^ (.x)'
(C.17)

a

tw^ t ^G Cx)	 ^w 0 !. • Cy,L h'X,) .	 (c.18)

3. Calculation of integrals and special functions

The integrals R^.4"A. 0wzt%s;	 and R't}'3W.;Z:iL

included in expressions (2.10) and (2.17) were calculated. The

integral from 0 to oo was represented in the form of the sum of

two integrals, and the first had integration limits from 0 to 13 fm.

It was calculated using the quadratic Gauss formula with 14 nodes,

using the values of the wave functions written on magnetic tape.

The second integral with limits from 13 fm to oo was calculated

using the asymptotic expressions (C.13), (C.14) and (C.16) for the

wave functions. Since expression (C.13) contains the exponent with

negative index, this integral may be readily transformed to the form

}^) I`^, e, dx after which it is calculated using the quadratic
Laguerre formula with 5 nodes.

The Coulomb wavefunctions, the spherical Bessel functions, the

K1ebb-Jordan coefficients used in the study, were calculated using

specially written programs, whose correctness was verified using
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weal-known tabled of corresponding values.
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TABLE 1

PARAMETERS OF THE POTENTIAL WS USED IN THIS STUDY

Nucleon ^0 3 0 U s i J
a,S ,

VJ	 I	
viev

Neutron 1 3G 0.73 1.26 0.60 6.99

Proton 1.2 0.76 ' 1 * 09 0.60 5.78
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,I.

IIHADINGS FOR THE MUREP,

	

Fig. 1.	 Total croon section of reactions (1-1) and (1.2) for
1`2 2. The solid lines show the sum	 'Iii 't 54
of total croon sections M and JH positions. The
numbers 1,20 designate the croon sections of the n-p,
n-n and p-p transitions. The dashed lines show the
cross sections of the gg transitions. The crosses show
the cross section for the reaction (1.1) according to
[71.	

16	Fig. 2.	 The same as for Fig. 1 3 but for the nucleus	 0.

	

Fig. 3.	 The same as for Fig. 1 0 but for 37CI.

	

Fig. 4.	 The same as for Fig. I j but for r, 6 Fe.

	

Fig. 5.	 The same as for Fig. 1, but for 71Ga.

	

Fig. 6.	 The same as for Fig. 1, but for 81 Br.

	

Fig. 7.	 Comparison of the total cross section	 of the

reaction (1.1) for
 teal

 obtained in this study, with the
results of other authors. The numbers designate:
1 - the study; 2 - cross section from 131; 3 - cross
section obtained in the Fermi-gas model [12];
4 - cross section from L83; 5 - cross section for a
free neutron (12], multipliod by 8; the crosses -- cross

section according to [7].

	

Fig. 8.	 Comparison of the cross section	 (solid line)

and 151 $5 (dashed line) of this article with the transi-

tion cross	 considering all individual levels from

	

9.	
[11 (dot-dashed line).	 U	 1414Fig. Comparison of the reduced cross section	 Iji
with the cross section for a free neutron (for the reac-

tion (1.1)].

Pig. 10. Comparison of the angular dependences d6/al for l6 0 in

in different models: 1	 this article; 2 - Fermi-gas

model 1121; 3 - 181; It	 free neutron. The graphs are

compiled, for F  = 300 DIeV (the reaction (1.1)].
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Fig. 11. Reduced differential cross sections (dI3jjSL) /4
for all nuclei examined and a(SIAX for a free neutron;

E 	 = 300 Mev.

,1

Fig. 12. Quasi-elastic peaks v/dn pE L for the reaction with6 

Q. The solid lines show the quasi-elastic peaks ob-

tained in this article; dashed lines -- in the Fermi-

gas model (127. The numers around the curves designate

the quantity S^ 91 2. , where e is the angle between
the neutrino and the electron. The neutrino energy

equals 300 MeV.
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