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. AN IMPLICIT FINITE DIFFERENCE SCHEME FOR TTIL

NUMERICAIL APPROYIMATION OF THIN GROUND HEAT }FILUX 1

INT RODUC TION | *
i w

: In the appendix of TELLUS-Newsletter 8, May 197‘)(1) it had been

f shown that using an explicit finite difference schome to approximate
“ the flow cquation for heat transport in soil, the time- and depth step i
g . must be kept small as the stability criterion may not be exceeded |
g and the approximation may not differ too much from the exact solu- 1

tion. It also appcared that the scheme of Du Fort-Frankel is only
slightly superior i~ both respects to the classical explicit difference

imcthod, i
1
E Implicit finite difference methods arc known to be superior to explicit
: methods, especially with respect to stability, Thercefore they permit

large time steps, keeping computer calculation time low. Good results
have recently been obtained by building an implicit system into the 7
TELL-US algorithm.

THE IMPLICIT FINITE DIFFERENCE METIHOD APPLIED

}
) T'o the one-dimensional heat flow equation (1) at time t and depth s
b‘ 2
or O T
(x,t) = D % — (x,t) (1)
y ot 2 ,
| Ax |
i’ the same cquation at time t + At must be added to obtain:
‘ ’ -
ar o7T LI oI ,
, BT(X’ t4oat) + o (x,t) = D= c- (x,t) + D % === (x,t +At) (2) |
i ax’ ox” )
);’ » . . . - .
According to Cranck and Nicols.r.'7/ we lefi-hand side of Kq. (2)
miy be approximated by:
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negleeting the derivatives of order two and higher.
Writing also the right-hand side of Eq. (2) in difference form, the
following scheme can be obtained:

P

f{ (%%, t+ot) - T(x, t)) =-—-~D7 {_T(x-/,\x, t) - 2T(x,t) + T(x+Ax, t) ( +

X

D
— ['I (x=Ax; thAr) = 2T(x, tFAL) + L(xtax, 1-.+L\t)] (3)
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g For a prid expanding in the x-divection Mo () can be weitten as:
TIx, tEAL) = T(X, 1 ) r
[RYRE ~\)1 NI ),m,.l CRNERT (N AN L) -
- AxT 8IS NI 11 NI )
. QENITHL)L(x, ) b T kAN, LA INEFRT (2« A tEAL) = (NI & 1
"
- TN, CEAE) b T (xPAX, AL () j
fL\ whora; %
i
AU time step (sed) ;
Ax o odepth step, spacing of the upper two prid points (m) 1
N - expansion factor %
¢ & S{2x1-1), 21 for the frst prid point below the surlacew., |
% :}1
i To solve Mg, (1) o sot of equations is needed. To give an example,
f‘ let us assume a soil systom divided Into four lavers, ioo. there are
l (:1 1) prid points from the surface (x 0) to the lower boundary depth
]
(x)
| When Iig. (F) is written out for suceessively x o 1,003 a set of {(#-1)
!\ cquations is Lormed, which roads in matrix notation:
?' ) j
b [Fol(l) /mxXe o ': T, 0 A ;
: ! 1 Fo1(2) FADMSOF ¥ W2t .\L\
| 1 ) :
? i 1 WVol(3) . DT U ALY
} PI0a(1) =1 18X 0 ‘ (0 DTROCOEND T, ) !
| Lo Poa{) -5 WMXE s 2,0 0 1 |
| , : ,
‘ Lo -1 roa(s) oA (M) S T )
[ORND
(%) |
:
|
F whore:
TS D o
‘ BPQ(1) = o orwers s e it e e N DR
(1) - P83kl NI %% (21-1) % (IMXF +1) ! e )
(R[(s
O‘p 1;1;:\“11‘ f‘~i‘!v
WOL(I) = =((10{L) &I9XT + FO(L) + 1)/10(1),/ 19N ;TR W;ﬁw:? S
. U Py
02(1) = ((1O(I) % KNI+ F0o(L) - 1)/100 (1), 19XI) “

Voctor ‘.l‘(x, t) is the known toemperature profile at tune t,
TEE U+ U4, 1) s the lower boundary temperature,
TO, € HAE) s at Tirst approximated as: 2% (0, 1) - T(0, 1 « At).
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Foverything on the ripht-hand side of Fqg, (9) is known and results
tnsingle vector, in the program callod PRODE, The Iimear system
that remains can casily be solved by converting the mateis in upper
triangulir form and back-substitution. The solution vector is the
tompe rature profile in the soil at t AL

The temperature at x - 0 and X 1 are cntered into the onergy balance
equation, The first one will be modificd during the itervative process,
While (1, 1 4 A1) is strongly fnfluenced by the estimated 10, € 1 AL), it
is clear that considerable errors may arise when the soil hoat flux is
caleulated from the moditied surface temperature and the fixed value
atx o Lo Thercfore the estimated T(0, t 4+ At) will be replaced by the
surface temperature that comes out of the itevative process and the
whole procedure from My, (5) will be repeated once,

RESULAS

To Tables 1A and 18 the results of calceuiativos with the timplicit voer-
sion are shown, The data set obtained during the Joint Flight Bxpoevi-
nient ot Greondon Underswood, UK, on September 12-13, 1979 was usoed
for these caleulations.

Table LA may be compared with tables A and DA o0 TRLLUS Nowse-
fotter 8, Resemblance s best with Table 20 of tat paper, This means
that there remain difterences with what can be seenas thoe most pre:
cive caleulations, i, e, Table 1A of Newastetter 8, Howoever, these «dins
lovences are not dramativally larpoe,

To recapitulater a hipgh heat capacity value ot N Lo’ g, kpy Koas oets
pinally applicd in TRHLL-US is not aveeptable as shown in Newsletter 8,
A realistic heat capacity value has to be accompaned by such a small
time step,iun order to Keep the explict camerical schease stable, that
total calenlation time becomes extmaoraine eily high (alternative 1),
With an explicit schome and & reatistie Leat capacity value some
specding up s possibic by increas o e depth step to around & v
and the time step to fve mfaid s coermative 2 The thivd altermative,
the proposed implicit soncatie with a time step ot one hour and a depth
step of 2 ey, reduces caleulation time with a tactor four compared to
alternative 2 (12 vosp. S0 soee), :

It appeared Trom the treatment of several other data sets that TRLL-US
becomes ratiwer sensitive to heat capacity, when a realistic value is
takon., Therefore it may be suggested to vary the hoat capacity value
with thermal inertia, which is from a physical point of view cortainly
detendable. s\ look=-up table calculated with a floating heat capacity
value is shown as Table 18,
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CONGLASION

ciiven the attractive short caleulation time and the numerical
stability iU iy strongly recommendable to use the proposed paplieat

Vinite diffe rence schome to simulate the ground heat Tlus, !
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(2) R, DL RICITTMY ER and Ko W, MORTON (1907), Difference Methods 1
for Initial Value Problems, 2nd odition. New York, ntersciencoe |

1907 N1V (Interscivnce Tricts 0 Fure and Applicd Mathematics, '
No. ).




by

AERALAREE Hantti e Shahab « R

] - : q i
£ 672 86 g G- ie- 1 bT3- 0 P EVATTD “
ST A N A 3°8 F01 6751 WAL N ove
i 90z i ozrrz i 2y 879z . 9°0% 65 | iawELr-a
Pogz 0T L6t LG-  ate- 6°L- . CAVAED
£y | £°¢ 79 6L L4 €771 TUIMAL N 9007
G A SR 9°%2 7°L2 Fig cge TAWAL D
SR B R A 970-  £'7- 6L AVAED
ze 1w £°¢c L9 9% £1T o Smw.: 0691
. T %72 6762 512 7°7¢ 1°6% AWAL A
: 1 v
-2 2 T S B €G- 9 7" nL- FAVATETD
: g1 i ¢z 1 og'¢ z°e oGtL L6 DAY IL TN 0021
i S1z 1 o2Uee €°ce € gz i'cs 9°1% ULy LA
. 627, g£T 0 £°1 €G- L2 gtL-  idwL iDL
Poett- b oLto- 3 €70 £°2 6% vL AW LA 508
- A B A ﬁ 692 7767 6°FE L7Ey AW 0 .
g 1 e — 1 ;
[ oot ! 686 G970 5% "0 S A 60 —
AIpTIunyy SAIIR[oY S52BIING [ 08
35S 71 I} UOIIR[NIDIBD [EIOL
wID 7 :daozs mdsQg
933 grge 49ls LI UGIRINIO[RD
N\mﬁh\w moﬁ ¥ 7 :A1i0=ded 1Bolg
12PON SA-TTTEL 9 IO UOISIY
ST U7 §ILMA PIIRNOIRD 31qel dN-u00T - ¥ 414V




I B

A

e

e T e e A T T e R T

o
] ' ! ! i ;
- LT -k S - B T A A S S A AYAED
. L'® 9°¢c . L9 2°8 . 66T . 872 AWALIN . C00F<
AT 0'zz 1 1'%2 L9z | 9°0e I 2°lE DawdLa |
9°2 6°2 i 80 Lo- L oote- L ooe- AVAETD
0% n's i 179 €L %6 A CANHELIN 0007
togroz o owree | oerwe £°22 FUlE 978E | ANHEL'A
g2 0°2 670 970~ £'z- L 0tL- AVATTD
z°€ 1'% € ¢ AL PogtIT ) AWHELN . 0091
712 g "2z 0°ce 6Lz . 2'ze i 1°0% gwELa
' 6T 12 0°T . S'o- | g'z- i 0°L- AYAED |
I 0°¢ ¢y, L't S°L ;1701 WAL 10021
m €1z £°¢2 csz | 9°gz + 1'eg ¢ 81k, AR m i
bootg € i €°1 . £70- L'z w 0L- B 2 SRl B ;
. . H - . . . e rvar M- .
| 00 VAR B A & S K- A sawse o 1 t00g
m 6°1¢ Lgez 19z . £767 06°%c - L'c¥ AWHELT
i i : !
! ! : ” . : . : ' ;
; 00°T o080 [ 0970 - 0¥0 © 0%Z70 m 0°0 © emrsur
H . j2umaxsygy,
m AJIPTUAnI] DAIIRID POEBJAING ;
[ i
59§ 71 ‘9L UGIFRINO[ED [BI0 T
TID 7 :days yida(Qg
o2s pu9¢ :dals sl UoTIBINO[EYD
M\mﬁ.\m (069-NIHL)¥0091/932 + 931 = SVDH :onyes Aypdoedes jwey Suryzorg
19POT SA-TTHL 943 JO HOI513
wopduwa 2y wina pajenore) 2wl 43-400T - I AIEVL




S feEET e

D ool

T T e T

:
l
-
)
n

(w
4

G

GG

~
x4

T~

11

13

14

15

17
16

100

Programming Aspects of the Implicit Approuch
(The s0il is dividud i'nto 10 layers between the surface and the

To calculate for every newthermal inertia value

CAP = 2156 (or a function of thermal incrtia)

COND = (THIN(J)%%2)/CAP

Do21I=1,9

FO(I) = TS 'kCOND/CA.P/ EX I«‘+l) % DS a2 % EXF (2% 1-1)
FOo1(1) =-{(FO(I) * EX¥ + F0 + 1)/¥F0o(IYEXF)

FO2(L) = ((FO(I) 2 EXF + ¥0(1) - 1)/F0(I)/1X1")

Description of matrix A (9%9)

DollI=1,9
Doll J=1,9
A(L TJ) = 0. 0
Dol131I=1,9

A(1, 1) = FO1(1)

Do 14 I=1,8
A(LT+1)=1/BXF
Dol51=2,9

A(I I- 1):

Description of matrix B (9% 9)

Do l6 I =1,
DOl7J = l 9
B(L, J) = -A(I, J)
B(I, 1) = ¥02(1)

- e = = e e - e e = e - e e - e - - o e e e

To calculate every new time step:

matrix B multiplicd with vector 1'(x, t) results in the vector
PRODI1(x).

The vector T(x,t) is called TOLD '}

Do 100 I=1,9

PRODI(I) = 0.0

I MIN 1 = I-1

IF(IMINL, LT. 1) IMIN1 = 1

IPLUSL =141

IF(IPLUS1.GT.9) IPLUSL =9

Do 100 J =1 MIN1, IPLUSI

PRODI1(I) = PRODI(I) + B(I, I) * TOLD(J)

TN o . . . 41
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caleulation of PRODR2({x)

T(0,t + B t) is called; STNEW

T(0, t) is called: STOLD

T(0,t - At) is called; STVOLD
STNEW is only a first approximation

STNEW = 2#STOLD - STVOLD
PROD2(1) = PRODI(1) - STOLD - STNEW
Do 2001=2,8

PROD2(I) = PRODI(I)

PROD2(9) = PRODL(9) - 2 # LBT/EXF

caleulation of new temperature profile
the solution vector T(x,t + At) is called TNIEW(x)

COPY A IND
Do 300 I=1,9

Do 300 J = 1,9

D(L, J) = ALL, J)

EPS =1,0 E-10

Do 306 1=1,8

Do 306 J = I+1,9

IF(ABS(D(J, I)). L.T. EPS) GOTO 306

HOLD = D(J, I)

Do 307 K =1,9

D(J, K) = D(L, K) - D(L, I)/HOLD % D(J, K)
PROD2(J) = PROD2(I) - D(I, I)/HOLD % PROD2(J)
TNEW(9) = PROD2(9)/D(9, 9)

Do 304 IP = 1,8

L=9-1P

IPLUS1 = I+1

SOM = 0.0

Do 309 J = IPLUS 1,9

SOM = SOM + (L, J) ® TNEW(J)

TNEW(I) = (PROD2(I) - SO\ /.04, 1)

All energy balance components now can be calculated as a function
of first approximation STNEW.

The modified STNEW coming out of the iterative process must be
entered again in the equation:

PRODZ(1) = PRODI(1) - STOLD - STNEW and the procedure to :
calculate vector TNEW must be repeated.
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A SIMPLE ALGORITIHM FOR ESTIMATING THIS ACTUAL AND

POTENTIAL EVAPOTRANSPIRATION OF VEGETATED SURFACES

FROM ONE REMOTELY SENSED SURFACE TEMPERATURI NEAR
THE DAILY MAXIMUM

INTRODYCTION

At present, and without considering other approaches or methods

of calculation (SEGUIN, 1978; JACKSON et al., 1977), two models
are available to the TELLUS project to calculate daily evapotran-

spiration and soil moisture content from remotely scensed surface
temperaturcs:

1. The TERGRA-model (SOER, 1977) was originally developed for
grassland., It is still under investigation how the model could also
be applied to other, more structured crops.

The TELL-US-model (ROSEMA and BYLIEVELD, 1977) was set

up for barc or scarcely vegetated soils, According to later de-
velopments (KLAASSEN and ROSEMA, 1979), it should be applicable
in the same form also to vepgetated surfaces.

I~

It has to be remarked that TERGRA in its basic forim did not estimate :
soil moisture content (on the contrary: soil moisture potential at the j
beginning of simulaion is an important input parameter), nor did it
make use of a remotely sensed crop temperature, In later versions
the model was adapted to the evaluation of soil moisture employing
one remotely sunsed surface temperature close to the daily maxiniam,
For practical remotie sensing purposes, the need for a large aumber
of place-dependent input parameters still constitutes a drawback ol
the model.

ThLL-US uses two remotely senscd surivce temperatures, close to
the diily maximum and minimum temperatures, respectively. In this
way, the course of the surface te.. sorature through the day is more
or less fixed. This methad om0 vary two parameters, surface
relative humidity that predominantly determines the day temperature
and thermal inertia that mainly influences the night temperature.

The simulated daily coursc of the surface temperature is a function
of these two variables, If, for a ccrtain combination of these two
variables, there is sufficient resemblance between the simulated

and measured minimum and maximum surface temperatures, thesc
values of surface rclative humidity and thermal inertia are assumed
to be valid for the system. Then, susface relative humidity permits
the calculation of daily evapotranspiration and thermal inertia gives
information about soil moisture content. )
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TELL-US needs only o few place~dependent input parameters and

is therefore operationally more attractive than TERGRA. Its appli=-
cation to vegetated surfaces, as proposcd by KLAASSEN and
ROSEMA (1979), would therefore secem advantageous, Nevertheless,
this applizcation gives rise to a number of problems which will be
discussed in the next section. A simplified algorithm is proposcd
which should avoid some of these problems.

PROBLEMS RELATED TO THE APPLICATION OF TELL-US TO
VEGETATED SURFACES

The ground heat {lux under a closed vegetative cover is known to
be small during daytime, about one order of magnitude less than
net radiation, For its energy input, the soil depends on the vege-
tation (radiative exchange between soil and crop) and on the rela-
tively still air inside the canopy (conduciive heat exchange).

The soil surface will therefore usually be cooler than the vegeta-
tive cover. In TELL-US, the crop temperature will be adapted ns
the upper boundary temperature of the soil system, This will
result in an overcestimate of the ground heat f{lux, As the surface
temperature through the day is mor: or less {ixed, an undercsti-
mate of the latent heat flux is inevitable, as net radiation and the
sensible heat flux are fixed together with the suriace temperature
in the simuiation process.

2. During Nighttime

At night, the vegetation also has an insulating cffect and usually
crop temperature will be lower than the soil surince temperature.
Given the boundary condition i © UL L-US, again the soil heat flux
is overestimated and, the crot. temperature being fixed, thermal
incrtia will be strongly underesiimatoed.

In the casce of vegetated swrlaces, thermal inertia has exactly the
same physical mewatag as 1a the casce of bare soils: it determines
the thermal properties of the soil and thus, indirectly, it gives
information about soil moisturce content. Contrary to bare soil,

for a vegetated surface, also surface relative humidily, or a
corrcsponding parameter such as stomatal resistance, is corre-
lated with bulk soil moisture content. It should be understood

that in the casc of bare soil, surface relative humidity and thermal
inertia are independent variables while in the case of a vegetated
surface they are strongly related. Thercfore, it seems superfliuous
to distinguish between surface relative humidity and thermal inertia
in the latter casc and there remains little reason to use the nightly
minimum surface temperature, as:

.

i R
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o) the thermal inertia value obtained will give a wrong Lmpression
of soil moisture content, and

b) windspeed is often low during the night which poses problems
due to the great variability of the air temperature under these
conditions (YIUYGEN and REINIGER, 1979).

THE NEW APPROACI

The simplified algorithm is a derivation of the TKLL-US rnodel.
The following simplifications have been introduced:

1) Only the hours between sunrise and sunset arc taken as the
simulation period.

2) The ground heat flux is assumed to be 10% of net radiation,

3) Instecad of surface relative humidity and thermal inertia, the course

of the daily surface temperature is calculated for different but
constant values of bulk stomatal resistance.

For a certain stomatal resistance there will be agreeinent between
the remotely sensed surface temperature close to the daily maxi-
mum and the simulated cron temperature at that time. The stomatal
resistance obtained in this way permies calculation of the daily eva-
potranspiration., It will be shown that potential evapotranspiration
can also be obtained by establishing a minimum value for the bulk
stomatal resistance.

The input parameters of the model are the same as for the TELL-US
model, i.e. daily maximum surface temperature, albedo, emissi-
vity, crop height, slope dip and dircction and hourly measurement
of incoming short- and longwave ruc..:ion, dry- and wet bulb tempe-
rature and windspeed. The incomi.g 1ongwave radiation may even-
tually be approximated by a Brunt-uype formula,

A listing of the computer pro. o oan oy available on request,

TEST OF Tiili ALGORITHM

The algorithm was compared with results obtained with the TERGRA
model for a simulated Super Test Data Set, given in Table 1. Results
of the test are shown in Fig. 1 with an example of the output of the
model, given in Table 2,

With the simplified algorithm potential evapotranspiration can be
found by establishing a minimum value for bulk stomatal resistance.
In the literature critical values for leaf water potential can be found
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up to which potential transpiration will be maintained.

RIJTEMA and ABOUKHALED (1975) give a value of -1000 kPa for
grass and wheat, whereas EHRLER et al. (1978) give a value of
around -1500 kPa for wheat.

With equation (1), used in TERGRA, leaf water potential may be
translated into bulk stomatal resistance:

e e
RC :\/ 1/GIC % (0,05 % (PSIL/100} %% 2.1 + 400/(RS + 1.5)) (1)

where:

RC = stomatal resistance (s/m)

GHC = mean crop height (m)

PSIL = leaf water potential (kPa)

RS = incoming solar radiation (W/m?)

For the Super Test Data Set, as shown in Fig, 1, the simplified
alpgorithm calculates a total daily transpiration of 4. 9 mm when the
leaf water potential is kept at ~1500 kPa. TERGRA alsv calculates

a potential daily transpiration ¢f 4.9 mm (Fig. 1). For the data set
in question one may conclude that the assumption of a critical leaf
water potential of ~1500 kPa leads to an cstimate of potential evape-
transpiration comparable to that of the TERGRA model. However, it
should be stressed that Eq. (1) was basically developed for grass,
To be valid for crops with a different roughness, a suitable form of
Eq. (1) should first be obtained.

Actual evapotranspiration may be obtained by varying the bulk stomatal
resistance until there is agreement between the simulated and the
measured crop temperature. In Fig. 1 the actual evapotranspiration
as a {unction of crop temperature at :5.00 H, as calculated by
TERGRA, is described by the full curve. The points marked X are
values calculated by the simplified alovorithm. For the atmospheric
conditions of a rather high evanc wuve demand, characteristic of

this data set, the agreemcar vetween the two models is rather good .
with a maximum difference of 5% in the total daily evapotranspiration.

CONC LUSION

The proposed simplified evapotranspiration algorithm should be
useful to estimate from remotely sensed surface temperatures both
potential and actual evapotranspiration, important parameters in
present day crop yield forecasting. It can, in principle, be applied
to all crop types once the surface is completely covered. As with the
TELL-US model a multidimensional look-up table can be constructed

gy
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which should permit the mapping of evapotranspiration ana pised
by pixel basis,

Problems in the application of the algerithm are the estimation

of roughness for ditferent crop types and, probably, the assuwmpe
tion of a bulk stomatal resistance vonstant during the simulation
perviad,

Likewise, the questions posed hy the interpretation ol yemotely
sensad surface tempervatures of structured ¢raps, still remadn open.

The alpgorithm should be fuvthe s tested with experimental field data.
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Fig. 1 : Total daily evapotranspiration as a function of crop surface temperature

at 13.00 H.

Full curve : Calculated with TERGRA
% : Calculated with the simplified model
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TABLE 1 - Super Test Data Set - Grassland
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