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SUMMARY 

T h e   g e n e r a l   p u r p o s e   o f   t h e s e   s t u d i e s   h a s   b e e n   t o   e v a l u a t e   a l t e r n a t i v e s   t o  
l i n e a r   q u a d r a t i c   r e g u l a t o r   t h e o r y   i n   t h e   l i n e a r  case and t o  examine   nonl inear  
mode l l ing   and   op t imiza t ion   approaches   fo r   g loba l   con t ro l .   Con tex t   fo r   t he  
s t u d i e s   h a s   b e e n  set  b y   t h e  DYNGEN d i g i t a l   s i m u l a t o r   a n d   b y   m o d e l s   g e n e r a t e d  
f o r   v a r i o u s   p h a s e s   o f   t h e  FlOO Mul t iva r i ab le   Con t ro l   Syn thes i s   P rogram.   Wi th  
r e s p e c t   t o   t h e   l i n e a r   a l t e r n a t i v e s ,   s t u d i e s   h a v e   s t r e s s e d   t h e   m u l t i v a r i a b l e  
f requency  domain.   Progress   has   been made i n   b o t h   t h e   d i r e c t   a l g e b r a i c   a p -  
proach   to   exac t   model   matching ,   by   means   o f   s t imula t ing   work   on   the   bas ic  com- 
p u t a t i o n a l   i s s u e s ,   a n d   i n   t h e   i n d i r e c t   g e n e r a l i z e d   N y q u i s t   a p p r o a c h ,   w i t h   t h e  
development  of a new d e s i g n   i d e a   c a l l e d   t h e  CARDIAD method.  (The  acronym 
s t a n d s   f o r  Complex Accep tab i l i t y   Reg ion   fo r   DIAgona l   Dominance . )   Wi th   r e spec t  
t o   n o n l i n e a r   m o d e l l i n g   a n d   o p t i m i z a t i o n ,   t h e x p h a s i s - h a s   b e e n   t w o f o l d :   t o  

' d e v e l o p   a n a l y t i c a l   n o n l i n e a r   m o d e l s   o f   t h e  j e t  eng ine   and   t o   u se   t hese   mode l s  
i n   con junc t ion   w i th   t echn iques   o f   ma themat i ca l   p rog ramming   i n   o rde r   t o   s tudy  
g l o b a l   c o n t r o l   o v e r   n o n - i n c r e m e n t a l   p o r t i o n s   o f   t h e   f l i g h t   e n v e l o p e .  A h i e r -  
a r chy   o f   mode l s   has   been   deve loped ,   w i th   p re sen t   work   focused   upon   t he   pos -  
s i b i l i t y  of   us ing   tensor   methods .  A number  of these   models   have   been   used   in  
t i m e  o p t i m a l   c o n t r o l   s t u d i e s   i n v o l v i n g  DYNGEN. 

INTRODUCTION 

The decade   of   the  1970s  h a s   c o i n c i d e d   w i t h   t h e   b e g i n n i n g   o f   y e t   a n o t h e r  
round   o f   subs t an t i a l   deve lopmen t   i n   t he  j e t  e n g i n e   i n d u s t r y .  A n o t a b l e   f a c t o r  
i n v o l v e d   w i t h   t h i s   s t a g e   o f   m o d e r n   e n g i n e   e v o l u t i o n   h a s   b e e n   t h e   i n e v i t a b l e  
g r o w i n g   i n t e r e s t   i n   b e t t e r   a n d   b e t t e r   p e r f o r m a n c e ,   w h i c h   i n   t u r n   p l a c e d   m o r e  
and  more  demands  upon  the  appl icat ion  of  c lass ica l  hydromechanica l   cont ro l  
t e c h n i q u e  as t h e   p r i m a r y   b a s e   t e c h n o l o g y   f o r   e n g i n e   d e s i g n .   F o r t u n a t e l y ,  mile- 
s t o n e   d e v e l o p m e n t s   i n   d i g i t a l   h a r d w a r e   b e g a n   t o   o f f e r  real is t ic  o p p o r t u n i t i e s  
fo r   onboa rd   computa t ion   i n   ways   no t   he re to fo re   poss ib l e .  The combinat ion  of  
t h e s e  two e v e n t s   p o i n t e d   t h e  way t o  a c o n c e p t   o f   i n c r e a s i n g   t h e   r o l e   o f  elec- 
t r o n i c s   i n   e n g i n e   c o n t r o l .   I n   t u r n ,   t h i s   c r e a t e d  a v a r i e t y   o f  new p o s s i b i l i -  

*This  work w a s  s u p p o r t e d   i n   p a r t   b y   t h e   N a t i o n a l   A e r o n a u t i c s   a n d   S p a c e  Admini- 
s t r a t i o n   u n d e r   G r a n t  NSG-3048. 

**It is  a p l e a s u r e   t o   a c k n o w l e d g e   t h e  many h o u r s   c o n t r i b u t e d   b y   o u r   c o l l e a g u e ,  
D r .  R. J e f f r e y   L e a k e ,  who i s  n o   l o n g e r   a s s o c i a t e d   w i t h   t h i s   e f f o r t .  
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ties  for  application  of  recent  theories  of  control  design.  The  FlOO  Multivari- 
able  Control  Synthesis  Program  (ref. 1) sponsored  by  the  National  Aeronautics 
and  Space  Administration,  Lewis  Research  Center,  and  the  Air  Force  Aero-Pro- 
pulsion  Laboratory,  Wright-Patterson  Air  Force  Base,  is  a  major  example. In 
the  linear  case,  the  primary  tool  employed  was  linear  quadratic  regulator  (LQR) 
theory;  in  the  nonlinear  case,  optimal  control  methods  were  not  directly  ap- 
plied. 

The  purpose  of  these  studies  has  been  to  evaluate  alternatives  to  LQR  in 
the  linear  case  and  to  examine  nonlinear  modelling  and  optimization  for  global 
control  in  the  nonlinear  case. 

CONTEXT OF THE  STUDIES 

Evaluation  of  various  theories  for  control  alternatives  has  taken  place 
using  linearized  models  related  to  the  FlOO  Multivariable  Control  Synthesis 
Program  and  using  the  DYNGEN  digital  simulator  (ref. 2). DYNGEN  has  the  com- 
bined  capabilities  of  GENENG  (ref. 3 )  and  GENENG I1 (ref. 4 ) ,  together  with an 
added  capability  for  calculating  transient  performance.  The  DYNGEN  digital 
simulation  is  particularized  to a  given  situation  by a  process  of  loading  data 
for  the  various  maps  associated  with a given  engine.  The  maps  for  these  stu- 
dies  have  been  provided  by  engineering  personnel  at  Lewis  Research  Center. 
These  maps  correspond  to a  hypothetical  engine  which  is  not  closely  identified 
with  any  current  engine.  But  the  data  do  correspond  in a  broad,  general  sense 
to  realistic  two  spool  turbofan  engines.  The  simulation  provides  for  two  es- 
sential  controls,  main  burner  fuel  flow  and  jet  exhaust  area.  Portions  of  the 
envelope  which  can  be  used  for  linear  or  nonlinear  experimentation  are a  func- 
tion  of  the  convergence  properties  of  the  DYNGEN  algorithm  as  interfaced  with 
the given  engine  data  load. 

MULTIVARIABLE  FREQUENCY  DOMAIN  STUDIES 

Modern  studies  of  control  in  the  multivariable  frequency  domain  display 
various  faces  in  various  contexts.  Here  it  is  convenient  to  classify  these  as 
"direct"  or  "indirect". 

The  direct  approach  can  usually be recognized  by  its  attention  to  achie- 
ving  completely  specified  dynamic  performance.  The  idea  is  classical  (refs. 
5-6). In fact,  some  of  the  earliest  attempts  to  expand  the  direct  approach  to 
the multi-input,  multi-output  case  involved  work  with  jet  engines  (refs. 7-8). 
A s  is  apparent  from  reference 7,  there  is  an  unfailing  tendency to call  these 
methods  algebraic  in  nature.  That  tendency  persists  to  this  day,  when  direct 
approaches  in  multivariable  applications  typically  involve  solution  for  com- 
pensations  described  by  matrices  of  transfer  functions,  with  the  solutions of-  
ten  requiring  the  algebra of modules  over  rings  of  polynomials  or  stable  ra- 
tional  functions. 
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The  indirect  approaches are  usually  recognizable  by  their  relation  to  the 
classic  work  of  Nyquist.  Here  the  key  equation  is  often  written  in  the  manner 

where (s) is  the  closed  loop  characteristic  polynomial, (s) is  the 
open  loop  characteristic  polynomial, M ( s )  is  the  matrix  return  difference, 
and [ - I denotes  determinant.  This  very  fundamental  equation  permits an es- 
sential  generalization  of  the  classical  Nyquist  idea,  can  be  used 
to  characterize  the  exponentials  involved  in  closed l ~ ~ ~ ~ c o ~ f k - ~ ~ !  Basically, 
a Nyquist  plot of I M ( s )  I tends  to  contain  the  same  type of information  which 
proved so useful in classical  design. A great  deal  of  the  design  effort  cen- 
ters  upon  the  way  in  which  dynamical  compensation  affects  the  determinant 
which  acts on M ( s ) .  There  are  three  well  recognized  ways  to  study  this  ef- 
fect.  These  are (1) direct  construction of l M ( s )  by  any  of  the known meth- 
ods  for  determinant  calculation; (2) construction  of  the  eigenvalues of M ( s )  
as  a  function of s, and  use of the  idea  that  the  determinant  is  equal  to  the 
product of its  eigenvalues  (ref. 9 ) ;  and (3) design of compensation  so  that M ( s )  
is  approximately  diagonal,  with  concomitant  development  of a  relation  between 
the  Nyquist  plot  of I M ( s )  I and  plots  of  the  diagonal  elements  of M ( s )  , as 
in  reference 10. 

PCL 

THE  DIRECT  APPROACH 

With  regard  to  the  direct  approach, a  substantial  case  study of exact 
model  mathcing  (ref. 11) has  been  carried  out. 

The  exact  model  matching  problem  can  be  phrased  as  follows.  Let R ( s )  
denote  the  field  of  rational  functions  in s and  with  coefficients  from  the 
real  number  field R. Further,  let VI,  V2, and V 3  be  finite-dimensional 
vector  spaces  over  the  field R ( s ) .  Finally, let 

G1 : V2 -f V 3 

and 

G2 : V1 -t V 3 

be  given  linear  transformations on one  vector  space  to  another.  Then  the  ex- 
act  model  matching  problem  is  to  find  linear  transformations 

G : V  + V 2  1 

of vector  spaces,  if  they  exist,  such  that 

G G = G 2 .  1 

In a  control  problem, G1 and G2 are  functions  of  the  plant,  the  complete 
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c l o s e d   l o o p   s p e c i f i c a t i o n s ,   a n d   t h e   c o n f i g u r a t i o n   c h o s e n   f o r   t h e   c o n t r o l l e r .  
The  unknown G e m b o d i e s   t h e   d y n a m i c s   i n v o l v e d   i n   t h e   c o n t r o l l e r ,  relative t o  
a f i x e d   c o n f i g u r a t i o n   o f   c o n t r o l .  

The b a s i c   p l a n t  was a v e r s i o n   o f   t h e  FlOO t u r b o f a n   e n g i n e .   I n p u t s  were 
j e t  exhaus t  area and   ma in   bu rne r   fue l   f l ow;  states were f an  i n l e t   t e m p e r a t u r e ,  
m a i n   b u r n e r   p r e s s u r e ,   f a n   s p e e d ,   h i g h   c o m p r e s s o r   s p e e d ,   a n d   a f t e r b u r n e r   p r e s -  
s u r e ;   a n d   o u t p u t s  were t h r u s t   a n d   h i g h   t u r b i n e   i n l e t   t e m p e r a t u r e .  The l i n e a r -  
ized   model   approximated   the  small s i g n a l   b e h a v i o r   o f   t h e s e   e n g i n e   v a r i a b l e s  i n  
a neighborhood  of 47" PLA. 

I n s o f a r  as t h e   a u t h o r s  are p r e s e n t l y  aware, t h i s   s t u d y   r e p r e s e n t s   o n e   o f  
t h e   m o s t   e l a b o r a t e  exact m o d e l   m a t c h i n g   s t u d i e s   u n d e r t a k e n   t o   d a t e   i n   t h e  l it- 
e ra tu re .   Moreove r ,  i t  i s  e n t i r e l y   i n   t h e   s p i r i t   o f   t h e   i n t r o d u c t o r y  work i n  
r e f e r e n c e s  7-8. 

Techn ica l ly ,   t he   ma themat i ca l   f r amework  w a s  set up i n  terms of   polynomial  
modu les .   The   p rob lem  fo rmula t ion   i t s e l f   has   been   r eco rded   i n   r e f e rence  1 2 ,  
where i t  can  serve as a c o m p a r i s o n   p o i n t   f o r   f u t u r e   a l g o r i t h m s .  The computer 
a lgori thms  implemented were t h o s e   p r o m u l g a t e d   i n   t h e   l i t e r a t u r e  a t  t h a t  time 
( r e f .   1 3 ) .  

T h e s e   s t u d i e s   e s t a b l i s h e d  several b a s i c   c o n c l u s i o n s  r e l a t ive  t o   t h e   d i r e c t  
m e t  hod : 

( 1 )   t h e   d i r e c t   m e t h o d  w a s  o f   i n t e r e s t   i n  j e t  e n g i n e   c o n t r o l  
( i n d e e d ,   h a d   b e e n   p r o p o s e d   i n   i n d u s t r i a l   s t u d i e s ) ;  

( 2 )  t h e  j e t  e n g i n e   c o n t r o l   p r o b l e m s   t y p i c a l   o f   t h e  1970s were 
o f   s u f f i c i e n t   s i z e   a n d   c o m p l e x i t y   t o   o v e r t a x   t h e   r o u t i n e  
s o l u t i o n   p r o c e d u r e s   b e i n g   m e n t i o n e d   i n   t h e   l i t e r a t u r e  a t  
t h a t  t i m e ;  and 

(3) a s u b s t a n t i a l   i n f l u x   o f   i d e a s   f r o m   t h e   l i t e r a t u r e   o n  nu- 
merical m e t h o d s   w o u l d   b e   n e c e s s a r y   b e f o r e   t h e   d i r e c t  
method  could   be   appl ied   for  j e t  e n g i n e   c o n t r o l .  

It i s  a p l e a s u r e   t o   r e p o r t   t h a t   t h e s e   r e s u l t s   d i d   i n d e e d   l e a d   t o   t h e   d e -  
s i r e d   i n f l u x ,  s o  t h a t   c o m p u t a t i o n s   o f   s u f f i c i e n t   a c c u r a c y   c a n  now be made i n  
s e c o n d s .   E f f o r t s   i n v o l v i n g   t h e   d i r e c t   m e t h o d  are now b e i n g   d i r e c t e d  a t  t h e  
problem  of   making   convenient   spec i f ica t ions .  

THE INDIRECT APPROACH 

Though  some e f f o r t s   ( r e f .   1 4 )  were d i r e c t e d   t o w a r d   t h e   e v a l u a t i o n   o f   t h e  
e i g e n v a l u e   a p p r o a c h   ( r e f .  9)  t o  I M ( s )  I , t h e   m a j o r   a t t e n t i o n   u n d e r   t h e   i n -  
d i r e c t   a p p r o a c h   c l a s s i f i c a t i o n   i n   t h e s e   s t u d i e s  w a s  d i r e c t e d   t o w a r d   t h e   i d e a   o f  
designing  dynamical   compensat ion so as t o  make M ( s )  app rox ima te ly   d i agona l  
i n  a way t h a t  w o u l d   b e   u s e f u l   i n   N y q u i s t   s t u d i e s .  
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Because  of   the  indirect  way i n  which  compensation  has  an  effect   on I M ( s )  I , 
Nyquist   analysis   of  IM(s) I may be  of l i t t l e  u s e   t o   t h e   d e s i g n e r   f o r   o t h e r  
t han   s t ab i l i t y   de t e rmina t ion ,   fo r   even   t he   s imp les t   sys t ems .   In   t he   even t   t ha t  
M ( s )  is d iagona l ,   des ign   and   s t ab i l i t y   cons ide ra t ions  are reduced t o  a se t  of 
s ing le   i npu t ,   s ing le   ou tpu t   p rob lems ,   w i th   ne t   angu la r   behav io r  of I M ( s )  I be- 
ing a consequence  of summing the   i nd iv idua l   ne t   behav io r s  of t he   d i agona l  en- 
tries. 

Rosenbrock (ref.   10)  has  introduced  the  idea  of  diagonal  dominance,  which 
can  be  regarded as an  approximate  form  of  diagonality.  An mxm mat r ix  Z(s) 
over R ( s )  is s a i d   t o   b e   d i a g o n a l l y  column  dominant i f   f o r  a l l  s E D t h e  
Nyquist   contour  and  for i = 1 , 2 , . . . , m  

m 

Rosenbrock  shows t h a t ,   i f  a mat r ix  M ( s )  is d iagonal ly  column dominant,   the 
net   angular   behavior  of I M ( s )  I on D can  be  inferred from that   of   {mii(s)]  
on D. Thus t h e  class of mat r ices   for   which   des ign  and s t a b i l i t y   a n a l y s l s  may 
be  performed  on  only  the  diagonal  entries is expanded  from diagonal  matrices t o  
matrices  which are diagonally  dominant.  

E f f o r t s   i n   t h e s e   s t u d i e s   h a v e   f o c u s e d  upon  methods to  design  compensation 
in   o rde r   t o   ach ieve   d i agona l  dominance. 

The procedure  which  has  been  developed i s  c a l l e d   t h e  CARDIAD method,  where 
the  acronym s t a n d s   f o r  Complex Acceptabi l i ty   Region   for  DIAgonal  Dominance. 
The CARDIAD i d e a   c a n   b e v i s u a l i z e d  as follows, C o n s i d e r a u n i t y   n e g a t i v e   f e e d -  
back   conf igura t ion   wi th   the  mxm p l an t   ma t r ix  G ( s )  preceded by an mxm com- 
pensa t ion   mat r ix  K ( s ) ,  both  over  R(s).   Except  for  renumbering of i n p u t s ,  
the   des ign  of K ( s )  t o   ach ieve   d i agona l  dominance may be r e s t r i c t e d   t o  K ( s )  
ma t r i ces   hav ing   t he   un i t   t r ans fe r   func t ion  1 i n  each  main  diagonal   posi t ion.  
T h i s   f a c t  i s  an  easy  consequence of Rosenbrock ' s   de f in i t i on .   In   t he  CARDIAD 
approach, a s u f f i c i e n t   c o n d i t i o n   f o r  dominance i n   t h e   i t h  column of 

M ( s )  = I + G ( s ) K ( s )  

say,  a t  a pa r t i cu la r   f r equency  s E D ,  i s  expressed by a q u a d r a t i c   i n e q u a l i t y  
of the   type  

f . ( v )  = <v,Av> + <v,b> + c > 0 
1 

Here v i s  a v e c t o r   i n   t h e  real space , c o n s i s t i n g  of a l ist  of t h e  
real a n d   i m a g i n a r y   p a r t s   o f   t h e   o f f - d i a g o n a l   e n t r i e s   i n   t h e   i t h  column  of 
K(s) a t  the   pa r t i cu la r   f r equency  s E D < - , e >  is the   u sua l   i nne r   p roduc t ,  
A is  an   Hermi t ian   l inear  map, b E R2m-*, and c E R. A, b y  and c are 
func t ions  of G ( s ) .  

R2m- 2 

Seve ra l   d i f f e ren t   app roaches  are used  to   choose v so t h a t   f i ( v )  is  
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p o s i t i v e .   T h e s e  are d e s c r i b e d   i n   d e t a i l   b y  references 15-22.  References  15-17 
d e a l   p r i m a r i l y   w i t h   e n g i n e   m o d e l s   h a v i n g  two i n p u t s   a n d   t w o   o u t p u t s ;   r e f e r e n c e  
18 focuses   on  a t h r e e   i n p u t / o u t p u t  case; a n d   r e f e r e n c e s  6-8 t reat  f o u r   i n p u t /  
o u t p u t   s i t u a t i o n s .  

The b a s i c   i d e a   o f  a CARDIAD p l o t  i s  e a s y   t o   u n d e r s t a n d   i n   t h e  two i n p u t /  
o u t p u t  case. The compensa t ion   takes  a form 

L 

w h e r e   f o r  i = 1 , 2  

x : D + R  
i 

are t h e   f u n c t i o n s   d e f i n i n g   t h e  rea l  and   imag ina ry   pa r t s   o f   t he   o f f -d i agona l   en -  
t r ies i n  column i. The q u a d r a t i c   i n e q u a l i t y   c a n   b e  set  e q u a l   t o  i t s  l i m i t i n g  
v a l u e  

wh ich   de f ines  a c i r c l e  on R2 w i th   coord ina te s   (x i , y i ) .   Fo r  a p a r t i c u l a r  
s E D, a s o l i d  c i r c l e  i s  drawn  on R2 i f   ( x i , y i )   p a i r s   i n s i d e   t h e  c i r c l e  
s a t i s f y   t h e   i n e q u a l i t y ;   a n d  a dashed c i r c l e  i s  drawn  on R2 i f   ( x .   , y i )   p a i r s  
o u t s i d e   t h e  c i r c l e  s a t i s f y   t h e   i n e q u a l i t y .  A s  s traverses D ,  t tese c i rc les  
g e n e r a t e  a CARDIAD "p lo t"   on  R2.  The p l o t  i s  e s s e n t i a l l y  a set o f   r e q u i r e -  
men t s ,   i n   g raph ica l   fo rm,   wh ich  are n e c e s s a r y   a n d   s u f f i c i e n t   f o r   c o m p e n s a t o r  
d e s i g n   t o   a c h i e v e   d o m i n a n c e   i n   t h e   c o n f i g u r a t i o n   d e s c r i b e d   a b o v e .  

When m > 2 ,  v a r i o u s   a d d i t i o n a l   s t r a t e g i e s  are b rough t   i n to   p l ay .   These  
are  d e s c r i b e d   i n  some d e t a i l   i n   t h e   r e f e r e n c e s .  

NONLINEAR MODELLING AND OPTIMIZATION 

Wi th   r e spec t   t o   non l inea r   mode l l ing   and   op t imiza t ion ,   t he   emphas i s   has  
b e e n   t w o f o l d ;   t o   d e v e l o p   a n a l y t i k a l   n o n l i n e a r   m o d e l s   o f   t h e  j e t  engine  deck  and 
t o   u s e   t h e s e   m o d e l s   i n   c o n j u n c t i o n   w i t h   t e c h n i q u e s  of mathematical   programming 
i n   o r d e r   t o   s t u d y   g l o b a l   c o n t r o l   o v e r   n o n - i n c r e m e n t a l   r e a c h e s   o f   t h e   f l i g h t  en- 
ve lope .  The c o n t e x t   f o r   s u c h   s t u d i e s   h a s   b e e n   e s t a b l i s h e d   b y  DYNGEN, as de- 
sc r ibed   above .  

The f i r s t  method  of  modelling  which was c o n s i d e r e d  w a s  t h a t   o f   a n a l y t i c a l  
c o n s t r u c t i o n  of t h e   e q u a t i o n s   f r o m   t h e   b a s i c   p h y s i c a l   p r i n c i p l e s .   I n   t h i s  case, 
t h e r e  were s i x t e e n   n o n l i n e a r   d i f f e r e n t i a l   e q u a t i o n s ,  as w e l l  as a l a r g e  number 
o f   non l inea r  s ta t ic  func t ions   wh ich   p rov ided   add i t iona l   coup l ing  among t h e  
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equat ions.  Such a procedure   then   requi res   de te rmina t ion  of p a r a m e t e r s   i n   t h e  
equat ions.  A number of  these  parameters  have  very  definite  physical   meanings,  
and  these  meanings were supplemented by s imula t ion   da t a  when appropr i a t e .  Ob- 
t a i n i n g   t r a c t a b l e   m o d e l s   f o r   t h e   e n g i n e   i n   t h i s  way, though  promising  from  the 
po in t  of view of p h y s i c a l   i n s i g h t ,   d i d   n o t   l e a d   t o   v e r y  much mathematical   in- 
s igh t .   Subsequen t ly ,   t he re fo re ,   t h i s  method  gave way t o   t h e   f o l l o w i n g .  

The second  method  of  modelling  placed  increased  emphasis  upon  the  mathe- 
matical s t r u c t u r e  of t he   equa t ions ,   w i th   de t e rmina t ion  of  parameters  being  done 
automatical ly   f rom  s imulator   data .  A h i g h l i g h t   o f   t h i s   p a r t  of t he   s tudy  w a s  
the  development  of  the  model class 

i = A(x)  (X-g(U)) 

where x E Rn, u E Rp. The func t ion  g is  arranged so as t o   s a t i s f y   t h e  set- 
p o i n t   o r   s t e a d y - s t a t e   f e a t u r e s  of the   engine   deck ,   whi le   the   opera tor  

A :  R n + R  n 

i s  u s e f u l   t o   a d j u s t   t h e   t r a n s i e n t   b e h a v i o r  of t he  model. The p a r t i c u l a r s  of 
t h i s   i d e a  w e r e  d e s c r i b e d   i n   r e f e r e n c e  23.  

A number of poss ib i l i t i e s   ex i s t   fo r   app roach ing   t he   approx ima t ion  of  A(x) 
and g (u ) .  One a d d i t i o n a l  method  and appl ica t ion   has   been   presented   in   re fe r -  
ence 2 4 .  

A t  t h i s   p o i n t   i n  t i m e ,  a new stage in   t he   non l inea r   mode l l ing   s tud ie s  i s  
b e i n g   i n i t i a t e d .   I n   t h i s   p h a s e ,   e x t e n s i v e   u s e  w i l l  b e  made of t he  methods of 
m u l t i l i n e a r   a l g e b r a ,   s p e c i f i c a l l y   t h e   t h e o r y  of a lgeb ra i c   t enso r s .  

Models of the  types  evolved  in  phases  one and two have  been  used i n  time- 
op t ima l   con t ro l   s tud ie s .   Resu l t s  of t hese   e f fo r t s   have   been   wr i t t en  down i n  
r e fe rences  25-27. 

CONCLUDING REMARKS 

This   br ief   paper   has   sketched a number o f   c o n t r o l   a l t e r n a t i v e s  which  have 
been   s tud ied   r ecen t ly   i n   t he   con tex t   o f   t he  DYNGEN d i g i t a l   e n g i n e   s i m u l a t o r  and 
of   l inear   models   der iving  f rom  the FlOO Mult ivar iable   Control   Synthesis   Pro-  
gram. I n   t h e   l i n e a r  case, these   s tud ies   have   focused  on a l t e r n a t i v e s   t o   t h e  
l i n e a r   q u a d r a t i c   r e g u l a t o r   t h e o r y  employed i n   t h a t  Program. I n   t h e   n o n l i n e a r  
case, emphasis  has  been  placed  on  nonlinear  modelling  and  t ime-optimal  control.  

P r inc ipa l   r e su l t s   r epor t ed   have   been   t he  case study  on  exact  model  match- 
ing,   which  has   s t imulated  considerable  new work i n   t h a t  problem area, t h e  de- 
velopment of t h e  CARDIAD p l o t  as  a des ign   t oo l   fo r   gene ra l i zed   Nyqu i s t  work, 
and the   i n t roduc t ion  of a nonlinear  model class which is p r o v i n g   t o   b e   h e l p f u l  
i n   r ecen t   eng ine   des ign   s tud ie s .  
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Present  thrust in this  work  is  toward  the use of  multilinear  algebra  for 
generalized  nonlinear  modelling. 

Finally,  the  reader  may  be  interested  in  the  fact  that  the  National  Eng- 
ineering  Consortium  sponsored an International  Forum on Alternatives  for  Linear 
Multivariable  Control  in  Chicago  during  October  1977.  Authors  in  that  meeting 
were  asked  to  address  a  Theme  Problem  based  upon  FlOO  data. Two publications 
resulted,  one  a  proceedings  and  one  a  hardbound  book.  Reference  23  is  to  the 
proceedings,  while  reference 18 is  to  the  book.  Much  additional  information 
may  be  found  in  those  volumes. 
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