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ABSTRACT

A convenlent procedure Is deseribed to determine the thermal behavior
(thermal cxpansion coefiicients and thermal stresses) of angleplied fiber com-
posites using a pocket raleulator. The procedure consilsts of equations and
appropriate graphs for various (H') ply combinations. These grapls present re-
duced stifimess and thermal expansion coefficients as functions of +0 in or-
der to simplify and expedite the use of the equations. The procedure is appli-
cable to all types of balanced, symmetric fiber eomposites inciading interply
and dntraply hybrids. The versatildity and generalfty of the procedure is 11-
lustrated using several step-bv=step numerical examples.

1.0  INTRODUCTION

Thermal oxpansdon coeffieients and thermal and residual strains and
stresses In angteplied laminates (figs. 1 and 2) are frequently required for
the initial sizinpg of structural components made from fiber composites. These
coefficlents strains oad stresses are commonly referred to as composite thermal
behavior. The significance of composite thermal behavior particularly lamina-
tion residual stresses are extensively discussed in reference 1. Thermal ex-
pansion coefficients, thermal and lamination resfidual strains and stresses are
determined using composite mechanics and laminate theory usually avallable in a
computer code (rofs. 2 and 3). A computer code was used of fectively (xef. 4)
to evaluate lamination residual stresses in angleplied laminates and thereby
assess the effects of these stresses on the structural intergrity of composites.
It is generally recopnized that the use of a computer code is expedient and
quilte peneral. However, it does not provide the user with insight and instant
feedback of the laminate thermal behavior and capability as he proceeds with
the design/analysis of the component. Also, a computer code may not be readily
accessible to the user.

A convenient procedure (method) is deseribed in this paper which can be
used to determine the thermal behavior of angleplied laminates. The procedure
is suitable for hand calculatdons using a pocket calculator. Tt consists of
simple equations and appropriate graphs of (+0) ply combinations from the most
frequently used composites (fipgs. 3 to 18). Graphs for other composites can be
gener. od by using uniaxial proporties from table T and well-known transforma~
tion equations (ref. 4). The nrocedure makes use of the well-known trausforma-
tion equations, and laminate tic2=y equations. Its structure is similar to
that in reference 5. The procedure can handle all types of composites includ-
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ing interply and intraply hybrids. The procedure is {1lustrated using selected step-
by-step numerical examples. The 5 jcussion in this paper is limited to linear mechan~
ical and thermal behavior of composites., Several additional examples and implica-

tions todesign applications are described in a NASA TP report under preparation.

The paper and numerical examples are written mainly in a tutorial manner
in order to illustrate the step-by=-step procedure, For this reason, the vari-
ous sections are self contained as much as is practical at the expense of some
duplication., The notation used is defined when it first appears and also sum-
marized under symbols for convenient reference. Customary units are used
throughout the numerical examples since these serve primarily to illustrate
step-by=step numerical calculatious. Appropriate conversion factors are given
in the symbols.

2.0 THERMAL EXPANSION COEFFICIENTS

5ho in-plane thermal expansion coefficients (TECSs) acxx o'd deyy of
Eo/xo s angleplied laminates are determined from the followig equations

1

Yexx = B {VpGBQOll = Vexy02108011 *+ (Q912 = VexyQo22)%922]

+ Vool Qg - VexyQe21)ap1) + Q12 - vcnyzzz)azzﬂ} (2.1)

1
Seyy * Eoyy {Vpo[?Q021 = VeyxQo11)ag11 + (Q22 = veyxQo21)ap22]

+ Vpo[@e21 = veyxQuiagnn + (22 = vcnyazl)ﬁnzzJ} (2.2)
The composite moduli E. .. and Foyy and the composite Poisson's ratios
chy and Yeyx Aare given by
Q Qe
Bexx ® Qexx = ~m%s Eoyy ® Qeyy = mny
CXX CXX cyy cyy cyy 5;xx
(2.3)
Q Q
vexy = GSEX; veyx = QSEX
cyy XX
The "reduced stiffness" Qc'o are given by:
Qexx = VpoQe11 * VpoQeil
Qeyy = VpoaQe22 * Vpoe22 (2.4)

chy = VpeQOIZ ¥ vaQQIZ - Qcyx
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The Qg's are obtained from the appropriate figures 3 to 18. The Q 's are
equal to Qp's at 0 = 0 in figures 3 to 18. Note Qg ™ Qpqp- ag's
and ap's are obtained from the same figures. The parameter denotes the
thickness ratio of the +0-plies to the total laminate thickness While V is
the corresponding ratio for the O-plies. Vpo and Vpo satisfy the idoxgtty

The following procedure is convenient to calculate numerical values
for a and ey for a given [0/40 g APL using equations (2.1) and

(2.2) %=

1. Obtaia valves for Qpr1, Q22 Q012 = Q921 Qe11s Qe22s Q12 = Q21
aBll, 2622, agll and ag22 from the appropriate figures note that ten values

are needed.

2. Calculate values for Vpo and VpO' respectively,

_ thigﬁnesa of tgfplles (2.6)
P9 T thickness of APL .

\

thickness of O-plies
Vpo thickness of APL i

3. Calculate values for Qexx, Qeyv and Qexy using equations (2.4),
using the information obtained in item (1) above and that obtained from equa-

tions (2.6) and (2.7).

4, Calculate values for Egxx, Ecyyy Vexy and veyyx using the informa-
tion obtained in item (3) above., We use¢ the well known relationship

E
¢
Veyx ™ Vexy E-c{i (2.8)

to check our numerical values. In summary, we need to look-up ten quantities
from the graphs and calculate a minimum of seven others in order to determine
the thermal expansion coefficients (TECs) a.,, and Teyy using equations
(2.1) and (2.2).

It is worth noting in equations (2.1) and (2.2) that the APL TECs depend
on the properties of the 6+ -plies (Qe's). the O-plies (Qg's) and the APL (in-
tegrated) properties E. and v.. Also, the APL Poisson's ratios (v.) restrain
the TECs of the APL since these quantities are preceded by a minus sign and,
therefore, subtract from the total., Furthermore, the shear moduli contribute
to tne TECs through the Qg's. In addition, equations (2.1) and (2.2) can be
easily extended for more than one set of +8-ply combinations. Similar terms




Vpel[.] + VpozL'] + etc., are added to accommodate this case as will be de-
scribed with a numerical example later

Example 2.1. - Calculote the TECs of the 8-ply [tac/on]. APL made from

AS/E composite: (1) Following the procedure outlined in item (1) above we
obtain the Q's from figure 7 and the a's from figure 8 both at 6 = £30
and 0 (within curve reading accuracy):

B
Qgqy = 11.3x108 psi Qgqy = 18.7x10° pst {
!
Qgpy = 2.9x10° psi Qgpp = 2.0x10° psi
Q21 " Qo12 * 3.7x10° psi Qg2y = Q2 = 0.6x10° psi
agyy = =2.6x1070 in/in/OF agrp = 0.4x107% in/in/%F
. ag22 = 12.8x107® in/in/°F agas = 16.4x1076 in/in/OF

(2) Following item (2), we calculate Vpe and Vpo
Vpe = 4/8 = 0.5
Vpo = 4/8 = 0.5

(3) Following itew (3), we calculate the Q¢'s using equations (2.4) and
carrying ine unite selectively for convenience

Qexx VpOQGII v VpOQtll

6

0.5 % 11.3x10% + 0.5 x 18.7x10° = 15.0x10% psi

Qeyy = VpoQp22 + Vpoe22

6

0.5 x 2.9x10% + 0.5 x 2.0x10% = 2.45x10° psi

Qeyx * Qexy = Vpole12 * VpoQua2

0.5 x 3.7x10% + 0.5 x 0.6x100 = 2.15x10° psi




(4) Following item (4), we calculate Boyn? !cyy and Vexy
2 2
Qe xy 6 _ (2.15x10%) 6
!cxx - chx - Yy 15.0x10% - 2.65xl06 13.1x10 Pli
Q’ 6y2
Eeyy = Qeyy = o = 2.45x108 - (Ze13XI0D_ o 5 140106 pgy

exx 15.0x10°

2 = chx B 2.15x100
CXY  Qeyy  2.45x106

= 0.878

e Qexy _ 2.15x10°
CYX " Quux  15.0x10°

= 0.143

Ee

Check: v " Vg -
cyx cxXy Ecxx

2.14x100
0.143 = 0.878 =—"— =30.143 = 0.143 O.K.
13.1x100

(5) Using the above information in equations (2.1) and (2.2) and cancelling
106 with 107® within the braces:

1

Yexx * Eoxx {Vpe[er11 = VexyQ21)%011 * (12 = VexyQ022)9922]

+ Vpo[ Q11 = VexyQu21)ag1y + Qg2 - chszzz)azzé]}

1
13.1x10°

{0.5[(11.3 - 0.878 x 3.7)(-2.6)+(3.7-C.878x2.9)(12.8)]

+ 0.5[(18.7 - 0.878 x 0.6)(0.4) + (0.6-0.878)&2.0)(16.4)]}

1
= ;;.lx106 {0.5[320.9 + 14.@] + o.s[?.27 - 19.@]}

-0.68x10"® in/in/°F

Ao xx
(Cont'd.)




1
Eeyy {VP0[3Q021 = VeyxQ11)%11 * (%22 = VeyxQ921)%022)

+ VP0[3Q121 = VeyxQuipdagyy *+ Qg2 - chxQ121)°!2é]}

‘-—-5 {o.s[(m = 0.143 x 11.3)(=2.6) + (2.9 = 0.143 x 5.7)(12.8)]
2.14x10

+ 0.3](0.6 = 0.143 x 18.7)(0.4) + (2.0 = 0.143 x o.e)(xo.ai]}

1
s 0.5 -5-62 30.3 + 0.5 -00830 + 31-‘0 }
2.14x10° { [ + 30.3] [ 4]

aeyy = 13.0x10° in/in/oF

Example 2,2, = Calculate the TECs of the [b/tbS/9Q}s APL made from AS/E
composite. This APL is commonly called pseudo-isotropic or quasi-isotropic
laminate meaning that the laminate behaves like an isotropic material with
respect to its in-plane elastic and thermal properties. The meaning of this
terminology will also be illustrated by a numerical example later. /gain we
follow the procedure outlined in items (1) through (5) and extend it to three
different ply configurations (0, +45, 90):

(1) Obtain from figures 7 and 8 (within curve-reading accuracy) and using the
first subscript 0 to denote all three conditions:

Q and a 0 = +$45 6 =0 8 = 9
Qgqp (106 psi) 6.1 18.7 2.0
Qg22 (100 psi) 6.1 2.0 18.7
Qp21 = Qo2 (10° psi) 4.8 0.6 0.6
- o
ag11 (10 in/in/ F) 2.2 0.4 16.4
-6 o
ap22(10 © in/in/"F) 2,2 16.4 0.4

Note the O-ply and 90-ply properties are complementary as expected.




(2) The respective thickness ratios for this 8-ply APL are:

O Number of plies Vpeo
+45 4 4/8 = 0.50
0 2 2/8 = 0.25
2 2/8 = 0.25

(3) The corresponding Q.'s are:

Qexx

Qeyy

Voras%asit * Vpolorr * Vpooleorl
(0.50 x 6.1 + 0,25 x 18.7 + 0.25 x 2.0)x10% = 8.22x10° pst

Vp+as5%as522 + VpoQo22 + VpooQeo22
(0,50 x 6.1 + 0.25 x 2.0 + 0.25 x 18.7)x10°% = 8.22x10° psi

Qeyx * Qexy = Vp#4sUas12 *+ VpoQo12 * Vpool9o22

(4) The APL moduli and Poisson'

2
E - Q = 8251
CXX CXX Qcyy
Q2
E = Q - Jy.x_
eyy © Yy © Qox
Ocx 2.70
Vexy © Tl " 8.22
cyy .

Qeyx _ 2.70
Veyx * Wooy " 8.22

E
Check: wveyx = Vexy gfii

= 7.
0.328 = 0.328 77%%

(0.5 x 4.8 + 0,25 x 0.6 + 0.25 x 0.6)x10% = 2.70x10° psi

s ratio are:

2
- (8.22 - 3'—729-—);( 10% = 7.33x10° psi

- (s.zz : &—9—);‘ 10% = 7.33x10% psi

0.328

0.328

> 0.328 = 0.328 0.K.




The calculations for E.yy, Veyy and for the "check" were carried out for
completeness since it is obvious that for this laminate Egyy = Egxyx and

ch‘ - chy.

(5) The TECs for this APL are calculated from equations (2.1 and (2.2) but
are generalized to include more than two different ply combinations. The form
of the equations using the summation sign are:

Yexx © A 2 Vpe[(‘?an = VexyQ021)9911 + (Qg12 = cherzz)ﬂozi]

!CXX 9=
+45,0,90
- 1 - -
Yeyy  Ecyy ;_ Voo [(@21 = Veyx®o11%11 * Q22 = Veyxo21)%22]

+45,0,90 (2.9)

where the sum is taken over 0 = 445, 0 and 90. Using the values calculated
previously in equations (2.9) and cancelling the 106 term with the 1076 within
the braces we have:

= 1 e - K - 1
Yoxx " - {().50[}6.1 0.328 x 4.8)(2.2) + (4.8 = 0.328 x 6.1)(2.2)]
+0.25[(18.7 - 0.328 x 0.6)(0.4) + (0.6 = 0,328 x 2.6)(16.4)]
+0.25[(2.0 = 0,328 x 0.6)(16.4) + (0.6 = 0.328 x 18.7)(o.ai]}
1 -
e {0.50[9.96 + 6.16] + 0.25[7.40 = 0.92] + 0.25[29.6 - z.zﬂ}
7.33x10
Aexx * 2.25x1076 in/in/°F
=5
Gayy ® —~— 40.50[(4.8 - 0.328 x 6.1)(2.2) + (6.1 - 0.328 x 4.8)(2.2)
Y 7.33x100 [ ]

+ o.zs[@o.s 0.328 x 18.7)(0.4) + (2.0 - 0.328 x 0.6)(16.6{]

+0.25[(0.6 = 0.328 x 2.0)(16.4) + (18.7 = 0.328 x 0.6)(0.4i}}

N o
7.33x10°

{'o.so[§.1e + 9.9@] +0.25[-2.21 + 29.§] +0.25[-0.92 + 7.a§]}

2.25x10"® in/in/OF

(lcyy




as expected. The reader may find it instructive to note that: (1) the values
within the various parentheses for ag.y and agyy are complementary and

(2) the values for ag,, and agy, ar: about equal to those for ag); and
ag22 for 06 = 145.

The reader will obtain valuable practice and insight by using the pro-
cedure to calculate TECs of APL with ply configuration of his choice and a
different composite system.

3.0 TRANSFORMATION OF THERMAL EXPANSION COEFFICLENTS

The thermal expansion coefficients (TECs) about any x'-y' coordinate
axes of an orthotropic angleplied laminate APL with material symmetry about
the x=-y coordinate axes are given by:

Oox'x' °cxx°°‘2‘ + ucyylinzo

" - inls + 2 (3.1)
.cy'y' chx. n ‘ acyyCOl 0 .
Gex'y! - (acyy - acxx)sln 2¢

where the notation in equation (3.1) is as rollows: agy'y', aey'y' and
0ax'y' are the TECs about the new coordinate system x'-y'; acxx and acyy
are the TECs about the x=-y coordinate system and are calculated as described
in Section 2; ¢ 1is the angle that the x' axis makes with the x axis.
Note, dex'y' is a shear-type thermal deformation which is present along any
coordinate system x'-y' located at some angle ¢ where 0 < ¢ < 90

since sine 2¢ # 0 in this range.

To perform the calculations using equations (3.1) we need the TECs agyx,
acyy and the angle ¢. The TECs for the APL of interest are either known or
can be computed using the procedure and examples described in the previous
section. The angle ¢ 1is known once the coordinate x'~y' axes has be'n
selected. We can check our results using Ggyiyr + Goytyr = Goyy + Toyy:

Example 3.1. - Calculate the TECs of the [}30/o£] APL made from AS/E

composite about an x'-y' coordinate axes where the x'-axis is located by
¢ = 159 from the x-axis. From example (2.1) acxx = -0.€68x106 in/in/OF and

acyy = 13.0x10-6 in/in/°F. Using these values in equations (3.1) we have:

Oex'x' = acxxcosz¢ ¥ acyysinzo
= (=0.68 cos? 15° + 13.0 sin? 15°) x 10~® in/in/°F
= 0.24x10"® in/in/°F

(Cont'd.)

T R T i
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Goyty? * ac*xllnzo > acychlzo
= (=0.68 3in? 15° + 13.0 cos 15%) x (07¢ in/1n/OF
“ 12.08x1076 {n/1n/°F
Goxty! * (acyy = QL) 81020
. {[}3.0 - (-o.eai]-tnz(ls°)} 107® in/1in/°F
aex'y' = 6.84x107% in/1n/oF
As can be seen, the shear-type TEC a y'y' 18 substantial. Restraining this

APL along the x'-y' coordinate axes will induce considerable in-plane shear
stresses.

4. LAMINATE THERMAL STRAINS AND STRESSES

Aleng the laminate material axes. - The equations for calculating thermal
strains Coxy and Eeyy along the laiminate x=-y coordinate axes are:

toxx * (T = Tolagyy (4.1)
€eyy = (T = Todacyy

vhere T 1is the use temperature and T, 1is the reference temperature (usually
room temperalure);auuirkxy and acyy are the TECs which are either known or
can be determined as described previously. Use of equations (4.1) requires
that the TECs be independent of temperature within the range T =~ T,.

Example 4.1. = Calculate the thermal strains for the [f30/0i]5 APL made

from AS/E composite (Example 2.1) where T = 270° F and T, = 70° F. The
values for the TECs from Example 2.1 are:

gy = =0.68x1070 {n/in/°F; aiyy = 13.0x107® in/in/OF

Substituting these values in equation (4.1), we obtain:

Coxx ™ (T = Tgdaexx = (270 = 70)(-0.68x1076) = -136x107® in/in

Eeyy = (T = Todagyy = (270 = 70)(13.0x107%) = 2600x107® in/in

The equations to calculate the corresponding thermal stresses, assuming that
vhe laminate is completely restrained from thermal expansion, are:

Oexx ® “AT(Qexx%exx + Qexy®eyy) (
4.2)

0

cyy = =AT(Qeyxacxx + Qeyyacyy)
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where AT = (T = Ty)i the Q.'s and a.'s are determined as described
previously.

« 4.2. = Calculate the restrained thermal stresses in Example 4,1,
Referring to Examples 2.1 and 4.1, we have:

Qexx = 15.0x10% pst  a . = ~0.68x107® in/in/OF

Qeyy = 2.45x10° psi  agyy = 13.0x1070 in/in/oF
Qeyx * Qexy ® 2:15%106 pst AT = (270 - 70) = 200° F

Using these vaiues in equations (4.2) we obtain (cancelling 10® with 1076):

Ooxx ® = AT(Quyyoyx * Qoxy®eyy’

200{15.0 x (-0.68) + 2.15 x 13.0]

200(~10.2 + 28.0)

3550 psi = ~3.6 ksi

AT(Q )

200[2.15 x (-0.68) + 2.45 x 13.0]

Teyy cyxucxx A Qcyy“cyy

200(=1.46 + 31.8)

6078 psi » «6.1 ksi

Two points are worth noting in connection with the above values of these
thermal stresses:

1. The thermal stresses Ogxx and oOcyy are relatively small (4 and 28
percent, respectively) compared to the corresponding compressive failure
stresses of the laminate 8. ..o = 83 ksi and sc,,c = 22 ksi, based on first
ply failure (ref., 5).

2. The magnitude of these thermal stresses may be sufficiently high to
cause panel buckling. For example, a 20 in. x 10 in. x 0.04 in. panel from
this 8-ply APL has buckling stresses of about ogxx = 540 psi and
Teyy = 920 psi (calculated using the equation in ref. 6) or approximately 15
percent of the restrained thermal stresses which are relatively low. A panel
with this geometry will buckle at an inzsrease in temperature of about 15 per-
cent of 200° F or 30° F. The important conclusion from the discussion in this
example is that thermal stresses need be considered carefully by the designer/
analyst in situations where restraints may be present.

5.0 PLY THERMAL STRAINS AND STRESSES

It is instructive to describe the ply thermal strains and stresses in the
plies of an APL by breaking them down into four "commonly thought-of" types.




T

These types are:

1. Restrained - APL is restrained from thermal exnansion.
2. Free - APL is free to undergo thermal expansion.

3. Residual - APL laminate is cooled from cure temperature to
use temperature and frequently to room temperature.

4., Combined - Combinations of free and residual.
The ply thermal strains and stresses to be described are those along the ply
material axes 1, 2, 3, figure 1. For convenience, the strains along the
1-direction (fiber direction) are defined by «¢g)) and the streases o0g]1];
those along the 2-direction (trsnsverse to the fiber direction) are delined
by €522 a 0422+ and those in the 1-2 plane (intralaminar shear) are de-
fined gy €212 | 3 0g12e

Restrained APL. = The ply thermal strains for this case are given by

€012 ™ €222 = €211 = 0 (5.1)

The corresponding ply stresses are given by

Og11 = = AT(Qgpyugyy *+ Q2120422) }

—

0922 = = 4T(Qgpraq1y + Qp220422) (5.2)

9412 = 0 /

where AT equals the use temperature minus the reference temporature. Where
the Qp's are the reduced ply stiffnesses and the ag's are ply thermal
expansion coefficients (ply TECs). The ply reduced stiffness Qy's and TECs
can be estimated from figures 3 to 18 at 6 = 0°. Equations (5.2) show that
the ply material axes thermal stresses in an APL restrained from thermal ex-
pansion depend only on ply properties. Also, there is no intralaminar shear
stress for this case.

Example 5.1. = Calculate the ply thermal stress in the pliec of the
30/0;" APL, made from AS/E composite, where the temperatur: is increased
rom 7 F (room temperature) to 270° F and the APL is restrained from thbermal

expansion. The numerical values we need for these calculations are determine{
as follows: Figures 7 and 8 at 8 = 0° yield

Qgyp = 18.7x10% psi, Qgp5 = 2.0x10° psi

= = 6
QIZI Qllz 0.6x10 Pﬁl

agry = 0.4x107® in/in/OF; agpy = 16.4x1076 in/in/OF
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and AT = 270° F = 70° F = 200° F consistent with the previous definition.
Using these numerical values in equations (5.2), we calculate

Ogr1 = = AT(Quyy000y * Qy2%g22)

= = 200018.7 x 0.4 + 0.6 x 16.4) = = 3464 psi » - 3.5 ksi
Og22 = AT(Qgpyagyy * Qp229922)

= = 20000.6 x 0.4 + 2.0 x 16.4) = - 6608 psi = - 6.6 ksi

Free APL. = The ply thermal strains for this case are given by:

€11 * AT(acxxcooze + ncyylinzo - “111)

€g22 * AT(chxlinzo + acyyCOIZG - 0122) (5.3)

€12 = AT(agyy = acxx)sinze

The corresponding ply stresses are given by:

o = ATE} (a cos%d + a.,.8in20 - a ) +Q (a $1n0 + ., c0820 - a ):]
211 211 ¥exx cyy L1l 212 ¥ exx cyy 222

0g22 = ATE),_ZI(ucxxcosze + ncyysinze =agqy) +Q222(anxxainze+ ucyyCOIZB - “'.22)]

op12 = 8T[Qg33(acyy = aexx)8in®0]

(5.4)

Also, when the ply thermal strains are calculated using equations (5.2), the
corresponding ply stresses are given by:

9911 = Q1111 * Q26522
0922 = Q2111 * Q226222 (5.5)

012 = Q336033

where the strains (eg) are calculated from equation (5.3).

i Example 5.2, - Calculate the ply thermal strains in the plies of the
I?3°/OZIS APL, made from AS/E composite, where the temperature is increased

from 700 F (room temperature) to 270° F and the APL is not restrained from
thermal expansion. We will calculate the ply thermal strains in the +30°

plies, in the =30° plies and in the 0°-plies by using equations (5.3). The
numerical values we need are:




AT = 200° F

6 = 30° -30°, 0°

a... = =0,68x10"% in/in/°F 3

CXx

-6 o
a = 13.0x10 in/in/°F
s } (These values are taken from Example 2.1)
agyy * 0.4x107® in/in/°F

ag22 = 16.4x107® in/in/°F

30°-ply. = Substituting these numerical values and 6 = 30° in equa-
tions (5.3) we calculate:

€011 = AT(a cos?e + acyynlnze - 0.11)

CXX

200(=0.68 x c0s230° + 13.0 x sin®30° - 0.4) x 107® in/in

468x107° in/in or = 0.05%

€922 * AT (o n1n20 + ucyyconze - “122)

CXX

200(-0.68 x $in230° + 13.0 x c0s230° - 16.4) x 10~ in/in

- 1364x107® in/in = -0.14%

a )sinze

fe12 * AT(“cyy ~ Texx

200[13.0 - (-0.68)] 10°® sin 60°

2369 x 10°% in/in = 0.24%

-30°-ply. - The thermal strains in the -300 ply are the same as those in
the +30° plies for ¢gy1); and egy2 and opposite #ign for ey 2. The reader
can readily verify that this is the case by inspection of the appropriate
equations.

0°-ply. = Substituting the above numerical values and 6 = 0’ in equa-
tions (5.3) we calculate:
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€211 * AT(acxchIze + acyyllnze = agq1)

2 2

- 200(=0.68 x c0820° + 13.0 x sin20° - 0.4) x 10°° in/in

e -216x10"% in/in = - 0.022

€22 * AT(chxlh\zﬂ + acyycoszﬁ - ag22)

2 2 6

- 200(-0.68 $in°0° + 13.0 » cos“0° - 16.4)x 10~

« -680x107°% in/in * - 0.072

€g12 = AT(agyy = acxx)sin 260
= 200[13.0 = (-0.68)| x 10 ® sin 2(0°)
= 0.0

The reader will find it instructive to compare the corresponding thermal
strains in the 30° and 0° plies. Both normal strains eg)) and €g22 in the
30° ply are about twice those in the 0 plies while the shear strain ¢
has the largest magnitude in the 30° plies and is "zero" in the 0° plies.

Example 5.3. = Calculate the corresponding thermal stresses in the plies
in the APL of Example 5.2. To calculate the corresponding thermal stresses

we can use either equations (5.4) or (5.5) since we already calculated the
strains in Example 5.2. We will use equations (5.5) for convenience. In
order to use equations (5.5), we need numerical values for the reduced ply
stiffnesses Qp and corresponding thermal strain values ¢y from Example 5.2.

We tabulate these numerical values for convenience.

Reduced Ply Stiffnesses in 10® psi Thermal Strains in 107® in/in from
(fig. 7 at 6 = 0° or from Example 5.1 for 6 =
Example 5.1) 30° -30° 0°
Qg1 = 18.7 €211 468 468 -216
QQZZ = 2.0 €022 ~1364 ~1364 ~-680
QQZ] = ()112 = 0.60 €012 2369 -2369 0
QE}} = 0.56
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Using corresponding values in equactions (5.5) we have (cancelling 106 vith 10'6
for convenience)

+30%-ply: Og11 = Quiee1l + Q12€e12

18.9 x 468 + 0.6 x (-1364) = 8367 psi

0922 ™ Q21871 * 22€022

0.6 x 468 + 2.0 x (~1364) = =2447 psi

0g12 = Qp33eg33 = 0.56 x 2369 = 1327 psi
-300-212: 9311 and 0y, are the same as for the +30° ply:

0g12 has opposite sign or og1, = = 1327 psi

0%-ply: og11 = Qui1ee1) * Q126012

18.9 x (-216) + 0.60 x (-680) = -4490 psi

0222 = Q216211 + Qp22€222

0.60 x (=216) + 2.0 x (-680) = -1490 psi
9922 = Qu33€¢33 = 0.36 x (0) = 0

The interesting point to be noted from the numerical values of the ply
thermal stresses is that the transverse ply stresses 0o are compressive
and are only about 22 percent of the compressive ply strength (S;775c equals
about 20 ksi at 270° F). This implies that thermal fatigue in the range
70° < T < 270° is not anticipated to cause progressive degradation to the
ply transverse properties in the APL considered.

6.0 PLY LAMINATION RESIDUAL STRAINS AND STRESSES

Ply lamination residual strains and stresses are a special case of
thermal strains and stresses. However, because of thejir importance in com-
posite laminates they need be treated in a separate section. These strains
and stresses arise from the fabrication procedure of the composite laminates:
"The difference between the cure and use temperatures' as mentioned previously.
They are always present in the plies of APLs (free or restrained) and their
magnitude need be determined to accurately assess the thermomechanical integ-
rity of APLs in structural applications. The laminations residual strains
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can be calculated using equations (5.3) and the lamination residual stresses
can be calculated using equations (5.4) or equations (5.5) when the lamina-
tions residual strains are either known or they have been calculated pre-
viously. Usually, the lamination residual strains and stresses are calcula-
ted at room temperature. The temperature difference AT for these cases is
known from the specified cure conditions. For example, the AT for APLs
made from structural epoxies is about -=300° F. The minus sign is determined
from the definition of AT given in section 5.0:

AT = Room Temperature - Cure Temperature
(about 70°F) (about 370° F for
structural epoxies)

Calculations of lamination residual strains and stresses will be illus-
trated using the APLs considered in Example 5.2,

Example 6.1. = Calculate the lamination residual strains and stresses in
the plies of the [}30/02]5 APL, made from AS/E composite. First, we calculate
the lamination vesidual strains using equations (5.3). The numerical values
we need to use in these equations are obtained from Examples 5.2 and 5.3 and
are summarized below for convenience.

e -6 oy = 6
e 0.68x107"7 in/in/"F QU1 18.7x10" psi
tovy = 13.0x1078 in/in/OF 0g9n = 2.0x10° psi
cyy . 222 = 2. P
agy = 0.4x107® in/in/OF Qe21 = Qu12 = 0.60x10° psi
agyy = 16.4x1070 in/in/OF Qgyy = 0.56x10° psi

o = 30°, -30°, 0°; AT = (70° F - 370° F) = - 300° F

Using appropriate numerical values in equations (5.3) we calculate the lamin-
ation residual strain:

= f ~ 2 3 2 -
€011 Ar(uvxxtos 0 + ucyyhin 6 “ﬁll)

+30° PLY: = =300/ (-0.68) x 0,75+ 13.0x 0.25=0.4] x107® = =702x107® in/in

(R}

0" PLY: 2300/ (=0.68) (1.0) + 13.0x 0.0-0.4] x 1070 = 324x107® in/in




€22 *
+30° PLY: -
0 PLY: =

€12 *
+30° PLY: =
0% PLY: =

Using appropriate
the ply lamination

g ¢ ¢ S
+30° PLY: =
0° PLY: =

222 "
+30° PLY: =
0° PLY: =

i - ¢ e
+30° PLY: =
07 PLY: =

18
AT(ucxxoinzo + acychIzo - ag22)
=300[(=0.68) x 0.25+13.0x0.75 - 16.4] x 107® = 2046x10"® in/in
=300[(~0.68) x 0,0+ 13,0x 1.0 = 16.4] x 107 = 1020x107® in/in
AT(“cyy - acxx)lin 26
-300[13.0 - (~0.68)] (+ sin 60°) x 10°® = ¥ 3554x10™® 1n/in
-300[13.0 - (-0.68)] (0.0) x107® = 0

Qg values and ¢y values in equations (5.5) we calculate
residual stresses (cancelling 10® with 1076):

Qerife11 * Qi2€e22

18.7 x (=702) + 0.60 x 2046 = - 11 900 psi =« - 11.9 ksi
18.7 x 324 + 0.60 x 1020 = 6671 psi = 6.7 ksi

Q21011 + Qu22€222

0.60 x (=702) + 2.0 x 2046 = 3671 psi ® 3.7 ksi

0.60 x 324 + 2.0 x 1020 = 2234 psi = 2.2 ksi

Qp33€233

0.56 x (+ 4104) = F 2298 psi = + 2.3 ksi

0.56 x 0.0 = 0.0

The transverse lamination residual stresses in the +30 plies are about 50 rer-
cent of the corresponding ply strength (6 to 8 ksi).
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7.0 CONCLUDING REMARKS

A convenient procedure is described to determine the thermal behavior (ther-
mal expansion coefficients, thermal and residual stresses) of angleplied fiber
composites. The procedure consists of equations and appropriate graphs for var-
ious (28) ply combinations. These graphs consist of reduced stiffness and ther-
mal expansion coefficients for frequently used composites and hybrids as func-
tions of =6 in order to simplify and expedite the use of the equations. The
procedure is applicable to all types of balanced, symmetric fiber composites in-
cluding interply and intraply hybrids. The versatility and generality of the
procedure is illustrated using several step-by-step numerical examples. The step-
by-step numerical examples are set up so that the calculations can be made using a
pocket calculator. Some of the numerical examples were selected to illustrate
significant implications of composite thermal behavior in design applications.

8.0 SYMBOLS

APL angleplied laminate

AS/E AS-graphite-fiber/epoxy-matrix composite

B/E boron-fiber/epoxy-matrix composite

Ec laminate modulus - subscripts x,y denote structural axes directions

!Q ply modulus - subscripts 1,2 denote ply material axes direc: 'uns

HMS/E high modulus graphite-fiber/epoxy-matrix composite

K/E Kevlar-fiber/epoxy matrix composite

Qe reduced laminate stiffness = subscripts x,y denote structural axes
directions

Qp reduced ply stiffness - subscripts x,y denote ply material axes

directions

Qg reduced stiffness for +0 symmetric laminate - subscripts 1,2
denote material axes directions

SQ ply strength = subscripts 1,2 denote ply material axes directions;
- subscripts T, C, § denote type

S=G/E S=plass-fiber/epoxy-matrix composite

T temperature

To reference temperature

AT temperature difference between use and reference temperature

TEC thermal expansion coefficient

s S A il T |
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ply thickness ratio = subscripts 0, 0, 90 denote ply designation

v to which the ratio applies |
X, Y2 structural axes coordinate directions
1,2,3 material axes coordinate directions - | taken along the fiber direction

[=7-1-] laminate configuration designation - numbers in the blanks denote
s ply stacking sequence and orfentation = subscript § denotes
symmetry about ply in last blank shace

ag laminate TEC - subscripts x,vy denote laminate structural axes
directions

ay ply TEC = subscripts 1,2 denote ply material axes directions

ag +8 laminate TEC - subscripts 1,2 denote material axes directions
£e laminate strain = subscripts x,y denote structural axes directions
£q ply strain = subscripts 1,2 denote material axes directions

) ply orientation angle measured from the x-laminate structural axes

to the l=-ply material axes and taken positive

vc laminate Poisson's ratio - subscripts x,y denote structural axes
directions

Vo ply Poisson's ratio - subscripts 1,2 denote ply material axes
directions

°c laminate stress - subscripts x,y denote structural axes directions

0 ply stress - subscripts 1,2 denote material axes directions

$ laminate coordinate axes x', y', z' orientation other than the

structural axes x, v, z measured from the x axis to the
x'=-axis and taken positive.

Conversion factors:

o o Lol
C 9( F -327)
o R

AC 9 & *F

cem/em/OC = z in/in/°F

MPa = 6.89 ksi
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TABLE L - TYPICAL PROFENTIES OF UNFDIRFCTIONAL FIBER COMPOSITES AT ROOM TEMPERATURE
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Figure 1, = Schematic of single ply,
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Figure 2. = Schematic of angleplied laminate.
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Figure 3, - Reducad stiffnesses of boron-fiber /epoxy (B/E) +8 laminates.
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Figure 4. - Thermal expansion coefficients of boron -fiber /epoxy (B/€) 9 laminates,
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Figure 5. - Reduced stiffnesses of high modulus graphite<fiber /epoxy (HMG/E) +8 laminates,
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Figure 6, = Thermal expansion coefficients of high modulus graphite-fibar /epoxy (HMG/£) +6 laminates,
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Figure 7, - Reduced stitfnesses of AS graphite-fiber /epoxy (AS/E) +6 laminates.
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Figure 8 - Thermal expansion coefficients of AS graphite-fiber /epoxy (AS/E) £8 laminates,
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Figure 9. - Reduced stiffnesses of S-Glass-iber/epoxy (S=G/E) +8 laminates,
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Figure 10, - Thermal expansion coefficients of S-Glass-fiber/epoxy (S-G/E)+@ laminates,
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Figure 11. - Reduced stiffnesses of Kevlar 49-fiber /epoxy (K/E) +6 laminates,
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Figure 12, - Thermal expansion coefficients of Kevlar 49 fiber/epoxy (K/E) +8 laminates,
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Figure 13, - Reduced stiffnesses of intraply hybrid (80% HMG/E//20% S-G/E) +8 laminates,




164

e i RIS SRS SR Tyl il | =4
0 b

« o0 10 80 %0

PLY ANGLES, deg

Figure 14, - Thermal expansion coefficients of intraply hybrid (80% HGM/E// 2% S-G/E) 18 laminaies,

= e e St S | = s IS SIS SRR
0 10 x 0 © %0 00 0 ® %
PLY ANGLES, deg

Figure 15, - Reduced stiffnesses of intraply hybrid (80% AS/E//20% S-G/E) +8 laminates,
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Figure 16, = Thermal expansion coefficients of intraply hybrid (S0% AS/E// 2% S<G/E) +6 laminates.
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Figure 17, - Reduced stiffnesses of intraply hybrid (80% AS/E//20% K/E) +8 laminates,
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Figure 18 Thermal expansion coefficients of intraply hybrid (80% AS/E//20%) 8 laminates
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