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ABSTRACT

Branching ratios in hydrogen-like atoms due to electric-dipole transitions are tabulated for the
initial principal and angular momentum quantum number n'Q’, and final principal and angular
momentum quantum numbers n€. In Table 1, transition probabilites are given for transitions n'2’ = n,
where sums have been made with respect to £, In this table, 2<n'< 10, 0< 2’ <€ n'-1, and
1 <n < n'-1. In addition, averages with respect to 2’ and sums with respect to n, and lifetimes are
given,

In Table II, branching ratios are given for transitions n'?'-*n, where sums  ave been made with
respect to £. In these tables, 2<n'< 10, 0< 2 <n’-]1,and 1 <K n<n'-1. Averages with respect to
%' are also given.

In Table 111, branching ratios are given for transitions n'®'-+*nf, where | Sn <5, 0< 2 <n-1,
n<n’'<15,and 0<' < n,, where n_ is the smaller of the two numbers n’-1 and 6. Averages with

respect to Q' are also given.
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I. INTRODUCTION

Excited states of atoms and jons are formed frequently in laboratory and astrophysical plasmas.
The important processes leading to the atomic excited states are the radistive and dielectronic re-
combinations in plasmas, electron capture by ions through the charge exchange collisions with
atoms and ions, and collisional excitation of atoms and ions with electrons and heavy charged or
neutral particles. The dominant transitions for cascading of the excited states are the electric dipole
transitions. It is convenient to have tables of values for the branching ratios for these transitions
between the important initial and final levels. This tabulation is being done here for the case of the
hydrogen-like atoms.

In Section Il calculation of the branching ratios are formulated and in Section 111 three tables
are given,

In Table I transition probabilities for a number of initially excited hydrogen-like atoms whose

range of quantum numbers are described in the abstract are given. This table is an extension of a

similar table given by Bethe and Salpeter! , and is given here not for its novelty, but for its differences

with similar tabulations. Related quantities, the squares of the radial integrals in the matrix ele-
ments of the clectric dipole moment for various transitions, have been tabulated extensively by
Green, Rush, and Chandier.2 However, these tabulations are for transitions of the type n'¢'~ ng,
and various sums and averages with respect to n, £, and 2’ are not given. Similarly, Hiskes and
Tarter® tabulate transition probabilities for transitions of the type n'¢'~ n€ and n''~ n, They also
give lifetimes of various excited states n'¢’ in graphical forms. As a result, some numbers given in
Table I are repetitions of the numbers and graphs given by Hiskes and Tarter.

Tables 11 and 111 are completely new, and give branching ratios between various transitions and

their sums and averages.
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The values for the branching ratios for the low-lying levels can easily be obtained using the
known values of the atomic electric dipole moments for various transitions, However, when the
initial state is a highly excited state, due to numerous ways that the electron can reach lower
levels, the calculation becomes cumbersome. Tables II and 11l alleviate this difficulty by tabulating
branching ratios between different excited states. Table II gives branching ratios for transitions of
the type n’2'-> n, and averages with respect to 2. Table III gives branching ratios for transitions of
the type n'?'~ n&, and averages with respect to 2'. The range of the quantum numbers covered are
given in the abstract.

Tables presented in this paper are for an isolated hydrogen-like atom free of any perturbations,
However, states with high n values are very eas*'y perturbed by small electrostatic fields, which split
the n?-fold hydrogen-like degeneracy into a number of ““Stark states” (first order Stark effect).
This can drastically change the selection rules and branching ratios. Thus it is possible that the re-
sults presented here may correspond to a situation which is not realizable experimentally. Ina
forthcoming paper, transition probabilities and branching ratios between Stark levels of hydrogen-
like atoms are tabluated and presented.

II. FORMULATION

The electric dipole transition probability for the initial and final states i and f is given by the
Einstein’s A coefficient:!

1
A(f, 1) --3—-«:3 (R./Au}) (AER,)® )

xI<ilg 11> 12,

where <i | I | £> is the electric dipole moment, A E/R_, is the energy difference between the
levels in rydberg, and a and a_ are the fine structure constant and the Bohr radius. For the case of
the hydrogen-like atoms (1) reduces to

3
rory o) 11
A(ng, n'?) -?3 (R./Ral) uz‘éz - _>
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where n'’ and nf represent the principal and angular momentum quantum numbers of the initial
and final states, u is the reduced mass, and Z is the nuclear charge of the atom. m and m’ are the




magnetic quantum numbers of the final and initial states, and |<nfm Iz In'?' m'> 12 is the square
of the electric dipole moment for the atomic hydrogen.

The branching ratio due to the direct transition between n'®’ and nf, which we call f(n2, n'?’), is

given by
“ng' ntny) - - A(nfp n'ﬂl) (3)
n-.1 n -1 :
z Z A(nngn' n't')
n - fep

However, many transitions from n'2’ to n take place by the transient electron passing through
the intermediate states n’’?’’ before reaching nR. Let us designate the branching ratio due to all
possible transitions by By (n, n"2" ), Then if the values of f (nf, n’'2" ) are known for all values

of n "2 up to n'" <n'-1, the value of f. (n2, n'2’ ) is obviously given by the following formula:

By (n2,n'Y) = f(ng,n'?)

" 0]
n'-1 s |
+z z Bn"2",n’'L")p (g, n"R")
nll =q + l g".o
Of usefulness are also the branching ratios obtained by averaging ﬂ.r (n2, n'?’ ) with respect to
£’ and summing with respect to £:
.t
B,(ng,n’)= —l-— “Z (22" +1) B, (n,n"L"), 3)
n'? '=o
n-1
B (n,n")= ; (22+1) B, (%, n ") ©)
-0

In practice, for a given n® Equation (4) is used to calculate B (n2, n'?’ ) forn’ =n + 1, keeping
in mind that ;. (n2, n + 12’ )= §(n, n + 12'), Then (4) is used successively to obtain the total

branching ratio for any desired n'?’.




In evaluating S (ng, n ‘2’ ) the values of the dipole moments between n'¢’ and nf are needed.
Gordon* has given a general formula for the electric dipole moment matrices in terms of a hyper-
geometric function. An alternative derivation will be given below where these matrices are given in
terms of finite sums over algebraic expressions,

For convenience let m and m' represent from now on the absolute values of the magnetic
quantum numbers. This could be done since the electric dipole moment is invariant with respect to
the change of sign of m and m', Using the expression for <nf m | exp (g-r) In'?' m™>, (Ref, 5),

we find with straightforward algebra

<nfmlq 33 In't'm'>=5(m,m")

9 iq*r
X <nfmle ~ ~[n'R’ ™
[a(iq) nfmle In 2m>] —-o

l‘ll 0 a

n-—m-1 n'-m-1
=5 (m,m’) Z: 2 <n2m|nnlm><n’nl'm|n'2'm><nn|ml¢-1-£ln’n,'m>
=0
1

where q is an arbitrary vector, n 'nym and n n, m are the parabolic coordinate quantum numbers of
the initial ar~ final states, <n n,m Infm > are elements of the transformation matrix between

the spherical and parabolic coordinates eigenstates. This matrix is related to the Wigner’s 3j symbol.
The relation was first discovered by Park,® and later rediscovered by Hughes,” and Barut and

Kleinert.® It is given by

-%(n-l) -;—(n-l) e
<nn,ml nfm> =(-)® (22 +1)*/? (8)
] 1
-?(m-n‘+nz) —;(m+n, '"z) -m
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Finally,
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Equations (7) to (9) can te combined with
- 2
|<anlL|n'Q'm'>12-3l<an|q ‘rin'?'m>| (10)

to obtain values of the square of the dipole moments necessary for evaluation of A(ng, n'?’'). Then,
Eqgs. (3) — (6) can be used to find values of f(ng, n'?" ), By (n&,n'?’ ), By (n, n' ) and By (n, n').

It should be noted that while A (n€, n'®’ ) increases linearly with the reduced mass of the
hydrogen-like atom under consideration and increases as the 4th power of Z with respect to the

nuclear charge Z, the branching ratios are independent of these parameters,
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III. RESULTS

Results are given in Figure | and Tables 1 through IIl. In Figure 1, the branching ratios 8,

between the initial states a' = 10, £’ = (-9, and the final states n < n' are given as functions of n. To
show the variation of 8, versus n, §, is shown as a continuous funciion of n, although it has no
meaning for non-integer values of r,

It is interesting to note that, except the case £’ = 0, the larger the angular momentum, the larger
the branching ratio. This is consistent with the lifetimes of the excited states for different R' where,
except for ' = 0 case, the states with largest £’ have longust lifetimes (Hiskes and Tarter® and Table
I). Physically what it means is that states with high 2’ values have fewer channels at their disposal
for decay, and live longer. In particular, a state with £’ = n’-] has a single channel for decay (cf.

Eq. (11)), and has the longest lifetime. The branching ratios for all transitions to the ground state,
except the states with €' = n' -1, are less than unity due to the metastable state 2s.

In Tables I-I11 th. initial or the upper states are designated by primed, and the final or the jower
states are designated by unprimed letters. In Table I transition probabilities are given for the
transitions n''-> n, where sums have been made with respect to 2. The principal quantum number
n' ranges from 2 to 10, and 2’ and n take all their possible values, Averages with respect to £’
are designated by ‘“Mean”’, and sums with respect to n are designated by “Total”. Similarly, the
lifetime of each excited state n'®’' or n’ is given. The transition probabilities of an hydrogen-like
atom with a reduced mass u and an effective charge Z is obtained by multiplying the numbers given

in Table I by a factor uZ*, in accordance with Eq. (2).
In Table II, the branching ratios for transitions n'2'-+ n, where sums have been made with
respect to R, are given. Similarly, the transitions n'= n designated by “Mean’’, where averages are

made with respect to 2’, are given, Ranges of n’?’, and n are the same as in Table 1.




As is seen in the table, the branching ratios for transitions in which ' = n' -1 ire equal to unity.
This is due to the fact that if we assume n’' = n’-1, and n’”’ = n"’-], then the state with R’ = n’-1 can
only decay into the state n’”’ , Q" =n ''-1, and then to the state n’”’ , """ = n "’ -], etc. It follows

that

Br (0¥ = n'- 1) = 8,0 - 1), (1

as it should be,

In Tables II1 A through 111 O, the branching ratios for transitions n'®'= n¢, and their averages
with respect to £', are given, In these tables | N & 35,0<¢<n-1,n<n'<15,and 0< ' <n,,
here n_ is the smaller of the two numbers n’ -1 and 6.

For the final states ' where 6 <2' < n'-1 for which the branching ratios are not listed in the
tables a crude estimate for the branching ratios could be obtained by interpolating the values of
these ratios between values for £’ = 6 given in the tables and £’ = n’-] given by (11). Similarly, the
branching ratios for n’ >15 can be crudely estimated by extrapolating the branching ratios for
n'<1s,

All the excited states of the hydrogen-like atoms decay by the electric dipole transitions except
the 2s state. Then the sum of the branching ratios of an initial state to the 1s and 2s stat s should be
equal to unity, as is verified in the tables,
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Figure 1. Branching ratios §, between the initial statesn’ = 10 and
2’ = 0-9, and the final states n < n’ as functions of n.
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Table 1
Transition Probabilities in Atomic Hydrogen in sec™!

Lifetime
1 4 Total (sec)

0.0 0 @
6.27+48* 6.2748 | 1.60-9
4,7048 4.7048 | 2.13-9
0.0 6.3246 | 1.58-7
1.6748 1.90+8 | 5.27-9
0.0 6.47+7 | 1.55-8
5.57+7 1.0048 | 1.00-8
0.0 4,.4247 | 2.26-T
6. 8247 8.18+7 | 1.23-8
0.9 2.7+7 | 8.61-8
0.0 1.88+7 | 7.25-8
1, 2847 3.02+7 | 3,81-8
0.0 6.4545 2.8448 | 8.52-7
S, 44+7 9.26+5 4.2147 | 2.88-8
0.0 1.5446 1.44+7 | 6.96-8
0.0 2.5946 7.1846 | 1.40-7
0.0 4,2646 4,2646 | 2.85-7
4,13+6 . 1.1647 | 8.65-8
0.0 3.58% 1.8746 | 5.35-7
1.97+7 5.40+5 2.4547 | 4,08-8
0.0 8.84+5 8.4046 | 1.19-7
0.0 1,2946 4.1746 | 2.40-7
0.0 1.8746 2,4846 | 4.08-7
0.0 0.0 1.6548 | 6.08-7
1.65+6 T. 1245 5.21+6 | 1.93-7

oriha ! X Oh i Y et B




7l

—— T "
Table I (continued)

n Lifetime

n't’ 1 2 3 4 6 7 8 Total (sec)
70 0.0 4,5945 3.1345 2.1745 1.2745 1.2846 7,83-7
71 1.24+47 1, 80+6 6.49+45 3.3745 1,4945 1.5547 6.45-8
72 0.0 3.13+6 1.15+46 5.4545 1.9645 5.3346 1.88-7
73 0.0 0.0 1.2146 7.3445 2,7145 2.6546 3.77-8
74 0.0 0.0 0.0 6. 4645 3.8045 1.5746 6.35-7
75 0.0 0.0 0.0 g.0 5,3345 1.0446 9, 60-7
76 0.0 0.0 0.0 0.0 7.4145 7.4145 1.35-6
Mean 7.5745 4.3945 3.3645 3.0445 4,56+45 2.6246 3.82-7
80 0.0 3.0645 2.0745 1.4245 8.11+4 6.57T+4 9.05+5 1.10-6
81 8,2646 1.2046 4,3445 2.2445 9,82+ 7.414+4 1.04+7 9,59-8
82 0.0 2.0546 7.5645 3.5945 1.3245 9,144 3.6046 2.78-7
83 0.0 0.0 7.5445 4,6145 1.7845 1.1945 1.7946 5.59-7
84 0.0 0.0 0.0 3.6445 2.2845 1.5845 1.0646 9.41-7
85 0.0 0.0 0.0 0.0 2.5845 2.1045 7.0245 1.42-6
86 0.0 0.0 0.0 0.0 2.18+45 2.8145 4,9845 2.01-6
87 0.0 0.0 0.0 0.0 0.0 3.73+45 3.7345 2.68-6
Mean 3.87+5 2,2245 1,6545 1.4345 1.56+45 2.2745 1.4446 6. 95-7
90 0.0 2.1445 1.4445 9.80+4 5.45+4 4,414+ 3.68H4 6. 6245 1.51-6
91 5.7946 8.4445 3.0445 1.5645 6. 73+ 5.084+4 4.03+4 T« 3546 1.36-7
92 0.0 1.4246 5.2445 2.4945 9.10H4 6.41+4 4,76+ 2.5446 3.94-7
93 0.0 0.0 5.06+45 3.1045 1.2145 8.28#4 5,89+ 1.2746 7.90-7
94 0.0 0.0 0.0 2.2945 1.4545 1.0545 7.48+ 7.5245 1.33-6
95 0.0 0.0 0.0 0.0 1.4645 1.2545 9.60H 4,9745 2.01-6
96 0.0 0.0 0.0 0.0 9,68+ 1.3245 1.2445 3.52+45 2,84-6
91 0.0 0.0 0.0 0.0 0.0 1.0445 1.5945 2,6345 3.81-6
98 0.0 0.0 0.0 0.0 0.0 0.0 2.0445 2.0445 4.91-6
Mean 2.1445 1.2245 8.91+4 7.464H4 7.07+4 8.2444 1.2345 8.4545 1.18-6
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Table I (continued)
n Lifetime
n't 2 5 6 7 8 9 Total (sec)
100\+ 0.0 1.5545 5.07+H 3.8+ | 3.07TH4 2.56+4 | 2,19+ 4,9745 2.01-6
101 4.2146 6.1545 6.97H4 4,814 | 3.59H 2,86+ | 2.35# 5.3746 1.86-7
102 0.0 1.0346 1.0245 6.544+4 | 4.5844 3.444+4 | 2,684 1.8646 5.38-7
103 0.0 0.0 1.3345 8.56+4 | 5.8944 4.2844 | 3.2044 9.2845 1.08-6
104 0.0 0.0 1.3445 9,89+ 7.19+4 5.31+4 | 3,924 5.5245 1.81-8
105 0.0 0.0 8.134+4 9.144+4 7.9244 6.37+4 | 4,884+ 3.6445 2.74-6
106 0.0 0.0 0.0 5.27H4 7.264+4 7.1744 | 6.0944 2.5845 3.88-6
107 0.0 0.0 0.0 0.0 4,434 7.17+4 7.634+4 1.9245 5.20-6
108 0.0 0.0 0.0 0.0 0.0 5.35+4 | 9,53# 1.4945 6.72-8
109 0.0 0.0 0.0 0.0 0.0 0.0 1.1945 1.1945 8, 42-6
Mean | 1.2645 7.13+4 3.80+4 3.69+4 | 3,914+ 4,684 | 7.164 5.2445 1,91-6

T N T S

*The fourth digit indicates the power of 10 by which the entry should be raised.




Table II
Branching Rations in Atomic Hydrogen for Transitionsin ‘¢’ *nandn’' = n

n'l'
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Table II (continued)
N o
rpt
't N 1 2 s 4 s 6 7 8

70 | 9.2¢-1] 4.56-1 | 2,64-1 | 1,76-1 | 1.28-1 |9.981-2
71 | 8.82-1{1,85-1 | 5.7M-2 | 2.60-2 | 1.48-2 |9,61-8
72 | 9.52-1|6.54-1 | 2.82-1 | 1,07-1 | 5.93-2 | 8,67-2
78 | 9.81-1}8,87-1 | 5,95-1 | 8,10-1 | 1.78-1 [1.02-1
7 | 9.92-1]9.43-1 | 8,191 | 6,18-1 | 3.98-1 | 2.41-1
75 | 9.98-1(9,81-1 | 9,881 | 8,656-1 | 7.17-1 |5.11-1
7 | 1.00 |1.00 1.00 1,00 1.00 |1,00

Mean| 9.82-1|8.68-1 | 7.44-1 | 6.81-1 | 5.88-1 | 4,45-1
80 | 9.21-1]4,40-1 | 2.50-1 | 1,64-1 | 1.17-1 |{9.08-2 | 7.26-2
81 | 8.,82-1)1,87-1 | 5.85-2 | 2.68-2 | 1.62-2 |9.95-8 | 7.10-~8
82 | 9.51-1(6.,43-1 | 2,29-1 | 1,06-1 | 5.90-2 |8,73-2 | 2.54~2
83 | 9.79-1 | 8.4°-1 | 5,69-1 | 2,98-1 | 1.68-1 |1,03-1 | 6,63-2
84 | 9,01-1)9,8-1 | 7.85-1 | 5.60-1 | 8.61-1 {2 81-1 | 1,48-1
85 | 9.96-1|9.70-1 | 9,02-1 | 7.82-1 | 6.16-1 |4,41-1 | 8.00-1
86 | 9.99-1|9.90-1 | 9.65-1 | 9.18-1 | 8.40-1 | 7.25-1 | 5,63-1
87 | 1,00 |1.00 1.00 1.00 1.00 |1,00 1.00

Mean| 9.85-1 | 9.61-1 | 7.82-1 | 6.80-1 | 5.86-1 | 5,06-1 | 4,32-1
90 | 9.20-11]4,20-1 | 2,41-1 | 1,56-1 | 1,10-1 |8,35-2 | 6.70-2 | 5.56-2
91 | 8.,82-1)1.89-1 | 5.94-2 | 2.73-2 | 1,56-2 |1,01-2 | 7.21-8 | 5.49-3
92 | 9.49-1|6.35-1 | 2.27-1 | 1,06-1 | 5.86-2 |8.70-2 | 2.56-2 | 1.87-2
93 | 9.77-1|8.84-1 | 5.53-1 | 2.89-1 | 1.64-1 [1.01-1 | 6.72-2 | 4.65-2
94 | 9.89-1]9.21-1 | 7.62-1 | 5.41-1 | 8.42-1 |2.20-1 | 1.47-1 | 9.84-2
95 | 9.95-1]/9.62-1 | 8.78-1 | 7.89-1 | 5.64-1 |4.01-1 | 2.81-1 | 1,98-1
96 | 9.98-1|9.82-1 | 9.48-1 | 8.69-1 | 7.60-1 |6.,22-1 | 4.80-1 | 8.51-1
97 | 9.99-1)9.94-1 | 9.79-1 | 9,50~1 | 9.08-1 [8.83-1 | 7.86-1 | 6.06-1
98 | 1.00 |1,00 1.00 1,00 1.00 |1.00 1,00 1,00

Mean| 9.87-1|9,08-1 | 8,14-1 | 7,20-1 | 6.834-1 |5,55-1 | 4,86-1 | 4.22-1




Table II (continued)

N 1 2 s 4 5 (3 7 8 9
9.19-1 {4.21-1 |{2.84~1 | 1.50-1 | 1.05-1)7,89-2 | 6.24~2 | 5.17-2 | ¢,.40-2
8.82-1 {1.90-1 |6.00-2 | 2,76-2 | 1.56-21,01-2 | 7,19-3 | 5.48-3 | 4.88-8
9.49-1 |6.80-1 {2.26-1 | 1,05-1 | 5.84-2|8,67-2 | 2.53-2 | 1.87-2 | 1.44-2
9.76-1 |8,28-1 |5.43-1 | 2.84-1 | 1.61-1]9,97-2 | 6.656-2 | 4,72-2 | 8.45-2
9.88-1 |9.14-1 |7.47-1 | 5.22-1 | 8.80-1)2.18-1 | 1,481 | 1,00-1 | 7.11-2
9.94-1 |9.56-1 |8.62-1 | 7.11-1 | 6.82-1|8,76-1 | 2.65-1 | 1.88-1 | 1.84-1
9.97-1 |9.77-1 |9.27-1 | 8.87-1 | 7.12-1]6.67-1 | 4.88-1 | 8.25-1 | 2.36-1
9.09-1 |9.80-1 |9.64-1 | 9.18-1 | 8.45-1 | 7.48-1 | 6.81-1 | 5.18~1 | 8.87-1
9.99-1 {9.96-1 |#9.87-1 | 9.68-1 | 9.,88-1]8,93-1 | 8.81-1 | 7.47-1 | 6.40~1
1.00 1,00 1.00 1.00 1.00 |1.00 1,00 1.00 1.00
9.89-1 |9.22-1 |8.89-1 | 7.58-1 | 6.78-1]5.98-1 | 5.81-1 | 4.71-1 | 4.14-1
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Tables III. Branching ratios fy (nf, n'¢')and By (ng,n') for 1IKn < 5,0<2<n-1,n<n'< 15,
and 0 < ' < ng, where ng is the smaller of 6 and n™-1.

Table IIT A

Final 18 State
| - Br(1s, n't’) By(1s, n')
G| o 1 2 3 4 5 6 | Mean
; : ‘
; 2 [o0.00 |[1.00 7.50-1
‘ 8 |1.00 |s.82-1]1.00 9.61-1
] 4 |9.51-18.81-1 | 9.70-1| 1.000 9.65-1
5 |9.35-1|8.81-1 | 9.60-1 | 9.89-1 | 1.000 9.72-1
6 |9.28-1|8.82-10.65-1 | 9.84-1 | 9.95-1 |1.00 9.77-1
‘ 7 | 9.24-1|8.82-1 | 9.52-1 | 9.81-1 | 9.92-1 | 9.98-1 | 1.0000 | 9.82-1
| 8 |9.21-18.82-1|9.51-1 | 9.79-1 | 9.91-1 |9.96-1 | 9.99-1 | 9.85-1
9 |9.20-1|8.82-1]9.49-1]9.77-1 | 9.89-1 | 9.95-1 | 9.98-1 | 9.87-1
10 | 9.19-1|8.82-1|9.49-1 | 9.76-1 | 9.88-1 | 9.94-1 | 9.97-1 | 9.89-1
11 | 9.18-1|8.82-1|9.48-1 | 9.76-1 | 9.88-1 | 9.93-1 | 9.96-1 | 9.91-1
12 | 9.17-1 | 8.82~1 | 9.48-1 | 8.75-1 | 9.87-1 | 9.98-1 | 9.96-1 | 9.92-1
' 13 | 9.16-1 | 8.82~1 | 9.47-1 | 8.75-1 | 9.87-1 [ 9.93-1 | 9.96-1 | 9.93-1
14 | 9.16-1|8.82-1|9.47-1 | 9.75-1 | 9.87-1 | 9.92-1 | 9.96-1 | 9.94-1
15 | 9.16-1 | 8.82~1 | 9.47-1 | 9.74-1 | 9.86-1 | 9.92-1 | 9.95-1 [ 9.94-1

17

*The fourth digit indicates the power of 10 by which the entry should be raised.
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Br(2s, n'd’)

Table III B
Final 2s State

— ,BT(QS. n')

Mean

®© W =3 DD O a0

10
11
12
13
14
15

0.00

4.92-2
6.48-2
7.20-2
7.60-2
7.85-2
8.03-2
8.15-2
8.24~2
8.31-2
8.37-2
8.41-2
8.45-2

1.18-1
1.19-1
1.19-1
1,18-1
1.18-1
1.18-1
1.18-1
1.18-1
1.18-1
1.18-1
1.18-1
1.18-1
1.18-1

0.00

3.01-2
4,03~2
4.61-2
4.78-2
4.95-~2
5.06-2
5.14-2
5.20-2
5.24~2
5.28~2
5.80-2
5.32-2

0.00

1.09-2
1.63-2
1.94-2
2,18-2
2.26-2
2.35-2
2.42-2
2.47-2
2.51-2
2.64-2
2.57-2

0.00

4.87-3
7.70-3
9.49-3
1.07-2
1.16-2
1.22-2
1.27-2
1.31-2
1.34-2
1.36-2

0.00

2.49-3
4.08-3
5.16-3
5.94~-3
6.50-3
6.94-8
7.27-3
7.54-8
7.75-8

0.00

1.40-3
2.36-3
3.04-3
3.55-3
3.93-3
4.28-3
4.46-3
4.66-3

3.94-2
3.48-2
2.79-2
2.25-2
1.84-2
1.63-2
1.29-2
1.10-2
9.46-3
8.24-3
7.23-3
6.40-3
5.70-3
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Table IIT C
Final 2p State
- By(2p. n't") ~ S.(2p, n')
4'

o 0 1 2 3 4 5 6 | Mean
3 1000 o.oo 1. oo 6.87-1
4 5.84-1 | 4.20-2 | 7.46-1 | 1.00 7.16-1
5 4.64-1 | 56.61-2 | 6.65-1 ] 9.08-1 | 1.00 7.72-1
6 4,09-1 | 6.29-2 | 6.27-1 | 8.63~1 | 9.59~1 | 1.00 8.17-1
7 3.80-1 | 6.68~2 | 6.06-1 | 8,38-1 | 9.35-1 | 9.79-1 | 1.00 8.50-1
8 3.61-1 | 6.93-2 | 5.93-1 | 8.22-1 | 9.20~-1 | 9.66-1 | 9.88-1 | 8.76-1

10 3.40-1 | 7.23-2 | 5.79-1 | 8.04-1| 9.03-1 | 9.50-1 | 9.74~1| 9.11-1
11 3.33-1 | 7.88-2 | 5.74~1| 7.99-1| 8.98-1 | 9.45-1 | 9.70-1| 9.23-1
12 3.28-1 | 7.40-2 | 5.71-1 | 7.94-1 | 8.94-1 | 8.42-1 | 9.67-1| 9.33-1
13 8.24-1 | 7.46-2 | 5.68-1| 7.91-1| 8.91~1 | 9.39-1 | 9.64~1| 9.41-1
14 3.21-1 }7,51-2| 5.66-1| 7.89-1 | 8.88~1 | 9.37-1 | 9.62-1 | 9.48-1
15 3.18-1 | 7.55-2 | 5.65-1 | 7.87-1| 8.86~1 | 9.35-1 | 9.61-1 | 9.53-1

19
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Tablemn D

Final 3s Btate

By (3s, n't")

= B(3s, n')

© ® 3 A O =

10
11
12
13
14
16

0.00

8.57-3
| 1,28-2
1.62-2
1.67-2
1.78-3
1.85-2
1.80-2
1.94-2
1.97-2
2.00-2
2.02-2

3.77-2
3.90-2
3.91-2
3.91-2
3.90-2
3.90-2
3.89-2
3.89-2
3.89-2
3.88-2
3.88~2
3.88-2

0.00

3.90-3
5.96-3
7.18 3
7.90~3
8.41-3
8.77-3
9.04-3
9.24-3
9.39-3
9.52-3
9.62-3

0.00

0.00

6.78-4
1.22-3
1.62-3
1.90-3
2.12-3
2,28-3
2.40-3
2.50-3
2.58-3
2.65-8

0.00

0.00

1.62-4
3.21-4
4.62-4
5.66-4
6.38-4
7.04-4
7.57-4
8.00-4
8.35-4

0.00

0.00

4.83-5
1.02-4
1.49-4
1.90-4
2.23-4
2.51-4
2.74-4
2.94-4

0.00

0.00

1.69-5
3.71-56
5.63-5
7.34=-5
8.81-6
1.01-4
1.11-4

7.07-3
5.80-3
4.57-3
3.64-3
2.94-3
2.41-8
2.01-3
1.70-8
1.45-3
1.26-3
1.10-3
9.63-4
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Table III E

Final Sp State

: - By(3p. n'1") *By(3p, n')

# | D Y1 oo 1 2 3 4 5 6 | Mean
4 4.16-1 | 0.00 2.54-1 | 0.00 1,05-1
5 3.19-1 8.43-3 2.36-1 9'28-2 0.00 8.69-2
6 2.73-1 | 1.26-2 | 2.25-1 | 1.20-1 | 4.12~2 | 0.00 7.34-2
7 2.47-1 | 1.50-2 | 2.17-1 | 1.31-1 | 6.07-2 | 2,10-2 | 0.00 6.28-2
8 2,32-1 | 1.66-2 | 2.18-1 | 1.37-1| 7.17-2 | 3.32-2 | 1.19-2 | 5.42-2
9 2.21-1| 1,76-2 | 2.10-1 | 1,41-1| 7.86-2 | 4.09~2 | 1.85-2 | 4,72-2

10 2.14-1| 1.88-2 | 2,07-1 | 1.43-1 | 8.31~2 | 4.62~2 | 2.47-2 | 4.15-2

11 2.08~1 | 1.88-2 | 2.06~-1 | 1.45-1| 8.64-2 | 4.99-2 | 2.86-2 | 8.66-2
ﬁ 12 2.04-1 | 1.92-2 | 2.04-1 | 1.46-1| 8.87-2 | 5.27~2 | 8.13-2 | 8.26-2
18 2.01-1 | 1.95-2 | 2.08~1 | 1.47-1| 9.05-2 | 5.48-2 | 3.34-2 | 2,91-2
14 1.98-11] 1.98-2 | 2,02~1 | 1.47-1] 9.19-2 | 6.65-2 | 8.61-2 | 2.62-2
15 1.96-1 | 2.00~-2 | 2.02-1 | 1.48-1] 9.30-2 | 5.78-2 | 3.64-2 | 2.37-2
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Table IO F
Final 3d State

By(3d, n't’)

~ £,(34, n')

&'

®© W =3 O O »n

10
11

13
14
15

0.00

9.72-4 .

1.38-3
1.50-3
1.59-3
1.65-3
1.68-3
1.71-3
1.78-8
1.75-8
1.76=3
178

4.28-3
3.56-3
3.22-3
3.04-3
2.94-3
2.88-3
2.84-3
2.81-3
2.79-3
2.717-3
2.76-3
2.75-3

0.00

3.96-3
6.15-3
7.67-3
8.59-3
9.35-3
9.96-3
1.04-2
1.08-2
1.12-2
1.16-2
1.17-2

1.00
6.37-1
5.18-1
4.62-1
4.30-1
4.11-1
3.97-1
3.88-1
3.81-1
3.75-1
3.71-1
3.68-1

1.00

8.38~-1
7.88-1
7.12-1
6.83-1
6.63~1
6.49~1
6.38-1
6.30-1
6.24-1

8019'1

1.000

9.17-1
8.69-1
8.37-1
8.16-1
8.00-1
7.89-1
7.80-1
7.78-1
7.68~1

1.00

9.58-1
9.23-1
9.02-1
8.87-1
8.76-1
8.67-1
8.60-1
8.558-1

4.38-1
5.40-1
6.17-1
6.78-1
7.25-1
7.64-1
7.95-1
8.20-1
8.41-1
8.59-1
8.74-1
8.87~-1
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TablelI G

Final 4s State

Bye(4s, 0'd’) —= 3, (43, n')
< 0 1 2 3 ]. 4 5 6 Mean
5 |0.00 |1.75-2 {0.00 [0.00 |0.00 2.10-3
6 | 2.52-3 |1.62-2 |9.89-¢ [0.00 ]0.00 |0.00 1.72-3
7 | 4.02-8 |1.83-2 | 1.54-3 {9,195 {0.00 [0.00 }0.00 |1.37-3
8 | 4.97-8 |1.82-2 | 1.82-8 |1.85-4 | 1.38-5 | 0.00 | 0.00 |1.11-3
9 | 6.61-3 |1.62-2 | 2.19-3 |2.63~4 | 3.02-5 | 2.53-6 | 0.00 | 9.05~4
10 | 6.06-3 | 1.82-2 | 2.38-8 |3.25~4 | 4.65-5 | 6.22-6 | 5.90-7 | 7.524
11 | 6.39-8 |1.81-2 | 2.51-8 |3.75-4 | 6.10~5 | 1.02~5 | 1.54-8 | 6.34~4
12 | 6.65-3 |1.81-2 | 2.62-8 |4.14~4 |7.35-5 | 1.89-5 | 2.62~6 | 5.41-4
13 | 6.85-3 | 1.81-2 | 2.70-8 |4.46-4 | 8.40-5 | 1.78-5 | 3.71-6 | 4.66-4
14 | 7.01-3 |1.81-2 | 2.77-3 |4.734 | 9.30~5 | 2.04~5 | 4.76-6 | 4.06-¢
15 | 7.14-3 |1.81-2 | 2,823 |4.94~4 | 1.01-4 | 2.30~5 | 5.71-6 | 3.56~4
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Table III H

Final 4p State
By (4p, n'd’) By (4P n')

T

» 0 1 2 3 4 ] ] Mean
5 |2.27-1/0.00 |1.04-1]0.00 |0.00 2.98-2
¢ |1.92-1]2.66-3|1.03-1 |1.80-2]0.00 |0.00 2.33-2
7 |3.70-1 | 4.23-3 | 1.00-1 |2.70-2 | 4.30-8 | 0.00 | 0.00 |1.86-2
8 |1.57-1]85.22-8 |9.84-2 |3.20-2 | 7.72-8 | 1.28-8 | 0.00 | 1.52-2
9 |1.49-1]65.88-3 | 9.70-2 |3.52-2 | 1.02-2 | 2.64-8 | 4.48-4 | 1.26-2
10 |1.48-1]6.35-8 | 9.60-2 |8.72-2 | 1.20-2 | 3.50-8 | 9.49-4 | 1.06-2
11 |1.38-1|6.69-3 | 9.52-2 | 3.87-2 | 1.33-2 | 4.43-3 | 1.40-3 | £.09-3
12 |1.35-16.96-3 | 9.46-2 | 3.97-2 | 1.44-2 | 5.10-3 | 1.79-3 | 7.84-3
13 |1.33-1(7.16-8 | 9.41-2 | 4.05-2 | 1.52-2 | 5.64-3 | 2.12-3 | 6.82-3
14 |1.80-1|7.33-8 | 9.87-2 | 4.11-2 | 1.58-2 | 6.08-3 | 2.39-8 | 5.99-3
15 |1.20-1(7.46-3 | 0.34-2 | 4.16-2 | 1.63-2 | 6.44-3 | 2.62-3 | 5.20-3
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Table III I

Final 4d State

- By (4d, n'd"> —~3.(44d, n’)

3 Y1 oo 1 2 3 4 5 6 | Mean
5 |0.00 |4.48-3 |0.00 |3.63-1]0.00 1.02-1
6 |6.43~4 |3.84-3 | 1.93-3 |3.09-1 | 1.62-1 |0.00 1.01-1
7 |9.49-4 | 3.49-3 | 3.13-3 | 2.78-1 | 2.00-1 | 8.27-2 | 0.00 | 9.56-2
8 |1.11-3 |3.28-3 |3.94-3 | 2.60-1 | 2.13-1 | 1.19-1 | 4.66-2 | 8.88-2
9 |1.21-3 |3.15-3 | 4.53-3 | 2.48-1 | 2.18-1 | 1.38-1 | 7.26-2 | 8.17-2
10 |1.28-3 | 3.06-3 | 4.97-3 | 2.40-1 | 2.21-1 | 1.50-1 | 8.87-2 | 7.50-2
11 |1.32-3 | 3.00-3 | 5.32-3 | 2.34-1 | 2.22-1 | 1.57-1 | 9.94-2 | 6.87-2
12 |1.35-3 | 2.96-3 | 5.60-3 | 2.29-1 | 2.22-1 | 1.62-1 | 1.07-1 | 6.29-2
13 |1.38-3 | 2.92-3 [5.84-3 | 2.26-1 | 2.23-1 | 1.65-1 | 1.12-1 | 5.77-2 |
14 |1.40-3 | 2.90-3 | 6.03-3 | 2.23-1 | 2.23-1 | 1.68-1 | 1.17-1 | 5.30-2
15 |1.41-3 | 1.41-3 | 2.88-3 | 2.21-1 | 2.28-1 | 1.70-1 | 1.20-1 | 4.88-2

i it s b B S . i BT ;s e
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Table ITII J

Final 4f State

- By (4f, n'd") —- 3. (4f, n')

A 1 2 3 4 5 6 '

o' Mean

5 | 000 |0,00 |8.52-3| 0.00 1.00 3.61-1

| 6 | 0.00 1.38-5 | 2.56~3 | 8.34-8 | 5.54-1 | 1.00 4.45-1

7 1.36-6 | 2.04-5 | 2.12-3 | 4.90-3 { 4.13-1{ 7.72-1 | 1.00 | 5.15-1
i

| 8 | 2.72-6 | 2.43-5 | 1.90-3 | 5.83-3 | 3.48-1 | 6.61-1 | 8.72-1 | 5.75-1

‘ 9 | 8.84-6|2.67-5 | 1.77-3 | 6.47-3 | 3.12-1 | 5.98-1 | 7.96-1 | 6.25-1

; 10 4.75-6 | 2.85-5 | 1.69-3 | 6,95-3 | 2.89-1 { 5,58-1 | 7.48-1 | 6.67-1
11 5.48-6 | 2.98-5 | 1.64-3 | 7.33-3 | 2.74-1 | 5.30-1 | 7.14-1 | 7.03-1
12 6.07-6 | 3.08-5 | 1.60-3 | 7.64-3 | 2.63-1 | 5.11-1 | 6.91-1 | 7.34-1
13 6.56-6 | 3.16-5 | 1.57-3 | 7.90-3 | 2.55-1 | 4.96-1 | 6.73-1 | 7.61-1
14 6.97-6 | 3.23-5 | 1.55-3 | 8.12-3 | 2.49-1 | 4.85-1 | 6.59-1 | 7.84~1
15 7.31-6 | 3.29-5 | 1.54-3 | 8.31-3 | 2.44-1 | 4.76-1 | 6.48-1 | 8.03-1
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{ : Table III K
‘ : Final 5s State
- By (Ss, n'd’) —B.(5s, n')
n' g 0 1 2 3 4 5 6 Mean
6 0.00 9.92-3 | 0.00 0.00 0.00 0.00 8.26-4
7 9.82-4 | 1.03-2 | 3.17-4 | 0.00 0.00 0.00 0.00 6.81-4
8 1.63-3 | 1.03-2 | 5.41-4 | 1.95-5 | 0.00 0.00 0.00 5.52-4
9 2.07-3 | 1.03~2 6.96-4 | 4.22-5 | 1.85-6 | 0.00 0.00 4.52-4

10 2.38-3 | 1.02-2 | 8.08-4 | 6.30-5 | 4.62-6 | 2.40-7 | 0.00 3.76-4
11 2.61-3 | 1.02-2 | 8,90~4 | 8.08-5 | 7.60~6 | 6.59-7 | 3.96~8 | 3.16~-+
12 2.78-3 | 1.02-2 | 9.53-4 | 9.57-5 | 1.05~5 | 1.16=-6 | 1.16-7 | 2.70-4
13 2.91-3 | 1.01-2 | 1.00-3 | 1.08-4 | 1,31~5 | 1.69-6 [2.16-7 | 2.32-4
14 3.02-3 | 1.01-2 | 1.04-3 | 1.19-4 | 1.54~5 | 2.21-6 | 3.28-7 | 2.02-4
15 3.11-3 | 1.01-2 | 1.07-3 | 1.27-4 | 1.75~5 | 2.69-6 | 4.42-7 | 1.77-4
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Table ITII L

w 0w I &

Final 5p State
- Br(Sp, n'") =B (5p, n')
0 1 2 3 4 5 6 | Mean
1.44-10.00 |5.35-2]0.00 |0.00 |o0.00 1.14-2

1.27-1 | 1,08-3 | 5.44~-2 | 5.24-3 | 0.00 0.00 0.00 8.96-3
1.15-1 | 1.79-3 | 5.38-2 | 8.52-3 | 7.58-4 | 0.00 0.00 7.12-3
1.07-1 | 2.26-3 | 5.32~2 | 1.06-2 | 1.53~3 | 1.44-4 | 0.00 5.80-3
1.02-1 | 2,59-3 | 5.26-2 | 1.20-2 | 2.17-3 | 3.29~4 | 3.37-5 | 4.81-3
9.84-2 | 2,83-3 | 5.22-2 | 1.30-2 | 2.69-3 | 5.10-4 | 8.35~5 | 4.05-3
9.55-2 | 3.02-3 | 5.19-2 | 1.38-2 | 3.10-3 | 6.72-4 | 1.37-4 | 3.46-3
9.34-2 | 3.16-3 | 5.16-2 | 1.43~2 | 3.43-3 | 8.12-4 | 1.89-4 | 2.98-3
9.16-2 | 3.27-3 | 5.14-2 } 1.47-2 | 3.70-3 | 9,32-4 | 2.37-4 | 2.60-3
9.02-2 | 3.36-3 | 5.12-2 | 1.51-2 | 3.92-3 | 1.03-3 | 2.80-4 | 2.28-3

A
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Table II M
Final 54 State

By(5d, n'd")

- 3,(5d, n')

2

3

6

Mean

@w W 3 N

10
11
12
13
14
15

0.00

3.88-4
5.99-4
7.24-4
8.03-4
8.58-4
8.97-4
9.26-4
9.49-4
9.67-4

3.92-3
3.42-3
3.12-3
2,93-3
2.80~3
2.72-3
2.656-3
2.61-3
2.57-3
2,64-3

0.00

9.47-4
1.58-3
2.03-3
2.35-3
2.61-3
2.80-3
2.97-3
3.10-3
3.21-8

1L.74-1
1.63-1
1.54-1
1.48-1
1.43-1
1.39-1
1.37-1
1.35-1
1.33-1
1.32-1

0.00

4.156-2
6.06-2
7.05~2
7.63-2
7.99-2
8.24-2
8.41-2
8.54-2
8.63-2

0.00

0.00

1.24-2
2.19-2
2.86-2
3.35-2
3.70-2
3.97-2
4.17-2
4.33-2

0.00

0.00

4.33-3
8.556-3
1.20-2
1,48-2
1,70-2
1.87-2
2.02-2

3.41-2
3.13-2
2.78.2
2.45-2
2.16-2
1.91-2
1.69-2
1.51-2
1.35-2
1.21-2
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i Table IIT N
= Final 5f State
- By (5, n'd’) -~ B,(5d, n')
/t'
o 0 1 2 S 4 5 6 Mean
] 6 0.00 0.00 4.66-3 | 0.00 4,46-1| 0.00 1.12-1
) 7 0.00 1.53-5 | 3.59-3 | 2.33-3 | 3.48-1 | 2.28-1 | 0.00 1.16-1
8 1,11-6 | 2.36-5 | 3.04-3 | 3.62-3 | 2.96~1 | 2.68-1 | 1.28-1 | 1.14-1
' 9 2.32-6 | 2,83-5 | 2.73-3 | 4.45-3 | 2.66-~"_ | 2,75-1 | 1.79-1 | 1.11-1

10 3.40-6 | 3.15-5 | 2.54-3 | 5.02-3 | 2.47~1 { 2.74~1 | 2.03-1 | 1.05~-1
11 4.30-6 | 3.37-5 | 2.41-3 | 5.45-3 | 2.38-1 | 2.72-1 | 2.16~1 | 9.99-2
) 12 5.05-6 | 3.54-5 | 2.32-3 | 5.79~-3 | 2 24-1 | 2.69-1 | 2.23-1 | 9.41-2
) 13 5.67-6 | 3.67-5 | 2.25-3 | 6.07-3 | 2.17-1 | 2.66-1 | 2.28~1 | 8.84-2
14 6.19-6 | 3.78-5 | 2.20-3 | 6.29-8 | 2.12-1 | 2.64~1 | 2.31-1 | 8.30-2
15 6.64-6 | 3.86-5 | 2.17-3 | 6.49-3 | 2.08-1 | 2.62-1 | 2.33~1 | 7.78-2
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Table III O

Final g State

- Byp(5g n't") - 5.(5g n')
) v 0 1 2 3 4 5 6 Mean
6 0.00 0.00 0.00 2.73=-3 | 0.00 1.00 3.06-1
7 0.00 0.00 1.29-5 | 1.76-3 | 2.78-3 | 4.89~1 | 1.00 3.76-1
8 0.00 3.56-8 | 1.81-5 | 1.35-3 | 3.84-3 | 3.36~1 | 7.12-1 | 4.37-1
9 1.98-9 | 7.39-8 | 2.07-5 | 1.14-3 | 4,37-3 | 2.67~1 | 5.76-1 | 4.92-1
10 5.08-9 | 1.08-7 | 2,22-5 | 1.03-3 | 4.72~3 | 2.29~1 | 5.00-1 | 5.41-1
11 8.58-9 | 1.37-7 | 2.32-5 | 9.56~-4 | 4.96~3 | 2.06~1 | 4,52-1 | 5.83-~1
12 1.21-8 { 1.61~7 | 2.40-5 | 9.08-4 | 5,15-3 | 1.90-1 | 4,20-1 | 6.21-1
13 1.54-8 | 1.82-7 | 2.45-5 | 8.75-4 | 5.31-3 | 1.80~1 | 3.97-1 | 6.54-1
14 1.85-8 | 1.99-7 | 2.50-5 | 8.52-4 | 5,45-3 | 1.71-1 | 3.80-1 | 6.83~1
15 2,16-8 | 2.14-7 | 2.64-5 | 8.35-4 | 5.56~3 | 1.65-1 | 3.67-1 | 7.09-1
31
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