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FOCAL AXIS RESOLVER FOR OFFSET REFLECTOR ANTENNAS

R. F. SCHMIDT

ABSTRACT

This document describes electrical means for determining the
focal axis of an offset reflector autenna whose physical rim 1is
not coincident with the bourndary of the electrical aperture.
Even and odd sensing functions are employed in the focal region,
leading to both amplitude and phase criteria for resolving a
focal axis generally inclined with respect to the system axis.
The analytical aspects of the problem are discussed, and an
example related to a 4-meter Large-Antenna Maltiple-Frequency
Microwave Radiometer (LAMMR) is included. It is shown that
the technique is useful for focal axis determination in math-
ematical simulations and in the physical world.
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GLOSSARY OF NOTATION

F focal point or £focal length

FY physical rim of surface

Tap hypothetical rim of aperture

Bg squint angle

K beam deviation factor

A lateral feed displacement (in context)

FA, EFA focal axis, estimated focal axis

I, A sunm and difference patterns (EM field values)

6, ¢ angles of the spherical coordinate system

Si, §n incident and reflected rays (vectors)

n unit normal to a physical surface

PW plane wave

CSW, ESW condensing or expanding spherical wave

Ji feed or feed pattern

¢ phase center

Vi phase angle or argument

a, B, ¥ ' Euler angles

;x’ i', iz Cacrtesian basis vectors

EM electromagnetic

Eg electrcmagnetic field or voltage due tc a field

D aperture diameter

Dy Rz feed diameter, radius

PSM phase-sensing monopulse

¢ ASM errored amplitude- sen51ng monopulse

swW spherical wave

Pe ' feed displacement vector (xc, ye¢, 2¢€)
=i discontinuous T-radian phase discontinuity

Xps Yps Zp parent paraboloid coordinates

ng Ezp local radial and polar net variables

X, 05 Yip of fset parametcrs of paraboloid

zlg axial displacement of paraboloid
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FOCAL AXIS RESOLVER FOR CFFSET REFLECTOR ANTENNAS

R. F. Schmidt
Goddard Space Flight Center
Greenbelt, Maryland

INTRODUCTION

In both the mathematical simulation and the physical implementation of
reflector antennas, the focal point (F) 1is of considerable interest. In many
cases, knowledge of the focal point is sufficient and the focal axis is of
no particular concern. Once a feed is situated at the focal point (of a
pataboloid), feed rotation affects the amplitude distribution in the aperture
plane, but the far-field radiation pattern is not squinted. In some Cascs,
knowledge of the focal axis is also required. For example, rendering an
annulus of the aperture ineffective by means of defocussing along the focel |
axis to achieve. an {increased beamwidth requires precise knowledge of the focal
axis if beam squint is to be avoided. Angle-tracking systems (active or
passive) ordinarily require determination of the focal axis as well. Examples
of these can be found in textbooks and journal articles which discuss conical-
scanning and motiopulse angle-tracking techniaques.

This memorandum is an outgrowth of offset reflector antenna studies
associated with the Large-Antenna Multiple~Frequency Microwave Radiometer
(LAMMR) . Since the physical rim (FY) of the offset antenna is not, in general,
congruent with the rim of the aperture (FAP) but is, in fect, elliptical when
the aperture is circular, the focal axis is not as obvious as it is for a
symmetric or parent paraboloid. See Appendix A. For the latter, the perpen-
dicular to the physical rim (T.) establishes the focal axis, and the focal
point is found either directly by far-field techniques or iadirectly by in-
termediate near-field techniques. See Reference 1. An estimate of the
orientation of the focal axis of an c€fset antenna may be obtained from the
central ray of an axially dirzcted plane wave incident on the antenna. This
approach is feasible for mathematical simulations where the equations of the
offset antenna are known and the axis of the parent paraboloid is obvious.
See Figure 1. 1In the physical realm, the symmetry plane of the offset
antenna may be obvious, but the parent axis (¥z) is not. An improved means
for determining the focal axis in mathematical simulations is to carry out a
complete focal region mapping procedure which provides isophotes, wavefronts,
and time-average Poynting vectors. See Reference 2. although expensive in
computer cpu-time, three estimates of the focal axis are available via this
approach. The physical conterpart of the preceding mapping is possible, but
motivates an inquiry into simpler and more direct alternatives.

An iterative or indirect means for resolving the focal axis of an offset
paraboloid which is applicable in both simulation and real worlds is to assume
a candidate focal axis and rely on information obtained from successive feed
displacement. This method was employed initially in the mathematical simula-
tion of the antenna system at 37.0 and 91.0 GHz to study the effects of de-
focussing on LAMMR radiation pattern beamwidth. Since all axes except the
focal axis will result in progressively larger secondary beam squint angles,
approximately according to the equation
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Figure 1. Single Offset Reflector Geometry.
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o o kA
sin 0g = & (1)

where (A) is the feed displacement orthogonal to the focal axis, it is possi-
ble to converge on the focal axis by trial and error. one disadvantage of
this approach is that both quadratic and 1inear phase gradicnts may be in-
curred in the aperture and these can significantly alter the beam shape.
Misinterpretations concerning beam squint therefore occasionally occur and
confuse the focal-axis updating process, at least temporarily; The direction
() of the main beam maximum becomes stationary as the process converges.

THEORY

The theory underlying the focal axis resolver presented {n this memorandum
is predicated on the assumption that the wavefronts of an of fset paraboloid in
the vicinity of the focal point (F) are escentially planar. See Reference 2.
1f the admission is made that the wavefronts on either side of the inclined
Airy disc are converging spherical and diverging spherical waves, perhaps
slightly asymmetric due to a finite F/D ratio (f-number), the representation
of Figure 2 constitutes an idealization. Nevertheless, the jterative process
to be described for determining a focal axis of an offset paraboloid still
converges. A candidate focal axie is selected here also, based on a knowledge
of geometric design parameters or a ray diagran. ’

In the theory of monopulse angle~tracking methods, the combination of a
paraboloid and a feed cluster are said to comprise amplitudé—sensing monopulse
whereas an array by itself constitutes phase-sensing monopulse. Sece Reference
3, p. 70. Either configuration may be used to resolve the (0,9) angles of
arrival of an essentially plane wave from a cooperative or non-cooperative
target. A single pulse will effect the resolution, or continuous-wave track-
ing may be employed. A two-horn or four-horn feed cluster, and +he associated
monopulse (I) and (6QY) “comparator' network, may be introduced in the vicinity
of the focus (F) as suggested by Figure 2. It is noted that the paraboleid, -
on reception, generates an inclined plane wave (approximately) in the vicinity
of the focus and is not a part of the resolver mechanism. Furthermore, the
focal axis which is to be determined is the one which corresponds to the situ-
ation shown in Figure 1, with an incident plane wave arriving along the focal
axis of the parent paraboloid. The horn cluster therefore functions in a
manner reminiscent of phase-sensing monopulse. In the present discussion,
however, the inclined wave is stationary and the fced is rotated to obtain
data that eventually resolve its direction of arrival. This should be con-
trasted with a conventional monopulse scenario in which the wave angle of
arrival is changing continuously and the circuit generates a sum and differ-
ence signal pair to track the target continuously.

Initially assume that only the one spatial angle (8) of Figure 2 is to
be resolved. That is, either delete feeds ¥, and 3, temporarily, or declare
that the comparator is a four-hybrid type which adds the outputs of ¥ t2 F3
and those of 32 to 3. This hybrid finally forms the sum and difference
signals
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T + E2 + E, +E 2

3 3 v E,
(El + Eg) - (E_2 + Eg). (3)

[

A

The sum pattern can now be used to locate the focal point (F) by a standard
procedure just as if it were a single feed. See Reference 1. '

The phase center of the feed cluster in Figure 2 is at the geometric
center of the cluster and is now assumed coincident with (F). For purposes
of implementation, the separate sources (% '>3b) may be taken of diameter
D3 = A/2. The radius of the Airy disc, for a single reflector is

R, = L.22 FA (4)
AD - T D

where F and D are the focal length and aperture diameter of the offset re-
flector. The effect of cluster rotation on the difference pattern, under re-
ception, is examined.

The outputs (X) and {A) of the comparator for resolving the single angle
(8p,) are shown in the diagram of Figure 3. The sum (I) signal is arbitrarily
situated on the positive real axis. Tt follows that the Jifference (A) signal
is ideally either null, or temporally orthogonal to the (L) signal, a well
known characteristic of phase-sensing monopulse configurations (PSM). Further,
it appears that either the depth of the minima, corresponding to different
cluster rotation angles (3), or the phase jump (J7L) can become criteria for
resolving the focal axis angle (8¢p), which is distinct from conventional
monopulse techniques. '

Even though monopulse is basically a receiving concept, reciprocity is now
invcked and the far-field (&) and (A) radiation patterns are subsequently con-
sidered for mathematizal simulation. Actually, only data corresponding to
6 = 0° are required; recall the previous discussion pertaining to reception of
an axial plane wave. In the measurements realm, the far-field radiation
patterns can, of cource, be obtained two ways: (1) transmitter at the offset
antenna, or (2) transmitter at a collimation tower. In the measurecments ap-
proach g = 0° might not be directly identifiable; therefore, some small angular
excursion to cither side of ¢ = 0° should be anticipated for the domain over
which the (Z) and (4) patterns are recorded. The transition from the detailed
focal region field discussion to the fav-field radiation patterns will sub-
sequently be clarified by means of a specific example. The results obtained
adhere closely to the theory presented above, but it may be more convincing
to arrive at the orthogonality relationship illustrated in Figure 3 by reason-
ing through the sequence of events from the transmit point of view before
proceeding with the example.

The feed configuration of Figure 2 is now combined with an offset
paraboloid geometry such as that illustrated in Figure 1. Taken as an entity,
this ccambination comprises a conventional amplitude-sensing monopulse con-
figuraticn (ASM) when the feed cluster axis and the focal axis coincide
(B = GF ). When this coincidence is lacking, an errored amplitude-sensing mono-
pulse configuration (cASM) may be identified. It is reasonable, therefore, to
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crm (Ep+ Eo) and Difference (El -~ Ep) Channel Signals for Feed
Rotation Angles £,=8p;, Bp>8pps 3¢>>8p4.




aaticipate that the piase relationship for 3 = Cpp between (I) and (4) is such
that a phase jump or discontinuity (%) exists across 6 = 0°. It is also
reasonable to anticipate that the null value of the (A) channel associated
with ¢ = 9pa Will degrade to only & minimun - lue whose depth is a function

of the angle (2). This is because rotation .. the feed axis away from the
focal axis (1) reduces the transverse feed displacement component with respect
to the focal axis, in turn reducing the amount of beam squint of the far-field
radiation patterns and (2) increases the parallel feed displacencnt component,
in turn introducing phase lead aad phase lapg of the individual squinted beam
fields. Sce equations (5) and (6), under Radiation Pattern Data, for the

feed displacement vectors (3¢,) and (Pe,).

The effects of feed cluster rotation may also be discussed in terms of
reduced () linear phase gradients and increased () quadratic phase gradients
in the aperture plane. The inference is that the lead-lag phasc relationship
between the fields of the separate squinted beams which are used to form the

&) pattern leads to the same situation depicted in Figure 3. 1In conclusion,
regarding the of fset paraboloid and the feed cluster 2s an entity on trans-
nission, the (%) feed-cluster rotation introduces error into an amplitude~
sensing monopulse configuration se that it acquircs choracteristics of a
pPhase-sensing noncpulse systenm.

RADIATION PATTERY DATA
The separate squinted radiation patterns which result from feed dis-
Placenents such as those illustrated in Figure 2 are given as Figure 4. The

vector displacements for a two-{eed cluster are:

ey = (Jc]~ Yei» Z¢.) = (Rz cos &, 0.0, - Rg sin 8) (5)

Ec: = (q¢., Ye.» 2.} = (-Rg cos 2. 0.0, Rg sin B) (6)
which Is easily extended to a four-hora cluster. figure 4 depicts the situa-
tion at 3, = & = 352.0°, it is noted that there is a steep phase gradient
across the main Jobe of ecach beam which is attributable to the magnitude of
the offset parameter Yor the parabolic surface.  See Reference 2. The elec-
tromagnetic "center of rravity” s helow the 1. axis, whereas the observer
arc is centered on the origin ¢f covordinates (v) and cuts across wavefronts
as indicated by Fisure |.

The sum (!} and difference () rar-7icld azplitude patterns corre-
sponding te ¢ = 3, = 2.2 527, 547 and 56° are shown as Figure 5, 6, and 7.
Input paraweters to the physical optica prevram which produced Figure 5 are:

Focal lingin v = g, 2angyge

Max. Radius -~ = 6.56167"

Min. Rudius 7. = 0.0

Offset cLonstants hlp = =N.85825", vlp = 0.0, By, 0= -8.20208"
Frequeney + = 37,0 -

Waveleagth + = 0.02622"

Sampling Intorval 11 = 6.0
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Polarization Moments Pj(I) = Po(I) = 1.0, P;(J) = P. (1) = 0.0
P1(K) = P2(K) = 0.0
Feed Displacements xe¢; = 0.00409', y¢; = 0.0', z¢; = -0.00524"
. xex = -0.00409', v» = 0.0', z¢y = 1.00524"
Euler Angles ;.= 90", §; = 52°, v, = 0.0°, oy = 90°, H> = 52°, vy, = 0.0°

\{
Exponent for Feed Pattern Eg = cos %@, N1 = 0.0, Ny = 0.0

and the parametric cquations for the surface are:

. = sin + x
xp OQP sin p \lp (7
yp = -qu cos gﬁp + y)p (8)
. = Lopd° (N
a4F 1p

0% =x? 4y 2 (10)
P

x %0 => offset here {11)
1p .

v 2 0 here (12)
1P

% = -F, (13)
h

A
li
v
I~
°

The anticipated nutl-filline can be seen in Figures 5, 6 and 7, wi?h R
emerging as the best estimate for the focal axis angle (6,1) of this sut; ‘
Additional values of (B) were assumed, resulting in a composite plot of A min.
versus 3. See Figure 8.

Expanding the abeissa of Figure 8 by a factor of 100 and using small
increments of (i) to cbtain a more precisc resolution of the focal axis angle
(GFA) showed that the theorctical null could never be aclieved with the offset
paroboloid. Figurc 9 converges to the zerc derivative rather than the infinite
derivative d . miny. Nevertheless, the useful result hFA 54.02 is obtained

di
from Figure Y. The absence of a null is due to the asyanetry cof the offrset
paraboloid as seen by the {oeds (¢1) and (3,) in Fisure 2. 1t was found that
the ranve of (2) values of ligure 9 resulted in squinted beuam pairs such as
shown in Figure 4 which crossc; the - = 0 axis at slightly different levels.
The deviation was between 0.0050 and 0.0054 JB. At -« = vrA the far-field ()
patterns are antiphased, but can never annihilate perfectly. This is a charac-
teristic of the & = 0°, 180° radiation pattern cut lor the cffset paraboloid,
but not the ¢ = 90°, 270° cut when the orthogonz!l vrror channel is implemented
by feeds F3 and F,, of TFigure 2.

The sum () and difference (&) far-ficld phas¢e patterns, obtained sinul-
taneously in the physical optics sclution with the amplitude patterns (Figures
5, 6, 7) are given here as Figures 10, 11, 12. Relative phase between (I) and

(4) approaches a discontinuous jump 7L across ¢ = 0 as & approaches ﬁF\' A
. 4
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Figure 8. Difference Pattern Minima Versus
Feed Cluster Rotation Angle (B).
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Figure 9. Difference Pattern Minima Versus
Feed Cluster Rotation Angle (B).
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composite plot is comstructed and expanded as before. See Figures 13 and 1i.
It is apparent that these curves also lead to a precise resolution of the
inclination angle (OFA) of the focal axis of the offset paraboloid. Whether
amplitude or phase is used to determine this angle, the coarse scale allows
direct reading to the nearest 0.10° and the expanded scale allows direct read-
ing to the nearest 0.001°, well beyond most practical requirements.

Some of the features of Figures 10 through 12 are interesting and may be
worth discussing. Their form is accounted for as follows. Under ideal condi-
tions, ASM in an offset geometry exhibits relative phase difference equal to
zero or m-radius, and a discontinuous jump (J7L) in the neighborhood of € = 0°.
See Figure 15. For this situation, the feed cluster axis coincides with the
focal axis of the offset reflector (8 = 8pp). In Figure 11, B<Ops, and the
ideal ASM characteristics are almost attained. The relative phase differences
are approximately equal to zero or 7 radians away from 6 = 0°. At 6 = 0° a
relative phase difference of approximately 2w/3 radians replaces a discontin-
uous jump [mL. In Figure 10 and Figure 12, B/6p, and relative phase differ-
ences vary noticeably as a function of observer angle (8) and converge to u/2
radians at 0 = 0°, which was predicted for (¢ASM), and is a characteristic
usually associated with (PSM). The transition from (¢ASM) to (ASM) is very
rapid as (B) approaches (eFA)'

DUAL-ANGLE RESOLUTION

Two cases of dual-angle resolution are now considered. 1In the first
case it is assumed that an ideal paraboloidal surface is retained, but both
offset parameters are non-trivial. That is,

x1p £ 0 (14)
Y1p Z0. (15)

This is equivalent to a rotation or indexing of the previous single-angle
resolution case since

(x2, +y21p)‘i = x, (16)

P |%
dual dual single

in general. A candidate focal axis is chosen as before, and either the minima
of the (A) channel or the relative phase difference between the (A) and (X)
channels may be used to resulve the focal axis Opps ¢rp) with precision. In
the second case, it is assumed that the paraboloidal surface has undergone
some perturbation possibly due to physical rotaiion of the mechanical struc-
ture or to solar distortion. The optical focal point (F) no longer exists,
and is replaced by a caustic surface.

For the first case, a reasonable zpproximation te both eFA and ¢p, is
assumed, since

0< ¢ < 2m. (17)
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For the second case, a reasonable approximation to *F, slone is required since
. . A ]
it is obviovs that

u

b= . : (18)
for xip < 0, the situation depicted in Figure 1. Also, it becomes necessary
to admit other Euler angle values beside o £ 90°, v = 0° for the general feed
cluster orientatjon, and two error channel signals are observed.

CONCLUSION

This T has presented technical arguments leading to the conclusion that
a single or dual-anpie focal axis resolver, predicated on odd and even sensing
functions, may be developed and applied in bhoth mathematical simulation of an-
tenna systems and in the physical world. An of fset paraboloid, properly a
sector of a parent or rotationally symmetric paraboloid, was used to illustrate
the concepts. The focal axis resolver may be applied to other configurations
as well. See Reference 4, which discusses the inclined focal axis of a dual

parabolic cylinder antenna, for example.

in the course of the discussion, the terminology developed around phase-
sensing and amplitude-sonsing monopulse (PSM, ASM) was used. Reference to
monopulse is natural here since certain aspects of the focal axis resolver
discussion have a one-to-one correspondence with monopulse. Depending on what
.elements are encompassed and depending on’ the value of the feed cluster angle
(), errored ASM, purc ASH, and pure PSM can be jdentified. Conceptually,
the introduction of a feed cluster in a focal region with planar wavefront
tends to indicate that the resolver per se is a PSM device, the paraboloid
functioning merely as a transducer vhieh converts an incident plane wave into
another (restricted) plane wave regien.  The utilization of the resolver,
and reliance eon the far field radiation patterns, dictate that the combination
of feed cluster and paraboloid comprises either (eAsM) or pure (ASM) is
R # Gpp or £ = 'pa.

Actually, it can be arpued that the focal axis resolver is necither (PSM),
(cASM), or (ASM) since it is not imperative that the sum channel be used. The
focal axis can be resolved by regarding the depth of the minimua of the error
channel (%) aleone, which is not characteristic of wonopulse operations. Tar-
get scintillation amd noise would prohibit angle-tracking by this appreach,
and defeat the monopulse cencept entirely. Fuither. the dependence on the
development of scveral minima to determine the precise focal axis would be
analogous to conical scanning rather than monopulse since a single nulsc is
inadequate to resoive a target hearing (7,3) by the former method.

This T has documented the rudiments of what appears to be a useful de-
vice for resclving foenl axes vith precision in-difficult situations. Its
limitations, implementation details, and techniques for eliminating feed and
comparator errors throuch interchanves, for example, were not explored.
Utilization of the resolver is in mathematical simulations, and in the
physicai world.
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APPENDIX A
Rin and Aperturc Boundaries

X

<
- Y TS T
<
o
n
N

fo

oy |

3 (G'Qp, igp) |

(OQPI {Qp,
114

Figure A-1. Offset Paraboloid.

From Figure A-1 it can be seen that for every point (07, rg ) of a polar
net coincident with the aperture plane (AP) there exists a pgxnt on the surface
Y. If, in particular, only a circular rim of the aperture (Tpp) is considered,
it follows that only the physical rim (T'y) of the surface is obtained. Then
the entire set of rim pointe (x' p' y! P z p) or (PY) may be written as the
entire set of rim points

x' p= c'lp sin C!.p + X1p ‘ (1-a)
y'p = —U’gp cos Lgp + yip (2-A)
142

(o

zp = (—.Iﬁ +z (3-4)
4F 1p )

] 2 . v 32 t 2 -
(c'p) (x p) + (y p) (4-A)
A-1
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vhere

x1p #0 => otfset here
y1p=0 -
zy_ = -F

p

and (o'gp) designates the ape
, z'p) constitutes t
the axes of both rotationrally symmetric sur

(x'p’ Y'p

not in general coincident.

A method of demonstrating that the rim (T

(5-8)

(6-4)

(7-8)

rture radius value. The collection of points

he intersection of a cylinder with a paraboloid,

ellipse is to first establish that it is a planar curve.

formation about the y-auis of

that rotation (8,) is determined here by the rim points corresponding to
Clp = 90°, 270°. The rotational transformation is

x = X!

P
y = Yp
z = x!
P

and the angle is

- ' 3
cos O, zp sin 0,

sin 0, + z; cos 8,

§, = arc tan laz] _ z'p - z'g = “%1p

Since the latter establishes

sin 0,

cos G,

the rotated rim (YY) appears

Lp

lax] x'®—x'® 2F

that

fl

. s d
“1p A (CITN R (4F9)1]

2F / [(x, )% + B

as

(0} sin Cgp + xlp) 2F {z'] (—x,p)

2

(x1p

Vo T ST T sy SO
STAANT T TN g, it I Vo G RO TR > a A AN
i detad B S M e B TR g %34:‘ P ‘;‘{"‘}5""'-:_&':5 s f]“*zj‘i";f* h ,,,rﬁg?'}‘;‘vr:‘*}-’wfﬂ:s s

+ 4F?%)’ (xi,

A-2

A LT Do

AR AR i

+ 4F2)s

pgﬁi,ggﬁamnw/

(8-4)

(2-A)

(10-4)

(11-A)

(12-4)

(13-4)

(14-4)

faces being assumed parallcl,‘but

) of the physical surface is an
A rotational trans-
~igure A-1 accomplishes this, and the amount of
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v

Saipact




- N -
Olp cos Clp (15-A)

y=
(0'gp sin Loy + %) (=%, ) {z'] (2P)
z = P : P L (16-A)
(x? + 4F%)% (x? + 4F2)*
lp lp
where
(0'p)2 [(x")? + (y"H2
[2') =———-F = - F
4F 4F
(o'p )% + 2x, o'y sin Ly + x?,
. 2? P P P P r (17-)
4F
Substituting {z'! into (15-A) leads to
z = [-% lep -k (c'gp)2 - 2F2]/(x21p + 4F?)% = constant. (18-A)

Since (18-A) is independent of (Eﬂp)’ and cgp = o'gp = constant, as well as
(x, ) and (F), it may be concluded that the physical rim of the offset para-

boloid, which was designated (T,), is a planar curve. That is, the inter-
section of a cylinder with axis parallel to the parent paraboloid axis lies

in a plane.

From equations (14-A) and 15-A) which relate to a planar curve,

{1 p? - 74w 2

X = n
2 2% %%
X + 4F°)72

( 1p )
(0, )2 + 2x_ _[(0) )2 - (n)?] % (=%, ) |
_ { 2p 1p[ Lp ] ¥ } P (19-A)
4F 7y, + 4F?)y%
After some algebraic reduction,
1
' 2 _ 2v% 2 4 L4F?y 4 2 L 4Py 4 x voy2
20’y )2 = M (2 L+ P Hx GF 4 4F) x (07 )

(20-4A)

X =
Lf';

4F(x? + 4F?)
1P
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which is recognized as the equation of an ellipse. Letting

c: = (x2 _+ AFZ)% = constant ' (21-4)
o P

the standard form of an ellipse is easily recovered:

2
2 ] 2
[x - x;p[(co) + (o jm) ]]

[OCOF ) .
y ) .
+ ; =1 (22"A)
' 2 (o', )
co o Lo p .
2F

When x b -+ 0, the ellipse degenerates to a circle.
1
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