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TABLES OF STARK LEVEL TRANSITION
PROBABILITIES AND BRANCHING RATIOS

IN HYDROGEN-LIKE ATOMS

K. Omidvar

Laboratory for Planetary Atmospheres
NASA/Goddard Space Flight Center
Gieenbelt, Maryland

ABSTRACT

Transition probabilities and branching ratios between the upper states n’ k' and lower states n k
in hydrogen-like atoms in an electric field, and various sums and averages, have been tabulated, n
and n’ are the principal, and k = n; - n, and k' =n} - nj are the electric quantum numbers. This is
the first time that the transition probabilitics and branching ratios are tabulated in terms of these
quantum numbers. It is found that the transition probabilities between sublevels of n’ and n are
almost dependent of k', and are strongly dependent on |Ak| = |k’ - k|, such that the transition prob-
abilities are largest for Ak = 0, and they exponentially decrease as [AK| increases. Two selection
rules are given. As expected, the lifetime of the excited states increases as n' increases, but the life-
time decreases with respect to the increase of |k'l.

Transition probabilities are tabulated for the transitions n' k' = n k, where 2<n' < 11, 0 <k’
< kg with kg the smaller of 5 and n' -1, 1<n < 5, and all possible values of I, Also tabulaied are
the transitions n’ k' = n, where 2< n' < 10, all possible values of k', and 1< n<n'. Averages with
respect to k', sums with respect to n, and lifetimes of the excited states are also given.

Branching ratios are tabulated for the transitions n’ k' = nk, where3<n'<11,0<k' <k

§

with kg the smaller of § and n'-1,2<n <5, and all possible values of k. Similarly, the branching




ratios for the transitions n' k' - n are tabulated, where 3 <n' < 10, all possible values of k',

2<ngn'

transitions, some unexplained disagreements have been found.

In comparing the calculated branching ratios with measurements forn' =3 ton =

and
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I. INTRODUCTION

Due to an additional degree of energy degeneracy in atomic hydrogen, the linear Stark effect,
where energy level splittings are proportional to the applied electric field, exists only in this atom.

As a result the splitting of energy levels in atomic hydrogen due to an electric field is considerably
larger than other atoms which possess quadratic or higher order Stark effects. In this wa);, while it is
more difficult experimentally to prepare atomic hydrogen in the excited states compared to other
atoms, it is easier to observe the effect of a weak electric field.

In the case of nonhydrogen-like atoms, and molecules, in particular heteronuclear molecules,
application of an electric field makes the medium birefringent. The light emitted is then elliptically
polarized. Thisproperty has led to the invention of a number of laser-operated electro-optical devices
such as optical limiters, amplitude modulators and tunabile filters! . In the case of the hydrogen-like
atoms on the other hand, due to the property of the linear Stark effect, the light emitted as will be
shown is purely linearly polarized.

Transition probabilities and branching ratios between Stark levels are useful in problems dealing
with excited atoms in an electric field. In many experimental setups, the excited atoms decay in a
stray or external electric field, and a knowledge of the transition probabilities and branching ratios
become desirable.

As another example, the electric field of an intense laser beam could be strong enough to cause
splitting of atomic energy levels. When the rotational frequency of the transient electron is large
compared to the field frequency, the electric field can be considered stationary, and the present
results apply. In the case of a hydrogen-like atom, a transient electron acted on by an effective

charge Z and having a principal quantum number n has a frequency of 6.58 X 10!5(Z2 /n3)sec’!.
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For low n or high Z the frequency may be much higher than the field frequency, and the situation
mentioned above may be realized.

Since the present czlculation is based on first order perturbation theory, results are valid if the
applied electric field is much smaller than the atomic field. On the other hand, from the point of
view of observation, the Stark level spacings must be much larger than the fine structure splittings.

For the case of a hydrogen-like atom, we must then have

Z“O.‘2 22 1
nd (j+%) n?

where F is the applied field, e is the absolute value of an electroncharge, a and j are the atomic radius

and angular momentum, and « is the fine structure constant. ‘Eq. (1) can be written alternatively

as

6 4

Y < 100V
— <F<257X 10 : )
nf ﬁ_’_%) n4 cm

137X 195

As an example, a laser beam of energy 1 m J, cross-sectional area 10 cm?2, and pulse dura-
tion of 10 sec has a peak field strength of 4.33 X 10° V/cm, which satisfies Eq. (2) for low n
values.

The first calculation on the intensity of Stark level transitions in atomic hydrogen was done by
Schroedinger? and Epstein®, and the results have been put to extensive experimental tests®.

Hiskes and Tarter® have tabulated values of transition probabilities for transitions of the type
n’ninjm’ ~ nn, n,m, where n'n/njm’ and nn, n,m are the initial and final states, and nn, n,m are the
usual parabolic quantum numbers®. In their tables n' < 10, and all possible values of the other

quantum numbers have been considered. Similarly, they have tabulated the transition probabilities




R 2t ey

summed over all final states nn, n, m for the initial states n'n'ln'zm where 1 <n' < 25, and all possible
values of n"n;m have been considered.

A difficulty with the Hiskes and ther Tables is that the Stark levels are highly degenerate
with respect to energy, and the ;nergy depends only on nand k =n_ - n, (Reference 6). As aresult
many of the transi’cic;n probabiiities tabulated by them belong to a single line. In any application or
in any comparisbn with measurements, the tabulated values should be averaged with respect to nin;m’
and summed with respect o i, n,m, kecpingk' =nj-njandk=n, - n; constant. This requires
additional work. In this paper, however, the transition probabilities tabulated are given in terms of
n’ k' and n k, and have the advantage that no additional summing or averaging is necessary. The
electric quantum number k plays the role of the angular momentum quantum number £ in the
presence of an electric field. In addition, in this paper, the branching ratios have also been tabulated.

In Section II, necessary formulas for the transitioii probabilities and branching ratios are given.
Symmetries are discussed and selection rules are given.

Tables for the transition probabilities and branching ratios are given in Section III. As will be
discussed later, some disagreements for some branching ratios are found between the present calcu-
lation and the measurement of Mark and Wierl®.

Except for a short table given by Bethe and Salpeter® for the branching ratios between Stark
levels, the present calculation is the first extensive tabulation of the branching ratios between Stark
levels. The transition probability multiplied by the statistical weight of the initial state is called the
static intensity J¢ by Bethe and Salpeter, while the branching ratios are called the dynamic intensity

Ty
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II. FORMUI ..TION

A. Electric Dipole Matrices and Branching Ratios

Due to the spherical symmetry of the atomic Hamiltonian in the absence of an electric field, the
X, ¥, and z components of the electric dipole matrices of the atomic electrons are equal. In a uni-
directional electric field, the spherical symmetry is destroyed and is replaced by an axial symmetry.
If the field lies along the z-axis, the x and y components of the dipole matrices are in general differ-
ent from the z-component.

The z-component of the dipole matrices are given in the preceeding paper’ , from now con called
I. To evaluate the x and y components, it is more convenient to introduce the components x + iy

and x -iy. The matrices due to these components in terms of the hypergeometric functions have been

evaluated by Gordon®. Below, we give an independent derivation.
In terms of the parabolic coordinates we can write

xtiy =[fEn e*i¥

3)

where &, 0, and g are the parabolic coordinates of the running electron®.

The hydrogenic wave functions in parabolic coordinates are specified by the quantum numbers
nn, n,m satisfying®

n=nl+n2+m+l

C))
where n is the principal quantum number and m is the absolute value of the magnetic quantum
number. We follow Pauli® and introduce the electric quantum number k by

A (%)
k = n, -n,

ke kb b b))
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Then we deal with the three independent quantum numbers n k m in terms of which n; and n,

are given by

=%Mmt+tk-m-1), n, =¥(n-k-m-1)

6)
The energy levels in a linear Stark effect depend only on n and k (Ref. 6).
Evaluation of the matrices in Equation (3) involves a three-dimensional integration with
respect to , &, and . When the integrations are carried out, we find that the matrix elements of

X * iy vanish unless m’ = m * 1. These matrices are given by
c<nkmzllx+iyln' k'm>

1 20 m+ 2
=<nkm#!llx-iyln'k'm> = ( )
u VZZ' \a+a

mi*1+2
(m, +m)!(n +m)!(n'+mil)!(n'2+mil)_! %

!
X( 20&) X 1 2 1
+a 1 tn'int
o n .n2 '"l'"z'

1

—OV“OvOu

- N
1 2

Da\ Y1t 20 \ Nt /o \ /o) i\ /il

2

X 2 Z Z Z ( ,) ( I) l 2 ll !
=0 at o ato VI v,/ \¥,J\¥,

1 q.01 ,
[E(Qmil t1)+vy, +v‘] ![?(?.mi~ 1+ 1)+V2+p2]!

(m+r)tmel+0)) ! (m+v,) (m]+p)!

X

] 2
X @m+321+p +v, +0 +0)),
all notations being defined in I.

Equation (7) is an alternative to an expression in terms of the confluent hypergeometric func-

tions given by Gordon®.

7.
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In order to find the transition probabilities and branching ratios, we have to find the degeneracy

of each Stark level. It will be shown below that each level is n - Ik | fold degenerate. From (4) and

(5) it follows that
k=-(n-1)+2n +m =n-1-(2n, + m) 8)
Keeping in mind that n , n,, and m are positive integers, we havek . =-(n-1)andk ax N1,
implying that
-(n-1<k<n-1. )
We first find the degeneracy for m = 0. From Eq. (8) we see that when m = 0, n + |k | must
be odd. Through Eq. (9) we find that there are n terms for k given by
k=-(@-1),-(n-3),....,(n-3),(n-1);m = 0. (10)

For each k and m = 0 there is only one value for n, and one value for n, specified by Eq. (8). Then

the number of states for a givenn and k,and m=0is e (n + Ik |) where we have defined

1,jodd
e€(j) = 48}

0, j even

When m # 0, the smallest value of m is 1 and through (8) we find the following relationships:

n, =0,1,2,...., <=(n-2+k) 1
fk<0,

(m-2-k)) (12)

6o |-

=
It

-k,-k+1,..., <

o) —

n, =kk+l,..., <~%—(n~2+k)
k>0, (13)
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Since there is a double degeneracy when m #* 0, we see from Eq. (12) that for k <0, a level with
agivennandkisn+k-e(n+ |k|) fold degenerate. Similarly, for k = 0, we see from Eq. (12)
that each level for a given n and k is n - k - ¢{n + {k {) fld degenerate. Then for all values of k a

level with a given nand k is n- |k i- e(n + Ik |) fold degenerate.

Combining the m = 0 and m # O cases, we reach the conclusion that energy levels in a linear Stark

effect specified by n and k are n - [k | fold degenerate. As a check the total number of states for a

given n is given by

n-1

(n- ki) = n?, (14
k=-(n-1)

as should.

We now find the transition probabilities and branching ratios. The transition probabilities
parallel and perpendicular to the field are different. The transition probability is proportional to
the cube of the energy difference between the levels. As a first approximation and as far as the
energy difference is concerned, we neglect the energy splitting of the lzvels due to the electric field.

Then in analogy to Eq. (2) of I we have

. 3
A, @K,k =50 R, /had 2t (L - L
nz n’2

(15)

1
X Z [2-8(m,0)] | <nn mlzln'nim > 12
n' -1k " apn,

where A, is the probability of a transition parallel to the field, and we have averaged the dipole
matrices with respect to n'l and summed it with respect to n,. For a given n, k, and n , the value
of m is given through Eq. (8), and no summation with respect to m is necessary. However, the

factor 2 - 8(m, 0) accounts for the fact that the m = G state is singly degenerate.
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Similarly, for transition probabilities perpendicular to the field we get

.y 1 1 1y\?
A, (@ K, nk) =-3-oz3(R_/hag)yZ“(_.;-_-.)

n? n'?
(16)
1 '
\(m ' om {I<nnlm IxIn'nim'> 1% +|<nn mlyln'nim > F}
This can be written as
' 1 3 2 of1 1 3
A, (nk,nk) =3 (R”/hao YuZ —--—)
2 .12
n“ n
%ot |
X |2 . 5(m 0] |<nn, m-1lx+iy In'n,m>?
' Kl 1nl[ (my Of 1< om, Y
+ I<nnm+1/x+iy In)njm> Izz
The equality of Egs. (16) and (17) follows from the fact that the matrix elements of x and
y are real. The total transition probability is given by
A=A_+A (18)

Since A is proportional to the square of the electric dipole matrices, the value of A when
summed and averaged with respect to the internal quantum numbers is the same in spherical and

parabolic coordinates. This follows from the fact that the length of a vector is the same in the two

coordinates. We therefore have

[

n'-1 n-1 n-1 n-1
Z Z @+ DA@'Y,nQ) = Z (n - 1K DA @K, nk) (19)
=0 g=0 k'=-n'+1  k=-n+1

Equation (19) shows that A (n', n) does not change in a weak electric field, where A (n', n) is

the transition probability between the states n’ and n. This has the important consequence that if

10
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electrons are distributed according to their statistical weights among the sublevels of the initial state
n’, they have the same lifetime with and without a weak electric field.
Similarly, when sums and averages are made with respect to the internal quantum numbers, the

transition probability should be independent of the direction of the electric field. This means that

n'-1 n-1 n'-1 n-1
Z Z (- K'DA, ('K, nk) = 2 Z Z (- 1K')A_(n'K', ok} (20)
k'=-n'+1 k=-n+l k'=-n'+1  k=-n+1 -

Eq. (19) and (20) are used as checks on the accuracy of the numerical values of the transition
probabilities.

The branching ratios 8, (nk, n'k"), 8. (n, n'k’), B (nk, n'), and B (n, n) are obtained through
relationships similar to Eqs. (3) through (6) of I, except that £ and &' are replaced by k and k',

and 2¢' + 1 is replaced by n' - | k' |. Tables for the branching ratios are given in the next section.

B. Parity, Symmetry, and Selection Rules

We first show that all spectral lines emitted in a linear Stark effect are linearly polarized. For

a transition n'k’'m’ = nkm through Eq. (8) we obtain
n' -n=2(@-n)- Ak + Am @2n

where Ak =k’ -k, and Am=m'-m. For n’ - n even Ak and Am have the same parity, and forn' - n
odd the parity is opposite. This means that for radiation parallel to the field where Am = 0, Ak has
the same parity as n’ - n, and for radiation perpendicular to the field where Am = *1, Ak has
opposite parity to that of n’ - n. For a given n' - n, each transition is either 7 or o radiation, and all
the emitted radiations are linearly polarized.

Although it is generally believed that there are no selection rules governing transitions bet'ween

Stark levels, there exists some selection rules as will be given below.

11
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In Eq. (9} of 1 the interchange of n, and n, is equivalent to the interchange of », andv,.
Similarly, the interchange of n l' and “2' is equivalent to the interchange of v, "and v, '. The opera-
tionv, v, andv,' v, in turn changes the sign of the dipole matrix in Eq. (9) of I. Then

<n-kmizin - kKm>=-<nkmlzlnk'm>

(22)
By a similar argument we obtain from (7)
<n - km#l Ixziyln' - K'm>
= <nkm#l Ix iy In'kK'm> (23)
The two equations (22) and (23), making use of Eqs. (15) and (17), imply that
A, (n' -kK,n-k= A, ('K, nk) (24)
A, @ - k,n- k)= A @ nk) (25)

Therefore both Ay and A ; are symmetric with respect to the change in sign of k and k’. Combining

the last two equations we obtain
A(@ - K,n - k) = A@K,nk) (26)
Herrick® has also derived Eq. (26) using the properties of the Clebsch-Gordan coefficients occurring

in the transformation matrix between the spherical and parabolic ccordinates.

From (22) we also obtain

<n0m|z|n'Om>= 0, (27
from which follows that ‘

neo_ L e -
A (nk' =0,nk =0)=0 (28)
It may seem at first that k' = 0 to k = 0 transitions correspond to transitions i)etween two

spherically symmetric charge distributions. This, however, is not the case. By expanding the para-

bolic wave functions in terms of the spherical wave functions, it can be shown that thek’=0tok =0
12
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transitions correspond to an aggregate of optically forbidden tiznsitions where the conditions
Q-2 =%1 and m’' - m = 0 have not been met.

From Eq. (21) we see that when n’ - n is even, ¢ radiation does not exist for Ak = 0. Due
to (28) we therefore have

A(n'k’ = 0,nk = 0) = 0, n'-neven. (29)

Egs. (28) and (29) constitute the two selection rules applicable to transitions among linear Stark
levels, Hiskes and Tarter’ also state that k' = 0 to k = O transition is not allowed, but they don’t
give any proof for it.

We finally like to enumerate the number of observed lines for transitions between two arbitra-
ry levels n' and n.

For a given n there are 2n - 1 values for k. Similarly, there are 2n’ - 1 values for k' for a given
value of n’. Keeping in mind Eq. (29), the total number of lines observed wit" “oth polarities

for a given n' and n, which we designate by N, (n, n'), is given by

Ny(',n) =@Qn-1)@n" -1)-e@ -n-1), (30)
with e(j) defined by (11).
To find the number of lines due to w-radiation we notice from (10) that for m = 0 and a given
n there are n values for k. Similarly, there are n - 1 values for k for m = 1 and a given n;n - 2 values
for k for m = 2, etc. A similar argument applies for the number of terms for k' for given values of
m’ and n’. In the absence of any degeneracy, the number of lines with « radiations is a sum over

the products of the number of states in each group which have the same magnetic quantum

13
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numbers. This is given by
' +@m-D@ -D+....+1@ -n+1)

n-1
1
= Z m-»)@ -pv)==nm+ 1)@n" -n+1) 1))
- 6
v=0
There are, however, degeneracies. 1t is not difficnlt to show that m =0 and m =2 have n - 2
common k values for a given n. There are n - 3 common values for k form=landm=3,n-4
common values for k form=2and m = 4, etc. Similar argument applies to n’, m’ and k'. From the

right hand side of (29) we must then subtract
m-2)(n' -2+ (m-3)@ -3)+....+1(m -n+1)
n-3 .

1
= Z n-2-»@-2-»)==(@m-1)(n-2)3n" -n-23) (32)
p=0 6
We also have to take into account the fact that #n-radiation does not exist for Ak = 0. For
n' - n odd the Ak = 0 transition is not automatically allowed for #-radiation, as can be seen irom
(21), and this has been taken into account in the derivation of (31). For n'- n even the vanishing of
Ak = 0 transition has not been taken into account in (31), but is a consequence of (27). We must
therefore subtract 1 from the right-hand side of {31) when n' - n is even. The number of #-radiation
lines, N, (n', n), is therefore given by

N"(n', n) =_6l—"(“+ 1)Gn'-n+ l)—-é—(n -D@M-2)Gn"-n-3)

-e(m -n-1) (33)

=g +(m- D0 -1)-em -n-1)

The number of o-radiation lines, using (28) and (31), is then given by

N (',n) = N .(',n) - N_(',n) =’ +(n-D@ -1) Ny (34)

We see that for n' - n even Ny and N, are equal, while for n' - n odd, n-radiation has one more

line than the o-radiation. It is also seen that N is always even, while N has the parity of n'-n.

14
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Batiin datieont

Due to the symmetry relations (24) and (25) not all values of the transition probabilities are
distinct, and there are abont half as many distinct transition probability values as there are lines.
Let the number of distinct transition probability values for the two kinds of radiations, and their

sum, be designated by M, M, and M... Then detailed calculation shows that

=

i

=

i
|-

M, =-;— [pn' +(n-1) (@' -1)-€n’'-n-1)]. (35)

It is also of interest to find the total number of observed lines due to an electron in an initial

state n’. Using (30) this number is given by

n'-1

1
NT (nl) = ; NT (n" n) = -?[(n' - l) (4]'\'2 -6n'+ 1) te (n" l)] (36)

This number is considerably less than i}z number of transitions _81' (n-DMYn +1)@Bn'-2)
given by Hiskes and Tarter®, These authors presumably neglect the degeneracy of the lines.
Symmetries similar to (24) through (26) hold for the branching ratios. By replacing &, £/, £",

and 22' + 1 in (3) through (5) of I by k, k', k", and n' -|k'|, and making use of (26) we find that

' By (n - k,n' - k) = B (nk,n'k’)

BT (n = k: n') = 31' (nk» n') (37)

ﬁT (ﬂ, “' = k') = ﬁT (na n'k’)

Use have been made of (37) in tabulating the branching ratios.

15

o e

s e U o . kR i T B e Bl o ™ e

-

s




e e TR

HI. RESULTS AND DISCUSSIONS

Results are given in Tables I through VIII and Figures 1 through 5.

Table I is given as a test and is a comparison of the present calculational results and the calcu-
lational results of Schroedinger reconstructed from Table 20a of Bethe and Salpeter®. The numbers
given in Table I are obtained from Table 20a by mulitiplying the A values by 2 when m # 0, summing
the A values which have common k and k', and dividing the results by the statistical weight of the
initial state which is n’ - |k'|. In addition, since A defined here is twice the A defined in Ref.

6, the resultant A, is multiplied by a factor of 2. As is seen the present results agree within a few

percent with the results of Schroedinger.

In Table I, A values corresponding to k' =-2 and -1 are not listed, since these cases can be
obtained from the symmeiry relations (24) and (25).

Two additional tests for the accuracy of the present calculational results were made. These
tests were the satisfaction of the unitarity relation (19) and the isotropy relation (20) for numerous
number of cases.

Table II is similar t¢ Table I and gives transition probabilities for transitionsn’'=4ton=1, 2,
and 3. Due to their symmetry, A values for k' = -3, -2, and -1 are not given.

Branching ratios for the transitions of n' = 3 to n = 2 states are given in Table III. For each

transilion three values are given. ‘“Here’ refers to the present calculational results. Ref. 6 refers to

the culculated results of Table 200 of Ref. 6, and “Exp” refers to the experimental results reported
in. the Table 20b. As is seen where the branching ratios are not zero, there are serious disagreements
among the three sets of values. Since there are agreements between the A values calculated here and

the reference 6, the discrepancies between the branching ratios calculated here and in reference 6 is

16

L aa e e AR, g b P .08

o




<~ dEw—
g

¥

-_ o T TN Sl s L ch IS A et R e b s SR AL o e A

- e st &‘

purely a matter of arithmetical error whose source the author has not been able to find. All possible
tests have been made on the present calculation to insure its accuracy. It is more difficult to find
the source of the discrepancies between the calculated values and the measurements. The measure- | i
ments date back to 1929. New measurements of the branching ratios would be helpful in clarifying
the disagreements.

It should be noted that the branching ratios B__ is called the dynamical intensity J;, in refer-
ence 6, while the transition probability A multiplied by the statistical weight of the initial state,
n' - |k'l, is called the static intensity J s in this reference.

In Figure 1, the transition probabilities for transitions between sublevels of n’= 10 andn=9
are plotted versus A k =k’ - k. Three interesting features of this figures are the following: (1) Fora

given n and n’ the transition probability is a function of Ak only, and is almost independent of the

values of the initial state electric quantum numbers k’, (2) the probability, with a few exceptions,

decreases exponentially as | Ak| increases. As Ak changes by 8 units, the A values change by some
16 orders of magnitudes. It is largest for Ak = 0, then for Ak = +1, etc. This conclusion is in agree-
ment with the statement by Bethe and Salpeter® that the outermost components of the Stark spectra
are the weakest, (3) For a fixed value of | Ak|, the k' - k transition probability is larger than the k - k’,
i.e., the transition probability is larger, when the change in k' is in the same direction as the changein n’.
In Figure 2 the transition probabilities for the initial states n' = 10, k' = 0 - 9 are plotted versus 4
the final states n = 1 - 9. It is seen that while for n = 9 the transition probabilities increase as k'
decreases, the situation reverses itself for lower values of n. Figure 3 is similar to Figure 2, excgpt
that spherical coordinates have been used and is given for comparison.
The lifetimes of the excited states in an electric field for 2 <n' <10, and -(n- 1) <k'<n-1

are plotted versus | k'l in Figure 4. Due to the symmetry relation (26) the lifetime is independent
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of the sign of k'. It should be noted that the lifetime has two distinct behavior depending on whe-
ther k' is even or odd. In each case, the lifetime increases as n’ increases, as expected. However, it

decreases with the increase of |k'|.

Hiskes and Tarter’ have similarly calculated the lifetime of the excited states in an electric field.

However, their figures are obscured by the fact that they plot the lifetime versus the three quantum
numbers n, m, and n,, and they have not taken the degeneracy of the states into account. They
show that the lifetime is independent of the sign of k' for m = 0, while this independence holds for

all values of m.

We now describe Tables 1V and V dealing with the transition probabilities. In Table IV transi-

tion probabilities A for the initial states n’ k', 2 <n' <10,0<k' <n'-1, and the final states n, where

1 <n<n', and various sums and averages are given. It is worth noting that, as expected, lifetimes of
the excited states n’ are the same as the lifetimes of these states without an electric field (I and
Ref. 6).

Tables V give transition probabilities A for the transitions n’ k' = n k, where the ranges of n' k'
and n k are specified in the tables. Due to the limitation of space, values of k' larger than 5 and Jess
than n' -1 are not given. However, to allow interpolation, values of k' - n’ -1 are given. Similarly,
transition probabilities for negative values of k and k' are not given. These can be calculated from
the positive values of k and k' using the symmetry relation (26). It should be noted that each transi-
tion probability in this table corresponds to a linearly polarized 7 or o radiation. This can be seen
from (21), which states that for n' - n + k' - k even (odd), the radiation is parallel (perpendicular) to

the field. The properties of the transition probabilities given in these tables are stated in the discus-

sion of Figure 1.
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In Figure 5, th: branching ratios for the initial states n' = 10 and k' = 0- 9 are plotted versus the
final states n =1 - 9. It is seen that the branching ratios for the ground state as the final state is equal
to unity which is due to the lack of the metastable states. From there on it decreases monotonically

as n increases.

In Table VI branching ratios 8 for the initial states n'k’,3<n'<10,0<k’<n’-1, and the
final states n, where 1 < n < n’, are given. Averages with respect to k' are also given. Since the
branching ratio between any initial state and the ground state is unity, they are not listed in the
table. Similarly, due to the symmetry relations (37), the branching ratios for negative vahics of k'
are not given.

In Tables VII branching ratios By for the transitions n' k' = nk, where the ranges of n'k’ and
nk are specified in the tables, are given. Due to the symmetry relationships (37) the branching ratios

for the negative values of k' are not given.

A study of this table shows that for given n’, n, and k, the branching ratios have different
behavior depending whether k' is even or odd. For k' either even or odd, the branching ratios are
smooth functions of k', monotonically increasing with k', monotonically decreasing, or having a
maximum with respect to k'.

The transition probabilities between the principal quantum numbers n and n’ do not change in
an electric field. However, the branching ratios do change. Tables VIII gives ratios of branching
ratios with and without an electric field. As is seen, this ratio for transitions to the ground state is
larger than 1, and for transitions to other states is less than 1. This means that on the average the
electrons decay faster to the ground state with an electric field. The ratios go through a minimum

as n increases.
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