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SUMMARY 

The e f f ec t   o f   i n t e rac t ion  between  combustion  processes  and  structural 
deformation of  so l id   p rope l lan t  w a s  considered. The combustion  analysis w a s  
performed  on  the  basis  of  deformed  crack  geometry, which was determined from 
the   s t ruc tu ra l   ana lys i s .  On t h e   o t h e r  hand ,   input   da ta   for   the   s t ruc tura l  
ana lys i s ,   such   as   p ressure   d i s t r ibu t ion   a long   the   c rack   boundary   and   ab la t ion  
v e l o c i t y  of the   c rack ,  were determined  from  the  combustion  analysis. The i n t e r -  
ac t ion   ana lys i s  w a s  conducted by combining two computer codes, a combustion 
analysis  code and a general   purpose  f ini te   e lement   s t ructural   analysis   code.  

INTRODUCTION 

In  recent   years ,  much at tent ion  has   been  focused on the   inves t iga t ion  of  
the   coupl ing   e f fec t  between  combustion phenomenon and mechanical  behavior  of  solid 
propel lant .  The so lu t ion   of  problems  of th i s   type   can   fur ther   be t te r   unders tand-  
ing of t h e   t r a n s i e n t  combustion  processes  inside  solid  propellant  cracks, which 
may s igni f icant ly   a f fec t   the   per formance  of a rocket  motor. The combustion pheno- 
menon ins ide   the   c rack   of   so l id   p rope l lan t  is  strongly  influenced by the  crack 
geometry a s   t h e  material i s  being deformed  and  burned away. Generally,   there are 
two major   reasons  for   a l terat ion  of   the  crack geometry: 1) mass l o s s  due t o  
g a s i f i c a t i o n  of propel lant   surface  a long  the  crack  during  the  combust ion  process ,  
and 2 )  mechanical  deformation  of  the  propellant due to   p ressure .  

On one  hand,  both  the  burning rate and  mechanical  deformation a r e  governed 
by pressure   ac t ing  on the   c rack   sur face .  On the   o the r  hand, a change i n   c r a c k  
s i z e  w i l l  cause   the   p ressure   d i s t r ibu t ion   to   vary .  The p res su re   d i s t r ibu t ion  
will strongly  influence  the  deformation and stress concentration a t  the   c rack  
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t i p ,  which i n   t u r n  w i l l  a f f e c t   t h e  manner of  the  crack  propagation. It is ,  
therefore ,   apparent   tha t   the   p ressure   d i s t r ibu t ion   and   the   change   in   c rack  geo- 
metry are strongly  interdependent.  

In   the  past ,   combust ion and s t ruc tura l   ana lyses   o f   so l id   p rope l lan t  were 
conducted  independently,  with  the result t h a t   i n t e r a c t i o n   e f f e c t s  were completely 
ignored. As noted  above,   such  interact ion  effects   can  be  qui te   important ,   especi-  
a l l y  when the  deformation is l a r g e  as compared to   the  or iginal   crack-gap  width.  
The deformation  response  of  the material is categorized as l i n e a r l y   v i s c o e l a s t i c .  
It is, the re fo re ,   t he   i n t en t  of t h i s   pape r   t o   p re sen t  a method o f   ana lys i s   fo r   t he  
combust ion-s t ruc tura l   in te rac t ion   in  a l i n e a r   v i s c o e l a s t i c  medium. To t h i s   e n d ,  
three  major  tasks are involved:  1)  combustion  analysis  to model t h e   t r a n s i e n t  
combust ion  process ,   2)   viscoelast ic   analysis   in   conjunct ion  with moving boundary, 
and 3)  l inkage of t h e  two analyses.  

For t h e  combust ion  analysis ,   invest igat ions  of   cer ta in   aspects   of  combustion 
processes  have  been made. Taylor  [ l]   conducted  experimental  tests to   s tudy   t he  
convective  burning  of  porous  propellants  with  closed-  and open-end boundary  condi- 
tions.  Belyaev e t  a l .  [2] showed that   the   burning  of   propel lant   inside a narrow 
pore may lead  to   an  excess   pressure  bui ldup.   In  a la ter   s tudy,   Belyaev e t  a l .  [3] 
made a series of  experimental tests to  determine  the dependence  of  flame-spreading 
rate on crack  geometry,  propellant  properties,  boundary  conditions,  and  combustion 
chamber pressures.  Cherepanov [ 4 ]  s t a t e d   t h a t   a s  a r e s u l t  of t h e  impeded gas  flow 
i n  a suff ic ient ly   narrow  and  long  cavi ty ,   the   pressure  reaches  such  high  values  
that   the   system becomes unstable.  From h i s  work,  Godai  [SI ind ica ted   tha t   there  i s  
a threshold  diameter   or   cr i t ical   width  of  a uniform  cavity below  which  flame w i l l  
not  propagate  into  the  crack. Krasnov et  a l .  [6]   inves t iga ted   the   ra te   o f  pene- 
t r a t i o n  of  combustion i n t o   t h e   p o r e s  of  an  explosive  charge.  Jacobs e t  a l .  [7,8] 
s tudied   the   p ressure   d i s t r ibu t ion   in   burn ing   c racks   tha t   s imula te   the   debonding  
of sol id   propel lant   f rom  the  motor   casing.  

Although results  of  previous  experiments were of i n t e r e s t ,  no sound  theore- 
t i c a l  model was developed.   In   this   s tudy,  a t h e o r e t i c a l  model was establ ished 
f o r   p r e d i c t i n g   r a t e  of f lame  propagat ion,   pressure  dis t r ibut ion,  and pressuriza- 
t i on  rate ins ide   the   c rack .  Two sets of  coupled p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s  
were obtained: one  from mass, momentum, and energy  conservation  of  the  gas  phase 
of the  propel lant   product   in   the  void  region  adjacent   to   the  crack  surface;   the  
o the r  from consideration  of  solid-phase  heat  conduction. Due to  the  mathematical  
complexity of governing  equations  and  boundary  conditions  involved,  the  finite 
d i f fe rence  method w a s  used to   obtain  the  solut ion  for   the  combust ion  analysis .  
In   the  numerical   solut ion,   the   boundary  condi t ions,  which vary  with time, are 
s p e c i f i e d   i n  terms of the  changing  crack  geometry, which i n   t u r n  i s  found  from the 
s t ruc tura l   ana lys i s .   In   addi t ion ,   the   p ressure   d i s t r ibu t ion   a long   the   c rack   sur -  
face,   varying as a funct ion of time, was obtained  from  the  analysis  and w a s  used 
as i n p u t   f o r   t h e   s t r u c t u r a l   a n a l y s i s .  

For   s t ruc tura l   ana lys i s ,   d i f fe ren t   approaches   have   been   taken   prev ious ly  
in   so lv ing   ( ana ly t i ca l ly   o r   numer i ca l ly )   s eve ra l  moving boundary  problems i n   l i n e a r  
v i s c o e l a s t i c i t y .  Lee e t  a l .  C9l obtained a s o l u t i o n   f o r   t h e   p r e s s u r i z a t i o n  of 
an  annihi la t ing  viscoelast ic   cyl inder   contained by a n   e l a s t i c   c a s i n g   i n  which 
the   mater ia l  w a s  assumed t o  be a Kelvin model i n   s h e a r  and incompressible  in  bulk.  
Arenz e t  a l .   [ l o ]  performed a s i m i l a r   a n a l y s i s   f o r  a sphere.  Corneliussen e t  
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al .  [11,12] presented   so lu t ions   for  a sp inning ,   annih i la t ing ,   v i scoe las t ic  
cyl inder   with  f ree   outer  boundary.  Since the   cons t ra in ing  case w a s  not  included 
i n   t h e i r   a n a l y s e s ,   t h e  stress d i s t r i b u t i o n  was independent  of  the material pro- 
p e r t i e s .  With the  assumption of a standard linear s o l i d  model,  Shinozuka [13] 
presented   the   ana ly t ica l   so lu t ion   for  a case-bonded p res su r i zed   v i scoe la s t i c  
cyl inder .  More general ized  solut ions were obtained by Rogers e t  a l .  [14] f o r  a 
class o f   l i n e a r   v i s c o e l a s t i c  problems by using  the  numerical   in tegrat ion scheme. 
Schapery [15] also  developed a general  method for   so lv ing  moving boundary  problems. 
In   h i s   approach ,   the  moving boundary  condition w a s  replaced by a f i c t i t i o u s  non- 
moving boundary  subjected  to a time-dependent pressure.  Later, Christensen e t  
al .  [16] obtained a series s o l u t i o n   f o r   t h e  stresses of t h e  same problem. As 
noted  above,  most  of t h e   a n a l y t i c a l   s o l u t i o n s  were ava i l ab le   fo r   v i scoe la s t i c  prob- 
lems of  simple  geometry.  For complex geometry, t he   f i n i t e   e l emen t  method has 
proven t o   b e  most useful.  

Applicat ion  of   the  f ini te  element method fo r   so lv ing   v i scoe la s t i c  problems 
i s  not  new; r epor t s  of such work can  be  found,   for   instance,   in   references [17-201. 
However, most  of the  previous work did  not   consider   the  effect   of  moving boundary, 
an   impor tan t   fea ture   for   the   s t ruc tura l   ana lys i s   o f   so l id   p rope l lan t .   Sankaran  
and  Jana  [21]  presented a technique  for  the  solving  of  axisymmetric  viscoelastic 
so l id s   w i th  moving boundary. In   their   approach,   the   f ini te   e lement  mesh corres- 
ponding to   t he  new boundary w a s  re -genera ted ,   whi le   the   s t ress -s t ra in   h i s tor ies  
and mater ia l   p roper t ies  were assumed t o  be  carried  over from  those of the  previous 
time  increment.  This  assumption is val id   only  i f   the   t ime  increment  i s  very small. 
An algorithm  for  automatically  tracking  ablating  boundaries was given by Weeks and 
Cost  [22]. A l l  previous work deal ing  with moving boundary viscoelast ic   problems 
lacks  both  the  appropriate  treatment  of material p rope r t i e s ,  and s t r e s s - s t r a i n  
h i s t o r i e s   f o r   t h e  newly generated mesh. It is  the  purpose  of  this  paper  to  pre- 
sent  such a treatment.  

Three  major  features must be   i nc luded   i n   t he   s t ruc tu ra l   ana lys i s   fo r  a s o l i d  
propellant:  1) proper  modeling of v i scoe las t ic   behavior ,  2)  tracking  of 
ab la t ing  boundary in   o rde r   t o   gene ra t e  new f i n i t e  element  meshes,  and 3 )  t r e a t -  
ment of   the material r e sponses   ( i . e . ,   s t r e s s - s t r a in   h i s to r i e s  and material   pro- 
perties) f o r   t h e  new mesh. All of   these  features  have  been  incorporated  into a 
nonl inear   f ini te   e lement  program ca l l ed  NFAP [231 .  Combustion  and s t r u c t u r a l  
programs were combined i n   o r d e r   t o  make poss ib le   an   in te rac t ion   ana lys i s .  Numeri- 
cal   resul ts   are   presented  to   demonstrate   the  effect  of i n t e r a c t i o n  between 
combustion  and  structural   responses  of  the material. 

COMBUSTION ANALYSIS 

The t h e o r e t i c a l  model w a s  developed  to  simulate  the  combustion phenomenon 
i n s i d e  a propel lant   crack,  which i s  l o c a t e d   i n  a t ransverse   d i rec t ion   to   the  
main flow  of the   rock  chamber.  During the  course  of   der ivat ion,   the   fol lowing 
assumptions are made: 

1) All chemical  reactions  occur  near  the  propellant  crack  surface,  and t h e  
combustion  zone i s  so t h i n   t h a t  i t  is considered a plane. 

2) Rate processes a t  the   p rope l l an t   su r f ace   a r e   quas i - s t eady   i n   t he   s ense   t ha t  
c h a r a c t e r i s t i c  times associated  with  the  gaseous  f lame  and  preheated  pro- 
p e l l a n t  are shor t  i n  comparison t o   t h a t  of pressure   t rans ien t   var ia t ion .  
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3) Gases flowing i n   t h e   p r o p e l l a n t   c r a c k  obey the   Claus ius   o r  Noble-Abel 
equation  of state. 

4 )  Bulk flow i n   t h e   p o r e  is  one-dimensional C241. 

To describe  gas-phase  behavior  inside a sol id   propel lant   crack,  mass, 
momentum, and energy  equations i n  unsteady,  quasi-one-dimensional  forms  have 
been  developed,  based upon the   ba l ance   o f   f l uxes   i n  a con t ro l  volume within  the 
propellant  crack. 

The mass conservation  equation is 

The momentum conservation  equation is 

The energy  conservat ion  equat ion  wri t ten  in  terms of   the   to ta l   s tored   energy  
( i n t e r n a l  and k i n e t i c )  p e r  u n i t  mass, E ;  i s  

The conservation  equations are fur ther   s impl i f ied  by an  order   of  magnitude 
a n a l y s i s   i n  which the  fol lowing terms a re   neg l ig ib l e :  1) forces  between mole- 
cules  due to   viscous normal stress i n   a x i a l   d i r e c t i o n ;  2)  v iscous  diss ipat ion 
and rate of work  done  by the  force  caused by viscous normal stresses in   t he   ene rgy  
equation; and 3) axial   heat   conduct ion between  gas  molecules in   the   energy  
equation. 

The propellant  surface  temperature a t  a f ixed  locat ion  a long  the  crack  before  
the   a t ta inment   o f   ign i t ion  is calculated from the  solid-phase  heat  conduction 
equation  written  in  unsteady  one-dimensional form: 
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where the   l eng th   va r i ab le  y is  measured perpendicular   to   the   loca l   p rope l lan t  
crack  surface.   Ini t ia l   and  boundary  condi t ions are 

T (0, Y) = T 

T ( t ,  m) = T 

P r   P i  

P r  P i  

(5) 

(6) 

The heat  conduction  equation is  solved by using  an  integral  method [25] 
which  employs a third-order  polynomial,  or by direct   numerical   solution  of Eqs. 
(4-7) with  var iable  mesh s i ze   i n   t he   subsu r face .  

For  the  gas  phase,  the Noble-Abel equation is used  for  the  equation  of 
state:  

The gas-phase equations,  i. e. Eqs .  (1) , ( 2 )  and ( 3 ) ,  are non-linear, inhomo- 
geneous, p a r t i a l   d i f f e r e n t i a l   e q u a t i o n s .  Along w i t h   t h e   p a r t i a l   d i f f e r e n t i a l  
equat ion   for   the   so l id   phase  (Eq. ( 4 ) ) ,  they are solved  simultaneously,  using  the 
f i n i t e   d i f f e r e n c e  method. The der ivat ion  descr ibed above w a s  implemented i n t o  a 
computer  program, crack  combustion  code (CCC) by Kuo e t  a l .  [ 2 6 ] .  

STRUCTURAL ANALYSIS 

To conduct   the   s t ruc tura l   ana lys i s   o f   the   so l id   p rope l lan t ,   th ree  main 
f ea tu res  must be  included in the  numerical   formulations:   1)  modeling of 
v i s c o e l a s t i c  material behavior, 2) simulation  of  ablating  boundary,  and 
3) treatment  of material responses  by  an  interpolation scheme. Each f e a t u r e  
is out l ined below. 

Viscoe las t ic  Material Model 

The material behavior   of   the   sol id   propel lant  is  assumed to   be  visco-  
elastic i n  shear and e las t ic  i n  bulk. Only the  isothermal   condi t ion is  considered. 
The s t r e s s - s t r a in   r e l a t ions   w i th   ze ro   i n i t i a l   cond i t ions .  are w r i t t e n   i n  two pa r t s .  

1) Shear  behavior: 

t 
sij = I Gl(t-t') - d t '  e i j  ( t ' ) d t '  (9) 

0 
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where GI is  the  relaxation  modulus  in  shear.  For  most  viscoelastic 
materiaxs,  it  is  usually  considered 

M 

m= 1 = go + C gm e 
-Bmt 

2,) Bulk behavior: 

D = 3K kk 

As discussed  in  [27],  the  incremental  stress-strain  relations  in  matrix form 
are  written  as 

where T {Au) =  AD^^.  AD^^^ A‘rZ3’ AD,,) 

= Asl1} 
M 

= Bm  ‘mc22’  m  33’ m 23’ m 11 Ct Ct  Ct } 
m=l 

and 

IDVE] = 

Furthermore 

symmetric 

M 

(K+ 7 A )  0 (K- - 2 1 
3 *) 

A 0 
2 
- 

B m = l - e  -BmAt 

(K+ f A) 

and  the  term  mCij  has a recursive  relationship,  i.e., t 
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-$,At) 

ct = e -BmAt C t - A t  + gm(l-e m i j  m i j  $,At e' 
i j  

t t - A t  
i j   i j  i j  

e' = e  - e  

The advantage  of Eq. (19) is t h a t  a l l  of   the s t ra in  history  can  be  obtained by 
re fer r ing   on ly   to   in format ion  i n  the  previous t i m e  s tep,   thus   reducing computer 
s torage and  numerical  calculations. 

From t h e   v i r t u a l  work p r inc ip l e   and   t he   r e l a t ionsh ip   o f  Eq. ( 1 2 ) ,   t h e   f i n i t e  
element  equilibrium  equations  for a t y p i c a l  t i m e  i n t e r v a l   [ t ,  t + A t ]  can  be 
derived as 

where 
m 

and {fo} = [BIT {u0} dv 

Simulation  of  Ablating Boundary  and Mesh Generation 

Burning  of  the  propellant  causes a s ignif icant   change  in   geometry,   thus  
present ing   compl ica t ions   in   f in i te   e lement   s t ruc tura l   ana lys i s .  The e f f ec t   o f  
ab la t ing  boundary is accounted  for by redef in ing   the   f in i te   e lement  mesh a t   s p e c i -  
f i e d  time intervals .   This   involves  two s t ages  of ca l cu la t ions :  1) tracking 
of the   ablat ing  boundary,  and  2) generat ion of new f i n i t e  element mesh. With 
some modifications,  the  procedures  adopted  herein are s imi la r   to   those   p resented  
i n  [22]. 

Consider a s t r u c t u r a l  geometry with  ablat ing boundary. The spa t i a l   pos i -  
t i o n s  of the  ablating  boundary are determined by the   ab la t ion   ve loc i t i e s  which 
a r e  found  from t h e  combustion  analysis a t  d i s c r e t e  times. It is assumed t h a t  
the   ab la t ion   occurs   a lways   in   the   d i rec ton  normal t o   t h e  boundary.  For  struc- 
t u r a l   a n a l y s i s ,   t h e  entire surface is div ided   in to   an   ab la t ing   par t  and a non- 
ab la t ing   pa r t ;   e ach   pa r t  is formed  by d iscre te   l ine   segments   jo in ing   a t   the   nodes  
of t h e   f i n i t e  element mesh. The new pos i t ion  of each   l i ne  segment is located from 
the  given  ablating  velocity.   Consequently,   the new boundary  nodes are determined 
by ca lcu la t ing   the   in te rsec t ions   o f  two subsequent new l i n e  segments.  Likewise, 
the  nodes a t  the   i n t e r sec t ions   o f  new ablating  and  non-ablating  boundaries  are 
then  determined. 

During  the  locat ing  process ,  however, some of  the  boundary  nodes may not l i e  
on t h e  new boundary  and  thus must  be  eliminated.  If   the  distance from t h e   t i p  
of t h e  normal vector  a t  a new nodal   pos i t ion   to  any  node  on t h e   o r i g i n a l  boundary 
is less than   t he   va lue   o f   t he  normal i t s e l f ,   t h e  node is removed. 
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I n   g e n e r a l ,   t h e   t o t a l  number of  nodes  on  the  boundary a t  d i s c r e t e  times 
w i l l  be   different   because some of  the  nodes  have  been removed. However , i n  
t he   ana lys i s  i t  is more convenient  to  generate a f i n i t e  element mesh similar t o  
the   o r ig ina l   one  so that in te rpola t ion  of material   response  can  be made. One 
way to   accomplish  this  is by  keeping  the number of  boundary  nodes  constant. 
Consequently, t h e  boundary  nodes are redis t r ibuted  between two d iscont inui ty  
po in t s  which are s p e c i f i e d   i n   t h e   i n p u t   d a t a  i n  such a way t h a t   t h e   l e n g t h s  
of t h e  new l i n e  segments  have t h e  same r a t i o  as those   o f   t he   o r ig ina l   l i nes .  

Once t h e  new boundary  nodes are defined,  an  automatic mesh generation 
scheme i s  used t o  create the   i n t e r io r   nodes   fo r   fu r the r   ana lys i s .  Because  of 
i t s  f l e x i b i l i t y   i n   o b t a i n i n g  a desirabEe mesh, a Laplacian-isoparametric  grid 
generation scheme [ 281 is u t i l i z e d .  However, t h i s  method is l i m i t e d   t o  a 
geometry bounded by fou r   s ides .  A f i n i t e  element mesh is shown in   F ig .  1. The 
coordinates of t h e   i - t h   i n t e r i o r  node can  be  expressed  in terms of  those  of 
neighboring  nodes  by 

where w is the   weight ing   fac tor   for   ad jus t ing   the   d i s t r ibu t ion   of   in te r ior   nodes ,  
and 0 5 ~ 5 1 .  

Se t t i ng  up the   equat ions   for   each   in te r ior  node y i e l d s  two systems  of  simul- 
taneous  equations. It is observed  that   the   resul t ing  systems  of   equat ions are 
banded and symmetric. The Gaussian  elimination scheme is  employed t o   s o l v e   f o r  
the  coordinates   of   the   inter ior   nodes.  

In te rpola t ion  of Material  Responses 

As seen from Eq. (16) ,   the  stress increment AU f o r   t h e  time i n t e r v a l  
[ t ,  t+At]  varies  with material p r o p e r t i e s   a n d   w i t h   t h e   s t r a i n   h i s t o r y   a t   b o t h  
current and previous time steps.  When the  region  of  an  element  changes  over a 
period  of time due to   ab l a t ion ,   t he   ma te r i a l   r e sponse   h i s to ry  of t h e  new elements 
is l o s t  and must be  determined by an   in te rpola t ion   procedure  from t h e   o l d  ele- 
ments a t  previous time steps.   Accordingly,   the  interpolation  procedure is ca r r i ed  
out  on th; element level. For   calculat ions,   the  material responses   are   separated 
i n t o  two groups:   the   f i rs t   includes  such  var iables   evaluated a t  the  Gaussian 
in tegra t ion   po in ts ,  i . e . ,  ADi. , A E ~ .  and Ci. ; the  second  includes  the  nodal 
displacements  which are e v a l d t e d  a$ noday pa in ts .   In   the   p resent   ca lcu la t ions  , 
two l i m i t a t i o n s  are imposed: 1)  eight-node  quadrilateral   elements  are  used 
throughout   the  analysis ;  and 2)  the  four  sides  of  each  element  remain  straight 
before and a f t e r   a b l a t i o n .  

1)   Interpolat ion  of   Gaussian  var iables  - It i s  noted   tha t   the   quadra t ic  d i s -  
placement  approximation  of  an  eight-node  element  yields a l i n e a r   s t r a i n   v a r i a -  
t i on .  With t h i s  fact  i n  mind, the   quant i t ies   o f   Gauss ian   var iab les   a t   nodal  
po in ts   a re   f i r s t   eva lua ted   for   every   o ld   e lement .  As shown i n  Fig.   2a ,   b ,   th is  
can  be  done by using  the  l inear   isoparametr ic   shape  funct ions,  namely, 
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4 - 
wk' = z hi(rL, Si) * w; k = 1, 2, 

i=l 

where h, = 1/4(1 + r , r ) ( l  + s,s) i = 1, 2, 3 ,  4 
I 

For  each new 
point are known. 
computed by using 

I I 

e lement ,   the   loca l   coord iza tes   ( r  , s) of 
The global  coordinates,  (yk, zk) ,kef t h a t  
the  following  equations: 

3, 4 

the  k-th  Gaussian 
poin t   a re ,   therefore ,  

4 

L - 
'k 

= p hi ( rk ,  sk) * zi 
i= 1 

After  (yk, ) are found, the  old  e lement   to  which the  point  belongs must be 
i d e n t i f i e d .  kA search  process  based upon the   va lues   o f  r ' and s '  is  developed  for 
this  purpose.  The search starts from the  old  element which  corresponds t o  t h e  
neighboring  elements.   Equations  for  such  calculations are  given by 

L 

Fig. 2c shows how to   i den t i fy   t he   e l emen t   t o  which the   po in t s ,  (r', s f ) ,  belong. 
Once the   loca t ion   of   the   po in t  is ver i f ied ,   an   in te rpola t ion   procedure  i s  per-  
formed,  using  the  relationship 

4 

2) I n t e r p o l a t i o n  of nodal  displacements - A similar procedure  to   that   explained 
above is also used  to   determine  the  posi t ion of t h e  node in   ques t ion   wi th   re fe r -  
ence  to  the  old  element.  However, the   in te rpola t ion   procedure   in  Eq. (26) is no 
longer  necessary  since  the  nodal  displacements are known.  The nodal  displacements 
of   the  new mesh are computed from 

8 

i=l 
di = 1 h i ( r ' ,  s ' )  * di' 

where h.  are   the  s tandard  quadrat ic   isoparametr ic   shape  funct ions.  
1 
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All formulat ions  discussed  in   this   sect ion  have  been implemented i n t o  a 
general   purpose  nonlinear  f inite  element program c a l l e d  NFAP for  conducting 
v iscoe las t ic   ana lys i s   o f   so l id   p rope l lan t   wi th   ab la t ing   boundary .  Some numer- 
i c a l  examples are presented   in  a la ter  sect ion.  

COUPLING EFFECT 

For   s t ruc tu ra l   ana lys i s ,   t he  boundary condi t ion   a long   the   c rack  geometry 
i s  defined by pressuredis t r ibu t ionwhich  varies with t i m e ,  and ablat ion  veloci ty;  
both are determined  from  combustion  analysis.  In  the  combustion  analysis,  the 
regress ion   ra te   o f   the   p rope l lan t  i s  dependent  on  the  deformed  crack  geometry. 
Therefore,   the two processes   are   s t rongly  interdependent .  Such a coupl ing   e f fec t  
is obtained by combining the   ana lys i s   o f  two computer  programs: a crack combus- 
t ion  code (CCC) and a s t ruc tura l   ana lys i s   code  (NFAP). Both codes were developed 
independent ly   to   fac i l i t a te  program v e r i f i c a t i o n s .  Linkage  of t h e  two codes w a s  
made subsequently. 

The coupl ing  effect   considered  in   the  present   analysis  i s  l i m i t e d   t o   t h e  
major  parameters, namely pressure  loading,   ablat ion  veloci ty ,   and  crack deforma- 
t ion .   Pressure  and ab la t ion   ve loc i ty   a re   ca lcu la ted  by t h e  CCC a t  each  nodal  point 
located on a one-dimensional  grid  along  the  length  of  the  crack. The ana lys i s  
of crack  combustion  incorporates  the  crack  geometry  variation  caused by both 
mechanical  deformation and mass l o s s  through  gasif icat ion  of   the  propel lant  
surface.  Once the  gas-phase  equat ions  are   solved  and  the  pressures   and  ablat ion 
ve loc i t i e s   a long   t he   c r ack  are ca lcu la ted   for  a given t i m e  t ,  the   da ta  are trans- 
f e r r e d   t o   t h e  NFAP as the  input   information.  NFAP then  simulates  the  updated  crack 
geometry  from t h e   a b l a t i o n   v e l o c i t i e s  and generates a new f i n i t e  element mesh. 
With the  new  mesh and  pressure  data ,  NFAP updates   the   s t i f fness   mat r ix  and i n t e r -  
po la tes  material responses  for  conducting a q u a s i - s t a t i c   a n a l y s i s   a t  time t .  After  
obtaining  the  deformation,  the change i n   t h e   c r a c k   w i d t h   a t   e a c h   f i n i t e   d i f f e r e n t  
node is calculated and  added to   the  exis t ing  crack  width.   Since  the  crack  width is 
the   input   o f   the  combustion ana lys i s ,  one cycle   of   calculat ions is thus  completed. 
The same procedure i s  followed  for  every  specified time increment. 

For  program v e r i f i c a t i o n  and demonstration of i ts  ana lys i s   capab i l i t y ,   t h ree  
sample problems were run   e i ther  by NFAP alone ur i n   t h e  combined NFA.P/CCC program. 
The r e s u l t s  of t he   ana lys i s   a r e   d i scussed   i n   t he   fo l lowing .  The numerical   resul ts  
obtained from CCC alone  are   contained  in   reference [ 26 ] .  

1. A Reinforced  Thick-walled  Cylinder 

Figure 3 shows a cyl inder   of   viscoelast ic   mater ia l  bonded by a s teel  casing 
and subjec ted   to  a s tep-funct ion  internal   pressure.  The example w a s  s e l ec t ed  
because i t  i s  composed of two d i f f e r e n t   m a t e r i a l s  and t h e   a n a l y t i c a l   r e s u l t s  
a r e   r ead i ly   ava i l ab le   fo r  comparison. Only five  eight-node  axisymmetric  elements 
were used  to model the  cyl inder .  The mater ia l   p roper t ies  of t h e  e las t ic  casing 
a r e  

E = 2.068 x 10 MPa 6 v = 0.3015 
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I The material p rope r t i e s   o f   t he   v i scoe la s t i c   co re  are defined  by 

I 

K = 689.5 MPa G1 = 51.71 * exp (-0. l t )  MPa 

In   F ig .   4 ,   t he   va r i a t ions  of c i rcumferent ia l  stresses with  t ime are p l o t t e d  
f o r  compar ison   wi th   the   ana ly t ica l   so lu t ion   ob ta ined   in  [ g ] .  It is  observed  that  
both  solutions  agree  very  closely.   This  problem w a s  analyzed  previously  by 
Zienkiewicz e t  a l .  [ 1 8 ] ,   u s i n g   s t r a i n  rate formulat ion  of   the  f ini te   e lement  
method. However, the   formula t ion   presented   in   the   p resent   paper  i s  more e a s i l y  
incorpora ted   in to   the  NFAP program. 

2. A Star-shaped  Solid  Rocket Motor 

AS an appl ica t ion   of   the   p resent   approach   in   dea l ing   wi th   the  moving boundary, 
a star-shaped  solid  rocket  motor w a s  analyzed by assuming  both a constant  and 
ablating  inner  boundary. The configurat ion  and  f ini te   e lement  mesh are shown 
i n  Fig. 5, and t h e  material propert ies   of   outer   casing  and  inner   propel lant  are 
i d e n t i c a l   t o   t h o s e  of t h e   f i r s t  example.  Taking  advantage of t h e  symmetry 
condition,  only a 3O0-sector w a s  modeled  by f i n i t e  element mesh. The contours 
of maximum compressive stress analyzed by constant  inner  boundary a t   v a r i o u s  
times are shown i n  Fig. 5. Comparing the   p re sen t   r e su l t s   w i th   t hose   o f  [ 181, i t  
is ev iden t   t ha t   t he   gene ra l   pa t t e rn  i s  q u i t e  similar b u t   t h a t  some small d i f fe rences  
do ex is t .   S ince   the  geometry of   the   rocke t   motor   in  [18] w a s  no t   c lear ly   def ined ,  
the  difference  in   dimension  used  in   these two analyses  could  be  the  cause  of  such 
deviat ions.  

The ac tua l  case of a so l id   rocke t  motor  can  be modeled  more closely  by con- 
s ide r ing   t he   i nne r  boundary  being  ablated.  Figure 6 shows the  contours   of  maximum 
compressive stress predicted  by NFAP, using  the  option  of moving boundary. The 
resu l t s   ob ta ined  are q u i t e   d i f f e r e n t  from  those  of [la]. However, observing  the 
differences  between  Figs. 5 and  6, w e  can  conclude  that   the   resul ts   obtained  by 
NFAP are qui te   reasonable .  The so lu t ion  reveals tha t   t he   h igh  stress region 
obtained  for   ablat ing  boundary  propagates   fas ter   than  that   wi th   non-ablat ing 
boundary. 

3. A Propellant  Crack Specimen 

A s  a f i n a l  example, a propellant  crack  sample w a s  analyzed,  using  the 
combined NTAP/CCC program to  demonstrate   the  coupl ing  effect .  The i n i t i a l  geo- 
metry  and f i n i t e  element mesh generated by NFAP is  given i n   F i g .  7 .  The crack 
is 0.15 m l ong   and   t he   i n i t i a l  gap-width i s  0.89 mm. The web thickness  i s  
8 nun a long  the  crack  and 20 mm a t  t h e   t i p .  Because of  symmetry, only  half   of   the  
Sample w a s  modeled  by 80 p lane   s t ra in   e lements .  The shear   re laxa t ion  modulus of 
the   p rope l lan t  w a s  assumed t o   b e  

Gl(t) = 1.461 + 7.43 * exp  (-.095t) MPa; and K = 4,826 MPa. 

Calcu la ted   p ressure   d i s t r ibu t ions  a t  var ious  times, from t h e  CCC alone, are 
given i n  Fig. 7. The burning phenomenon of   the  propel lant   can  be  br ief ly   des-  
cr ibed as follows. The p r e s s u r e   i n   t h e  chamber increases wi th  t i m e ,  causing 
the hot   gases   to   pene t ra te   fur ther   in to   the   c rack .  As time passes ,   the   p ressure  
wave travels along  the  crack  and is reflected  from  the  closed  end. A t  about 
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200 us, t he   p re s su re   f ron t   has   a l r eady   r eached   t he   t i p  and is ref lec ted ,   caus ing  
pressure  a t  t h e   t i p   t o  increase. 

Figure 8 shows the   resu l t s   ob ta ined   f rom  the  combined NFAP/CCC program. 
During t h e   i n i t i a l   p e r i o d ,   t h e   g e n e r a l   t r e n d   o f   t h e   p r e s s u r e   d i s t r i b u t i o n  is simi- 
la r  t o   t h a t  from  convective  burning  analysis  alone.  However, as time progresses ,  
no t iceable   d i f fe rences  between the  two cases begin to appear. Up t o  200 us ,  the  
pressures   obtained  f rom  the combined ana lys i s  are lower,   except  near  the  crack 
entrance  region. A t  t = 300 us, two pressure  peaks  appear.  A t  t = 325 us, th ree  
pressure  peaks  appear.  These pressure  peaks are caused  by t h e   p a r t i a l   c l o s u r e  of 
t h e  gap. The deformation  pattern  of  the  propellant is qui te   i r regular   because  
o f   t he  uneven d i s t r ibu t ion   o f   t he   p re s su re   a long   t he   c r ack   su r f ace .  The elements 
a t  the   c rack   en t rance  are compressed by the   h igh  chamber pressure,  which results 
i n   t h e   p r o p e l l a n t   b e i n g  pushed into  the  crack.   Since chamber pressure  increases  
more quickly  than  pressure  inside  the  crack,   the   propel lant  is  pushed  toward the  
lower  pressure  region  inside  the  crack. The mechanical  deformation  of  the 
propellant  causes  narrowing  of  the  crack  width,   and  consequently  results  in a l o c a l  
c r ack   c losu re .   Th i s loca lgap   c losu re   man i fe s t s   i t s e l f   i n  a pressure  peak. The 
loca l ized   pressure   peaks   o r  gap closures  move along  the  crack.  A t  t = 3 2 5 u s ,  t h i s  
loca l ized   pressure  phenomenon becomes evident  a t  x / L  = 0.167, 0 . 4 3 3 ,  and 0 . 6 3 3 .  

CONCLUSION 

The computer  program fo r   eva lua t ing   t he   coup l ing   e f f ec t  between  convective 
burning  and  structural   deformation w a s  developed  by  combining t h e  Crack  Combustion 
Code and a Nonlinear  Finite-Element  Analysis  Program.  In s t r u c t u r a l   a n a l y s i s ,  
t he   l i nea r   v i scoe la s t i c  material model, toge ther   wi th   the   capabi l i t i es   o f  simu- 
l a t i n g   a b l a t i n g  boundary  and in t e rpo la t ing  material responses ,  was considered. 
Also, the   coupl ing   e f fec t   es t imated  by the  combined ana lys i s  shows some s i g n i f i -  
can t   in te rac t ion  between the  combustion  and  mechanical  deformation.  This pheno- 
menon w i l l  be   ver i f ied   fur ther  by future  experiments. 
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SYMBOLS 

1. Combust  ion  Analysis 

A = cross-sectional  area  of  crack 

B = body  force 

b = co-volume 

c = specific  heat  at  constant  pressure 

E = total  stored  energy 

h = local  convective  heat-transfer  coefficient 

h = local  convective  heat-transfer  coefficient  over  propellant  surface 

hew= local  convective  heat-transfer  coefficient  over  nonpropellant  port  wall 
hf = enthalpy  of  combustion  gas  at  adiabatic  flame  temperature 

ph = burning  perimeter 

Pw = wetted  perimeter  of  port 

p = static  pressure 

R = specific  gas  constant  for  combustion  gases 

1: = burning  rate  of  solid  propellant,  including  erosive  burning  contribution 

T = temperature  (without  subscript,  static  gas  temperature) 

Tf = adiabatic  flame  temperature  of  solid  propellant 

T = initial  propellant  temperature 

T = propellant  surface  temperature 

P 

X 

P 

- 
C - 
CP - 

b 

Pi 

PS 

Tws = nonpropellant  wall  surface  temperature 

t = time 

u = gas  velocity 

Vgf=  velocity  of  propellant  gas  at  burning  surface 

x = axial  distance  from  propellant  crack  opening 

y = perpendicular  distance  from  propellant  surface  into  solid 

a = thermal  diffusivity 
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y = ratio of specific  heats 

X = thermal  conductivity 

IJ = gas  viscosity 

P = density  (without  subscript,  gas  density) 

T = shear  stress on port  wall 

T = normal viscous  stress 

0 = angle  measure,  in  a  counterclockwise  direction,  at  lower  side of 

W 

xx 

W propellant,  degree 

Subscripts 

i = initial  value 

pr = solid  propellant  (condensed  phase) 

c = rocket  chamber 

2 .  Structural  Analysis 

'ij = stress  deviators 

e ij = strain  deviators 

' ij = stress  tensor 

G1 = shear  relaxation  modulus 

K = bulk  modulus 
L 

( )L = a  quantity  at  time t 

{Aa) = incremental  stress 

IAE) = incremental  strain 

{ao} = equivalent  initial  stress  vector  due  to  viscoelastic  behavior 

[KJ = stiffness  matrix 

c lT = transpose of matrix 

M = number of terms of series  in  relaxation  modulus 
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go = ) 
gm = I  material  constants  in  relaxation  modulus 
{Av} = increment  of  nodal  displacement  vector 

[Dv,l = viscoelastic  material  matrix 

[B] = strain-nodal  displacement  transformation  matrix 

w' = values  of  Gaussian  variables  at  k-th  integration  point  referred 
- 

to  old  element 

W' i = values  of  Gaussian  variables  at  i-th  nodal  point  referred  to 
old  element 

(rk',sk') = local  coordinates  of  k-th  integration  point  referred  to  old 
element 

(yi,z ) = global  coordinates  of  i-th  nodal  point  referred  to  new  element i 
Di = i-th  nodal  displacement  referred  to  new  element 

Dit = i-th  nodal  displacement  referred  to  old  element 

(r',s') = local  coordinates  of  point  in  equation  referred  to  old  element 
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Figure 1.- Neighborhood of node i. 
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Figure 2.- I n t e rpo la t ion  scheme. 
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Figure 3.- Finite  element  mesh of a reinforced  thick-walled  cylinder. 
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- Closed form solution 
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Figure 4.- Reinforced  cyl inder   under   internal   pressure 
v a r i a t i o n  of hoop stress. 
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Figure 5.- Finite element mesh and  contours of maximum 
principal  stress of a star-shaped  rocket motor 
with  fixed  boundary. 
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Figure 6.- Contours of maximum  principal  compressive  stress of 
a  star-shaped  rocket  motor with  moving  boundary. 
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, Line of symmetry of the  propellant  crack 
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Figure 7.- Finite  element  mesh of a  propellant  crack  and 
calculated  pressure  distributions  for  various 
times  from  the  crack  combustion  code. 
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Figure 8.- Calculated  pressure  distributions f o r  various 
times  from  the  combined  crack  combustion  and 
non-linear  finite-element  analysis  program. 
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