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INTRODUCTION

This report outlines a computerized approach for the structural analysis of the
time-independent cyclic plasticity response and of the metal fatigue failure process.
The approach combines three main analytical components, as follows:

(a) A cyclic plasticity model which relates the material's uniaxial stress-strain
behavior to the multiaxial response of any structural component.

(b) Damage accumulation criteria which indicate both the life to crack initiation
and the rate of crack growth, up to complete failure, for metallic structural compo-
nents that undergo local cyclic plasticity strains. The required test parameters are
derived from only the fatigue life of smooth material specimens when subjected to
constant uniaxial plastic strain cycles.

(¢) A finite element model for the numerical solution of the structure's nonlinear
static and dynamic equilibrium equations. The isoparametric finite elements of the
plane-stress, plane-strain, and axisymmetric types are incorporated. These elements
are adequate for the representation of the behavior of most aircraft structural com-
ponents that undergo meaningful plasticity strains.

The preseht combined approach enables the following types of analysis:

(a) The analysis of cyclic plasticity time-independent and rate-independent
structural response under any varying loading which induces either proportional or
nonproportional stress variations. Basically, the analysis is related to the material's
cyclic steady-state behavior; however, the material's cyclic transient behavior can



also be approximated. The effect of the cyclic yield stress change is not included,
and the material is assumed to be of the so-called Masing type, which characterizes
the metallic alloys used in aircraft. In addition, the material is assumed to be
initially isotropic. The effect of the material's cyclic anisotropy due to the
Bauschinger phenomenon is incorporated.

(b) Crack initiation prediction under varying loadings. The prediction is made
by employing the Coffin-Manson criterion for the multiaxial stress state.

(¢) Crack growth rate prediction. This prediction is made by employing a novel
damage criterion which relates crack growth rate to the inverse damage gradient
along the crack path. The criterion accounts for (1) the effects of plasticity, (2) the
effects of residual stresses and of multiaxial stress redistributions at the crack tip
which lead to crack retardation, (3) the effects of multiple overloads and negative
loads, and (4) the interaction of close cracks. The effect of possible crack closure
is not directly incorporated; however, this phenomenon is approximated by including
the effect of the residual compressive stresses at the crack tip, which is the main
cause of crack closure. The effects of loading frequency, temperature, and other
time-dependent phenomena are not incorporated.

(d) Propagated crack growth rate prediction. This prediction is based on the
application of the above-mentioned damage criterion using developed damage data
accumulated from several updated finite element models. No procedure for the

- inclusion of residual stresses in the propagated crack's wake is included. It is
assumed that the effect of these residual stresses in the crack's wake is negligible
because of their usually small magnitude and because of their accelerating relaxation
rate. The orientation of the propagated crack is set either normal to the computed
principal tensile stress or in a direction selected by the user upon consideration of
the direction of the most damaged paths.

The computer program is an extension of the NONSAP program (ref. 1). It incor-
porates cyclic plasticity models and damage accumulation criteria and has an option
for sorted output. A full listing of the program's new features is given in the
appendix of this report. The two-dimensional isoparametric finite elements and the
numerical solution procedures are those of the NONSAP program. As this program
is an in-core solver, the size of the finite element model is limited. However, the
analysis of structural components is still practical by using 130K of the computer
core, as demonstrated later in this report.

APPLICATION TO DAMAGE-TOLERANT AIRCRAFT DESIGNS

The damage tolerance requirements specified in MIL-A-83444 (USAF) (ref. 2) are
based on the assumption that a crack already exists in each element of a new structure
as a result of flaws in the material, corrosion, or manufacturing damage. The struc-
ture should sustain the growth of these assumed cracks without a total failure during
its lifetime, and also still sustain a specific residual static strength. Reference 2
defines two approaches for the substantiation of a structure's damage-tolerant integ-
rity: the fail-safe approach and the slow-crack-growth approach. The fail-safe



approach assumes a smaller initial crack length and a shorter loading spectrum than
the slow-crack-growth approach; however, it requires more structural accessibility
for inspection and overall, as well as local, structural redundancies that are fre-
quently impractical in aircraft structures. The slow-crack-growth approach can be
applied to all structural types, and it is also simpler to implement.

The slow-crack-growth approach requires that crack growth be slow enough not
to achieve an unstable size during the life of the structure. The initial crack length
is assumed to be on the order of 0.25 inch (6.3 millimeters) (ref. 2), and the crack
is also often assumed to be through the member's thickness. These requirements
can lead, under the usual applied loading, to significant plastic strains at the crack
tip. A typical loading specturm is composed of varying tension-compression
components, with multiple overloads, as depicted in figure 1. Although the loading
variation is not of a fully cyelic type, it still often imposes cyclic plasticity stresses,
because of the material Bauschinger phenomenon.

The imposed cyclic plasticity at the crack tip and the resultant residual stresses
exclude the implementation of the usual analytical methods, which are based on the
stress-intensity range. The present computer program can handle these phenomena
analytically, by combining the finite element method, the material's cyclic plasticity
model, and the damage accumulation criterion. This analysis is essential both for
ensuring the integrity of the structural components during their life and for the
proper evaluation of the results of structural proof tests.

The present computer program can also be applied to cases in which the erack
tip undergoes relatively small cyclic plasticity strains. This application can be
carried out by idealizing the material's stress-strain uniaxial curve with both a low
yield stress and a first segment's slope which differs only slightly from the material's
Young's modulus. However, it should be noted that the accuracy of the present
damage criterion decreases for smaller plastic strains, while the accuracy of the
simpler stress-intensity range approach increases. The present damage criterion is
suitable only for cyclic plasticity strains; therefore, monotonically increased plastic
strains as exhibited in the static residual-strength analysis cannot be handled by the
present computer program. In addition, repeated loads which do not cause reverse.
plasticity , but cause plastic reloading at the same unloading stress, are assumed to
contribute to the cumulative plastic strain but not directly to the cumulative damage.
This will be clarified later in this report.

The present computer program does not account for the beneficial effects of
initial compressive stresses due to shot peening, fastener interference, cold-working,
and the like. However, it should be realized that these effects are usually small
because of the quick stress relaxation in the cyclic plasticity field.

The required input data for the computer program are outlined later in this report.



THEORETICAL APPROACH

Cyclic Plasticity Models

Three plasticity models are incorporated in the present computer program. They
differ from each other in their definitions of the incremental translation of the yield
surfaces during the hardening of the material. The three models are identical for the
proportional stress state, but they lead to somewhat different results for the usual
nonproportional stress state. As none of these models has yet been shown through
solid experimental evidence to be superior to the others, the choice of model is left

to the user. v

The three plasticity models are based on classical incremental time-independent
and rate-independent plastic flow theory for initially isotropic materials. Incremental
plastic flow theory assumes that the plastic strain increment is much higher than the
adjacent elastic strain increment, and that plastic strain increments can be computed
independently on the basis of the previous loading step stresses. Therefore, small
loading step sizes, specified by the user, are mandatory for solution accuracy. The
material's uniaxial stress-strain curve can be idealized by a maximum of three
elastoplastic piecewise linear segments in addition to the first elastic segment, as
shown in figure 2(a). The reversal uniaxial segments are shifted by the program to
twice the initial yield stress, and the length of the segments is magnified by a factor
of two, assuming material of the Masing type. However, the user can change the
idealization of the first reversal in order to represent the material's transient
condition.

Each linear segment of the material's uniaxial curve is related to a yield surface
in the multiaxial stress state, as shown in figure 2 (b). Each yield surface is defined
by the von Mises criterion and the associated plastic flow normality rule. It is allowed
to translate in the stress space up to its bounding yield surface, to which it remains
connected until the unloading stage. The translation rate is governed by one of the
following three hardening rules (fig. 3). Prager's hardening rule physically
assumes that the incremental translation is in the direction of the plastic strain incre-
ment, i.e. normal to the yield surface. In order to satisfy this rule unconditionally,
the surfaces' translations in the zero stress directions are mathematically permitted.
Ziegler's hardening rule assumes that the incremental translation is in the direction
of the vector which connects the center point of the current yield surface to the
existing stress point. Both of these hardening rules require continuous position
corrections of the yield surfaces to ensure tangency among the surfaces in contact.
Mroz's hardening rule is based on the inherent fulfillment of this tangency require-
ment.

The full mathematical expressions of the plasticity models are presented in refer-
ence 3.

It should be noted that the cyclic plasticity room temperature stress relaxation
phenomenon is not included in the present plasticity models; however, this phe-
nomenon is directly included in the present damage criteria, which are discussed
next.
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Life to Crack Initiation

According to the presently used criterion, crack initiation occurs after 2N
reversals of cyclic loading, when the cumulative damage D equals a unit. The damage
is expressed mathematically as follows (ref. 4):

2N = 1 |
~ SagP -1/c 3om 1/n'c :
D—Z(———ZS% > -2 @
1

The quantity JdzP denotes the integration of the equivalent plastic strain incre-

ment, dgP, through each pair of reversals. The equivalent plastic strain increment
is a positive scalar composed of the multiplication of the plastic strain increments

de% (i, j =1, 2, 3 in tensor notation), and it is computed by the plasticity model as
follows:
deP = (dép. da?.)l/z @)
3 1
The quantity 6m is the average value of the mean stresses at the two plastic un-

loadings which define the specific pair of reversals, or

O = 1/2 [(oii/3)First unloading * (oii/3)Second unloading] @

The quantity 6m also represents the effects of the tensile versus compressive stresses.

If the reversal loading results in a symmetric stress variation, or o.. = 0., .,
ii,max ii,min
theno_ =0.
m

If the stress rclaxation effect is to be included, as it should be when Bm is not

small, the user must define an experimental material parameter r (ref. 3) such that
the relaxed 6m value becomes

= s (ZN)—r(fdép/z)
m m

D

where (_Ir'n is the original average mean stress. For the numerical examples to be
shown later in this report, a value of r of 277 has been adopted for aluminum alloy
7075-T6 plate.

The material parameters n', c, si., and Op in equation (1) are defined by the user
for the specific material. The parameter n' is the material's uniaxial cyclic exponent.

It relates the uniaxial stress amplitude, Ag/2, to the applied constant plastic strain



1
amplitude, AeP/2, in the form of Ac/2 = K' (Asp/2)n . where K' is assumed to be
1
appreximated by of/(s:’f)n . The value of the exponent n' can be derived from several

uniaxial plastic strain tests at the material's cyclic steady state, as indicated by

figure 4(a). The parameter e% is the material's cyclic ductility parameter, which is

smaller than the monotonic ductility parameter, € The parameter Op is the material's

fracture strength. The parameter c is the Coffin-Manson exponent (fig. 4(b)), which
is derived from constant plastic strain amplitude tests of the material's uniaxial un-
notched specimens. :

The values of these material parameters depend on the specimen's surface treat-
ment and environmental conditions. Therefore, the above-mentionad uniaxial tests
have to be conducted under the same conditions as exist in the real structure.

Crack Growth Rate

The crack growth rate is approximated by the inverse damage gradient along the
crack path. The cumulative damage is computed by equation (1) at two discrete
points in front of the crack tip. These discrete points are defined by the two inte-
gration points of the finite element adjacent to the crack tip. Figure 5 designates
these integration points as number 1 and number 2; they are located at distances

of a, and 2, from the crack tip, respectively. Assume that the accumulated damage

at points 1 and 2 is termed D. and Dz, respectively. If the crack propagates by the

1

small distance of (a2 - al), the damage at point 2 becomes D, ; thus, the average

1;
cumulative damage value is 1/2 (D1 + Dz). The crack growth rate, ?1%21'\1—) , 1s approx-

imated as follows (ref. 3):

a, - a

da _ 2 1
an ‘< ) ) > )
1

D1+D2 D

where a is half the length of the existing crack. Equation (5) indicates that a complete
fracture occurs when DZ 2 Dl'

The finite element integration points, whose cumulative damage values are used
for the crack growth rate prediction, are chosen by the user according to the pre-
dicted crack path, which is usually normal to the direction of the principal tensile
stress. These integration points should be well within the material's cyclic plasticity
range. This requires a reasonably small finite 2zlement to be used at the crack tip.

Damage Accumulation Technique

The damage criterion in equation (1) is applied to each pair of reversals sepa-
rately, and the results are accumulated during the entire applied loading history.
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Each pair of reversals is defined, as mentioned before, during two subsequent plastic
unloadings made in reversal directions. The plastic unloadings in figure 6, for
example, occur at points B, D, F, II, J, and L.. llowever, the unloading at point I' is
not considered because the following plastic unloading, at point H, is not in the
reversal direction. Therefore, the first pair-reversal is AB-CD, the sccond pair-
reversal is EH-1J, and so on.

For tensile loads, the present pair-reversal damage accumulation technique could
lead to somewhat more conservative results than the well-known rainflow technique
(ref. 2). This is because the rainflow technique refers only to closed loops; in
figure 6, the plastic strains along the AB, E'F, G'H branches would not be considered,
because no closing counterpart branches exist. However, the rainflow technique
does consider the effect of the elastic loop FGG'.

The present damage accumulation technique does not account for the effect of
elastic reversals, i.e. it ignores the effect of the elastic loop FGG' in figure 6. This
is justified because the damage criterion (eq. (1)) employs the material's cyclic
ductility strain Sf’ which is smaller than the material's monotonic ductility strain.

The technique does incorporate the cyclic parameters n' and c¢; thus, it is assumed
that the fatigue damage is due mainly to the plasticity cycles.

Finite Element Modeling and Equation Solutions

The NONSAP program's two~dimensional isoparametric elements and its solution
procedures (ref. 1) are utilized. The eight-node element with undistorted shape and
3 X 3 integration points has been found to furnish a suitable representation of both
the plastic strain variation and the damage gradient. The finite element adjacent to
the crack tip should be small enough for the two integration points along the predicted
crack path to be well within the cyclic plasticity range. In addition, the idealization
should be such that the existing crack front is at the corner node, not at the mid-
node, of the eight node element. Far from the crack tip and far from the stress
concentration zones, the number of nodes can be reduced to four to save computer
core and time.

The behavior of large plastic strains is approximated by employing the Green-
Lagrange strain tensor and the second Piola-Kirchhoff stress tensor in Lagrangian
coordinates. The use of this approximation is justified, since most of the fatigue
failures are accompanied by only small to moderate cyclic strains around the
material's yield strain.

The nonlinear equilibrium equations due to the plasticity and the large strains
are solved incrementally. The size of the loading steps is variable and is set by the
user, based on his numerical experience. Usually, several short trial and error
runs are expected for each specific case before the largest possible step sizes are
determined. The parameter which usually governs the step sizes is the material's
uniaxial stress-strain slope. A smaller material slope requires a smaller step size.

The static analysis requires the construction of a new tangent stiffness matrix at
each loading step. The dynamic analysis can be carried out either by employing



Newmark's implicit time-integration method or by employing the explicit central-
difference method. The central-difference method is much less time consuming, but
it is more prone to numerical instabilities and thus requires smaller step sizes. This
method is especially attractive for cases of small material hardening, where the
required time step sizes are already relatively small because of the small material
slopes. The iterative NONSAP procedure for equilibrium corrections is not incor-
porated because of the possibility of nonconvergence at the plastic unloading steps.

PROGRAM OUTLINE

The program utilizes the NONSAP computer program's elements and solution
techniques for large strains and plasticity, and for static or dynamic analysis. The
new features presented here include the following:

(a) The incorporation of the cyclic plasticity models and fatigue data computations
through a separate overlay (number 3.8; see appendix). The NONSAP overlay tree
is shown in reference 1.

(b) Sorted output data. This is necessary because of the enormous available
output data and the need to segregate the fatigue data required for the computation
of the damage criteria.

Following is a brief summary of the main computation steps.

(a) The overall linear stiffness and mass matrices are constructed first. If
dynamic analysis is required and Newmark's direct time integration technique is
used. the overall linear effective stiffness matrix is constructed. In addition, the
applied load vector is constructed. The large strain stiffnesses derived by using the
Total Lagrangian procedure and the cyclic plasticity stiffnesses are updated at each
loading or time step. These stiffness values are added to the linear stiffness matrix.

(1) The equilibrium equations are solved incrementally, and displacements and
strains are obtained for each step. The program has an optional two-step restart
capability, which is useful for problems which involve only partially different loads
and for dividing a long computer run into two separate and more manageable runs.

(c) For each finite element integration point which is pre-defined by the user as
an elastoplastic element, the following steps are executed at each loading or time
step.

*The previous step's values of elastoplastic stiffness are recomputed.

e The plastic strain increment is computed, as is the total equivalent plastic strain.

+ The stress increment is computed and the total stresses are up'dated. The mean
stress is computed.

e The yield surface translations are computed, ensuring that the surfaces' non-
intersection requirement is met.



+The elastoplastic stiffnesses are updated in four subincrements and added to the
cverall structural stiffnesses for the next loading step.

eContinuous checks are made for plastic unloading. If it occurs, the peak
von Mises stress is kept in the memory to indicate the following reloading state.

*Plastic loading or reloading is considered when the current stress point reaches
the first yield surface. The plastic reloading criterion distinguishes between re-
yielding at the reversed plastic region and reyielding at the same plastic region. Re-
yielding at the same plastic region is initiated when the accumulated elastic work '
during the unloading range is zero, or nearly zero. The computed accumulated
damage value is for each pair of reversals; only fully reversed stress cycles are
considered.

«The fatigue data for equation (1) are computed. After each pair of reversals,
damage is accumulated for an indication of the life to crack initiation. The crack
growth rate is computed by substituting the results of equation (1) into equation (5).

The mathematical formulations are presented in reference 3.
INPUT AND OUTPUT DATA

The input data are identical to the NONSAP specifications, with the following
exceptions. The specified material model number for the cyclic plasticity analysis is
NPAR(15) = 9. The number of constants per property set should be specified as
NPAR(17) = 15, and the dimension of the storage array should be specified as
NPAR(18) = 27. Then the material properties are specified on two input cards. The
first input card contains eight parameters, in 8F10.0 format, as follows: the Young's
modulus, the Poisson ratio, the yield stress, and the uniaxial slope of the first elas-
toplastic piecewise linear segment; the yield stress and the uniaxial slope of the
second segment; and the yield stress and the uniaxial slope of the third segment. The
second input card contains seven parameters, in 7F10.0 format, as follows: the yield
stress and the uniaxial slope of the first, second, and third plastic reversal segments;
and a seventh parameter, RULE, that indicates the required cyclic plasticity model.

If RULE = 0, rigid plastic material is assumed. If RULE = 1, the well-known isotropic
hardening rule is employed. If RULE =2, 3, or 4, the kinematic hardening rule due
to Prager, Ziegler, or Mroz is used, respectively.

For a material in the cyclic steady state, the specified reversed yield stresses
and slopes should be identical to the values of the first reversal. Different slopes
can be specified for the first and second reversals for representation of the material's
transient state. In the following reversals the data specified for the second reversal
are used.

The output data are printed on four tapes: TAPE6, TAPE12, TAPE13, and TAPE14.
TAPES6 includes the input data and deflections. TAPE12 includes parameters for
fatigue analysis. Included are the following terms:



NEL - The finite element number.

IPT - The integration point number. -

LO - The number of plastic reversals. For the rirst plastic range LO = 1, for the
second plastic reversal LO = 2, and so on.

IPEL - The current position of the equivalent von Mises stress. If IPEL =1, 2, or
3, the stress point is on the first, second, or third piecewise linear segment,
respectively.

DEPC - The cumulative equivalent plastic strain.

SMEAN - The mean stress.

FT - The equivalent ven Mises stress.

SX - The maximum principal stress.

SY - The minimum principal stress.

ALPHA - The direction of the maximum principal stress relative to the element's
coordinates. ! _

DWE - Numerical stability indicator. It equals the stress increment times the
elastic strain increment. The value should be positive; otherwise it indicates
that a numerical instability due to too high step size has been introduced. .

HP - Numerical stability indicator. It should be equal to the input slope of the
specific material segment.

WP - Unloading indicator. If WP is negative, unlcading occurs.

IRE - Reloading indicator. If IRE = 0, there is no reloading. If IRE =1 or
IRE = 3, fully reversal plastic reloading occurs. If IRE = 2, plastic reloading
occurs at the same unloading point.

WP2 - The cumulative plastic work. Used for reference.

DEE - The current total work. Used for reference.

TAPE13 includes the computed stresses. TAPE14 includes the computed strains,
surface translations, and other parameters explained in the printout shown in the
appendix of this report.

The output data from TAPE12 are used for the fatigue analysis. The other data
used in the fatigue analysis include the material's cyclic stress-plastic strain exponent
n' and the Coffin-Manson material parameters c, etL, O which are defined in

equation (1). Also needed is the material stress-relaxation exponent r, which is

defined in equation (4). The S deP value in equation (1) is calculated by subtracting
the computed DEPC values at the two plastic unloading points which define the specific
pair of reversals. The average of the SMEAN values at these two unloading points is
calculated according to equation (3). This value should be iteratively reduced by
employing equation (4) because of the assumed cyclic plasticity stress relaxation.
Then equation (1) is employed for the accumulation of the pair-reversal damage.
When it reaches a unit value, crack initiation is assumed. The crack growth rate is
approximated using equation (5) by substituting the cumulative damage values at the
two discrete points in front of the crack tip and along the predicted crack path. The
crack growth path is usually predicted to be normal to the direction of the principal
tensile stress, which is indicated by the ALPHA value.
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. APPLICATION EXAMPLES

This section describes the application of the present approach to the analysis of
two structural components: a cracked panel under variable uniaxial loadings and

stiffencd aircraft skin panel under compressive loading.

The cracked panel is shown in figure 7(a). The magnitude of the applied loadings
is such that significant plastic strains develop in front of the crack tip. Figure 7(b)
depicts the finite element model, which employs plane-stress four-to-eight node
isoparametric elements. The eighth node elements are solved by 3 X 3 integration
points. The uniaxial cyclic material curve, idealized by three piecewise linear seg-
ments, is shown in figure 8. The material's fatigue properties are based on the
constant strain amplitude test data from reference 5. The fatigue ductility parameter,
ai., is assumed to be 0.18, while the measured monotonic ductility, €y is 0.41. The

fatigue strength, oi., is assumed to be equal to the monotonic fracture strength, Op, OT

75.9 kg/mm"~ (108.0 ksi). The Coffin-Manson exponent ¢ in equation (1) is estimated
to be 0.52. The material uniaxial cyclic exponent, n', is 0.11.

In order to account for the stress relaxation, a value of r of 277 is assumed in
equation (4). This value causes the relaxation of the existing mean stress down to
0.01 percent of its initially computed value, within two fully reversed strain cycles of

0. lai.., No experimental evidence exists for this value.

Results for fully cyclic loading and for tensile cyclic loading are shown in
figures 9(a) and 9(b) and compared to test results which induce only small plasticity.
These comparisons illustrate the significant crack growth retardation due to the
plasticity stress redistributions and due to the residual compressive stresses
developed after plastic unloading. The relative crack growth retardation is more
significant for the tensile cyclic loading (fig. 9(b)) than for the fully cyclic loading
(fig. 9(a)). This is because the residual compressive stresses in the latter case are
followed by residual tensile stresses which diminish their beneficial effects. The
computed crack displacements indicate that no crack.closure occurs for the present
loading conditions. The crack growth rate, gzl;_?_) , in figures 9(a) and 9(b) is
depicted as a function of the stress intensity range AK = - Aon * V&, where B is a geo-

metric parameter, Ao, is the net section stress range, and a.is the half crack length.

For cases of small and localized plasticity, the stress-intensity range is generally a
representative parameter. However, in cases of gross plasticity, as in the present
examples, AK loses its general validity; thus, the results shown in figures 9(a)
and 9(b) are specific for the crack length used.

Figure 10 shows the effect of a tensile overload on the crack growth rate as
computed by the present approach. It is apparent that this effect becomes more
significant with increasing values of overload. This is in general agreement with
the test data that have been reported in the literature.
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The stiffened skin panel is shown in figure 11. The integral stiffeners' cross
section at the spar location is changed as shown in figure 11(b). Axial loads due to
overall wing bending could lead to high stress concentrations at the indicated point.
These stress concentrations can usually be significantly reduced by the addition of a
small area of structural reinforcement. Two cases, with different reinforcement area
sizes, are analyzed. They are designated case 1 and case 2. Figure 12(a) shows the
finite element model used. The applied loads are comprassion and vary with the
stiffener's depth, as shown. The applied loading variation, shown in figure 12(b),
causes local compressive yielding and high residual tensile stresses after unloading.

Thus, although no tensile loads are applied, a cyclic compression-tension stress-strain .

field exists, causing crack initiation and propagation. The material's uniaxial stress-
strain curve is idealized by three linear segments, as shown in figure 12(c). The
material's fatigue properties are the same as those indicated for the cracked panel in
the previous example.

Figure 13(a) shows the computed damage curves. Each curve indicates the equal
damage accumulation value. As depicted, the small reinforcement area in case 2
significantly improves the life to crack initiation. Figure 13(b) shows the von Mises
equivalent stress distribution for case 1. It is apparent that the stress gradient is
much smoother than the damage gradient. This demonstrates the inability of stresses
to predict the fatigue failure in a plastic field.

Figure 14(a) shows examples of the used cracked finite element models. The left-
hand model represents the initial crack pattern, which is perpendicular to the com-
ponent's free edge (and to the direction of the principal tensile stress). However, in
order to maintain the element's parallelogram shape, which is an important factor for
numerical accuracy, the crack's direction is changed slightly, as shown. The right-
hand model in figure 14(a) represents progressive crack growth. The damage curves
before the crack changes its direction are shown in figure 14(b). The damage
accumulation gradient and the crack growth rate are derived from the curves shown
in figures 13(a) and 14(b). The results are summarized in figure 14(c).

CONCLUDING REMARKS

This paper describes a computerized approach to the calculation of cyclic plasticity
structural response, the prediction of life to crack initiation, and the prediction of
crack growth rate. The method uses three analytical items: the finite element method
and its associated numerical techniques for nonlinear static and dynamic analysis, the
material cyclic plasticity theory, and the cumulative damage criteria.

The required input data include the loading spectrum, the material's cyclic
uniaxial stress-strain curve, the material's cyclic stress-plastic strain exponent, and
the Coffin-Manson low-cycle fatigue parameters. These parameters are derived from
only smooth uniaxial specimens. The method also requires the material's stress
relaxation exponent.



The damage criteria, and to some extent the cyclic plasticity models, are novel
and without sound experimental supporting evidence. However, it is believed that in
combination with engineering judgment, they can be used to obtain useful qualitative

results.

The present in-core computer program is limited to small structural components.
Provision for out-of-core computations would permit much broader application.
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APPENDIX—PROGRAM LISTINGS

Following is a listing of the program CYCLIC for cyclic plasticity and fatigue
analysis. The program includes the modifications to the NONSAP computer program
(ref. 1) and the new overlay (number 3.8).

Explanatory titles and descriptions of the variables used are incorporated within
the listing.
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Figure 1. Typical idealization of loading
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O'D:_ Stress c D .
o]
2 AB,A'B'
BC,B'C'
CD,C'D"
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(a) Material idealized uniaxial stress- (b) Schematic representation of yield
strain curve at its cyclic steady state. surfaces at initial condition and after

translation of first surface (dotted line).

Figure 2. Relationship between material uniaxial curve and two-dimensional stres
field. :
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Figure 3. Incremental translations, da, representing
three hardening rules. o, and a, represent total

translational components of surfaces; 9, and g,

represent stress components.
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(a) Material uniaxial relation-
ship between stress amplitude
and plastic strain amplitude

unnotched specimen.

at cyclic steady state.

Figure 4. Required input data for present approach.

(b) Coffin-Manson low-cycle
fatigue data of material uniaxial
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Figure 5. Location of discrete points in front of crack tip

for calculation of crack growth rate.
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Crack lenzth, 2a=1.0 inch o
(25.% mm) ' — 2
(a) Geometry of panel. (b) Finite element model for one-

quarter of panel.

Figure 7. Example of a cracked panel under uniaxial loads.
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Figure 8. Idealized material curve in uniaxial cyclic
steady state for cracked panel.

33



34

cycle
R ANEAN

dN
inch
per
mm , :
per cycle .

L i0 -~
Small —f

. A=2l Plasticity
10 Ref. & ji

107 —F4-
107

-5 Gross Cyclic

L. 10 Plasticity
, Present Approach
}O-u__

I N N

10 20 40 60 100 200 ksi(in)

-3/
50 100 200 300 660 kg(mm) 3

L
2

-~

Z

(a) Fully cyclic loading.

Figure 9. Crack growth rate results for cracked panel and
comparisons with small plasticity cases.
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(b) Tensile cyclic loading.

Figure 9. Concluded.
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Figure 10. Numerical results for cracked panel of effect of tensile
overloads on crack growth rate.
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(c) View B.

Figure 11. Details of an aircraft integral stiffened skin.
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(a) Finite element model.

Nominal Stress
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(30.9ksi)

Time

(b) Applied compressive loading.
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Stress .qohE
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Masing curve
(c) Material uniaxial curve.

Figure 12. Idealization of stiffened skin example.



{2N) Reversals~10"3

Case 1 2
A 1.2 11.
B 4.4 20.
C 20.0 100.
> 60.0 500,
B 10.0 1000.

(a) Equal damage curves indicating number of reversals to
crack initiation.

—57, kg,/mm2

T~
56,
~37

0N -
e e e

(81
(79
(78
(76

(b) Maximum von Mises stress distributions.

Figure 13. Results for uncracked stiffened skin.
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3.0 mm (.012 in)

(a) Modified finite element models due to crack growth.

Case 1 Case 2
Skin Skin
2N=1000,6300,80000 2N=3400,27000

(b) Distributions of equal damage curves.

iz d(2N) averace

mm inch per two reversals

Case 1 4B 2.4:1073 9.4.107)
BC 5.00107z 2.0+10
CC < 10 < 10~

Case 2 AB 2.5-10:2 1.0+1077
BC' 8.5'10 3.3.10°

(c) Crack growth rate and orientation.

Figure 14. Results for cracked stiffened skin.
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