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LIST OF MAIN DEFINITIONS

The notation for orbital elements is standard. Figure 2-1
presents the nomenclature of the coordinate system. In addition, the
following are the main definitions used:

Contraction of Orbit

]
]

Bae = ae/H = semi-major axis X eccentricity/scale height

z = a/a_ = ratio of semi-major axis to initial semi-major axis
o

Ballistic Entry

p SC

Z = __Z__D_ /_
m B Modified Chapman Variables

u = Vzcoszy/ gr

2 . . .
v = V /gr = dimensionless velocity squared
Y = 22
&= -+ Br siny
X = - Logv
Y = 2z / 'Jpr
@ = - sin Y
n = -ZZ/'\/ﬁr sin\(i
S = sin Y / sinvy
— ni
v, = Vv, e

iii



atmospheric density

reference surface area of space vehicle

drag coefficient of space vehicle

mass of space vehicle

radial distance from center of planet to space vehicle
1/H = inverse scale height of atmosphere

absolute velocity of space vehicle

flight path angle

gravitational acceleration at radial distance r

iv



ABSTRACT

A space object traveling through an atmosphere is governed by
two forces: aerodynamic and gravitational. On this premise, equations
of motion are derived to provide a set of universal entry equations
applicable to all regimes of atmospheric flight from orbital motion
under the dissipative force of drag through the dynamic phase of
reentry, and finally to the point of contact with the planetary surface.

Rigorous mathematical techniques, such as averaging, Poincare's
method of small parameters, and Lagrange's expansion, are applied to
obtain a highly accurate, purely analytic theory for orbit contraction and
ballistic entry into planetary atmospheres.

The theory has a wide range of applications to modern problems
including orbit decay of artificial satellites, atmospheric capture of
planetary probes, atmospheric grazing, and ballistic reentry of manned

and unmanned space vehicles.
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CHAPTER 1

INTRODUCTION

Since earliest recorded times man has always been fascinated
by the motions of objects in the sky. This natural curiosity resulted
in the development of astronomy as the first science which in turn
acted as a catalyst for the advancement of mathematics. Many of
the classical scholars such as Ptolemy, Copernicus, Kepler and
Newton were both astronomers and mathematicians, and all of them
made important contributions to a field now known as celestial
mechanics.

Although Newton foresaw the possibility of artificial satellites
and even computed the decay due to a resisting medium, it has only
been in recent times that man has had sufficient knowledge of the
atmosphere to develop adequate theories of satellites in low orbits.
With empirical data from the first artificial satellites, King-Hele
(1964) was able to publish a monograph presenting a large step in
sophistication of analytic theories. He, and others, were primarily
interested in applying classical celestial mechanics techniques in
studying the slowly varying orbital elements of the osculating orbit,

under the perturbation of atmospheric drag. Since the original



artificial satellites were not intended for recovery, the researchers
confined their theories to the prediction of the satellite's orbital
motion until its eventual burn-up in the Earth's atmosphere.

With the advent of manned space exploration and recoverable
space probes, it became necessary to develop accurate theories of
the entry phase, during which the altitude, velocity, deceleration,
and the heating rate all vary rapidly. Space dynamicists such as
Chapman, Loh and Yaroshevskii produced analytic theories to
describe the reentry of ballistic and lifting spacecraft. In these
analyses strong physical assumptions were made and soon the
equations of the reentry scientists became very different from those
of the celestial mechanics scholars,.

At the University of Michigan the theories of King-Hele,
Chapman, Loh and Yaroshevskii have been reviewed with an aim of
achieving greater genefality and flexibility in application. Vinh
and Brace (1974) removed Chapman's restrictive assumptions by
introducing modified Chapman variables which can be applied to
three dimensional entry trajectories. Since the problem of orbit
decay and the problem of reentry deal with the same physical
phenomenon, namely, flig'ht of a space object in an atmosphere,
they must obey the same equations. Vinh, Busemann and Culp

(1975) developed the set of exact universal entry equations



applicable to spacecraft in all regimes of flight from orbital motion,
entry phase, glide and touchdown. The theses of Brace (1974) and
Bletsos (1976) clearly demonstrate the superiority of the more
general approaches. The purpose of this report is to illus-

trate the application of the universal entry equations to orbit decay,
as well as ballistic entry into a planetary atmosphere and to present
rigorous mathematical analyses of the resulting math models. In
order to provide a firm foundation the simijlest cases were assumed
in the math model: exponential atmosphere, constant for B r, and
spherical rotating planet. However, the techniques can be extended
to include the effects of varying scale height and oblate atmosphere.
The report is organized into chapters as follows.

In Chapter 2 the universal entry equations are derived from
aerodynamic equations of motion. Next, the perturbation equations
for satellite motion in a rotating atmosphere are deduced from the
universal equations. Then, in Chapter 3, the variational equations
for orbit decay are derived by applying the averaging technique to
the perturbation equations. The solutions of these equations are
presented in Chapter 4 as the theory of orbit decay. Poincaré's
method of small parameters is applied to the basic nonlinear first
order differential equation for contraction of orbits of small and

moderate eccentricity and exact solutions are obtained for the first



five order terms to find the semi-major axis and eccentricity in
parametric form. Lagrange's expansion is used to obtain the semi-
major axis as a function of eccentricity. For highly eccentric orbits,
the governing differential equation is derived directly from the basic
equation and solved in clo;ed form parametrically, First order
solutions are found for the other orbital elements, giving the orient-
ation of the orbit. Solutions are also derived for circular and nearly
circular orbits. For the main effect of orbit contraction, a uniformly
valid, mathematically rigorous theory for all eccentricities, 0 < e <1,
is presented.

In Chapter 5 the problem of time in orbit is considered.
Difficulties arise in obtaining exact integrals, but an approximate
method gives excellent numerical results. The time solution is used
for the time at any point during the orbit decay, as well as for the
maximum lifetime of the satellite for the assumed atmospheric model.

In Chapter 6 a higher order theory for ballistic entry is
developed by applying Poincare's method to a system of nonlinear
differential equations. The problem is divided into three separate
cases: entry from circular orbit, entry at small initial flight path
angles and entry at moderate and large flight path angles. The second

order solution of the first case gives a significant improvement over



the Yaroshevskii solution which enters as the zero order term.
Similarly, the solution to the third case shows marked improvement
over the classical solution of Chapman, again entering as the zero
order term. The second case bridges the gap between the first and
third cases and provides adequate numerical results.

In Chapter 7 conclusions are drawn and recommendations

for future research are made.



CHAPTER 2
THE UNIVERSAL EQUATIONS FOR ORBIT DECAY

AND REENTRY

2.1 Forces on a Satellite in Orbit

Only two forces will be considered to effect the motion of a
space object in an atmosphere: gravitational and aerodynamic. It
is assumed that the planet is spherical with uniform mass distribu-
tion, so that the gravitational force is an inverse square force of

attraction with acceleration

gr) = (2-1)
by

where r is the radial distance from the center of the planet and p is
a positive constant which, for two-body relative motion is G(M +m)
where G is Newton’s universal gravitational constant, M is the mass
of the planet and m is the mass of the spacecraft. The atmospheric
force is in the form of drag, DA’ which acts in a direction opposite

to the velocity VA relative to the ambient air

1 2
DA— —Z-pSCDVA (2-2)

where CD is the drag coefficient for a reference area S and p is the



atmospheric density. The atmospheric density is assumed to vary

exponentially with altitude

(r -r7)
g P,
P = P, ¢© (2-3)
o
where p is the density at the initial periapsis, r ,and B is a
Py P
constant
1
B - H (2'4)

where H is the scale height. For simplicity, it is assumed that
there is no lift force.

These forces represent perhaps the most elementary of
realistic models. The emphasis will be to provide a pure mathemat-
ical treatment of the orbit decay problem which will serve as a firm
foundation for the development of more sophisticated solutions which
include oblateness of the atmosphere and variation of scale height,
as well as other important features.

The equations of motion are written with respect to an inertial
reference frame with the origin at the center of the planet. In Fig.

2-1, V is the absolute velocity of the satellite

-

Vo= vV, +V_ (2-5)

where Ve is the velocity at the point M, of the ambient air relative

to the planet center. If w is the angular velocity of the rotating



atmosphere, then

Ve = rw cos ¢ (2-6)

where ¢ is the latitude of the point M.
If ¢ ' is the angle between Ve and V, then by the cosine rule

L
VAZ = V2+ve?‘.zvve cosy' . (2-7)

-

The heading angle, ¢ , is the angle between Ve and the projection

VH of V on the horizontal plane and is related to the latitude ¢ and

the inclination i of the orbital plane by the well-known relation
cos Yy cosdb = cosi . (2-8)
The flight path angle, y , is the angle between ‘_;H and _'\; and is
related to ¢ and ' by
cos ' = cos ) cos vy (2.9)

Near periapsis, where the aerodynamic drag is most effective, the
satellite travels in a nearly horizontal direction and hence vy is

small, allowing the approximation
Ve cos ' = Ve cos cosy = rwcosd cosPy =rwcosi . (2-10)

Substituting Eqs. (2-6) and (2-10) into Eq. (2-7) gives

2 2
2

V2o v (1o s i+ I cos ) . (2-11)
A v i

The rotation of the atmosphere is so slow that the term W2 can be



neglected. For the small term rw/ V, it is appropriate to use an
average value. King-Hele suggested using the average value at

perigeer [V to replace r/ V. Since the inclination i usually
o o o
varies by less than 0.3 during a satellite's lifetime, it may be

taken equal to its initial value io . The result is King-Hele's
expression (King-Hele, 1964)

2 2
Vv = 2-
A fVv (2-12)

with the slightly different average constant
2r w

p

o .
f = (l.- v c0510) . (2-13)

Po

Thus, in terms of the absolute speed, the drag force is

1 2
DA = EpSfCDV (2-14)

which acts opposite to the direction of the velocity VA of the

satellite relative to the ambient air.

2.2 The Universal Equations of Motion

For the flight of an aerodynamic vehicle in a nonrotating

atmosphere with a lift coefficient C_. and a drag coefficient C__ ,

L D

it is customary to use the equations of motion with the notation

of Fig. 2-1.



dr

TS = V sin y
de _ V cosy cos |
dt rcoséd
do - V cos ysiny
dt r
sc_v° (2-15)
av __fP°D g ]
dt 2m -8 ¥
SC V2 2
v d _ o 1,V cos @ ( v o
a 2m TlE- T cesy
SC V2 i 2
Vﬂ- = PriL T v cos y cosy tan
dt 2mcos y r Y v ¢

where the bank angle ¢ is defined as the angle between the local
vertical plane containing the velocity and the plane containing the
velocity and the aerodynamic force.

Using the modified Chapman variables

2 2
u = A cc;s v
& (2-16)
, . %% [r
' - 2m B8
and the dimensionless independent variable
t
\4
= —_ dt -17
S { ( r) cos vy (2 )

the exact universal equations for entry trajectories into a planetary

10



atmosphere assumed to be at rest are derived (Vinh et al., 1975)

4z
ds

du
ds

dy
ds

do
ds

d¢
ds

44
ds

1
-Br(-é—; dr-Z[Sr 252 dr

dp L +—l——£E)Ztany

‘F— C .
- Z r Zu (l + ——£ cCOSsSa tanY + _S_lrl#_)
cos C P
Y D ZVﬁ r Z

‘/‘_ C 2
pr Z L cose + 05X (1 - cos vy )
cosvy CD Vﬂ z u
' (2-18)
cos Y
cos ¢

sin

Jﬁ_r Z ( CL coszchSLp tand )
> - .

cos vy CD ‘[ﬁr Z

2.3 Satellite Motion in a Rotating Atmosphere

Next, the universal entry equations will be transformed to

obtain the equations for satellite motion inside a rotating atmosphere.

Using the following relations from spherical trigonometry

cos ¢ cos U cos i

cos ¢ sin Y sin i cos «a (2-19)

1

cos « cos & cos (0 -9Q)

the last three equations of (2-18) are transformed to

11



da Vpr Z sin «

- = 1 ( ) sing
ds tan i cos vy cD
dQ - Vﬁ r Z sing ( L ) sin o (2_20)
ds - 2 C
sini cos vy D
di B Vﬁ r Z cos o ( L ) sin
ds 2 C 7

cos Yy D

where 2 is the longitude of the ascending node of the osculating plane
and ¢« is the angle between the ascending node and the position vector.
For satellite motion in a rotating atmosphere there is a
complication in that the drag force is modified by the factor f and is
directed opposite to the velocity _\;A , not the absolute velocity \_/: .
At the same time there is the simplification of no lift.
In Fig. (2-2) the aerodynamic force diagram used in deriving
the equations of motion (2-15) is illustrated. In addition the velocity

_\;A with respect to the ambient air, and the drag force DA ,

opposite in direction to VA are shown. For the present derivation

the lift force L is removed and the vector drag D is replaced by

-

DA . The force BA can be decomposed into one component in the

orbital plane and one component normal to the orbital plane. Since

— -

Ve is small, VA is nearly aligned to \_; and the drag component in

the orbital plane can be considered to be directly opposite to V,

with magnitude D, as given by Eq. (2-14). The normal component

A

12



—_

of the drag, D__, is found from the projection of

N

= 1 2 A
= -=pS Ve 2-21

-

in the direction orthogonal to the orbital plane. Since V is in the
- —_ - —_
orbital plane and V = VA + Ve , the projection of VA on the normal

to the orbital plane is the same as the projection of Ve which has

magnitude

rw cos ¢ siny

V siny =
© (2-22)
= rw sinicosa
Thus, the vector DN has magnitude
D - 1 SfC__ rw sin icos —Yi 2-23)
N T 2P D cose Ty oo (2-
: A
From King-Hele's expression (2-12) it can be written as
p SIC_V
D = D w sini cos (2-24)
NG TSt @ -

and its direction is opposite to the vector L sin ¢ in Fig. (2-2).
The final result of this analysis is that, in Eqgs. (2-18) and

(2-20) the C_ is replaced by the modified drag coefficient fC__,

D D
the component CL cosco is deleted and the component CL singe 1is

replaced by

C, sing = ¢/ Cp 333) sini cos « . (2-25)

13



The modified Chapman variable Z is most effective in analyz-
ing the entry phase of the vehicle. While the vehicle is still in

orbit, it is used in the following form with constant B

B(rp -r)

JBr Z = zZ_ | rr ) e ° (2-26)

where the dimensionless constant Z is
o

SfC_r
pp Dp

_ 0 o
z = >— . (2-27)

Eqgs. (18) and (19) are now rewritten introducing the equation for

r/r to replace the equation for Z.
o
d T T
= (— — )t
ds ( r ) ( T ) tan y
o Py
2Z u Blx, -7

du o T Py

—-— = -utany - ) e

ds cosy r

Po
2
dy = 1. L°5 ¥
ds u
rp WZ0 5/2 o B(r_ -1)

do o) r cosisinacosa o

== = 1+ ( ) e

ds r 1/2

’pf/r P u cos vy
P, o

14



r wZ2 5/2 B(r -r)

dQ po ° ( r) sina cosa o
ds ~ r 1/2

"p.f/r p u cosy

P, o
r wZ B(r_ -r)

di Py © ( r)5/2 sinicosza o Py
ds =~ r 1/2 (2-28)

"pf/rp P, u cos vy

o

Eqgs. (2-28) bridge the gap between the satellite theory and
the entry theory. As a matter of fact, they can be used to follow
the motion of a vehicle subject to gravitational force and drag force
of a rotating planet for its entire life in orbit until the end of its
entry and contact with the planetary surface. The accuracy depends
on the readjustment, for each layer of the atmosphere, of the
"constant value'' 3 . These equations are most useful for analyzing
the last few revolutions and the entry phase. In Chapter 3 the entry
variables r, u and y will be transformed into orbital elements and

the variational equations of orbit decay will be derived.

15
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Fig. 2-1. Nomenclature.

The space vehicle M is located by the position vector
T and has absolute velocity V. VH is the horizontal
component of Vpro_]ected through the flight path angle
y while V. and V. are the velocity with respect to the
ambient air and tﬁe absolute velocity of the atmosphere
respectively. VH and V_ are in the local horizontal
plane and form an angle $ which is called the heading
angle. © and ¢ are the longitude and latitude. £, the
longitude of the ascending node, and i, the inclination,
are orbital elements of the osculating orbit. w is the
angular velocity of the atmosphere.

16



Z,
Lift-Drag |’
Plane

t
Horizontal

Plane :

wl’

Fig. 2-2. Aerodynamic Forces.

In the derivation of the equations of motion

for a rotating atmosphere, a lifting body with
lift T, , bank angle ¢ and drag D is compared
with a nonlifting body with out of plane drag ITA .

17



CHAPTER 3

THE VARIATIONAL EQUATIONS FOR ORBIT CONTRACTION

3.1 The Osculating Orbit

The osculating orbit is the trajectory the vehicle would follow

if the perturbing force (the drag) suddenly vanished. By setting

Z0 = 0 in Eqgs. (2-28), the equations for the osculating orbit are

found.

(3-1)
da

Z2 = 1

ds

dQ
ds 0

ai
ds

Dividing the first of Egs. (3-1) by the second and integrating

2 (3-2)

18



By taking the derivative of the second equation in (3-1) ,

d
121 + u = 1 (3-3)
ds
which has the solution
u = 1+C7 cos(s-C3) (3-4)

Substituting Eq. (3-4) back into the %E equation, it is easy to show

that , uz
cos y = (3-5)

2
2u+C7 -1

Changing the indices of the constants, the general integration is as

follows:

2 u2
cos ¥y = 2u-C
1
CZ
T = —_—
u
u = 1+"1-Cl cos(s-C3)
(3-6)
s = o +C4
Q = C5
i = C6

Actually there are only 5 constants since s is equivalent to . The
sixth constant of integration is found from the time equation (2-17).
The first three constants of integration can be evaluated by taking

the origin of time at the instant of passage through the periapsis.

19



2

2 u
cos y = >
2u-(l-e)
u = 1+ ecos (a-w) (3-7)
a(l-ez)
T

l+ecos{a -w)

These transformation equations provide the relation of the entry
variables r,u and y and the orbital elements a, the semi-major axis,

e , the eccentricity, and w , the argument of the periapsis.

3.2 The Variational Equations

While the vehicle is in orbit, ZO is small, acting as a
perturbation, and so the orbital elements actually vary slowly.
Thus, the variation equations, or perturbation equations, can be
obtained from Eqs. (3-7) by taking the derivatives and assuming that
a, e and w are varying quantities. First, the derivatives are taken

with respect to s to obtain:

27 u” 2 plxr, -7
de _ o ( cos Y 1) ( r ) o o
ds s3 u T

ecos vy o

S22 B(r_ -r)
da _ -ZZoau . ) . P,
- 2 3

ds (1-e )cos vy rp

20



— . — = — + e
> A b
ds ds Vez-(u-l) cosy}e -(u-l)2

B(r_ -1)
+ u(u-1) coszj__1 }(rr)e Py

2Z u
da dw utany o {1

2 2 u
e cos vy

(3-8)

Along with the last three equations of (2-28) this provides all the
derivatives with respect to s. It is interesting to note from the first
of Eqgs. (3-8) that the eccentricity does not decrease continuously
under the influence of atmospheric drag, but while decreasing
secularly, it oscillates between maximum and minimum values as
the flight path angle passes through minimum and maximum values
respectively during each orbital period.

Finally, the variational equations will be put in terms of the

more familiar eccentric anomaly E as the independent variable.

Since

r = a(l -e cosE) (3-9)
and .

L = acsinE (3-10)

The differential relation between s and E is

ds _ dr ds _ esin £
dE dE dr = (l1-ecosE) tany
2
l-e

= l-ecos E (3-11)

21



From Eqs. (2-28), (3-8) and (3-11) the variational equations are

obtained.
/

B(r - r)
de - ;7 (1 eZ) 2 cosE(-——-————-—-———1-I'ecc’SE 1z Fo
dE =~ o r l1-ecosE €

P
o
B(r -r1)
da _ 57 - a2 (1+ecosE)3/2 o po
dE © rp (l-ecosE)l/‘2

(o]

da dw Vi -e2 ZZo 1/2

a .
Eﬁ-gf} " l1l-ecosE 1+ e (-;—-—)mnE(l-ecosE)
P
o
B(r_-r1)
P
X(1+ecosE)1/2e °
n W2, 5/2 5/2
ae = 2 ( 2 ) (1 -ecoskEK)
dE v . r )
‘/pf/r Jl-e Po
o
X (l+ecosE) sin @ cosa e
. o V2, 5/2 5/2
di o) a
_ (1 -ecoskE)
dE — T (r )
[uf/r l1-e Py
A
o]
(r -7)
b p

1/2
X (l+ecosE) / sinicos ae ©
(3-12)
The variational equations apply to the space vehicle for the entire

lifetime in orbit from the initial eccentric orbit until circularization

and the onset of reentry. In Chapter 4 mathematically rigorous

22



analytic techniques will be employed in order to solve the problem of

of the orbit decay phase,

23



CHAPTER 4

THE THEORY OF ORBIT DECAY

4.1 The Average Equations for Orbit Decay

The variational equations (3-12) exhibit both oscillatory or
periodic behavior and slowly varying secular behavior. The focus
of this chapter is to solve for the slowly varying orbital elements
of the osculating orbit and to avoid the periodic terms. Fortunately
there is a rigorous method, the averaging technique (Bogoliubov and
Mitropolsky, 1961), which allows the periodic terms to be replaced
by the average value and which converges to the correct analytic
solution as the independent variable goes to infinity. This is
precisely the situation in the decaying process in which the satellite
makes thousands of orbits during its lifetime. The beauty of the
technique is that it circumvents the problem of computing the
trajectory for each orbit which can cause numerical integration
schemes to diverge over the long integration intervals.

In the variational equations {(3-12) the radial distance will be

written as
a(l-ecosE)

H
1

(4-1)

L]
H

ao(l-eo)
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so that the exponential function

CXP[B(YP -r)] = exp| fi(ao—a-a()(:0)+-[jae cos E | '
o (4-2)

where a and e are the initial semi-major axis and initial
o o
eccentricity respectively. To facilitate the theory a new dimension-

less variable x will be used to replace e.
x = Pae (4-3)

Differentiating Eq. (4-3) gives

57 BaZ 1/2 B(r_ -r1)
dx _ e) (e+cos E) l+ecosE o] (4-4
dE B r (l-ecosE € -4
Py

Now it is evident that the x varies like e since x passes through
stationary values when cos E = - e , but, on the average, decreases
with time.
The purpose of introducing the new variable x becomes clear
. . th < s .
after considering the n  order modified Bessel function, In(x) , of

the first kind

In(x) = % (‘)[ZTZ:OS nE exp(xcos E) dE
along with the relation
1 YA
0 = > f sinnE exp(xcosE) dE . (4-5)

The average equations from Eqs. (3-12) are
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2

da a
e - - ZZ0 e exp[p (ao-a-aoeo)]
P
27 3/2
1 E
x — [ ltecosk) exp (xcos E)dE
2 1/2
o (1-ecoskE)
272 B a2
L - — (a -a-a e )
dE r exp | P o] oo
Py
2T 1/2
1 l+ecos E
in_ !(e+COSE)(1-eCOSE exp(xcos E)dE
dw
— = O
dE
-r w2
dQ _ po o ( a S/ZeXp[ﬁ (a a-a e )]
dE - 3 Zj r ) 0- = o O
\/pf/rp \/1-e P,
o
2w
1
X 2 f sing cosa (1 - ecos E)S/Z (1+ecosE)1/2eXP(xcos E)dE
o
-1 wWZ
1 di _ P, o a 5/2
sini dE ) 3 (r ) exp ﬁ(ao-a-aoeo)
V/p.f/r Jl-e2 Py
P
A
2 5/2 1/2
X é f cos a(l -ecosE) / (l1+ecosE) / exp(xcos E)dE
o

(4-6)

After setting w =w it is apparent that the average equations
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can be written as power series in e, for small e, with Bessecl

Function coefficients as functions of the dimensionless variable x.

4.2 The Basic Equation for Orbit Contraction

The most dramatic and important effect of the dissipative
force of atmospheric drag on the satellite's orbital path is the
reduction of both the semi-major axis and the eccentricity. In
general, the orbit contracts from an initial elliptical orbit to a
nearly circular orbit so that e and x approach zero in the final
stages of the decay. At this time the satellite is in the last few
orbits and entry is imminent. The main purpose of this chapter is
to provide a rigorous mathematical treatment of the orbit contrac-
tion problem,

For small eccentricity , the integrand of the first equation of

(4-6) can be expanded in a power series in e and integrated to

obtain
da ZZOaZ 3 2
— = a — -~ I -
aiE " exp[p(ao a aoeo)] c)+2e11+4 e (IO+IZ)
P
O
(4-7)
3 4
p S (3L 41+ S (211 42814 7I,)+0(e)
4 1773 T B4 o 2 4

Following the same procedure for the x equation
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-2Z ﬁaz

dx _ ] l
iE m exp [ﬁ (ao-a-aoeo)] 311+ > e(3Io+IZ)
pO
2 3
c
+ S (UL +L) + 77 (T1 +81,+1) (4-8)
4
+ —=— (78I +311.+3I ) + 0(e5)§
128 1 37 s
Let

(4-9)

a
z = —
a

o

be the dimensionless semi-major axis. Dividing Eq. (4-7) by Eq.
(4-8) and expanding the ratio in a power series

2

e 2 e 2
=y +>(4-3y - +—12y (3 - -2y, -
Vo173 (4-3y -y y,) t5 2y By ty,) -29y -2y, Y0Y3]

Bao& o 2

3
e 2 2 2
2 .32+ 113 -
+ T [ 11 Y, +38y0y.2 yoy4+2y2+6yo y3+2yoy2y3

3

4
e 4 2 2
t 138 8Y0(3YO+Y2) -8(3y _tv,) (9y0+y2)-12y0(3yo+yz) (11+y,)
2
3
+ 2y (1l4y,) +8y _(3y +y,)(Ty +8y,+y, )+16(3y _+y,)(19+y,)

- 12(y0+y2)(11+y3) - y0(78+31y3+3y5) - 2(35yo+36y2+y4):|

+ 0(e”) (4-10)
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where the ratios of Bessel functions have been defined as

Yy, T 1 n# 1 (4-11)

The Bessel functions satisfy the recurrence formula

2n

In-l(x) - In+1(x) = = In(x) ) (4-12)

so that an (x) can be expressed in terms of y (x) and x. For
Y'Y, p Yo

example,
- 2
Y20 7 Yo7 X
_ oy, B
Y3 - 2 T x yo
x
_ 8 48 Yo
Vg T % - 3 ty, t
x X
_ 72 384 12 192
y5—1+2+ 4_xyo_ 3y0. (4-13)
x x x
Putting the eccentricity, e, in terms of z and x
e = € = (4-14)
Z
where
1
€ = (4-15)
pa,

-2 :
is a small quantity of order 10 or less.

Thus, from Eqs. (4-10) - (4-15) the basic equation for orbit

contraction is derived
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y
dz 2 x 2 o
£z - Zl2-2 2
dx €y, 1€ z( Yo + x)
2
2 y
3 x o 1
+ € 2(-8y-7x+8yo+;)
2z
3 y y YZ Y3
4
re* X l.4+20y %1024 4-2.52 4,00
3 o x 3 2 x
27 x X
4
-16yo +7)
x
4 yz y 2
5 x 3 o 6 o 3 Yo
+ € ) (32y0-96Y0 + 82 = -X-17 2+—‘§-24—3'
4z x x X
Y3 Yy 4
y
o) o o 5 6
+49——2—'-16—4—-104X—+64y0 )+O(€ ) .
x x
(4-16)

The basic equation is a nonlinear differential equation with
varying coefficients. The true nature of the equation was not
recognized by King-Hele, who worked with Eq. (4-10) to the order
e3 . In the form of Eq. (4-16) it is appropriate to apply Poincare's

method of small parameters. Since the parameter € is very small,

to a higher order in €, the solution of the basic equation can be con-
sidered to be the exact solution of Eq. (4-10) truncated to the order

e4 included.
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4.3 Integration by Poincaré's Method of Small Parameters

Poincare's method for integration (Poincaré, 1960) of a
nonlinear differential equation containing a small parameter is a
rigorous mathematical technique, proven to be convergent for small
values of the parameter € . It has been used extensively in analytic
work in celestial mechanics (Moulton, 1920).

The method begins by assuming a solution of z in the form

2 3 4 5
z = zo+€ zl+€ z2+6 z3+€ z4+e z5+... (4-17)

After substituting Eq. (4-17) into the basic equation, Eq. (4-16),
and equating coefficients of like powers in € , the following

differential equations are obtained

dzo
dx - 0
dz1 i}
dx yo
dz vy
2 X o) 2
dx - Z (2+ x Zyo
o
2
dz Xz y 2 y
3 _ o 2 X 1 3
T = 2(2+ - 2y )+ 2(—-8y -7— +8y )
z 2z
(o] (o]
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dz xzz y 2 Yy z 2 z
4 1J1 o 3 x o 2 1 2
_ - . — 22 .8y 72 = 2 _2 .
dx 3(x yo7x+8Yo)+z (2+x yo)( 2 z)
z o z o)
o o
3 y y y 2 y >
X 1 2 o o o 4
+ 3(-4+-—2+20y0 -10—+4-—3—5 2-i-20 -16y )
27 x X X
dz Z z 3
z
5 . X 2 172 1 _3 2 .2 2+ .Y_O
dx  z 2 3 =z - Y, X
o z z o)
o o
2 z 2 z y 2
x 3 1 2 o 3 1
+ 2 (2 2 Tz )(-Syo-7 x +8y0 +x)
z z o
o o
3 > y y y g y .
X 2z
1 2 o) o) o 4
- 1 (- 4 + 20yo - 10 —X-+4—-§ -5 5 +20 -16y0
22 b4 b4
1 x4 3 02 6 3
+—5)+ 1 (32y0—96yo +82—x—-;+—§
X 4z x
o
Yy 2 Yy > Yy | y 4
y
o o o o o 5
..17—2--24 3+49 2-164-104X+64y0)
x x x x
(4-18)
with the initial conditions
zo(xo) =1, Zl(xo) = ZZ(Xo) = = 0 . (4-19)

The success of Poincare's method is not guaranteed; it depends on

whether the integration of Eqs. (4-18) can be put in terms of known
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functions.
In analyzing Eqs. (4-18), an important recurrcnce formula

was discovered which greatly facilitates the integrations.

ntl . p(x) n_ n-1 J R T I
fp(x)yo dx = - o yo + /p(x)yo dx+][ " + = yo dx

(4-20)

where n# 0 and p(x) is an arbitrary function. The formula is

derived by using the well-known relation

xI "(x)+nl (x) = xI (x) (4-21)
n n n-1
so that for n=1
1
- _Il + L 4-22
Yo N § X (4-22)
1
and forn=20
! -
I0 = Il(x) (4-23)

Therefore, if v, = IO/I

1
I 11! y
y _ O ol Jo 2
Vo T 11 - : > = 1+ " Yo (4-24)

Now consider

n
Yoy _ px) _n p'(x) n
Jeea(-) = B v - SRy e

or
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Yy
n-1 0 2
Jeeay, T re -y ") ax

Rearranging the equation gives Eq. (4-20).

Eqgs. (4-18) can now be integrated with the initial conditions

(4-19). The solution for z is simply

zo(x) = 1 (4-25)
From Eq. (4-22),
x I1 (x)
z) Log " Il(x 3 (4-26)
Since z = 1, the,z2 equation becomes
dz
2 2
3= - 2x + Y, - nyo
Integrating
2 2
2, = x + Log xI (x) - 2 fxyo dx . (4-27)

Applying the recurrence formula (4-20) with p(x) = xandn=1,

x2 - Xy + 2 Log xIl(x) (4-28)

T

fxyo2 dx =

so that z2 with the initial conditions is
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xI (x)

= 2x - - —_——— 4.2
z, xy (%) - 2%y (%) - 3 Log Ty (4-29)
ol o
The solution of z3 , z4 and z5 are obtained in the same

manner, but the integrations are much more laborious. The zi(x)
can be expressed in terms of two functions
I (x) xI (%)
o

1
=xy (x), z (x)=Log ———F—+ (4-30)
I, o 1 xoll(xo)

Alx) = x

The final solution is

z (x) = 1
XI1 (x)
z (%) = Log —m———
! XOII(XO)
ZZ(X) = Z(A-Ao) - 3z1
7,2 2 13 2 2 3 2

24(x) = S (x-x 7). S(A-A) - 2(A7-A T)+132 - 24z, +5z,

B 35, 2 2 71 2 2 8 3 3
z4(x) = - 2(x -x0)+ 2(A--AO)+3(A -Ao)+3(A -Ao)

+4A (A-A) - Z(XZA-X 2'A )
o o o o

- (69+6A0+ 7x2—19A- 4A2) 2, -5 2

3 2
- Zl +2Az1
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2 41 3 3 4
ZS(X) =z (162+6Ao)+7 z) +4 z1
21 2 143 2 3 2 2
- — —_— A A - -
+ 21(437 > %, + > Al + 6 o ) 2z1 A 621 A
69 2 21 2 2 3 2 2
_ 59 el - _21A
5 z1 A+ > z1 x 8A z1 21 z1 + b6x Az1
343 147 2
+ Az1 ( - > - 8Ao) + 5% 2
3 4 4 885 2 2
= _ A == -
+ 4(x xo ) + (14 0+ 3 W x Xo )
s (7x 2. 39a -a4a . Yy a4
o o o 2 o
-£x2A+-§'§x2A + (-ﬂ--SA )(AZ-AZ)
2 2 o o 8 o) o)
+ 4sz2 - 4XOZA02 + ZA3 - 2A03 - 4A4 + 4Ao4 . (4-31)

The semi-major axis of the orbit under contraction is given

as a function of the parameter x.
-ai- = 1+4+¢€ Zl(X) + € ZZZ(X) + € 3z3(x) + 6424(x) +e SZS(X)

© (4-32)
The accuracy of this solution has been tested by numerically integra-
ting the basic equation (4-16) and comparing with Eq. (4-32). The
expansions used to obtain the basic nonlinear equation are only valid
for small and moderate values of eccentricity. To be exact, expan-

sions in elliptic motion apply to eccentricities which are less than
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0.663. Above this value, the series are no longer absolutely con-
vergent. However, in the accuracy test it was found that the analytic
solution was always greater than the numerical integration with a
maximum error of approximately € eOS/ 5(1 - eoz) for 0.1< e, < 0.99.
It is interesting to note that even as e, 1, which is outside the
region of strict mathematical validity, the maximum error is less
than 1/10B rp (of the order 10-3). The reason for this extended
range is that a(L)s e, 1, a = and the parameter € - 0. This
important result prompted investigation of the asymptotic expansion
of the basic nonlinear equation and the. development of a closed form
theory for orbit contraction for large eccentricity which is presented
in Section 4. 6. For small values of eccentricity the solution is
extremely accurate. For example, when e, = 0.1 and € = 0.008 ,
Eqgs. (4-31) and (4-32) provide 7 digits of accuracy, while for the
same case King-Hele's heuristic solution gives only 4 digits of
accuracy. Thus, the present solution provides a major improve-
ment in that it is much more accurate and that it is uniformly valid

for all eccentricities, (0 < e < eo) .
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4.4 The Parametric Solution of the Orbital Elements

The solution for the semi-major axis is given as a function of
x by Eqs. (4-32) and (4-31) and is plotted against x/ X in Fig. (4-1).
Initially the solution is nearly linear with the slope in the figure
approximately gqual to e but near the end as x and e approach
zero , it exhibits rapid decay. This explains the difficulty
encountered by King-Hele and why he treated the problem in separate
phases in his analytic integration.

The eccentricity can be recovered from Fig. (4-1) using

— = &) - (4-33)

From the parametric solutions of the semi-major axis a and
the eccentricity e it is easy to find expressions for the periapsis, the
apoapsis and the period.

The drop in scale height of the periapsis is obtained from

by -

P, P

—5 = pl:rpo-a(l-e):] =Bao-ﬁaoeo+ﬁae-ﬁao(1+ezl+...)

or

2 3 4
= (x-xo)-(zl+€zz+€ z3+e z4+€ ZS) (4-34)

Similarly, the other quantities of interest can be written in

parametric form.
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The drop in scale height of the apoapsis is

r -r
% @ 4
= = xo-x-(zl+€zz+...+€ ZS)
(4-35)
The ratio of periapsis to initial perié.psis is
r
—-—& = —-—-—Z - €Xx (4'36)
T 1- €,
Ps
The ratio of apoapsis to initial apoapsis is
ra z+ €x
T T Tre (2-37)
a o
o
The orbital period is
3/2
T [a _ . 3/2
T = (a ) = z (x) (4-38)
o} o

Eqs. (4-34) - (4-38) are plotted in Figs. (4-2) - (4-6) as functions of

x/xO . The parameters used are the initial eccentricity e and the

initial periapsis distance rp , or equivalently the dimensionless

o
small parameter 1/8 r . Then

Py
(1-e))
€ = —— (4-39)
Br
Po

which tends toward zero as e~ 1. By using the three values

39



1

?r—— = 0.005, 0,01 and 0.02, a wide range of periapsis heights
P

o . .
are covered. In making these figures reference was made to the

dependency of the accuracy on the initial parameters e, and 5 3

as mentioned in the previous section. The figures are plotted

Po

only for those values which provide imperceptible deviation from the

exact solution.

4.5 Explicit Formulas for the Orbital Elements

The solutions for the orbital elements have been obtained in
parametric form, as functions of x in the previous section. In this
section the elements will be obtained explicitly in terms of the
eccentricity., One approach might be to eliminate x between the
parametric equations. However, because of the transcendental
nature of the solutions, this task is cumbersome, Fortunately,
since € is small, x can be eliminated by applying Lagrange's
expansion.

To derive the explicit expression for the semi-major axis
in terms of the eccentricity, z must be written in a form suitable
to Lagrange's expansion:

z = pted(z) (4-40)

and since
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d €
x = Pac = ﬁa()co (;—) (z—) (4-41)
19) 19

it can be written as
X = gz (4-42)
with
o = x (—c-) (4-43)
ole
o
so that @ is proportional to e. Then

$(z) = zl(az)+€zz(az)+ +€4zs(az) (4-44)
Lagrange's expansion of Eq. (4-40) is
; ¢ n d n-1 n
= - |5z 4-45
-t D (dp) [o @] (4-45)

where the expansion is carried out first and then p is set equal to 1

. 5
to give to the order of ¢

z = 1+ €hl(a/)+ Ezhz(a) + €3h3(a) + €4h4(a/) + Eshs(a)
(4-46)

where
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z
1

2(A-A ) + (A-3)z
7.2 2 13 2 2
S a"-x %) - (24 + )(A-A ) +(13+2¢ "-4A-A%)z,

+ —;' (3+a 2+A-A2)zl2

1, 2 2
- 2((1 -x )(35+4Ao-7A)

+ -1- (A-A )(213+42A +16A 2+12012-9A+4A A-SAZ)
6 o o o 0
2 (1384250 2_46A-7A%_2A3)

212(35+7a 2—6A2+a 2 A-A3)

(a -x02)2+ %(af 2-xoz)(885+68<:v 2-92A-12A2)

2 2 19
- (a-x_")A-A (=S +4A_+2A)

- (A-A )(—44:1+'12::5'ar2 +—117 A+2arZA+ ZA2+2A )

t (A=A )2(119-9-+2a2+23A+12A )-(A-A ) (10+ﬂ)-A)

4 2 2 2 2
+4(A-A ) +l(a -x )z (3+a +A-A")
o 2 o1
+ z1(437+88a 2+Zar4-154A-501 2A-ZZA‘?'--fﬁA:‘S- A4)

2 3
- -;-(A-Ao)zl(143+29a2+25A+12a2A-17A -12A7)
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2 2 2
t2A-A) 2 Bta"+A- AT

2 3
+iz1 (648+1 3301Z +4a4 - 96A+l4a2A— 91A2-4a 2A2-10A )

2 2 2
- (A-A )z “(6-a +2a.A+3A?-2A3)

3 .4

3 4 2 2 2
+ z1 (123+4a2-a -6A+18a A+15A +2«a A2—18A -A)

1
6

4 2 4 2 2 2 2 3 4
+ — z1 (18- -2a¢ -8a A-3A +8a A +12A -6A")

(4-47)

In the expressions for hi(a/) the following definitions were used

aIl(a)

A = ayo(a) R Z = LOg —X—O—IIT(:) (4-48)

1

Thus, Eqs. (4-46)-(4-48) provide an explicit expression of the
variation of a/a as a function of e/ e since o = x (e/e ).
o} o o o
Following the approach of the previous section, the other
orbital elements can be easily expressed in terms of e to obtain the

drop in periapsis, the drop in apoapsis and the change in orbital

period.
rp —rp
o) 2 3 4
= - -(1- 4-4
o (o xo) (1 e)(hl +€ h2+e h3+€ h4+€ hS) ( 9)
r -r
b ® 2 3 4
= ~-a)- h 4-50
T, (X0 a)-(l+e)( 1+eh2+e h3+e h4+€ h5) | ( )
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r

_p _ U-€a) z(a) (4-51)
r (l-eo)

P

r

a _ (l+ea)

- = ——————(1+e ) z{a) (4-52)
a o

o

{_ = 2% . (4-53)

The last expression, Eq. (4-53), provides a pow.erful method of veri-
fying the assumption made on the atmosphere from two of the most
accurately and easily measured orbital elements, namely, the period
of revolution and the eccentricity.

Eqgs. (4-46) and (4-49)-(4-53) are plotted in Figs. (4-7)-(4-12)
respectively.

Fig. (4-7) plots the solution z = z(a) = z(e/e) as a function
of the eccentricity for several values of e - The range of validity is
limited to 0 < e < 0.5 since the z(e) solution is not as accurrate as
the z(x) solution. It was found that z(a) exceeds the numerical solu-
tion (found by integrating the basic nonlinear equation (4-16)) by a
maximum value approximated by e06/15(1-eo), which still gives 7
digits of accuracy for e = 0.1, but diverges as e, ~ 1. For e =

0.5 the error is imperceptible in the figure. The decay in the

periapsis distance rp versus the eccentricity for e = 0.1 and e
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0.4 is presented in Fig. (4-10). The ratior /r remains nearly
o
equal to one for a large portion of the decay process, but as e - 0

the drop in periapsis altitude increases rapidly. For small values

of —B——L_ (0.005), which correspond to higher initial periapsis
r
p

o
altitudes for fixed §, decay is much slower than for large values

(0.02) as evident in the figure. The fractional error in this plot
and in the others is kept to an imperceptible amount by considering
the error formula mentioned earlier.

The decay in the apoapsis distance r versus the eccentricity
for several values of e is presented in Fig. (4-11). It is evident
that the ratio ra/ r decreases rapidly with the eccentricity.

o
Initially the parameter

seems to have little effect, but as the
rpo
eccentricity approaches zero the larger values of

yield
more rapid decay.

Finally, the decay in the orbital period T as a function of the
eccentricity is presented in Fig. (4-12). As pointed out by King-
Hele, this functidnal relationship T = T(e,e ) provides a powerful
formula for testing the atmospheric parameter ¢ since the orbital

period and eccentricity can be accurately measured.
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4.6 The Contraction of Highly Eccentric Orbits

For the case of orbits with large eccentricities, King-Hele
used an entirely different method from the following to derive the
basic equation for orbit contraction. Using the present notation, his

equation takes the following form

2
dz _ 1 €
= - € (1 + . - Tiex (4-54)

This equation can be directly derived from the basic non-
linear equation (4-16). Since x=pfae, whene—-1, a—» o, x

becomes very large and the asymptotic expansion for Bessel's ratio

yo(x)ls
1
yo = l+2xﬂ-...
2
Yo = 1+ }l('l* .o (4-55)

Substituting Eqs. (4-55) into Eq. (4-16) provides

q . 2 3 42 53
Z=€(1+—_)_-€—+EX-€X+ x. - ... (4-56)
2x Z

dx 2 3 4
Z VA Z

which is immediately recognized as the development of Eq. (4-54).
King-Hele provides an approximate solution to the nonlinear
equation (4-54) by assuming that on the right-hand side z is

approximated by z =1 - ¢ (xo - x) and then integrating. In this
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analysis, the exact solution will be given.

Using the transformation

z = €(x+q) (4-57)
and changing the independent variable from x to q results in the

Bernoulli equation

2

4
dx - ox —Z— . (4-58)

dq

Substituting the change of variable

2q
e
= 4-59
K(Q) (4-39)
into Eq. (4-58) provides
2q
dK 4e
_— = - — . (4-60)
dq q

Upon integrating it is found that K can be expressed in terms of the

exponential integral .

ezq
-4 —— d(2q) + C
J =g d@a

=~
n

-4 E (29) + C . (4-61)

Thus, the exact solution in parametric form is

Z(q-qo)
e

x = (4-62)
1 -Zqo
= + 4e [Ei(Zqo) - Ei(Zq):l

o
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along with Eq. (4-57) and the initial conditions

z{x) = 1
o
a = S axy = (4-63)

The exponential integral can be evaluated through its
asymptotic form since the argument 2q is large. In general, the

exponential integral of the form

E_(x) = [ " L ax (4-64)

can be integrated by parts

n-1 x
En(x) = X e - (n-1) En-l

By repeated application of this formula, the asymptotic expansion

for large x is deduced

E (x) = ol x [1 _(n-1) | (m-1)(n-2) (n-l)(n-Z)(n-3)+“]

- x 2 3 .
X - p. 4

(4-65)

When n = 0, Eq. (4-64) becomes the exponential integral appearing

in Eq. (4-62). Taking 6 terms of the series (Eq. (4-65)), for
x > 50, the solution is identical to numerical values tabulated by
Abramowitz and Stegun (1972).

Numerical computation has revealed that the analytic solution
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z(x) of the basic nonlinear equation (4-16) and the present solution
z(q) of the asymptotic equation are in very close agreement. Even
for e = 0. 99 the two solutions are nearly identical except for very
small values of x/ x This gives further testimony to the wide

application of the solution z(x) of the basic nonlinear equation,

4.7 The Contraction of Nearly Circular Orbits

For very small eccentricities, x is very small and the series

expansion of y (x) for small x is
Yo

1 3 1 5
96 + 1536 X - (4-66)

The derivation is discussed in detail in Chapter 5. Substituting

Egs. (4-66) and (4-13) into Eq. (4-10) results in the following

1 dz 2 e e2 e3
EE = ;(1-3; +9—2-27'—‘Z +...) (4-67)
X X
Eq. (4-67) is recognized as the expansion of
2
€ x(143= )
X
sps € X . .
Writing e = — the equation can be put in the form



(1+3 %) dz = £ ax
Upon integrating

z+3€ Logz = 1+ 2€ Log ;’-‘- (4-69)
o]

a closed form parametric solution is obtained for very small values
of eccentricity. It would be useful to have the explicit solution of the
semi-major axis z in terms of the eccentricity., This is accomplish-

ed by using Lagrange's expansion as before, with

b(z) = 2 Log e—e - Logz .
(o]

Applying the expansion,

3
z(e/eo) = 1+€2Logze—(l-€+€2-€ +...)
o]
- 2€ <
1 + Tte Log - (4-70)

o
provides the closed form solution of z as a function of eccentricity

for very small values of eccentricity.

4,8 The Contraction of Circular Orbits

For contraction of circular orbits, it is necessary to go back
. da
to the variational equations (3-12) and substitute e = 0 into the Fio

equation. Since r = a, the equation becomes
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—_— = e — e (4-71)

where M is the mean anomaly. The equation can be rearranged to

give

Br 27 Pr,
dpr = - e dM (4-72)
(g rf P p

€

The first integral is simply E 1 (Br) , as defined by Eq. (4-64)

with n = -1. Assuming initial conditions r and M0 the integration
Po
provides

1
_ €
rpo) = - 22Z_e [M-MO] (4-73)

E_(Br) - E_(p

The exact total time in circular orbit is found by setting the

radial distance to the minimum final distance, rf , at which the

orbit can barely be maintained and by replacing the mean anomaly
£

M by J 3 t and the initial mean anomaly by zero
r

r3
f

——

) n
t = 7¢ |E.1 @ rpo) -E B rf):] (4-74)
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4.9 The Orientation of the Orbit During Decay

Due to the fact that oblateness has been ignored in the math
model, it turns out that the argument of the periapsis, w , remains
a constant

w = w (4-75)

from the third of Eqs. (4-6). This allows the replacement of sin «
and cos a with terms in sin E and cos E in the last two variational
equations for £, the longitude of the ascending node, and i, the
inclination of the orbit plane. This is done by using the well-known
relations of true anomaly o - w and eccentric anomaly E

cos E - e

cos (a-wo) l -ecosE

2
. _ V1l -e sinE
sin (a - wo) = I — o cos E (4-76)

From Eqs. (4-76) it is easy to obtain

(coswo)(cos E-e) - (sinwo) \/1 - e2 sin E

1l -ecosE

cOs ¢o

. 2 .
(51nw0)(cos E-e) + (coswo) \/l - e sin E

(4-77)

1

sin o
1 - ecosE

. 2 . .
The terms sin ¢ cos ¢ and cos o are needed for the variational

equations. In terms of eccentric anomaly, they are
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2 2
sina cosa = N S cosmosinmo[(cosE-e)ZHe ~-1)(1-cos E)]

2
(l1-ecos E)

o e——

+ (2 coszmo-l)[\/l--eZI sin E(cos E-e)] §

2 2
cos o = 1 3cos wo(cos E-e)

(l1-ecos E)

i
- Zcoswosinw l—ez sin E{(cos E-e)
o

+ sinzwo(l-ez)(l-coszE ) § (4-78)

It is now clear that the average equations can be obtained in the
same manner as in Section 4.1 by using Eqs. (4-5). Noting that the

sin E terms vanish, 'the average equations for Q and i become
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-r WwWZ 5/2
dQ po ° ( a )
T

dE = —— Z
,v/pf/ rpo\/l -e o)

exp [ﬁ (ao-a- aoeo)]

o

2T
X -1— f cosw sinw
2T S o o

X (l-e cés E)1/2(1+e cos E)l/2 [(cos E-e)2+(e2-1)(1-coszE)]

X exp (xcosE) dE

-r wWZ 5/2
1 di . Po ° a
sini dE = j—— > (r ) exp[ﬁ (ao_a-aoeo)]
‘luf/r ‘ll-e Py
Py

2T
1 1/2 1/2
X - /(l-ecosE) / (1+e cos E) /
2t
o

2 2 2 2
X [cos wo(cos E-e) +sin wo(l-ez)(l-cos E)J

X exp(xcosE) dE (4-79)

Expanding to the first order in eccentricity and identifying the

Bessel functions, In(x), the average equations become:
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-r WZ
ag _ _Po 7 2
dE r

] | 2‘
\/;f/r Vl-e Py
Py

exp[ﬁ (a -a-a e )]COSQ) sinw
o oo o o

2
X [12 - 2el + 0(e )]
d(Log(tan _Zi-)) -rpow Zo a 5/2
ElS = (r ) exp[[i (ao-a-aoeo)]

"pf/rp\’l-ez Py

o

1 1 2 . 2 2 2
X = = - -
{2 IO + > Iz(cos w -sin wo) 2e cos w011+0(e )}

(4-80)

Dividing both equations of (4-80) by the average dx eqﬁation,

dE
Eq. (4-8)
a 3
aQ € W o z1/2 .
I - " cos wo sin w
2\l -e¢

[12-2e11+0(e2)]

1 31 +1 0 2
[11+3e( L)+ 0(e )]
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/ 3

_ EW %o L1/2

dx B 5 ‘I pf
ZVI-e

d.(Log(tan % ))

1 1 2 . 2 2 2
[E IO+-£IZ(cos w -sin wo) - 2ecos woll + 0(e )
X (4-81)

1 2.
[Il + > e(3]l0 + IZ) +0(e )J

Since the term ¢ w is very small, © and i vary slowly. For the
present development, a first order analysis will be adequate. This

implies setting e = 0 in Eqs. (4-81),

a 3
e ew 2. cosw sinw (x)
dx =~ 2 R o o 72
d(Log(t L 3
(Log( anz)) ew Iao 1 +—1_(coszw L2 | ]
dx T2 V pf 2% 72 o - “o'Y2
(4-82)
Substituti = Z into Eqs. (4-82)
ubstituting y, =y_ - — gs. (4-
3
a
s _ ew 2 cosw sino ( —=)
dx 2 pf o o' Yo x
d(Log(t L 3
(Log(tan 3))  ew /éo -2 ( .2 .2 | 1
dx 2 ‘Ipf Yo¥o '€ Co I W %
(4-83)
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Finally, Eqgs. (4-83) can be integrated from X, to x with initial

conditions 2 and 10 .
o
3
€EwW ao
= 4+ —
22 Qo 2 V 153

i 3
tanE w 2 2
Log - = EL 2. |cos“w z (x)
i 2 pf ol

tan-—o—
2

. x
cCOosSw Sin w [z (x)-?_Log—']
o o 1 x0

2 2
- (cos w -sin w ) Log —X:l (4-84)
o o X

where ZI(X) is defined by Eq. (4-26). Thus, first order solutions
have been found in parametric form for the longitude of the ascending
node, £, and the inclination angle, i. For small eccentricities,
Eqgs. (4-84) indicate that Q varies very slightly, not only because
w is small, but because as x - 0 , ZI(X) - 2 Logx—X . Similarly,
o

for the inclination angle, it can be shown that for small x

: 6 i a 3

i x o €W o

tan—” = |— tan — , where &6 = — —_—
2 x 2 2 vl
o .

Since 6§ is very small, the inclination of the orbit plane hardly

changes during the lifetime of the satellite for nonzero values of x.
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X/X0

Variations of z as Function of x/ x

z = nondimensional semi-major axis = a/a ,
e, = initial eccentricity and x = B ae . ©
The parametric solution z(x) is generated by
Eqgs. (4-32) and (4-31).
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Variations of (r -rp)/H as Function of x/xo .

p
o
(rp -rp)/ H = drop of periapsis in scale heights,
o
e = initial eccentricity and x = 3 ae = ae/H.

The plot is generated from Eqs. (4-34) and (4-31).
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Variations of (r, - r,)/H as Function of x/ x .
o

(r, -ra)/ H = drop of apoapsis in scale heights,
e, % initial eccentricity and x = Pae = ae/ H.
The plot is generated from Eqs. (4-35) and (4-31).
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Fig. 4-4. Variations of rp/ r_  as Function of x/xo

. po. . sl . .
T /rp = ratio of periapsis to initial periapsis,
e = igitial eccentricity and x = pae.
The plot is generated from Eqgs. (4-36), (4-32)
and (4-31).
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Fig. 4-5. Variations of ra/ r, as Function of x/ Xy -
o
r,/ ry = ratio of apoapsis to initial apoapsis,
e, = initial eccentricity and x = Bae. The plot

o
is generated from Eqs. (4-37), (4-32) and (4-31).
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Fig. 4-6. Variations of T/To as Function of x/xg .

L4
o

T/To = ratio of orbital period to initial orbital period,
e, = initial eccentricity and x = pae. The plot is
generated from Eqs. (4-38), (4-32) and (4-31).
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Fig. 4-7. Variations of z as Function of e .
z = nondimensional semi-major axis = a/a_ and

e = eccentricity. The explicit solution z(e) is
generated by Eqs. (4-46) and (4-47).
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Fig. 4-8. Variations of (rpo - rp)/ H as Function of e.

(r -rp)/ H = drop of periapsis in scale heights

Py
and e = eccentricity. The plot is generated

from Eqs. (4-49)and (4-47).
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Fig. 4-9. Variations of (r, -ra)/ H as Function of e.
o
(rao-ra)/ H = drop of apoapsis in scale heights

and e = eccentricity. The plot is generated by
Eqs. (4-50) and (4-47).
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Fig. 4-10. Variationsof r /r_  as Function of e.
o
rp/ rp = ratio of periapsis to initial periapsis

and e = eccentricity. The plot is generated by
Eqgs. (4-51), (4-46) and (4.47).
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Fig. 4-11. Variations of r / r, as Function of e.
o
ra/_l_f = ratio of apoapsis to initial apoapsis
o

and e = eccentricity. The plot is generated by
Eqgs. (4-52), (4-46) and (4-47).
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Fig. 4-12. Variations of T/ T as Function of e.

T/ T, = ratio of orbital period to initial orbital
period and e = eccentricity. The plot is genera-
ted by Eqs. (4-53), (4-46) and (4-47).
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CHAPTER 5

TIME IN ORBIT

5.1 The Time Equation

The final orbital variable to be determined is the time which

is found from Kepler's equation
~——T
JJL_ t = E-esinE (5-1)

In its differential form

dt _ a3/2

dE ‘/:v

The average equation is simply

(1 -ecos E) (5-2)

ae _ 227 T . ‘s
dE_Jl? T 2w (ao (5-3)

where To is the initial orbital period. Since the other elements
have been given in parametric form as functions of x, it would be
most convenient to find t as a function of x also. Dividing Eq. (5-3)
by the average equation for x, Eq. (4-8), gives the average equation

for the time
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Torp exp(xo) exp [pa (z-l)]
. o 0 (5-4)
47 [3a.ozz0 zl/2 [Il+% e (3Io+ IZ) + .. ]

&5

The exponential term is found by using the parametric solution for

z=af 2, from Eq. (4-32).

(z-1) e z_+ez + 2 + .
exp[ﬁao - xpl:1 EZ €z3 ]
2

€ 2
exp(zl) [1+ez2+ 5 (z2 +2z3)+...]

xI (x) 2
_ 1 € 2 ]
=TI [1+€z2+ > (z2 +2z3)+
ol o
(5-5)
Defining the dimensionless time T as
2
St
2w ﬁao pp0 CD |
T = mTo XOII(XO) exp (-xo)t | (5-6)
the dimensionless time equation takes the form
€ 2 2
dr x[1+€zz+—2—(z2 +2z3)+...]
-— = - (5-7)
dx 1/2 €x € sz
z [1+-2—z (3yo+y2) + 8z2 (11+y3)+...:|

After substituting for z(x) , applying the binomial expansion and

dividing, Eq. (5-7) becomes
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dr _ €
= -X [1 -3 (z1-2z2ri-3xyo+xy2)

2
€ 2 2 2 2 2 2
+ 5 (-11x -x y3+18xy0z1+6xyzz1 +18x Y, +2x% v,

2 2
+12x YY" 12xyoz2 - 4xy2z2 + 3z1_ - 4z2

“rozy)]
-4z1z2+4z2 +8z3) (5-8)

5.2 Integration of the Time Equation

It is convenient, but not necessary, to assume the solution

of the time equation in the following form

2
T = -ro+e-rl+e T, (5-9)
Substituting Eq. (5-9) into Eq. (5-8) provides the three differential

equations for To , Tl and TZ

dr

—° - 4
T = -
dr

1 _ . 7
T = (ZAo-l) x + > le
dr

2 _ 3 1 2 2 2
= = 2x + 2(7xo -8Ao -lle)x+ 9x yo

.63 2
- (10+7A0) Xz, - g Xz, (5-10)
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with initial conditions
To(xo) = Tl(xo) = Tz(xo) = 0 (5-11)

Integrating Eqs. (5-10) from x to x , it is found that

= o)
To - 20 %
1 2 2 7 2
Tl = 3 (x -xo )(ZAo-l) +4 b'd z1
x
7 2
- Z f X yodx
x
o
S U S
T2 T 72 “*o
1 2 2 2 2
+ 4 (x X )(7xo -8Ao -lle)
1 2 63 2 2
- — 0 - —
> X Zl(l +7AO) 16 x z1

1 * 2
+ > [28 + 7Ao] xf Xy, dx
(o]

X
63 2
+ 3 f Z, Xy dx (5-12)
X
o
Unfortunately, the two integrals fxz dx and f z x2 dx cannot
be expressed in terms of known functions. Approximate techniques
will be applied in the next section to yield an accurate solution of

these integrals.
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5.3 Approximate Integration of the Unknown Integrals

For the modified Bessel Function In(x) the following series

expansion is available for small x (Beyer, 1976)

Xn { XZ X4
I(x) = — {1+ +
n 2"n1 22, 11 (n+1) 2% 21 (n+1)(n+2)
6
+ — o (5-13)
2 « 3!'(nt+l)(n+2)(n+3)

For n =0 and n = 1 this formula becomes

x.2 l(x)4 1 x6+ 1 5)8 1 (5)10_*_“.

I = 1+(3) +7 +35(2) t575 (3 14400 '2
_x,1 x.3 _1 X 5 1 1 X 9 1 x 11
Lix = S+ 3G +17 2) *Zs80 (2) " 86200 (2) t -

(5-14)

Dividing the first equation of Eqs. (5-14) by the second gives the

series expansion of yo(x) for small x which will be designated Yo

2 1. 13 1 5 1 1 13 9
Yo T 2T2%¥-96% * 1536 * 23040 * T2223680 * " (5-15)

On the other hand, for large x, the asymptotic expansion

(Abramowitz and Stegun, 1972) is
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% _
In(x) = € {1 _opd + (r-1)(-9)

v.21rx 8x ~ 2! (8x)2'
-1) (.- -25
ClelEwezs) (5-16
31(8x)
2 .
where p = 4n . Settingn=0 and n =1 gives the asymptotic
expansions for I0 and I1 .
e 1 9 75 3675
Io(x) = {1+§+ 2+ 3+ )
Van 128x 1024x 32768x
59535
L
262144x
* 3 5
Il(x) - e 31 e 1 5- - 1053 _ 47254
2T x 128x 1024x 32768x
72765
- T - e (5-17)
262144x

After performing the division , the expansion of yo(x) for large x

designated by Y, is

L

3 63 27
y = 1+_Zl_+32+ s+ — 4+ =t ... (5-18)
°L *  gx~ 8x  128% 32x

2 . .
Multiplying Eqs. (5-15) and (5-18) by x and integrating term by

term from X to x , the approximate solution of the first unknown
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integral is obtained for small and large values of x.

X
2 2 2 1 4 4 1 6 6
fx Y, dx = (x -X ) + 16(x X ) - 576(x X )
x s
o
1 8 8 1 10 10
* 12288 % "%, ) - 230400 * %, )
13 12 12
*T3o8a160 X K ) for x <3
x
2 3
f xy dx =1 (x3-x 3) +i(x2-x 2) + = (x-x )
o 3 o 4 o 8 o
xo L .

3 x 63 1 1. 27 1 1
2 Log = 4 — (e = Sl (==
tglee Tt oY)t (T3 -3)
o] 0] X X
O
for x >3 . (5-19)

Comparison of the approximate solution (5-19) and the numerical
integration of xzyo indicates a maximum error of 0.3% . Since
the integral appears in the € term, this is equivalent to an error
of 0.003% or less, which is sufficiently accurate.

Next, the second unknown integral which appears in the
T, equation of Eqs. (5-12) must be evaluated.

Integration by parts reveals
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X
flexzyodx = 2, szyodx-xj [fxzyodx]yodx (5-20)
o

The first integral on the right hand side has been solved and the
second can be determined easily from the earlier work. By dropping
the constants from Eq. (5-19) and then multiplying by Eqgs. (5-15)

and (5-18) and integrating term by term from x to x , the integration

of Eq. (5-20) can be performed for small and large values of x,

f}; x2 dx = =z x2+ 1 x4 1 x6+ 1 x8 1 x10+ 13 x12
2% yos 1 16 * ~ 576 12288 ~ 230400 53084160

2 2 3 4 4 1 6 6
- = % ) - 32(X % ) - 3456(X "% )

s Box 8 299 __ 10 10,
147456 - ~*o ' " 110592000 "%

623 12 12)

* 3185049600 = "%, for x < 3

X

2 _ 1 312 3 3 63 27
lex yo dx = zl[3x +4x +8x+8Logx-128.X- Z:I
X L 64x

1. 4 4 5 3 3 5 2 2
-1z, )k -x ) -Tp X 'Xo,)

64x 2

¢ togx[- i -Frosx gl ¢ =2 ]
128x

77



3.3 3 9 9
- Log xo[_' 8 %ot327 32 8% gax * 2]
o 128xO

v
w

for x (5-21)

The exact integration of zlxzyo was determined numerically by
computer and compared to Eqgs. (5-21). The greatest error was
found to be less than 1%. Since the integral appears in the € 2 term
the error is of the order 0.0001%. Thus, Egs. (5-12), (5-19) and
(5-21) give the solution of the dimensionless time T as a function of
x to a high degree of accuracy. Now, for any value of the parameter
x, the semi-major axis, eccentricity, per.iapsis, apoapsis, period
and the time can be computed. The solutions are very useful in
determining the total lifetime of the satellite as well. For example,
the final value of one of the orbital elements such as periapsis or
period can be specified for orbit decay and the corresponding x

f
can be put into the time solution to obtain an accurate estimate of the
satellite's lifetime.

In order to provide a formula for the maximum lifetime, the
limit of T T and T, .will be taken as X 0 . This can be done

by inspection for most of the terms in Eqs. (5-12). For the

remaining terms, L'Hospital's Rule is applied. For example,
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Lim x"z = Lim —11 = Lim °3
x-»0 x-+0 ——2- x+0 -2x%
X
3
= Lim--é— 3(—+-1-x-316-x+ )
x—0

= 0 (5-22)

Similarly,
) 2 2 ) .

Lim x z1 = Lim le Lim le

x-+0 x—+0 x—0
and

z1 y
Lim le = Lim —1 = Lim >
x—+0 x+0 - x+0 -x
x
= Lim -xZ(—+lx- ees )
4
x—+0

= 0

so that
2
Lim xzz = 0 (5-23)
1

x—-0

Thus, the maximum lifetime of the satellite is the finite
quantity T

_max
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0
1 2 1 2 7 2
TL = -2—xo +e€ I:— 2(ZAo-l)xo -1 5{[ x yodx:l
o
2
+ € [_'l'x 4--]"-(7x 2-8A 2-llA ) x 2
2 o 4 o o o o
.
1 2
+ 5 (28+7A ) [ x y dx
X
o
0
63 2
+ ry z, Xy dx] (5-24)

X
o]

where the integrals are evaluated by Eqgs. (5-19) and (5-21). It
should be noted that the lifetime obtained from Eq. (5-24) is the
maximum and that it is possible that the entry phase may commence
at'an earlier time, when xf_is not yet equal to zero, as mentioned
earlier.

The accuracy of Eqs. (5-24) and (5-12) along with Eqs. (5-19)
and (5-21) has been tested by comparing the analytic solution to the
numerical integration of Eq. (5-8). The greatest error found is in
the fourth or fifth digit which is sufficiently accurate when the range
of validity is restricted to small eccentricities, 0 < e < 0.2.

Since the maximum lifetime is expressed as a function of

X and ¢ , T =T (xo,e ), in Eq. (5-24) the final equation can

L

max
also be put in terms of e ande , T =T (eo,e ). Itis

L L
max
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interesting to note that for very small values of eccentricity, the

classical parabolic law is deduced.

2. - %e (5-25)

So that, as a rough estimate, the time in orbit is proportional to

the square of the eccentricity. The expression for 7 given

L

max
by Eqgs. (5-24), (5-19) and (5-21) provides a substantial improve-

ment both in accuracy and range of application over the classical

parabolic law.
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CHAPTER 6

BALLISTIC ENTRY

6.1 The Ballistic Entry Equations

Near the final stages of orbit decay the orbit circularizes
and the entry phase is imminent. The universal entry equations
(2-18) still apply. For CL = 0 and B r = constant, the equations

become

- = -BrZtan vy

il_l. = - 2—.@.—‘r Zu - utanY

ds cosy

do
ds -

dQ
ds

di
= 0 (6-1)

From the last three equations of (6-1) it is apparent that s
is equivalent to ¢ , the angle between the ascending node and the

position vector, and that Q and i are constants. This reduces the
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problem to third order.

dZ
e - -BrZtany
da cosvy
2
dy = 1. =05 Y (6-2)
da u

Using the variable

2 u
voeos = T (6-3)
cos vy
changes Eqgs. (6-2) to
dZ
i BrZtany

dv _ ZVEr Zv 1'_ sinx I-E)

do cos vy pr Z v
dy _ . 1 (6-4)
do v

Egs. (6-4) apply to the motion of any ballistic vehicle in a
nonrotating atmosphere from the initial time in orbit to the instant
of contact with the surface of the planet. The atmospheric density
varies exponentially with altitude and the p r term is assumed to be
a constant approximately equal to 900, The dependent variables
Z, v and y are the modified Chapman variable for altitude, the

nondimensional velocity squared and the flight path angle. The
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significance of the modified Chapman variable Z is that it allows

a single trajectory solution for a given initial velocity and flight
path angle to be computed which applies to every possible ballistic
satellite, regardless of the mass, surface area or drag coefficient.
This means that for particular initial conditions on the velocity and
flight path angle, every satellite follows the same trajectory in terms
of Z. The only difference is the particular altitude, which depends
directly on the satellite parameters. Thus a single analytic solu-
tion has a wide range of application. Furthermore, using the
modified Chapman variable the resulting equations are free of the
restrictions of the original Chapman formulation, as discussed by
Vinh and Brace, 1974, so that the exact tables of Z functions for
entry analyses can now be generated to replace those of Chapman
and Kapphahn, 1961.

In the next three sections, three distinct analytic theories
are developed to cover the cases of ballistic entry from circular
orbit, ballistic entry from nearly circular orbit and ballistic entry
at moderate and large initial flight path angles. This is due to the
fact that singularitie:s arise in the treatment of the problem as a
result of dividing either the first or the second of Eqgs. (6-4) by the

other two and integrating. Unfortunately it does not seem possible
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to have a single analytic solution which is uniformly valid for all
values of initial flight path angles because of the nature of the
problem. In the case of atmospheric entry from circular orbit, the
magnitude of the flight path angle, initially zero, rapidly increases,
approaching 90O as the velocity becomes small. On the other hand,
for steep angle entry, the flight path angle changes very little--of
the order of tenths of a degree--as the nondimensional velocity
decreases from unity to one tenth the original value.(between Mach
2 and 3). The zero order terms of the two theories are totally
different, which indicates that separate theories are necessary. The
entry theory for large and moderate flight path angles has as its
small parameter

1

m |
0

B r;i ‘ca.nzyi
where ;i and y; are the initial nondimensional velocity squared and the
initial flight path angle, respectively. Obviously, when the magnitude
of Y; becomes small a new small parameter must be found. For
small initial flight path angles a simple power series solution is
found by assuming the magnitude of Y; is small and Zo is zero . The
same approach is not available for the zero initial flight path angle
analysis, since both initial derivatives are zero and all the terms of

the power series would be identically zero. Following the choice of
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variables used by Yaroshevskii (1964), the problem is resolved in
such a way that the initial point is a singularity, but has the proper
behavior as the independent variable approaches zero. The
Yaroshevskii solution is found as the zero order term and then a
first order term is added, which greatly increases the accuracy.
In thevnext sections the entry from circular orbit is
developed first, since it represents the final stages of the majority
of decaying orbits. Next, the small angle theory is presented and
finally the moderate and large angle theory, which applies to the
case in which entry is usually accomplished on the first orbit from

/

an initially highly eccentric orbit.

6.2 Entry from Circular Orbit

The planar entry equations (6-4) will now be considered for
entry from circular orbit. Dividing the first and third equation of

Eqgs. (6-4) by the second gives
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—
dz igr siny 1
dv 2v . 2

|- siny (1-2)

2afBTr Z v
dy - (1 -v) cosy ‘1 (6-5)
dv .
ABr z v 1-——M——(1-%)

2\Br Z

with Z and y as the dependent variables which are initially nearly
zero and v as the independent variable, initially one and assumed
to decrease to less than one hundredth as the final condition.
Precise initial and final conditions cannot be put on Z without the
knowledge of the satellite parameters. To surmount this difficulty,
the final orbit was defined as that orbit in which the initial Z was
such that the satellite's velocity reduced to one tenth the circular
velocity, while the longitude reached 360 degrees. In most cases,
this definition provides the entire trajectory including or beyond
the point of surface contact. Only in the case of very low density
entry vehicles, such as balloons, would the definition have to be
modified.

The development of the theory is facilitated by the following

change of variables:
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Y = 2Z
e = -\’ﬁr siny
X = - Logv
1
€ = 57 (6-6)

Note that all the new variables are positive. Rewriting Egs. (6-5)

in terms of these,

dy @

X
1+-€—§-(1-2e)

s | _ (-es))eon 6.7
dX €d X -
Y[l + £241 - 2e )]

Expanding Eqs. (6-7) to one term in €

dY €d X
gL = 14+ == -
axX @[ + Y (2e 1)]

ax Y 1+ — (2e

Y

de _ (1l-€ <I>2)(eX-1) [ €2 X-1)] (6-8)

Poincaré's method of small parameters for integration of a system of
equations can now be demonstrated. Assume to the first order a

solution of the form

= <I’O+e¢)1

1))
Y = Y0+6Y1 (6-9)
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Substituting Eqs. (6-9) into Eqgs. (6-8) results in two systems of two

first order differential equations.

dY
o, _ @
dX o
dd X
o) _ e -1
dx Y (6-10)
o
dY iy 2
— =+ =2 (2%
dXx 1 Y ( e -1)
o
dd X
1 _ (-1 | % 2 X 2 Y
dX Y v (ée -1) -2 " - v | (e-11)
o o o

Eqgs. (6-10) must be solved first. They can be put in the form

of a second order differential equation,

o) _ e -1
- Ty (6-12)

with initial conditions

Y (0 = 0, &(0) =0 (6-13)

An attempt to solve Eq. (6-12) by assuming a solution of the form

Yo = a ta X+ aZX2 + ... fails because the initial conditions
(6-13) force the a, to be identically zero. Apparently, the first
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term is neither a constant nor a linear function of X. Yaroshevskii's
approach will be employed to find the first term of the series.

For very small values of X, v -1 and Eq. (6-12) becomes

it
=

(6-14)

The solution of Eq. (6-14) is easily found by assuming Yo = ¢ X"

and solving for ¢ and n to obtain

Y = _2.. X3/2
© V3
dY
o _ X = x1/?
X - %~ \[3—-X (6-15)

which satisfy the initial conditions (6-13) as X - 0 .,

With the insight gained from the analysis of Eq. (6-14), the

solution to Eq. (6-12) will be

Y - £ X3/2 y (6-16)
o J?
with
2 3 4
= . 6-
v 1+a1X+a2X +a3X +a4X + (6-17)

Using Eqs. (6-16) and (6-17) in Eq. (6-12) provides

2 dy
X =7
y + 4X ax +

X —5 = (6-18)
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Expanding the exponential term and substituting for y and its deriva-

tives allows the a, terms to be found after equating coefficients of

like powers in X . Thus,

_z ol 1 X 1 X2
YO—\I?X [1+3(4)+6(4)
47 X 3 20021 . X 4
594 ( Z) * Gossso | 4)] (6-19)

T2 [y 5 K, 1 X2, 4T X3
2, = N3 x [1+9(4)+18(4)+198(4)

(

20021 X 4
* 165240 4 ) :I (6-20)

Next, the second system of differential equations, Eqs. (6-11)

corresponding to the € term will be solved. The resulting second

order equation in Y1 is

2
d ¥, X1 % X 32e3-1)
7t 2] Y17 % g -b Y - %
dX Y o) o
(o]
o 2
+2e8 8 - (2eX-1) 9 } (6-21)
o) Y0

The correct form for the series solution of Y1 can be obtained by

letting Y. = ¢ X " and solving Eq. (6-21) for the lowest power of

X n From this it is found that the Y1 series solution must be in
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the form

2 3
1 l+b1X+b2X +b3X + ... (6-22)

<
i

Before substituting Eqgs. (6-22) into Eq. (6-21), it is convenient

to let
c = ex-l
X

D = Zex-l

3/2

2

Y = _._2(.._._.._..._. A
° \[3'
d = \’3 XI/ZB (6-23)
o

Now, with Eqgs. (6-22) and (6-23) put into Eq. (6-21)

2
dy dy
A2(§y1+3x——l—+X2—é) +§cy1 =
dX dX '
9 B 3 2 X
2 =2 ! 2pe- ZBA -
2 X{ZD(CB)+ . (D+3)} (6-24)
Expanding A, B, C and D,
1. X. 1,X2 47 X .3 20021 , X . 4
A= I+ (P 0 557 () + osese (7!
5 X. 7 ,X.2 47 ,X .3 20021 , X 4
B o= 1+g0 5 + 155 (7) *T6s240 ¢ 7
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_ X 8, X2 8 X3 32 X4
C= 1+2 ()+ 307) +3(3) + 5 (7)
X X .2 64 X 3 64 X 4
D = 1+8(Z-)+ 16(-74-) +-3—(Z') +—3—(z) (6-25)

After substituting Eqs. (6-25) and (6-22) into Eq. (6-24) and

equating coefficients of like powers of X, the Y1 solution is found.

N3 _3/2 65 X 105047 X 2
3 X 2) * “79002 ()

191876677 , X 3

132960366 ' 2 (6-26)
The solution for q>1 is
- 743 x/? | 4325 (X, , 105047 X 2
1 2 189 4 33858 4

191876677 X 3
44320122 ' 4°

(Zex-l) 2
B — & - (6-27)
(o]

Thus, the solution for reentry from circular orbit has been
found in Eqs. (6-9), (6-19), (6-20), (6-26) and (6-27). Itis
interesting to note that the Yaroshevskii solution appears as the

zero order term., With the first order term included, the accuracy
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is greatly improved. The only drawback is that the & expression,

1
. 2

Eq. (6-27), has a singularity at X = 0 due to the @o /Yo term.

However, the Yaroshevskii solution is not accurate near values of

X »» 0, and so the defect in the present theory is more than

compensated for by the large gain in accuracy.

6.3 Entry from Nearly Circular Orbits

If the entry phase initiates before the orbit has completed
circularization, then a new theory must be applied which takes into
account a small initial flight path angle. An approximate theory

can easily be developed assuming

VAT zv > (5

where the term on the left hand side is the deceleration in g's due

sin vy | (6-28)

to the atmospheric drag. This assumption is valid for a large
portion of the entry trajectory. It is violated initially when the
deceleration is very small, but this effect is only transient. The
only other violation occurs at the final stage of entry when the
magnitude of the flight path angle, y , becomes large and the
dimensionless velocity squared, v, is small. By this time the
essential features of the entry dynamics such as peak deceleration

and peak heating rate have already occurred. With these consider-
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ations, assumption (6-28) is justified and Eqgs. (6-4) become

dZ

—— = - Z ’
P Br tany

dv _ 2\¥Br Zv

da cosy

d 1
—El% = 1 - = (6-29)

Dividing the first and third equations of Eqgs. (6-29) by the second

equation ,

az_ _ Yar

dv 2v siny

d (1-v)cos

?1% = YZ (6-30)
24pr Zv

Now, Eqgs. (6-30) can be transformed by the change of variables

to

- 27
Y = —
G
® = - siny
X = - Logv
e = (6-31)
Br
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[o N
v
}

d4Y = 3
dX
- X -2
d®d - €(e -1)(1-98 ) (6-32)
dX v

with the initial conditions

d(0) = @0 = -sinyi (6-33)

The equations will be integrated by Poincare's method of

small parameters. Assume

— —_ — 2
+
Y Y0 eY1+€ Y2

—— pu— — 2.....
@ = 2 +e€® t+e o, (6-34)

Substituting £qs. (6-34) into Eqs. (6-32) gives the three systems

of two first order differential equations.

dY_ _
= @
dX °
d o
°© = o (6-35)
dXx
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“1. 3
dX 1
de X
- — 2
Lol 2D (.34 (6-36)
dX Y o
o
dY2 _
= @2
dX
da X Y Y
—2 o= 2 2.1 .23 5% (6-37)
dX Yo YO © YO o1
The initial conditions are
) 0 = EY = a i
@0( ) @o sin Yi
YO(O) = Yl(O) = YZ(O) = 0
3,(0) = 3,00 = 0 (6-38)
The solution of Eqgs. (6-35) is simply
5 (X) = @
o o
Y(X) = & X (6-39)
o o

To solve Eqgs. (6-36), first expand the exponential term and

find <D1
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1 o X
= — 14 5 + 5= +...+=+
dX o 2! 31 n!
° (6-40)
So that _ 2
1-& 2 n
- o X X
= —_— X e —
(Pl 3 ( * 221 + + nn! + )
o
-2 o0
_ 1- Qo Xn
X = [—=] Z == (6-41)
@o n=1 ’

Next, Y. can be found by integrating Eq. (6-41) .

1
_ 1-502 @ Xn
Yl x)y = j—— f Z; p— dx
o n=1 )
o
1-502 ES B+
= |—= — (6-42)
— 1
3 n=1 n° (n+1)!

(o)

In a similar way the last set of equations (6-37) can be integrated to

- 2 2
give _ 1-8 ® <0
3,x) = - [—=]{Z —
P =1 noo!
o
-2 2
(L-3 ) o @ n+m
. —2 2 X X
— ! !
3 3 m=l n=1 (n+m)m! n(n+1)!
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-2 o

1- Q Z} Z} Xm+n+1
Y, X = -( 3 m=1 n=1 (m+n+l)m'm! n-n!
o]
- 2.2
(1- @02) g g yotmtl
B -3 m=1 ._, (ntmtl)(n+m)m!n(n+l)!
o, n=1

(6-43)

The particular form of the solutions makes computation by computer

very easy. It would be convenient to have the first few terms of the

series.
Explicitly,
1.3 2
- " %o 2 1.3 25 _4 1 5
= - — X — .
2,(X) = (x+2 +144x +144x+ )
(o}
(w)
5 4 5
( tragX +800X+ )
1.3 2
= _ " o 1,3, 1,4 5 .5 7 .6
Y,(X) = -( = )(3x+8x+144x + 352 % +)
(o]
(-5, °
" o 1.3 1.4 1 _5 7 6
- — — — X +...
=3 (12X 36X tTaa X Yoo~ * )

(6-44)
Thus, the entry from nearly circular orbit problem has

been solved to second order in Egs. (6-34), (6-39), (6-41), ('6-42)
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and (6-43). The appearance of the (1-602)/ 50 term indicates the
limitation of the theory to small So ; very small values and large
values of 60 are excluded. For very small 50 , the theory of
entry from circular orbit can be used. For large and moderate
values, a third analytic theory must be developed. With these
considerations in mind, the theory for small initial flight path angles
is restricted to the range 2. 5° < - Y; < 7°.

Next, the solution will be used to determine the speed at
which the peak deceleration occurs. The deceleration in g'sis
given by

Br Y(X) e X (6-45)

Q
I
o

Differentiating Eq. (6-45) with respect to X and setting the result
equal to zero gives the equation for X at which maximum decelera-
tion occurs.

d Y(X)
dXx

= Y(X) (6-46)

Putting the expressions for the '?i into Eq. (6-46) gives the formula
for the critical value of X and consequently the speed during

maximum deceleration.
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n
-X) X
X = 14— |> @l-X)X

2 . !
tan vy, =1 ne (ntl)
i
2 o0 o0
2 o'} n m+n+l
< (X X -2 U X
2 nen! (m+n+l)m- m!n.n!
tan \A n=1 m=1 n=1

®©  ©  imil - X) XPT™
-~ 12 2 T(atmil)(mtm)mine (atl)!
tan'y, m=1 n=1 4

(6-47)

1 for maximum deceleration which

As a crude approximation, X

gives v = e"1 = 0.36788 or

\ -1/2
= e
‘/gr

This is the classical solution for steep angle entry in which the flight

0. 60653 (6-48)

path angle remains nearly constant and the peak drag force occurs
when the speed has reduced to 0. 60653 of the circular speed. Using

X =1 in Eq. (6-45) gives a rough estimate of the peak g 's.

1 ) -1
Gmax = -3 Br sm\(i e (6-49)

Inspection of Eq. (6-47) reveals that for small angle entry
the critical value of X is larger than 1, which cdrresponds to lower

speeds. One method of obtaining the correct value of X would be

101



by numerical computation. Since X = £(X), the first value of X must
be guessed (X = 1 would be a good start) and a second value is
generated from the equation. If |f'(X)| < 1, which is generally
valid here, the sequence X1 = f(Xo) , X2 = f(Xl), <.+ , converges
to the unique root X* = f(X*) ,

It would be most convenient to have an accurate explicit
solution for the critical value of X. Fortunately, Lagrange's expan-

sion can be applied (Eq. (4-45)) to Eq. (6-47) up to the first order

term to give a good approximate solution.

o n
€ E (ntl-X) X

n(n+l) !

s
0
-

> (6-50)
tan Y; n=1

- e L, 1. 1.1
X =1+ > (5, +3r+tar T ar *t oo )

tan Vg

or

x = 1+ £Le2) (6-51)

tan2
Y
This simple formula gives the explicit value of X and, hence the
speed, at which the peak deceleration occurs. For small initial
flight path angles, it correctly indicates that the peak drag force

occurs at lower velocities. In the range of small initial entry angles,
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2.5° < - v. < 7° , the expression accurately predicts the critical
— 1 —

speed to within 2% of the actual value.

6.4 Ballistic Entry at Moderate and Large Initial Flight Path Angles

Although it is unlikely that a satellite undergoing orbit decay
due to atmospheric drag would begin entry phase at a large flight path
angle, there are certain cases such as return from the moon and
atmospheric capture of probes to other planets in which an analytic
theory for large initial flight path angles would be highly desirable
and useful, In order to give a complete description of the entry phase
for ballistic trajectories, the large and moderate initial flight path
angle theory will be developed.

Eqgs. (6-4) will once again be used, but this time the first

equation will be divided into the other two, providing

dv  _ 2v l:l siny E):I
dz J——‘ . ) T v
Br siny 2effr Z
dy . 1-v (6-52)
dzZ

Br Zvtany

Eqs. (6-52) are ideal for analyzing the entry phase at steep entry
angles. The dependent variables are the nondimensional velocity
squared and the flight path angle y , while the independent variable
is now the modified Chapman variable Z. When \A = 1 the flight path

angle remains nearly constant throughout most of the entry phase
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while Z rapidly increases and v decreases. Initially, % = 0 and
remains small until the very end of the trajectory when v is small
and the flight path angle suddenly decreases to nearly -900. The
known behavior of Eqs. (6-52) suggests an appropriate change of

variables.

Let the variables be transformed according to the following

_ sinyi
S = -
siny
B 27
T] — -
"ﬁr siny,
= 1 = nstant 6-53
€ = BT = co n (6-53)
so that
dv = € 2¢
—-— 4+ vS(l+=) = —
dm ( Sn) n
. —52 .2
dS _ e(v-1)S "SIy
T S—— z (6-54)
M sin Y;

Examination of Eqs. (6-54) reveals that Poincaré's method of small
parameters can once again be employed.
Assuming
= + relv. 4
v = VO € V]. € V2

2
S -
So+el+€ SZ+ (6-55)

n
n
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with initial conditions

v, v(ni) = vy
S, = Sty =58 =1
vl(ni) = vz(ni) = = 0
= = ... = 6-
s, (m.) s,(m.) 0 (6-56)
ds
Since dn° = 0, S_=1andEgs. (6-55) become

v = v tev + 2v +

= v tevi eV, 4.,
- 2
S = 1+¢ Sl+e SZ+... (6-57)

Eqgs. (6-57) will now be substituted into Eqs. (6-54) to obtain the

three systems

dv
o
an + fo = 0
dSo
= 0 -
an (6-58)
dv v
1 o 2
— S. + — = =
an T VitV M
i W WS ) (6-59)
= 5 J _
dn tan v om VOT]
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dv

2 YV 4+V.S 4V S +-V—1-= 0
dn 271717 o2 T Ty
d5, 2 15 1 5105 1
dn 2 (-7 = P R
sin\(i o 1:a.nyi N o™ nv

(6-60)
Note that the solution for S0 has already been substituted into Egs.

(6-59) and (6-60). The integration of Eqs. (6-58) is easy

v = 7 e-n
o i
S = 1 (6-61)
o
where
v, = v.e (6-62)
i i

The zero order term is the classical approximate solution of the

Chapman entry equation (Chapman, 1959). Note that any initial

velocity and altitude are incorporated into the solution.
Substituting the v expression into the flight path angle

equation of Eqs. (6-59) provides

(6-63)

Integrating
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1 n 1
S, = —5— Log— - —/——— |E.) - E.n) (6-64)
1 2 n. 2 i iti
tan Yi 1 vitan Yi

where Ei(‘n) is the exponential integral

n
_ el )
E.fn) = f — dn (6-65)

which is discussed in Section 4, 6.

Now the v, equation of Eqs. (6-59) can be solved by variation

1
of parameters.
- -m -
v, Cl(n) e (6-66)
Putting Eq. (6-66) into the A equation gives the equation for Cl
dcl _ n [2 vo:|
_— = e - -v S, - —
dn n o1l n
2 n V.
_ 2e i Log 2-
n 2 .
tan Yi 1
1 o
t+ —— |Em) -Em)]| - = (6-67)
2 1 1 1 n
tan Yy

Upon integrating
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3 1 2
Cl(n\ = [Ei(n) - Eih i)] (2tan Y; +n)

tan Yi

—— 2
-v. Log & (n+ tan"y.)
i n; i

_— ﬂi
+ vi(n-ni) - (_en-e ) : . (6-68)

The integrations of Eqgs. (6-60) are performed in much the
same way, but they are much more laborious. It is convenient to

put the final results in the form

- = .M = =2
v = vi e [l+ef1(n)+e fz(n)+...:|

S = 1+Zg1(n)+22g2(n)+ (6-69)

where

1

— 2
6] rv. tan Y;

_ 27
n = -
Br siny,
V i
siny
v, = v. e (6-70)
i i

and-
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where

—_— 1 -2 3 2 2
vi(e -e ) -vie L+vi (2 +tanyi)L

—_ ooq — 2
- - E
+ vy vini+e + e 3vi (1 +tan yi) L] °

3 2 2 —_ 2
+ (2+2tan yi) EO -ZEO(Zn)+vitan v, F
- - (M -6 b - T(tany. 4 m) Lt (2 tanPy. 4m) E
viin-n)-(e -e 7) - v (tan vy, +n noy, ) E_
n.
—| 2 1—2 2
ViE -Vvi(3+2tan Yizl (n-m) + 5v. (n-n)

n. .
—_— 2
+VGemie e H - 2 (e M

n.
1

ol s 2 2
+ \f vi‘ni(3+2tan yi) - (2+tan yi) e
— 2 n T‘i
tv,(B+tan vy -n)n-n )+ (m-2) (e -e )| L

_\;;2 (tan4\(i - 3n4n 2) L2

%]

+
+ |2 +tan®y) - 4¥m+ vn24Vm(3-n) L+ (2m)e"| E
vi n Yi - ViT] ViT] Vi'ﬂ -N ne o

1 2 - 2 2
+ Zn('r] - 3)E0 +2(n - l)Eo(Zr] ) - vi tan yi(?. tan Y; in)} F

(6-71)

i m
, f x
E = E(n - En) J =< dx
1
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E @n) = E.(2n) - E.(2n.)

N E.(x) - E.(x)
F = f = Lt odx (6-72)

X

pLE

During the éntry phase the altitude variable, m , is initially
zero and generally less than 5 when the velocity of the space
vehicle has been reduced to less than Mach 3. Thus, the exponential
integrals in Eqs. (6-72) should be evaluated for small n. Expanding
the exponential term and integrating term by term, gives for Eo

2

=
Ltx+ oo +...

n
E = / dx
(o] X
i

1]

. 1
Log (ni)+(n-ni)+ 212 (n -m.)

1 3003
taoar M-mp )t
n n
= Leg (07 + & —4 (6-73)

1

F is found by substituting Eq. (6-73) into the last of Eqs. (6-72).

[o0) n
i
F = %(Log-ﬂ-)z- Log-n- nz—>1 ol
it o :
© n n
n -,
v 2 ! (6-74)
n=1 n’n! .

110



The solution for the moderate and large initial flight path
angle theory is very accurate and has a wide range of application as
discussed in the next section. It should be remarked in passing that
the theory is necessarily limited to large and moderate flight path

angles simply because the small parameter ,

1

€ = —
Br vitan Y,

becomes large for small flight path angles.
Next, the solution will be used to obtain an expression for

the value of n at which the maximum deceleration occurs. The

deceleration in g's is given by
G =¢Br Zv (6-75)

The stationary value of G is found from
_—v + Z —_— = 0 (6‘76)

With the second of Egs. (6-53) and the first of Eqs. (6-54),
v(1-Sm) + €(2-v) = 0 (6-77)

To the zero order, € = 0, S = SO =1, which gives the zero order

approximation for the altitude at which the peak deceleration occurs

n = 1 (6-78)
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The solution can be improved by using the exact equation (6-77) in

the form
n = 14+ ¢ Qn) (6-79)
where , Zentanz Y, ~
-v.tan y, - g+ —_— - € 8
I: ! vl (1+efl+€2f2) 2]
Q(n) = (6-80)

— -2
REIREN

The transcendental Eq. (6-79) is in a form suitable for the
application of Lagrange's expansion. Using Eq. (4-45) with n

replacing z and Q(p) replacing ¢ (p) , the equation for n becomes
g E n d n-1 n
n o=t L S (;p—) l}l(p)] . (6-81)

for small € . To the first order in ¢ the value of n at the peak

deceleration is given by
= 1+—{ E(1)-E.(n)]| +(2e-7) tan® +?}- Lo (6-82)
n o= st M Vi VitV o8 “i} ‘

Eq. (6-82) indicates that the altitude at which the peak deceleration
occurs is sensitive to the initial velocity due to the :r: Log ng term
where ny is very small. Thus, an improved solution is provided
which gives the altitude and velocity at the point of greatest drag
force for any initial velocity and for large and moderate entry angles

in the range 505 - Y < 900 .
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For entry at circular speeds, -\;: = 1 and the Log ny term cancels
with the expansion of Ei(ni) .
Assuming L P o ,

n n

0o 1 -, n

- 1
~ 2y = 1.31790
n=1

n- n!

n- n!

the altitude at peak deceleration can be computed from

1 .
Z = -3 ‘/prnsmyi =

Y g siny, [1+ _J_Z__§1.31790+(2e-1)tan2y, }:I
- frtan Y3 1

(6-83)
which gives very accurate results for Soﬁ - yi< 900 . As a crude
estimate m =1, in Eq. (6-78), which gives the classical result for

the critical velocity and the maximum deceleration.

\ -1/2

= e = 0.60653
‘/gr
G

max

- —;— B r sin y; e (6-84)
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6.5 Applications of the Ballistic Entry Theories

For convenience, the three analytic theories for ballistic
entry of Section 6.2, 6.3 and 6.4 will be referred to as the zero
angle theory, the small angle theory and the large angle theory
respectively, where the angle is the initial flight path angle. The
purpose of this section is to discuss the relative merits, ranges of
applications and accuracies of these theories.

Fig. (6-1) plots the aerodynamic deceleration versus v for
zero and small initial flight path angles with fr = 900 using the

equation

G = ‘,ﬁr' Zv (6-85)

The dashed line indicates the exact numerical integration of Egs.

(6-4) while the solid lihe represents the zero and small angle theories.
Inspection of the plot reveals the relative accuracy of the small angle
theory. In the case of the zero angle theory, however, the solution

is very accurate, giving 4 digits of accuracy at the maximum
deceleration of 8.3 g's. Note that the high accuracy of the zero

angle theory applies to all values of v from v, = 1 downto v = 0.01,
which corresponds to a velocity of about Mach 2.5 or less. The

small angle theory is limited in range of application. For larger

angles, - vy < 10° , there is an obvious discrepancy
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between the analytic and numerical solutions which disappears as the
magnitude of the initial flight path angle is reduced. For very small
values of - Y; the small angle theory suffers from the fact that the
higher order terms begin to diverge. This is due to the appearance
of €/ sin Y; in the first order and ¢ 2/ sin3yi in the second order
terms of the analytic solution. Taking just two terms in X from

Eq. (6-42) and the two largest terms in X from Eq. (6-44)

ecos y

€Y1 = o s1ny (ZX +— )
€ cos4y
2= i 1 4)
€Y, 3 1z X t3g X
sin- vy,

and then taking the ratio to have a rough convergence test

2.—

€Y, € (X% + 3%) < (6-86)
— = 2 (3X + 18)

€ Y1 tan \

it is evident that for very small values of - Y3 the series is no longer

convergent. For example, when - \ = 10, for X > 1,385, or

v < 0.25, condition (6-86) is violated. In the figure it is apparent

that this crude analysis is overly conservative and that actually the

small angle theory is limited to the range 2. 5° < - Y3 < 7°

In Fig. (6-2) the flight path angle is plotted versus v for the
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zero and small angle theories. Once again, the zero angle theory is
very aécurate, but the error in the small angle theory is detectable.
From Eqs. (6-41) and (6-44) , a rough convergence test can be done

for the flight path angle solution of the small angle theory.

c?3 2

2 _ € (4X" +9X)
—_— = 2 9(X +4) < 1 (6-87)
€ <I>1 tan V4

For - Y; < 2° , this condition is violated when X > 3, 254 or when
v < 0.0386. On the other hand, for - Yis 1° the series diverges
for X > 0.954 or when v < 0. 385 .

The errors due to divergence in the higher order terms cause
the analytic solution of the flight path angle to be less negative than
the numerical value. The plot generation of the small angle theory
is stopped when the absolute error exceeds the absolute error
obtained if the zero angle theory were used instead. From the figure
it is apparent that regardless of initial flight path angle, the final
phase behaves in much the same way as the zero angle entry.

Fig. (6-3) plots the Log (Z/ Zo) versus v, which by the

2= TomoNs T T
e Zm"[ir

definition of

is
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Z
Log—z-— = Log -5— e
(o] (o]
= Log — - B(r-r)
T
(o]
= - 6-8
B(r -1 (6-88)

which is the drop in altitude of the entry vehicle. The error in
both theorieé is quite small. Numerical computation indicates that
at maximum deceleration the zero angle theory gives 5 digits of
accuracy for Log —Z-Z- which amounts to an error of approximately
3 meters for typical earth reentry.

In Figs. (6-4) - (6-6) , plots of aerodynamic deceleration in
g's, flight path angle and Log (Z/ Zo) have been made as a function
of v for large and moderate flight path angles. The large angle
theory is very accurate for large angles and has a wide range of
applications for small angles. The plots show ranges of initial
flight path angles of -60° down to - 1° to indicate the range of
applicability in v. The theory actually overlaps the small angle theory,
providing a definite improvement in the case of v; = - 10° . The
main defect in the large angle theory is the same as in the others--
the higher order terms eventually diverge. The radius of convergence

of the higher order terms depends on the initial flight path angle, Y;
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and the initial value of the velocity squared, A This is evident
from the definition of E = € /;i— tanz Y; o which must be small to
insure the convergence of the analytic solution of the nonlinear
differential equations by Poincaré's method of small parameters.

As a result, when - Y; is small, € becomes large, and the range of
validity of the solution is restricted to small values of the independent

variable n . Furthermore, by the definition n = - 2Z/Br sinyi ,

small values of - A will make mn larger at any value of Z. This
further restricts the application to high altitudes and correspondingly
to large values of the speed. It is interesting to note from the
numerical computations that even for very small - Y, o for example,
-Y; < 1° , the large angle theory gives very accurate results in the
highly restricted region, providing 6 digits of accuracy for the
peak velocity and 3 digits for the minimum flight path angle. An
error analysis reveals that the magnitude of the difference between
the analytic solution of v(n) and the numerical integration of the
differential equations (6-4) is approximated by e/ 2 (B r)2 tan4 v
during maximum deceleration. For - 60° < vy < - 5° this
heuristic formula predicts an error which is generally an order

of magnitude greater than the true error. The effect of the initial

flight path angle is clearly indicated by the error formula. However,
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even when the initial flight path angle is -50, the large angle theory
gives 3 digits of accuracy at the time of maximum deceleration.
For v; = -60° , the theory is extremely accurate, giving 7 digits of

accuracy for the v(Z).
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Fig. 6-1. Variations of G's as Function of v.

G's = aerodynamic deceleration, v = dimensionless
velocity squared = VZ/ gr and y; = initial flight
path angle. The dashed line indicates the exact
numerical solution while the solid line represents
the analytic solution from Eqgs. (6-85), (6-6), (6-9),
(6-19), (6-26), (6-31), (6-34), (6-39), (6-42) and
(6-43).
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Fig. 6-2. Variations of -y as Function of v.

v = flight path angle, v = dimensionless velocity
squared = ve/ gr and Vi = initial flight path angle.
The dashed line indicates the exact numerical
solution while the solid line represents the analytic
solution from Eqs. (6-6), (6-9), (6-20), (6-27),(6-31),
(6-34),(6-39),(6-41) and (6-43).
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Fig. 6-3.

0,40 " 0.60 0.80 1.00

Variations of Log(Z/ Zo) as Function of v.

Log(Z/ Zy) = (ry-r)/ H = drop in altitude in units
of scale height

v = dimensionless velocity squared = V2/ gr and
y; = initial flight path angle. The dashed line
indicates the exact numerical solution while the
solid line represents the analytic solution from
Eqs. (6-6), (6-9), (6-19),(6-26), (6-31), (6-34),
(6-39), (6-42) and (6-43).
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8 r
0.00 0.20 0.40 0.60 0.80 1.00

Variations of G's as Function of v.

G's = aerodynamic deceleration in g's and v =
dimensionless velocity squared = VZ/ gr .
The dashed line indicates the exact numerical
solution while the solid line represents the
analytic solution from Eqs. (6-85) and (6-69) -
(6-72).
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Fig. 6-5. Variations of -y as Function of v.

vy = flight path angle, v = dimensionless velocity
squared = VZ/ gr and y; = initial flight path angle.
The dashed line indicates the exact numerical
solution while the solid line represents the
analytic solution from Eqs. (6-69) - (6-72).
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Figure 6-6. Variations of Log(Z/Z_) as Function of v.

Log(Z/ Z,) = (ro-r)/ H = drop in altitude in units
of scale height,

v = dimensionless velocity squared = VZ/ gr and
Y; = initial flight path angle. The dashed line
indicates the exact numerical solution while the
solid line represents the analytic solution from
Egs. (6-69) - (6-72).
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CHAPTER 7

CONCLUSIONS AND RECOMMENDATIONS

A space object traveling through an atmosphere is governed
by two forces: aerodynamic and gravitational. On this premise
equations of motion were derived in order to provide a set of univer-
sal entry equations applicable to all regimgs of atmospheric flight
from orbital motion under the dissipative force of drag through the
dynamic phase of reentry and finally to the point of contact with the
planetary surface. The universal entry equations apply to any
vehicle whether it is a lifting body or a ballistic missile. They
provide a set of variables which can easily be cast in the form of
orbital elements or reentry variables so that versatile analytic
theories can be formulated. This report clearly demonstrates the
flexibility and wide range of applicability of the universal entry
equations.

In the case of orbital motion, a complete uniformly valid
theory was developed for orbit contraction due to atmospheric drag
for all elliptic orbits ( 0 < e < 1). A simple model was chosen in
which the atmospheric density was assumed to vary exponentially

with altitude, the scale height was assumed constant and the planet
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and its atmosphere was assumed to be spherical and rotating.
Rigorous mathematical techniques, such as averaging, Poincare's
method of small parameters, and Lagrange's expansion, were
applied in order to obtain a highly accurate, purely analytic theory
in which the semi-major axis was found as a function of the
eccentricity. This represents a major breakthrough in the advance-
ment of analytic theories and should provide ample room for the
development of more sophisticated theories which include the
variation of scale height with altitude and the effect of an oblate
atmosphere and planet. In its present form, the analytic solution
can be used to develop a computer algorithm which updates the
scale height at frequent intervals and essentially provides the
solution for varying § . This method of coupling the theory with
numerical computation would have the advantage of very short
computer processing time because the method of averaging has
removed the need to integrate over every orbit, so that only the
orbital elements need to be integrated.

In addition to the orbit contraction, first order solutions
were obtained for the orientation of the orbit plane, illustrating
once again the aforementioned techniques. Since the argument of
the periapsis remains constant and the argument of the ascending

longitude and the angle of inclination vary very little, the first
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order solution is adequate for small values of eccentricity. Further
résearch work in this area could be done to generate the theory for
large values of eccentricity and to include the variation of the
argument of the periapsis.

In order to give a complete description of the flight of an
object through a planetary atmosphere, the universal entry equations
were applied to the problem of ballistic entry. In this case the
atmospheric density was assumed to vary exponentially with altitude,
as before, but pr was assumed to be a constant in accordance with
Chapman's approach and the planet and atmosphere were assumed
to be spherical and nonrotating so that the entry is planar. The
great advantages of the universal equations are: they are exact;
they are free of any restrictive assumptions; and they contain the
modified Chapman variable Z. This variable permits a single
trajectory to be solved for specified initial conditions on the velocity
and the flight pé.th angle that apply to any ballistic vehicle of arbitrary
mass, area and drag coefficient. With this in mind, the complete
theory of ballistic entry was developed by analyzing the three typical
cases: entry from circular orbit, entry from near circular orbit
and entry at moderate and large initial flight path angles.

In the final stages of orbit decay, the orbit circularizes and
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the entry phase is imminent. A first order thecory was developed
which solves for the trajectory of the vehicle during the last orbit,

The classical Yaroshevskii solution appears as the zero order term
and is easily derived. It is more laborious to obtain the first order
term, but its inclusion provides a significant improvement in accuracy.
With an error in the fourth or fifth digit, it is not necessary to go to
the second order term in order to improve on the final theory.

In some orbit decay problems the entry phase may commence
before complete circularization. In other cases, such as those
involving recoverable satellites and manned spacecraft, the entry
phase may be intentionally initiated. For these, the ballistic entry
theory for small initial flight path angles was developed to solve for
the modified Chapman Z variable and the flight path angle as functions
of the velocity. The second order theory provides adequate numerical
results but it is not sophisticated enopgh to exhibit all the known
phenomena which occur during entry from very small initial flight
path angles.

There are some cases such as return from the moon,
atmospheric capture of planetary probes, atmospheric grazing and
ballistic missile entry in which accurate trajectory analysis would
be extremely useful. A highly accurate analytic theory for entry

at large and moderate flight path angles was developed for these

129



purposes which provides the velocity and flight path angle as a
function of the modified Chapman variable Z. The second order
theory has a wide range of applicability in the initial flight path
angle, covering the cases from - yiz 5° to - Y; <90°. Any
initial velocity can be used so that the theory applies to all hyper-
bolic, parabolic and highly elliptic as well as moderately elliptic-
orbits in the presence of a planetary atmosphere,.

In conclusion, a complete theory has been developed for the
motion of a ballistic vehicle in a planetary atmosphere. It applies
to all regimes of flight frgm the time in orbit through the entry
phase until the instant of touchdown. The solutions of the governing
differential equations have been found by mathematically rigorous
techniques and provide a firm foundation for the development of
more sophisticated theories. The applicability, versatility and
generality.of the exact universal entry equations have been clearly

demonstrated.
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