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7.0 INTRODUCTION

A forward sequential digital filter, such as a Kalman filter, estimates a state

vector from measurements that were made preceding a timepoint in question.
This type of filter is suitable for processing measurement data in real time

because data following current time have not yet been received.
clear that the best estimate of a state vector at a given time will be obtained

by using data from both sides of the timepoint in question. Thus, optimal
postfactum state vector evaluation requires the use of a "smoothing" filter.

2.0 DEFINITIONS

Ix
o
"

k<
N
"

Qj

Xj/k

true state vector at time tJ

= g(xj) + g3 = measurement vector at time tj. gy is zero-mean,

timewise~uncorrelated measurement noise

T
E(aj,aj) = measurement noise covariance matrix

= estimate of xj based on yq*, yo*, ..., yt*

Yj/3-1 = B(Xj/j-1) = estimate of g(xj) based on Jj-1 measurements

Pj:

£j/k

Cji/k

X3+

Y3/ §=1

= measurement partials matrix at time ty
90X/ j=1

Xj/k - Xj = state estimation error

T
= E(gj/k,gj/k) = state error covariance matrix

£(x3) + sj = forward integration equation for true state vector;
8j A1is zero-mean, timewise-uncorrelated state
noise.

T
E(sj,55) = state noise covariance matrix

However, it is
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X4+1/3 = 2(53/5) = forward integration equation for the estimated state
vector

2J/N z 2'1(£J+1,N) = backward integration equation for the estimated
(based on N measurements) state vector

QO
I™

bj41/3 = = = foiward state transition matrix

i»
[ 1]

Xy’ 3

-1
573541 = Q44173

backward state transition matrix

N = total number of timepoints at which data are available

3.0 THE FORWARD ESTIMATE

Let the forward estimatiocn equatiocns be given by :

! x
b Yysg-1 = By 1) ! (3.1) |
!
! . 1
7" 2373 = 2y/3m1 + W32y - 23731 ! (3.2)
where wj is the measurement weighting or forward gain matrix. v

The error equation associated with equation (3.2) is obtained as follows.

#*
Y5 = 8(x3) + a3 = &(X3/3-1 = €3/4-1) + 93

Assuming that £3/ §=1 is small, a first-order Taylor series expansion can be made. §

*
Yj = 8(x35/35-1) - Pj €5/3-1 * 93




B Prorecsl

B e =

But
B(xy/3-1) = X3/ 3=1
so equation (3.2) can be written

X§+ £y =Xy ENI? Wilaj - Py £3/4-1)

or
! !
1 Dy =1~ WyP 1
e 3 '
! !
Thus ! ey/y = P eya-1t Widy ;
! T T !
! Cyy =Py Cj/3=1 Dy + Wy Q3 Wy |

The true state vector is propagated ahead by
Xy41 = £(x3) + 85 = £xy/5 - £3/3) *+ &3
For small estimation errors
X541 = £(X373) = ®341/73 £3/3 * B

But

£(xy73) = X341/

and

Xje1 = X3+1/3 ~ £V

80FM32

(3.3)

(3.4)

(3.5)

PR

I




R

80FM32
su the propagation equations are

! !

! x34173 = £(x3/4) : (3.6)
!

! !

: Ese174 = ®3a174 Eyr3 = 83 : (3.7)
! '

: Cyer/4 = P341/5 O3/ ®ie179 + Sy ! (3.8)

The Kalman filter equations are now completed by minimizing the quadratic form
2T Cjsy 2 with respect to Wj for all nonzero vectors z. This will cause

Xj/j to be a minimum variance estimate. Let
a =zl Cjyjz (ascalar)
Using equation 3.5

da
"

T
g?(-Pj Cs/3-1(I = Wy PJ)T - (I - Wy P3)Cy/3-1 Py

T
Qj Wy + Wy Qy) z

-+

T
27 (-Py Gy gur(T = Wy PT + Q5 Wy)

3

*
e

T
g? (- (I - WJ PJ)CJ/J_1 Pj'* WJ QJ)

This will equal zero if

T
(I - Wj Pj) Cj/ -1 Py = Wj Qj (3.9)

or if

e Sl e




A e

Wy = Cy/3-1 Py (PJ Cyr3-1 Py + QJ)

which is the optimal forward weighting matrix.

ual variance 1is
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(3.10)

Note that the predicted resid-

» [ ] T
EQ(xg - x3/5-1)(x3 = ¥373-17) = P3 Cyp5oq Py + 0y

(3.11)

This information, free of charge, can be used to edit, say, 60 residuals.

Substituting equations (3.9) and (3.10) into equation (3.5) yields

T
Ciz3 = Py Cy74=1 = Cys3-1 Dy

Or, using equations (3.3) and (3.10) for the optimum Wy,

(3.12)

M i 0h ks it eiisas

T T
C3/3 = C4/4=1 = Cr4=1 P3(Py Cyr4-1 Py + Q=1 Py Cy/ 5.9

(3.13)

This is the eguation for CJ/J when Wy is optimum,

4,0 THE BACKWARD (SMOOTHED) ESTIMATE

FOP 1- = 1, 2, veoy N"'1

be given by

e e

P T RN

let the backward, or smoothed, estimate of the state
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XNai/N = £ 1 (xN-141/N)

- Sap sup D s cun e
- CHD wuD GE A e W

N N
XN-i/N = XN=1/N * Bpnei(XN_i/N-1 = XN-i/N)

where By.j 1s the backward gain matrix to te derived.

80FM32

(4.1)

(4.2)

For the purpose of deriving error equations, equation (4.2) will be modified in

the following manner. From equation (4.1), it is seen that
ENet/N = 27 (RNCga1/Net + (ENeta1/N = EN-is1/N-1))
For small state estimation errors
ENe1/N = EN-1/N-i * PHai/Node) (BNein1/N = XNede1/N-1)
Substitution into equation (4.2) yields

XNei/N = XNai/N + ONei(XNoi41/Nei = XN-i+1/N)

or

XN-i/N = XN-i/N-i = (®N_i/N-i+1 = ON-1)

(XN-141/N=1 = XN_s41/N)

where the backward gain matrix Gpn.i is

; GNei = BN-i ®N-1/N-i41 :

(4.3)

(4.4)

(4.5)

(4.6)
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‘t The error equation associated with xyN.i/N 18 obtained from equation (4.5)

ENei/N = ENai/Nei * (PNoi/Neis) = Onet)(ENeie1/N = EN-is1/N-1)

But from equation (3.7), it is seen that

ENai/Nei = ONai/Neis1(ENis1/N-1 + BN-1)

Thus, the atate error propagation equation is

ENai/N = (PNai/Neis1 = ON-i) EN-i+1/N
+ GNai EN=i41/N-i
+ ONLi/N-141 3N-4

* In order to evaluate

T
ON-i/N = E(EN-1/N EN-1/N)

expressions for

T
E(€N-141/N EN-1+1/N-i)

|
|
! and

o o h-t)
| ELEN-141/N 8N-4
f { are needed. To obtain these, define the mairix Hy.y (1 = 2, 3, ..., N=1) by

-

. . EEE
P T PR T AT = SR o S-S e 0 e S s e
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HNoy = ((®Noie1/N-142 = ON~ie1) HN-i41 + ON-i41)

ON=i+2/N=i+1 DN=is1

(4.8)
and

ED. wan TR Sab SUR TED TI SR Pur VES ek

Hyoy = Dy = I - Wy Py for 1 =1

Using the state error propagation equations (3.4), (3.7) and (4,7), it can
be shown that

3 T
E(EN-141/N ENeis1/Nei) = HNoi ONeis1/N-i o)
and
T
E{EN-141/N 8N-1) = -HNog Sy-g (4.10)

It can now easily be shown that

T T
CNei/N = ONei/Nois1(ONaiet/N *+ (T = Hyog) Bnoi = SNeg HNei) ONei/N-tfs1
. T w
~ GNei(ONaist/N * (I = Hyog) SNoi = Chegat/Nei HN=2) OMei/Noie1
T .
- ON-1/N-141(CN=141/N * SN-1(I = HNo3) = HNoi ONoig1/NeilON-i

T T
+ Nei(ONoi+1/N + ONeie1/N-i (I = Hyog) = Hyog CN-i+1/N-i)GN-i

D SR Sun Sun Gan Vab Sum Wab Sum Seb Sun b e

(4.11)

The backward, or smoothing, waquations for optimal or suboptimal W's and G's
are summarized in table I.

e Gmm SEE SuD Cab SEL Swm Sun Cun TvE wes tum Sum

P ——
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The matrix Gy.i will now be chosen so as to minimize the quadratic form,
Z?CN-i/N z, for all 2. xN.i/N Wwill then be a minimum variance estimate of
XN-i+ The value of Gy.y (which accomplishes this) is easily seen to be

T
GN-i = ON-i/N-i+1 (CN=i+1/N + SN-4(I - HyN_1) = HNoy CN-i41/N-i)

T
X (CN-141/N + CNeis1/N=1(I = HN_g) = HN.g CN-i41/N-1)~!

(4.12)
It is also easily seen that
T
tn-i/N-i+1 = ONoi = ®N-i/N-i+1 (CN=i+1/Noi = SN-1)(I = Hy-y)
T

% (CN-i4+1/N + ON-14+1/N-1 (I = Hy-j)
=~ HNoi CNeia1/N-i)™)

(4,13)

Substituting the optimum value of Gy.j, given by equation (4.12), into equation
(4,11) yields

T T
CNei/N = ®N-i/N-i+1 (CN-i+1/N + (I = HN_§)SNog = SNei HNei)ON-i/N-is1

T T
= GNoi(ON-41/N + (I = HNi) SNei = CNeie1/N-i HNei) ONei/Neiel
(4.14)

From the equations using the optimal forward gain matrix (equations (3.9),
(3.10), and (3.12)) it can be shown, using proof by induction, that

-1
HN-1 = CNei+1/N ONei+1/N-i (4.15)

The previous equations may be combined in several ways to give the optimal

smoothing equations. Three versions are presented here in tables II, III, and
Iv.
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Sometimes, as a check on the functioning of the filter, it is desired to see
how well residual statisticy agree with their predicted covariance matrix.
Table V shows three forms of residuals with their assoniated covariance
matrices.

Suppose that a smoothed estimate of the state is required at the fixed epic

time, t,. Using version 3 of the smoothing equations (table IV), it can be

shown that the equations in table VI result. Note that these equations operate i
forward in time in conjunction with the normal forward (Kalman) filter :
equations.

The question arises as to which version of the smoothing equations is best.

For problems with nonlinear dynamics, the author prefers version 1. Version 2
is simpler and faster, but it has a residual with a time tag that is not at the
correction time. An additional linearity assumption has been made in this ver-
sion, namely

XN-i41/N=1 = XN=14+1/N = ®N-i+1/N-1(XN-i/N-1 = XN-i/N) (4.16)

Version 3 also suffers from this defect. Version 3 is relatively simple and
needs no backward integrator. However, take the limiting case where the . te
noise covariance is zero. Versions 1 and 2 correctly integrate the state vack-
ward by

XN-i/N = £ (xNoie1/i0) (4.17)

But, version 3 integrates backward by

XN-i/N = XN-i/N-i * ®N-i/N-i+1(XN-141/N = XN-i+1/N-i) (4.18)
which is not as accurate as equation (4.17). In the case of linear dynamics, »
XN-i/N = ®Noi/N-i+1 XN-i+1/N (4.19) .

¥

and all versions give the same answers except for computer roundoff error. In
the case of linear dynamics, the author prefers version 3 of the smoothing
equations.

A final case needs to be mentioned. The forward Kalman filter frequently pro-
cesses successive scalar measurements at a single timepoint rather than the
measurement vector. That is, a four-element measurement vector may be pro-
cessed as four scalar measurements, all at the same timepoint. This is equiva-
lent to setting ¢ = I and S = 0 between measurements. For the smoothing

10
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equations, save only the results after the last scalar measurament has been

processed. The results at this time will be equivalent to processing all mea-
surements at once as a vector.

1
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TABLE I.- SMOOTHING EQUATIONS FOR OPTIMAL OR SUBOPTIMAL
GN-i and Dy.i = I - "N-iPN-i
Initialize
| Hy-i = Dy = I - WNPN CN-1+1/% = ON/N XN-i4+1/N = XN/N

FOI‘ i - 1| 2. o w by N“

XN-i = £ (XNaia1/N)
af -1
¢ — L\ = ¢
N-i+1/N-1 = 3 Nei/N-i+1 = PN-141/N-1
' X

X = XN-i/N-i

”~

.
XNoi = XN=i/N *+ ONoi ON-i+1/N-i(XN-i/N-i = XN-i/N)

$ (a T ey
CN-i/N = ®N-i/N-i+1'CNie1/N + (T = HNC1)SNai = SNoi HNei/®Nei/Nei+
( By )0
- GNoi'CNejs1/N + (I = HNoi)SNai = ON-i+1/N-i BN-1/¥N-i/N-i+1

T T
- ¢N-i/N-i+1(CN-i+1/N + SNog (I = Hyog) - Hyog CN-i+1/N-i)GN—i

T T
+ GNoi(ONC1e1/N * ONegat/N-1(I = Hyog) - Hy_g CN-i+1/N-i)GN-i

UL SUD GED b EE D ER AU D SED AR AR LD GAE VD SR PER AR CHD AP CER CUP SR SUD CUD SER SAD TED CEE PUS SUB SED VAR SUD AN S
S EE SEm et CED PEl JED SER SUD CUR ol CAD SED WD WAL CUR SER U Sl SER SdUb SUE Sub SUD SER SN SAE TN SUD CED Ul AUD SUD AUD SER SR

HN-i-1 = ((°N-1/~-1+1 - GN.i) Hyoy + GN-1)°N-1+1/N-1 Dy-i

]
3
3
}
3
:§
|
:
4
i
%

12
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(’ TABLE II.- VERSION 1 OF THE OPTIMAL SMOOTHING EQUATIONS
FOR OPTIMAL FORWARD (KALMAN) EQUATIONS

Initialize

T TR TR T TR T T e e

CN-1+1/N = CN/N XN-i+1/N = XN/N

S~

FOl"' i = 1. 2. e 0 3 N"1

IN-i/N = £ (XN=141/N)

af

| -1
Neia1/N- = ONei/Neisl = N-141/N-1
X

X = XNei/N-i
T
BNei = PNai/N-i+1 SN-i ®N-i/Nei+1(CNai/N-1

T
+ ON_i/N-i+1 SN-i ON-i/N-141)""

~N ~N
XN-i/N = XN-i/N * BN-i(XN-i/N-i = XN-i/N)

CN-i/N = ON-i/N=i = (I = BNoi)®N-i/N-i+1(CN-js1/N-i
T T
= CN-i+1/N) ®N-i/N-i+1(T = By_j)

T
(I = BNei)®Nai/N-i+1 CNei+1/N ON-1/N-141(T = By_y)T

L

e

+ BN-i ON-i/N-1

T
(L = BNei)ONai/N-it1 CN-ie1/N ON-i/N-is1 (I = Byy)T

T
# (I = BNoy) ONei/Neis+] SNei ON-i/Ne-i+i

T
NOTE: I = By_j = ONoi/N-i (ON-i/N-i + ON-i/N-i+1 SN-i ON-1/N-1+1)"]

CEL SUD SR A TED CUD CEP CER CED R TAP CUD TED U CAD SUD CED CUD CUR SER AP CUD ED AN CUD CEP CEP PUD SED SN GUS SEP TAR Sl CED Gau VD SUP CED CUP SUP TED CUD PUD CEP TED SEP Sub

I P P T P O T

3,
N

e

13
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TABLE III.- VERSION 2 OF THE OPTIMAL SMOOTHING EQUATIONS

FOR OPTIMAL FORWARD (KALMAN) EQUATIONS

80FM32

Initialize

CN-1+1/N = CN/N

XN-i+1/N * XN/N

FOI" i = 1. 2. [N N-1

NOTE:

XN-i/N = £71(XN-141/N)

ON-1i+1/N-4 = ==

GN-i =

XN-i/N

CN-1/N

GN-1i

af -1

ox ON-1/N=1i+1 = ON=141/N=i

X = XN-i/N-i

-1

ON-1/N-i+1 SN=i CN-i+1/N-i

&

XN-i/N + ON-1(XN<i+1/N=i = XN-1+1/N)

CN-i/N-i = (®N-i/N-1+1 = ON-1) (CNoi+1/N-1
= CNai41/N) (ON-1/N-i+1 = ON-2)T
(ONe1/N-1#1 = ON=1)CN-1+1/N(ON-i/N-1+1 = ON-1)T

: T
+ (ON=i/N-141 = ON<i) SN-i ONei/N=i+1

= BNai ON-i/N-i+1

14
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TABLE 1V,- VERSION 3 OF THE OPTIMAL SMOOTHING EQUATIONS
FOR OPTIMAL FORWARD (KALMAN) EQUATIONS

FOI‘ i = 1] 2, [ X KN N-1

Initialize

CN-i+1/N = CN/N

NOTE

.
>

of
ON-i+1/N=i = ==
X

RN-i

-1
= ON=1/N=i+1(I = SNoi CNeis1/N-i)

XN-i/N

u

CN-1/N

"

X = XN-i/N-i

T
CN-i/N-i ®N-i+1/N-i C

-1

XN-i+1/N = XN/N

-1
ON-1/N-141 = ON-14+1/N-4

N-i+1/N-i

(preferred form)

XN-i/N-i * BN-1(XN-i+1/N = XN-i41/N-1)

T
CN-1/N-i = BN-i(CN-i41/N=i = CON-1+1/N)RN-1

T T
RN-i CN-i+1/N BN-i + BN-j SN-i ON-1/N-i+1

RN-1 = (I = BN-j) ON-i/N-i+1 = ON-i/N-i+1 = ON-i

v emAdden o Dia ae

15
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TABLE V.~ SMOOTHING RESIDUAL COVARIANCE MATRICES

The covariance matrix of the residual XN.i/N-i - XN-i/N 18

T
ON=i/N=i+1(CNai+1/N=i = CNewis1/N) ON=i/N=i+1

The covariance matrix of the residual XN.j/N-i = XN-i/N 18

T
(I = BN-i)®N-i/N=i+1(CN=i+1/N=1 = CN=i+1/N) ON-1/N-1+1 (I = By-g)T
= (ON-1/N-i+1 = ON-1)(CN=141/Nei = CN-141/N)(ON-1/N-141 = ON-1)T

The covariance matrix of the residual XNej4+1/N-i = XN-i+1/N 18

CNei+1/N-i = CN~i+1/N
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Xn/n+j = Xn/n+j=1 + Kn+j (Xnei/ned - .!‘.n+J/n+J-1)

T
Cn/n+j = Cn/n+j=1 = Knej (Cnej/nej-1 = Cn+j/n+s)Kn+)

- 80FM32
( TABLE VI,~ OPTIMAL SMOOTHING EQUATIONS® FOR
’ A FIXED EPIC TIME, t,
! !
I At time t = t,, initialize :
!
! !
(. : Cn/n+3=-1 = Cn/n Xn/n+j-1 = Xn/n Kneg-1 = 1 :
! !
! FOI‘ J - 1| 2, 3. (X '
! §
. ' '
! of -1 !
: Prej/ned=1 = ™ e g-1/ned = Tneg/neg-n :
. x
: X = Xne j=1/n+j=1 :
! !
! T -1 1
: Rneg=1 = Cnej=1/n+d=1 ned/ned=1 Cned/ned-1 :
! _ -1 !
\ ! = %43-1/n+d (I = Sned=1 Cnag/neg=1) (preferred form) :
S .
C { : Kn+ej = Kneg-1 Rnejet :
! !
! !
! 1
! !
! !
! !
! !

- T T T

8Note that the above equations operate forward in time in conjunction with
the normal forward (Kalman) filter equations.
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5,0 THE BACKWARD EQUATIONS OF MOTION

Many (perhaps most) Kalman filters contain exponentially correlated random
state variables in the state vector. In this case, backward integration is
more involved than just setting AT negative. A simple example will illus-

trate the problem,
Let the acceleration of a point be ay(t). Let ayx be an exponentially

correlated random variable, constsat over each integration step. Position, ve-
locity and acceleration states are integrated forward in the Kalman filter by

Xi47 = Xq + Xq AT + ay 4 AT2/2 (5.1)
Xis1 = Xi + 0y, AT (5.2)
ax,is1 = 8@ 2y i (5.3)
where
(5.4)

a = exp(-AT/T,y) (0 <a <)

Solving the above equations for xj, ii and ax,i yields the backward integra-

tion equations

. 1
Xi = xi+1 - Xi+1 AT + ; ax’i,.p‘ AT2/2 (5-5)
L . 1
X{ = Xiy) = = 3,4 AT (5.6)
1
(5.7)

ax,i = = ax,i+1

n

where AT = tj,1 - tiy > 0, To integrate backwards, the rules are this: for
the nonexponentially correlated states

18
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a. Exchange the i and i+1 subscripts
bo Set AT - -AT

[
¢. Replace ay, with ;ax

For the exponentially correlated state, integrate backward by using

1
d. ax,1 = ~8x,1+1

The above example was for linear dynamical equations where the inverse solution
was easily obtained. However, for complex nonlinear dynamics, the rules are
precisely the same. For example, consider that the acceleration of a point is
given by the nonlinear differential equation

% = ag(t) - k(t)x? (5.9)

where ay(t) and k(t) are exponentially correlated random variables,
constant across the integration step. Note that k(t) symbolizes a time vari-
able drag coefficient. Note that

e

X = -2kxx = -2kx(ay ~ kx2) (5.10)

The forward equations of motion are easily seen to be

. ,2. Ar2 . op . Ar3
Xis1 = X4 + X3 AT + (ay 4 - ki -14) - - 2ky xj(ay,i = ki *i ) <
(5.11)
L] » ‘ '2 [ ] '2
X141 = X4 + (ay i - ki x3) OT - 2ky xj (ay,§ - ki x1) AT2/2 (5.12)
ay,i+1 ® 81 3,4 (5.13)
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where
ay = exp(=AT/1ax) (5.15)
ap = exp(=Al/1y) (5.16)

To obtain the backward equations of motion, merely apply the previously
defined simple rules,

' 1 1 .2
Xy = Xi41 = Xi4q AT *(;; Bxidel " Kis1 xm) sr2/2

1 . 1 1 .2 ]
+ 2 = Kip1 Xip1| = ax,ie1 = = K141 Xi41) 8T9/6
ap ay

a2 (5.17)
.. (1 1 o .2 \A’I’
Xi = Xj41 ~| = ax,ie1 =™ Kis1 Xis1
31 ! as /
2l kit % ! L kiay %oar ) ar2s2
= c== Ki41 Xis1| =™ Ax,i41 = = Kis1 Xi419
a2 ay ' a2 (5.18)

. 1
ax,i = ;T ay,i+1 (5.19)

1
ki = = Kis1 (5.20)

ap

where AT above is a positive quantity.

Finally a word about the inverse of the state transition matrix. @N.is+1/N-i
is almost always of the form

20

s Ecaen bt o d e e b i

i ik e raaaii s ee e aili

e
. =9

e el ta . el e v ot el st o A B



[ g Taac

LW e ke i

{

80FM32
¥ 7

ON-141/N-1 = (5.27)
0 LN

where ¢ is frequently diagonal. The inverse is then easily seen to be

- - -
o,' -4y ¢ ou’
PNei/N-ie1 = (5.28)
0 oy

6.0 EXAMPLE 1

Very precise altitude measurements will be made of a falling sphere in order
to determine the density of the atmosphere. The sphere will be dropped

from an altitude of h = 11 000 meters. Altitude measurements will be made
every 0.1 second. The altitude measurement random noise will have a standard
deviation of

oq = 0.1 meter (6.1)

The equation of motion is given by
1 A .
X = -ap + = Cp = p X2 (6.2)
g 2pr

where the acceleration due to gravity is

ag = 9.8 m/sec?
For h < 11 000 meters the atmosphere density is assumed to be given by

p = (1+¢) pg (1 - 0.0065n/288,15)4+2559 (6.4)
where

po = 1.2250 kg/m3 (6.5)
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Equation (6.4) with & = 0 is the equation for the 1962 Standard Atmosphere.
1006 is the percentage deviation from the standard. & will be a state
variable in the filter.
Let

A 2

Then equation (6.2) becomes

! ' 1
! x = =9.8 + 0.006125(1 - 0.0065x/288,15)4:2559(1 + §)x2 1 (6.7)
) !

From equation (6.7) (with x = 0) the ground (x = h = 0) impact velocity is seen
to be about 40 m/sec = 89 mph., At an altitude of x = h = 11 000 meters, the
steady state velocity is about 73.4 m/sec = 164 mph. The sphere takes about

207 seconds to reach the ground (with & = 0).

For th. real world, § will be chosen to be

t
ant
§ = 0,05 cos (——) (6.8)
200

1

Thus the real-worla density will deviate from the 1962 Standard Atmosphere by
+5 percent. For the filter world, § will be taken as an exponentially correl-
ated random variablc whose standard deviation is 0.035 (3.5 percent) with a
time constant of 100 seconds. That is, for the filter world

61_._1 = a Gi + 0§ V'] - a2 ni (6-9)
a = exp(=-AT/T) (6.10)
T = 100 seconds

06 = 00035

22
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i} N it zero-mean, timewise-uncorrelated, state noise with a unit variance.
The state vector, X, will be
X = altitude, h
: " X = X = h (6.11)
ALY
§ = scale factor error
%
) For purposes of obtaining the state transition matrix, the following equations
of motion are used.
!
1 * . (X
| X{41 = Xi + X3 AT + x4 AT2/2 (6.12)
E
b [] L LN ]
]
i 6i+1 = a 6y (6.14)
k LN ]
. where AT = 0.1 second and X was given by equation (6.7). Elements of the
t { forward state transition matrix are
P
i aXi+1 3&;
{ P11 = = 1 + == AT2/2 (6.15)
axXi 0Xi
LESTY 9x3
P12 = == = AT 4 == AT2/2 (6.16)
04, 9X4i
X141 3&;
: $15 = 2 —— AT2/2 6.
R T T (6.17)
{ oy o st B Ar (6.18)
EY p - em—— = owe—. 01
=1 3xi axi
a;‘14-1 3&1
] = = = 1 AT .
22 ok, + 5;; (6.19)

»—
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3Xypq OX
o3 = s (6.20)
a8y tLEY 3
* 38141
"31 -] —-—.:— =9 (6.21)
9xy .
Q
96141
@ = -—-.-—- - 0 (6.22) -
32 * 53
i, .
}
% 983141
' dan = = (6.23)
' 33 964 a
|
} where
‘ |
; 9x4 |
y p—_ (x error contribution small) (6.24) |
' L]
| axy .
5= = 0.01225 (1 - 0.0065x/288,15)4:2559(1 + &3)x4 (6.25)
Xi
;
a;(’i .
o= = 0.006125 (1 - 0.0065x/288., 15) 42559, 2 (6.26)
i

For both the real world and the filter, a fourth-order Nystrom-Lear integrator was

used to integrate equation (6.7) to give x and x. In the real world equation
(6.8) gave § as a function of time. In the filter integrator, § is taken as

a constant across the integration step. That is, for the forward filter
integrator

R T BT T

R T
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AT = 0.1
Integrate x = f(x, x, 8;) 64 constant
8j41 = 2 8
T=T+ AT

For the backward integrator in the filter

AT = "0-1

§i41/a

n

8y
Integrate x = f(x, x, 64) &3 constant
T =T+ AT

Note that the backward integration of X = f(x, x, §) is not "stable" and

thus is a good test of the smoothing equations. The reason for the instability
is that the downward fall of the sphere quickly reaches a "steady-state" condi-

tion, irrespective of the initial conditions. Because of computer roundoff error,

the backward integration of the fall will generally yield absurd initial
conditions.

From equation (6.9), the atate noise covariance matrix is seen to be

0 0 0
s= |o 0 0 (6.27)
0 0 o§(1-a2)
where
05(1-a2) = 0.24475 51634+ 10-5 (6.28)

Because measurements of x are made, the measurement partials matrix is
p=(1 o 0) (6.29)

The logisﬁios of the computer program are not simple. They are outlined below.
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a Initialize: T = initial measurement time, Xn41/n» Cnet/n» ete.

Process measurement to give Xp/ny Cp/ne

Print T, Xn/n» Cn/ny €tc.

If last measurement go to b,

Compute ®¢p41/n.

Integrate xy,/, ahead to give Xp.1/n-

Propagate Cp/, ahead to give Cpyq/n-

Write tape of T, Xn/n,» Xn+1/nr Cn/ns Cnet/nr ®net/n-
T =T + AT,

GO to a.

b  BACKSPACE TAPE.

Set CNei41/N = Cn/n and  XNoj4 /N = Xn/n°
AT = =AT.

¢ Read tape into: T, XN-i/N-is» XN-i+1/N-i» ON=i/N-ir CN-i+1/N-i» ®N-i+1/N-i-

Go through smoothing equations to compute xN-i/N» CN-i/N-
Print T, XN-i/N» CN-i/Ns etc.

If (T = Tynitial) STOP.

BACKSPACE TAPE.

BACKSFACE TAPE.

GO TO .

Figure 1 shows the actual scale factor, §, and the Kalman filter solution for

§. The Kalman filter predicted standard deviation for the error in § was

about 0.0065, down from 0.035. Figure 2 shows the version 1 smoothing filter so-
lution for the scale factor, §. Its standard deviation was about 0.0027, a fac-
tor of 2.4 better than the Kalman filter solution. Figure 3 shows a plot of

the Kalman filter velocity error versus time. Also shown on the plot is the
predicted 10 velocity error standard deviation, about 0.05 m/sec. Figure 4
shows the version 1 smoothing plot of velocity error and its predicted standard
deviation of 0.016 m/sec, a factor of 3.1 improvement.

26

b esagn i el L i s b Ve B e e i Sy, emltahY . o ey s

Y




T
g

T

T oo TR e RS e T

-~

. y N e A T
.2 I

80FM32

{, The predicted standard deviation of the position error for the Kalman filter
was 0.043 meter, for the smoothing filter it was 0,020 meter - a factor of 2.2
improvement.

Version 3 of the smoothing filter equations was also run, and it showed very sim-
ilar results compared to version 1. This was a little surprising because version
3 is more highly linearized than version 1, and the equations of motion are

(‘ highly nonlinear, in addition to being unstable when integrated backward.
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Figure 1.- Kalman filter solution for scale factor.
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Figure 3.~ Kalman filter velocity error.
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7.0 EXAMPLE 2

This example is for a highly simplified tracking version of a Space Shuttle
launch. The two-dimensional tracking geometry is shown in figure 5,

Shuttle

“-"m‘|

Figure 5.- Shuttle tracking geometry.

The values for the location of the radar stations will be

Xg1 = =5000 meters

5000 meters

XR2

The actual biases adding to the radar measurements will be

Bpp1 = 12 meters, constant
Bpgt1 = 0.15 milliradian, constant
Bpp2 = 12 meters, constant
Bpg2 = 0.15 milliradian, constant
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1[ , The atandard deviation of the actual random error adding to the measurements 1is
OqAp1 * Jgqap2 = 9 meters
OQAE! * OqAE2 = 0.15 milliradian
ts The measurement bias errors are modeled in the Kalman filter as exponentially
correlated random variables with a time constant of 108 seconds. Their stan-
dard deviations are
OBp1 * O3p2 = 12 meters
* OBE] = Opg2 = 0.15 milliradian
The standard deviations of the random errors adding to the Kalman filter mea-
surements are taken to be
Ogpt1 = Oqp2 = 9 meters
OqE1 = Oqt2 = 0.15 milliradian
i
‘x
They are the same as those used for the real world.
The true, real-world trajectory is generated by the following equations.
XT,141 = X741 + ;‘Ti AT + ;‘.Ti AT2/2 -0-';(.1-1 AT3/6 (7.1)
YT,i41 = YT4 + ¥4 AT + ypy AT2/2 + ypy AT3/6 (7.2)
’.‘T,i-ﬂ = xpy + Xry AT + Xpy AT2/2 (7.3)
YT,141 = Y74 + Y4 AT + ypy AT2/2 (7.4)
d o o ves
i XT, 441 = X7i + Xpj AT (7.5)
yT,1+1 = ¥ryq +'§§1 AT (7.6)
t

I Y 3
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§},1+1 "in = 0.1 m/sec3, constant 7.7)
3&,1+1 =’§i1 = 0.01 m/sec3, constant (7.8)

Initial values are, at T = 0,

xr = -1,E6 meters
iT =0
3&1’:0

Xr = 0.1 m/sec3, constant

yr = 100 000 meters

yp = 0

¥p =0

Vp = 0.01 m/sec3, constant

AT, the measurement sample interval, is
AT = 0,1 second

At T = 300 seconds, Xp = 30 m/sec? = 3g, yp = 3 m/sec?, At this time
Xy and Yp are set to zero because the maximum Shuttle acceleration is
about 3 g's at staging.

At T = 300 seconds, the true state is

xp = -.55E6 meter

iT = 4500 m/sec

;T = 30 m/sec?, reset to 0
yr = 145 000 meters

}T = 450 m/sec

Y7 = 3 m/secZ, reset to 0
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\ Tracking is terminated at T = 600 seconds. At this time,

xp = 1,25E6 meters = 675 n. mi,
X7 = 9000 m/ses
{ ;‘.T z 30 m/sec?

yr = 325 000 meters = 175.5 n, mi.
i"r = 900 m/sec

yp = 3 m/sec?

The state veotor dynamics for the Kalman filter are given by

Xie1 = X4 + ;(1 by o ;Ei &r2/2
3
; Viel = vi + ¥y T+ Yy Mr2/2
C L,
| Xis1 = X4 + x4 OF

Vier = ¥g o+ yy O

Xi41 = BgxXj + (’axq1 - 82y "hy,i
Yis1 = aayb’i + ay q1 - aay ’Ly,
aspy Bpy,1 + %py V1 - anoy 8Py, 1

N A
BE1,141 = apg1 Be1,1 + %BE1 V1 - aBE1  "BE1,1

Bp1,i41
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(7.9)

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

(7.15)

(7.16)
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Bp2,1+1 *= 8pp2 Bp2,1 + Opp2 Vi - app2 "Bp2,4 (7.17)
Bg2,1+1 = 3pg2 Bg2, 4 + 0532\11 - 8BEe "BE2,1 (7.18)

where the nj are zero-mean, unit-variance, timewise-uncorrelated random
variables. The terms containing the ny are the Kalman filter state noise
terms. Note that in integrating the state ahead, the best estimate of ny is
zero. The "a" values above are given by

agx = exp(=aT/Tay)

agy = exp(-AT/7ay)

aBp1

8BE1

app2

8Bg2

exp(-AT/Tpp1)
exp(=-AT/Tpp4)
exp(-AT/Tpp2)

exp(~-AT/Tgg2)

Tax = 40 seconds (7.19)
Tay = 40 seconds (7.20)
Tgp1 = 108 seconds (7.21)
Tpg1 = 108 seconds (7.22)
Tpp2 = 108 seconds (7 23)
Tpg2 = 108 seconds (7.24)

It is seen that the dynamical equations are linear. That is, the state vector,
X4, 1s propagated .ahead by

X141 = Pia1/4 X4

(7.25)

where the state transition matrix ¢4,1/4 1is given on the next page and its

inverse on the page after that,

Note the large number of zero elements in

-1
®:+1/4 and ®j,9/i. This is typical and may be used to speed the matrix
arithmetic.
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YT

®i41/1 8

0 AT
1 0
0 1
0 0
0 0
0 0
0 0
0 0
0 0
0 0

Y e a L a md ik

0 t12/2
AT 0
0 AT
1 0

Y aax
0 0

0 0

0 0

0 0

0 0
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0 0 R
0 0

0 0

0 0

0 0

0 0

0 0

0 0
aa;z 0

0 apg2
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ST TR

o

-AT 0
0 -Ar
1 0
0 1
0 0
0 0
0 0
0 0
0 0
0 0

b o smbea e b s 2

1 a1
8ax 2
1 .4T2
0 — — 0 0
8ay 2
0 -AT/aay 0 O
1/agx 0 0 0
0 1/aay 0 0
0 0 1/agpqy O
0 0 0 1/apg
0 0 0 0
‘ 0 0 0 0
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The range measurement from station 1 is given by

Py = \J(x - xg1)2 + y2 + Bpy

Eq = arctan - + Bg

X = XR1

The partial derivatives are

P X = XR1

ax Q(x - xm)3 + y3
L y

9y V(x - xg1)2 + y@
3p1

aBp] B

9E y

dx (x - xg1)2 + y@
9 X - XRj

dy  (x = xg1)2 + y2

oE,
——meem—— T 1

3BE4

- s hendued

And the elevation angle measurement from station 1 is

Similar equations apply to pp and Ejz.
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(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

And finally, the state noise covariance matrix 1s given on the next page.
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—
0 0 0 0 0 0
0 0 0 0 0 (1]
0 0 0 0 0 0
0 0 0 0 0 0
2 2
Oax(1-8ax) 0 0 0 0 0
2 2
0 oay("aay) 0 0 0 0
2 2
0 0 Opp1(1-app1)0 0 0
2 2
0 0 0 opgq(1-apg1)0 0
2 2
2 2
0 0 0 0 0 Opgo(1-apg2)
—
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Figure 6 shows the magnitude of the velocity error vector versus time for the
Kalman (forward) filter. Figure 7 shows the same thing for the smoothing fil-
ter. Note that staging occurred at 300 seconds. The smoothing filter results
are much better (abou’ 3 or 4 times better) than the Kalman filter results,
Figures 8 and 9 show the velocity errors across staging in finer detail. Again
it is seen that the smoothing filter results are superior to those of the
Kalman filter. The smoothing filter has a much lower maximum error and a
shorter transient time across staging. Also note how smooth the curve is for
the smoothing filter in figure 9. The smothing filter is aptly named because
its output appears to be very "smooth" compared to the Aulman filter,

Figures 10 and 11 show the Kalman filter and smoothing filter solutionz for the
x component of acceleration across staging. x 1is seen to go from 3g to zero
at staging. Again it is seen that the smoothing filter solution is very smooth
and improved over that of the Kalman filter.

The smoothing filter did not improve the position errors by much, maybe 5 per-
cent, Also the radar bias errors in this example were not well determined by
either the Kalman filter or the smoothing filter,
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Figure 8.~ Velocity error across staging for Kalman filter.
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Figure 11.- Smoothing filter solution for X across staging.
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8.0 MATRIX INVERSION ALGORITHMS

The smoothing equations require efficient matrix inversion algorithms. Four

algorithms are presented here.® These algorithms are very fast and require a
minimum of storage. The matrix to be inverted is H, an N by N matrix. If

H = HT the inversion requires about N3/2 additions and multiplications. If
H 4 HT then the inversion requires about N3 multiplications and additions.
Note that multiplication of two N by N matrices requires about N3 multi-

plications and additions. Note ihat the algorithms were written for clarity

and may be speeded up even zore by revised programing.

aThese algorithms were obtained from William M. Lear, "Kalman Filtering
Techniques", NASA/JSC Internal Note 78-FM-25, April 1978.
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FORTRAN ALGORITHM FOR H = H=1 WHERE H = HT

DIMENSION H(N,N)

H(1,1) = 1./H(1,1)

IF (N. EQ. 1) RETURN

NM1 = N=1

D 5 J=1, NMI1

D 1 Iz1, J

H(I,J+1) = 0,

D 1 K=1, J

H(I,J+1) = H(I,J+1) = H(J+1,K)®H(I,K)
D 2 K=1, J

H(J41,d41) = H(J+1,J+1) + H(J+1,K)®H(K,J+1)

H(J+1,d+1) = 1./H(J+1,J+1)

D$ 3 I=1, J

H(J+1,I) = H(I,d+1)%H(J+1,d41)
Do 4 I=1, J

Do 4 K=I, J

H(I,K) = H(I,K) + H(I,Jd+1)#H(J+1,K)
H(K,I) = H(I,K)

D$ 5 I=1, J

H(I,d41) = H(J+1,1)

RETURN '

END
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8.2 FORTRAN ALGORITHM FOR G = H-1 WHERE H = HT

DIMENSION G(N,N), H(N,N)

G(1,1) = 1./H(1,1)

IF (N. EQ. 1) RETURN

NM1 = N=-1

D$ 5 Jx1, NMI

Db 1 I=1, J

G(I,d+1) = O,

DO 1 K=1, J

G(I,J+1) = G(I,J+1) - H(J+1,K)®G(I,K)
G(J+1,d+1) = H(J+1,d+1)

Db 2 K=1, J

G(Io1,d41) = G(J+1,d41) + H(J+1,K)9G(K,d+1)
G(J+1,d+1) = 1./G(J+1,J+1)

Ly 2 I=1, J

G(J+i T) = G(I,J+1)%G(J+1,d41)

Dp 4 I=1, J

Db 4 K=I, J

G(I,K) = G(I,K) + G(1,.J+1)%G(J+1,K)
G(K,I) = G(I,K)

D$ 5 I=1, J

G(I,d+1) = G(J+1,I)

RETURN

END
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i‘ 8.3 FORTRAN ALGORITHM FOR H = H=1 WHERE H # HT
DIMENSION F(N-1), H(N,N)
H(1,1) = 1./H(1,1)

IF (N. EQ. 1) RETURN
NM1 = N-1

Do 5 J=1, NMI

D$ 1 I=1, J

F(I) = 0.

D 1 K=1, J

1 F(I) = F(I) = H(I,K)*H(K,J+1)
D¢ 2 K=1, J

2 H(J+1,J+1) = H(J+1,J+1) + H(J+1,K)*F(K)
H(J+1,d+1) = 1./H(J+1,d+1)
D3 I=1,d
H(I,Jd#1) = F(I)H(J#1,d41)
F(I) = 0.
D¢ 3 K=1, J
3 F(I) = F(I) - H"1+1,K)®H(K,I)
. D¢ 4 I=1, J
D 4 K=1, J
4 H(I,K) = H(I,K) + H(I,d+1)%F(K)
D 5 I=1, J
5  H(J#1,I) = H(J+1,d+1)%F(I)
RETURN

END
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8.4 FORTRAN ALGORITHM FOR G = H=1 WHERE H # HT

DIMENSION G(N,N), H(N,N)

G(1,1) = 1./H(1,1)

IF (N. EQ. 1) RETURN

NM1 = N-1

D 5 J=1, NM1

Dp 1 1I=1, J

G(I,N) = 0.

D$ 1 K=1, J

G(I,N) = G(I,N) = G(I,K)*H(K,J+1)
G(J+1,d+1) = H(J+1,d4+1)

Dp 2 K=1, d

[ 1]

G(J+1,J+1) = G(J+1,J+1) + H(J+1,K)®*G(K,N)
G(J+1,d41) = 1./G(J+1,d+1)

D 3 I=1, J

G(I,J+1) = G(J+1,J+1)*G(I,N)
G(N,I) = 0.

Db 3 K=1, J

G(N,I) = G(N,I) = H(J+1,K)*G(K,I)
D 4 I=1, J

Db 4 K=1, J

G(I,K) = G(I,K) + G(I,J+1)%G(N,K)
Dp 5 I=1, J

G(J+1,I) = G(J+1,J+1)%G(N,I)

52

et e A e ke e i es b uo dbadiber

80FM32




R 20 o

80FM32
9,0 CONCLUDING REMARKS

It has been seen that the smoothing filter can considerably improve accuracy
over that of a Kalman filter. Factors of improvement for velocity errors of up
to three or four times have been seen here when position measurements were being
processed.

Three versions of the smoothing equations have been presented. Of the three,
version 1 is theoretically the most accurate but requires the most computer
time. If the equations of motion are linear, that is, if

Xis1 = Q44171 X4

then all three versions should give identical results except for computer
roundoff error., 1

The state estimation equations for the smoothing filter appear to be quite sta-
ble. In example 1, the backward integration of the equations of motion was un- 1
stable but, in the presence of the smoothing equations, became stable. Example 1
2 showed that the smoothing filter output was indeed quite smooth when compared J
to the noisy Kalman filter estimates.
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