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Strong Turbulence by Renormalization 

I. KINETIC THEORY OF TURBULENCE· 

The hydrodynamical equations of turbulent motions are inhomogeneous 

and nonlinear in their inertia and force terms, and will generate a 

hierarchy. Dr. C. M. Tchen has developed a kinetic method to transform 

the hydrodynamic e~uations into a master equation governing the velocity 

distribution f(t.x,v) 
-w 

, as a function of the time t, the position x, and 
. ..... 

the velocity v as an independent variable. The master equation presents 

the advantage of being homogeneous and having fewer nonlinear terms, and 

is therefore simpler for the investigation of elosure. 

After the closure by means of n cascade-scaling procedure, the 

kinetic e~uation is derived and possesses a memory which represents the 

non-Markovian charncter of turbulence. The said kinetic equation is 

trnnsformed back to the hydrodynamical form to yield an energy balance 

in the cascade form, i.e. with a mode-transfer that is explicit. Note 

that the underlying mechanism is a "collisionless damping", similar to 

the "nonlinear Landau damping" in plasma turbulence. 

The theory analyzes the eddy transports along a gradient (i.e. normal 

transports), counter the gradient or without a gradient (i.e. anomalous 

transports) . 

The kinetic theory is described irt PAPER #1 for the incompressible 

turbulence, in PAPER #3 for the compressible turbulence, and in PAPER #2 

and #5 for the plasma turbulence. 

The normal and anomalous transports are described in PAPER #~. 

tJg/- / &1j~1t 
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II. APPLICATIONS 

Theory of turbulence developed above by Dr. Tchen served as a 

statistical foundation to the following problems. The application to 

sound generation is given in PAPER 6. 

The application to the propagation of light in a non-frozen turbulence 

is given in PAPER #7. In this connection two questions are of particular 

importance. The first deals with the remote sensing of the cross-wind 

by using two laser beams. The theory of remote sensing in non-frozen turbule 

derives a formula that can measure both the wind velocity and the eddy 

viscosity, while the formula based upon the hypothesis of frozen 

turbulence (Taylor's hypothesis), as well known in the literature, can 

only measure the wind velocity, but not the characteristics of turbulence. 

The second nuestion deals with the frequency spectrum of phase fluctuations. 

The theory based upon the assumption of frozen turbulence (i.e. with an 

unperturbed path of light) gives a spectrum of -8/3 power. as well known 

in the literature, Our new result as obtained by treating the closure 

without the hypothesis of frozen turbulence (i.e. with a perturbed 

path of light) yields a spectrum of -2 power law, which is in a better 

agreement with available experimental data. 

Other applications to an atmospheric medium with particulates are 

also given in PAPER #7 . 
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III. PUBLICATIONS OF RESEARCH RESULTS UNDER THE NASA SPONSORSHIP 

(AUTHOR: C. M. TCHEN) 

1. TlKinetic approach of incompressible turbulenceTl , C. R. Acad. Sci. 
.Paris, 287B, 175 (1978). 

2. TlKinetic model of closure by relaxation in a strong plasma turbulenceTl , 
C. R. Acad. Sci, Paris, 286 A, 605 (1978). 

3. TlKinetic approach to compressible turbulence Tl , Prac. Int'l Symposium 
of Rarefied Gas Dynamics, Cannes, published by the Commissariat a 
l'Energie Atomique, Paris 1979. Edited by R. Campargue, pp 105-114. 

4. TlNormal and anomalous Turbulent transports in a stratified mediumTl , 
C. R. Acad. Sci. Paris, 290 B, 167 (1980). 

5. TlTurbulence in a low beta plasma Tl , Plasma Phys. 22,817 (1980) . . -

6. TlSpectral structure of noise generated by turbulence. Manuscript 1980. 

7. Tl Propagation of light through random refractive index fluctuations in 
non-frozen turbulence Tl . Manuscript 1981. 
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C. R. Acad. Sc. Paris, t. 287 (9 octobre 1978) Scrie B - 175 

MECANIQUE DES FLUIDES. - Modele ci/l(!tique de llIrbulencl' dans till Jluide 
illcompressible. Note (*) de Chan M. Tchcn, transmise par M. Marcel Uarrere. 

Nous deve\oppons un traitement statistique pour I'etude de la turbulence dans un fluide incompressible 
obeissant aux equations de Navier-Stokes. en considcrant la pression comme un potentie\ d'interaction entre 
les elements de fluide. Un proccde d'echelles divise une fluctuation en trois rangs representant les trois 
processus de transport: evolution macroscopique. propriete de transport et relaxation. Nous obtenons une 
fermeture par relaxation, et deduisons une equation cinetique pour la fluctuation de rang macroscopique de 
la fonction de distribution. La solution donne la fonction de transfert et la viscosite tourbillonnaire. Comme 
application dans la zone d'inertie du spectre d'energie, nous trouvons la loi de Kolmogoroffet son coeffIcient 
numerique. 

We develop a statistical approachj()r inl'£'stillatin{} incompressible Nal'ia-Stokes IIIrbulcnce by cOllSidainll 
pressure £IS £I potelltial o/illteraction bctweenjluid elements. A scalin{} procedure dirides ajluc/llation into 
three ranks, representing three transport processes: macroscopic evo/rHion, trwlsport property and 
relaxation, We obtaill a closure by relaxation. a/l(l derive a kinetic equatiollj()r the distribution junction oj 
macroscopic rank. The solution yields a transjer junction and an eddy viscosity. Application to inertia 
subrange finds the Kolmol/oroff law with numerical coefficiellt. 

I. INTRODUcrION. - La representation cinetique de la turbulence dans un fluide 
incompressible est basee sur I'hypothese suivant laquelle la pression agit comme un potentiel 
d'interaction entre deux elements de fluide. par analogie avec Ie potentiel entre deux 
particules dans la theorie cinetique d'un systcme discret. Cette representation conduit a une 
hierarchie de fonctions de distribution it plusieurs points de I'espace. semblable it la hierarchie 
de BBGK (Bogoliubov. Born. Green. Kirkwood) a plusieurs particules' W). (4)]. 

Dans la theorie de Uogoliubov. la fermeture de la hierarchic consiste <'l degencrer une 
distribution d'ordre superieur en distributions d'ordres inferieurs dont la justification peut 
etre donnee par un dcvcloppement en puissances d'un petit paramctre. Le succes de la thcorie 
cinetique de la turbulence dans un systeme discret cst. en grande partie. dfl a I'existence de ce 
parametre qui n 'existe pas dans notre systeme continuo Pour celte raison. nous developpons 
une theorie de fluctuations. par un procede d'echelle des fluctuations de fonctions de 
distribution dont no us cherchons la fermeture par un processus de relaxation asymptotique. 

Comme la fonction de distribution normalisee a I'unite est equivalente it la densite de 
probabilite. ce modele cinetique coincide avec Ie modele probabiliste. 

II. REPRESENTATION CINETIQUE. - Les equations de Navier-Stokes et de continuite. dans 
un fluide incompressible avec vitesse u. pression p. densite p et viscosite cinematique v. 
peuvent etre considerees comme des moments de I'equation microscopique : 

(I) (o,+L)N(t.x.v)=O avec L=v·V+E ·ov-vV2 

La fonction de distribution N(t. x. v)=o[v-u(t. x)] satisfait it la condition de 
normalisation 

(2) f~~IVN(I.x.V)=1. 
Comme Ie champ est dcfll1i par 

(3) E(I. x)= p-l V p(t. x)=;: _{j(X/X/. V/){ N (t. x'. VI}. 

on peut ecrire (1) sous la forme 

(4) (o,+v·V _VV2) N (t. X. v)=ovg(X/X/. V/){ N (t. x. v) N (t. x'. v')}. 

.. 
~,<~~~~.:~:~~:;~:::~-~:;.:::{:j;;,. ~1;~~\~~:;:~':.~:2i~~j;~tl'~E;~~~~~~~at~i~;f;;:~,;~~~~~~~:z.~~~Mt1j.1;).j~~iJ.~t4t4;1'i;if,\~~ 
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ou 

g(x/x'.v·){ ... }:::_l fJoo dx'dv'Vlx-x'I-1V'V' :v'v'{ ... } 
41t -co 

est un operateur integral, et o,:::a;o,. V:::%x. V':::%x'. ov:::o/iJv. 

Dans un mouvement turbulent.la distribution N = f + 1 se decompose en une distribution 

moyenne f et une fluctuation 1 ou f peut s'appeler densite de probabilite. au titre de la 
normalisation it l'unite d 'apres (2). 

En prenant la moyenne de (4). au moyen de l'operateur A. et en deduisant la fluctuation au 

moyen de J'operateur A::: 1-A. nous obtenons : 

(5 a) (o,+AL)f= -Aov·(Ef). 

(5 b) (or+AL)l= -E·o.l. 

On dispose alors de deux methodes: la premiere methode consistc it traiter la distribution 
moyenne en ecrivant (5 a) so us la forme 

(6) (or+AL)f= ovg(x/x'. v'){ <l(t. x •. v)l(t. x'. v'»}, 

qui engendre une hierarchie. Cette forme a ete aussi deduite par Monin e) et Lundgren e) 
par d'autres moyens; la seconde methode que nous envisageons ici consiste it traiter les 
fluctuations par un procede d'echelles. en ecrivant : 

(7) i=pO)+/,. /,=j(1)+j". 

Les trois rangs PO),f' et j" representent les trois processus de transport en plusieurs 
cascades: evolution macroscopique, propriete de transport et relaxation, ayant leurs durees 
de correlation 

(8) t~O) > t;> t;', 

d'apres la discrimination par les operateurs A (0), A', A". Les echelles instantanees des rangs 
peuvent se depasser. mais leurs echelles statistiques (8) sont distinctes, de telle fa<;on que les 
intensites 

< E(0)2) = 2 f: dk' S (k'), < U(0)2) = 2 f: dk' F (k') 

sont reparties dans un domaine (0. k) des spectres S (k') et F (k'). 

Par l'intermediaire des operateurs N°). A', A" appliques it (5 b). no us obtenons les 

equations des rangs, et en particulier. par l'elimination du rang microscopique caracterise 
par A'. nous obtenons l'equation cinetique suivante : 

(9 a) (or+A(O) L)po,= -E(O)·o.l +A(O)ov·~'·{ avpO)}. 

avec 

f
r-oo 

(9 b) Q1'= ° dt<E'(t.x)U(t.t-t)E'(t-t». 

) . 
)::I~i.t.4~~.~Z~i.i~;~J~;f:l~!WJ~;~~i;~~~~l~Z~~~~~::~\*,~~;;.J:~.#~¥i:t.t'¥~hl~ft~~~~~{;>:,;~~~:{~t~;,~~~ 
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C. R. Acad. Sc. Paris, t. 287 (9 octobre 1978) Scrie B - 177 

Cette equation cinetique gouverne la fluctuation PO). et differe de l'equation cinetique 
suivante. deduite de la meme maniere 

(10) (a,+AL)1=av'~' {aJ} f'''' 00 

avec ~'= ° dt<E(t. x)U(t. t-t)E(t-t». 

Cette equation peut etre consideree comme une forme fermee de la hierarchie (6). Vne 

equation cinetique pour la distribution 12 (t. X. v. x'. v') it deux points peut aussi se deduire 
d'une maniere analogue. Elle pourrait servir it developper une fonction de correlation et par 
consequent. une fonetion spectrale. L'equation cinetique de PO) en (9 a) a l'avantage de 
se dispenser de 12 et de permettre. directement. la determination de la fonction spectrale. 

III. TURBULENCE ISOTROPE ET HOMOGENE. Une correlation lagrangienne 
< E' (t. x) V (t. t -t) E' (t - t» apparait en (9 b). Son calcul suit une trajectoire qui est 

perturbee par la turbulence de E (t. x). Dans) = 1 + 1(0) + )(1) +)". nous distinguons Ie 
parcours au rang submicroscopique )" (t) qui traduit une diffusion des trajectoires. fournit 
une relaxation ainsi que les autres parcours qui correspondent it la convection. Par 
I'isolement des rangs E' et )" (t). l'expression (9 b) peut etre decouplee et s'ecrire sous la 
forme scalaire qui est la trace du tenseur isotrope 

f''''oo fJoo (11) D'=2 ° dt _oodm'dk'S(m'.k') 

x < exp- j k .)" (t» < exp [-Vk'2 t +i (m' -k' . v) t - i k' . (I +1(0) +)(1))]). 

la moyenne se calcule par une probabilite de transition obeissant it une equation de Fokker
Planck. ct S(m'. k') est la fonction spcctrale dans l'espace de (m/. k/). Une turbulence faible 
permet de negliger la relaxation. tandis qu'unc turbulence forte permet de negliger la 
convection. Dans Ie dernier cas. nous reduisons (11) it 

(12) D' = ~ r (~) f~ dk' S (k')1 m~ (k'). mQ (k') = [~k'2 D' (k') J/3 

La resolution de I'equation cinetique (9 a) et la methode des moments donnent alors Ie 
bilan d'energie 

(13) ~ a, < U(0)2) = - T(O) = - K' R(O). 

La fonction de transfert T(O) se compose d'un produit de viscosite tourbillonnaire 

(14) K'=~r(~)r(%) f~ dk'S(k')/m;] 

et d 'une fonction de vorticite 

(15) R(0)=2 f: dk' k,2 F(k'). 

Si no us remplar;ons (13) par Ie bilan d'energie qui egale T(O) au taux de dissipation E dans la 
zone d'inertic. nous, trouvons la fonction spectrale 

(16) F=AE2i3 k- S/3 • ~ 

f 1 

t~)~Wb~$b1;f~,t..~~~~f~~~~·:';;'i:;:~:'i~<};~\t~~~~~~"trf.~~~~:;~~~~,,#J.(tk~Y#~~;{;':~\~~7?t~,~~~ __ i4i;.k;1:i~~t!.it~i~: 
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conforme a la loi de Kolmogoroff (5). Le coefficient numcrique A peut etre ca1cule par une 
equation qui relie E a u en partant de (3) et cgalement S(k) a F(k). Le ca1cul donne ainsi la 
valeur du coefficient A = 1.6. pour k/ k, = 100. ou k; I est l'cchelle interne de Kolmogoroff 
gouvernant Ie diametre des plus petits tourbillons avant leur dissipation par viscosite. 

, Ce travail est fait sou!. I' auspice de National Aeronautics and Space Administration. 

(0) Seance du 11 septembre 1978. 
e) A. S. MONIN. Appl. Math. Mech .. 31. 1967. p. 1057. 
e) T. S. LUNDGREN. Phys. Fluids. 10. 1967. p. 969. 
e) F. R. ULINICH ct B. Va. LYUDIMOV. Zh. Eksp. Teor. Fiz .• 55. 1965. p. 951; Sov. Phys.-J.E.T.P .• 28. 1969. 

p.492. 
(4) V. M. IEVLEV. Dokl. Akad. Nauk S.S.S.R .• 208. 1973. p. 1044; Sov. Phys. Dokl .• 18. 1973. p. 117. 
e) A. N. KOLMOGOROFF. C. R. Acad. Sc. U.R.S.S .. 30.1941. p. 301. 

Graduate C<UlttT and City College. 

City University of New York. New York. N. Y. 10031. U.S.A. 
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PHYSIQUE MATHEMATIQUE. - Fermeture par relaxation d'un modele ci/1(!tique de 
plasma en turbulence forte. Note (*) de Chan Mou Tchen, presentee par M. Andre 
Lichnerowicz. 

La decomposition en cascade repetee permet de deriver une equation cinetique de Fokker-Planck pour un 
plasma turbulent. Le ca1cul du propagateur et la solution de I'equation cinetique determinent les coelTicients 
de transports (difTusivite et viscosite tourbillonnaires). moyennant une fermeture basee sur un processus de 
relaxation responsable de \'approche a \'equilibre. Ensuite la loi spectrale k- J est prevue. et gouverne Ie 
couplage des fluctuations de vitesse et de champ electrostatique. 

A scaling procedure by repeated-cascade derives a kinetic equation in tlteform of Fokker-Plallck equationfor 
turbulent plasmas. Tlte calculation of tlte propagator and tlte solution of the kinetic equation determine 
transport coefJicients (eddy difJusivity and eddy viscosity). with a closure based upon a relaxation process that is 
responsible for the approaclt to equilibrium. A spectral law k- J is found to gOl'em the coupling between 
velocity and electrostaticjieldjluctuations. and is in agreement with experiments and numerical modeling. Tlte 
same killetic method may serve in determining the k- J spectrum Jor velocity jluctuation in compressible 
turbulence and the Kolmogoroff law k- 5/ J in incompressible turbulence. 

I. CASCADE REPETEE. - La fonction de distributionf(t, x, v) de vitesse v dans un plasma 
sans collision est gouvernee par I'equation de Vlasov : 

(1) (o,+v. V+E'o)f=O, V=.%x, o=.%v. 

Le champ self-consistant E qui sera precise plus tard, est sUppOse fluctuer sans valeur 
moyenne. 

On decompose la fonction de distribution en 

(2) f(t, x, v)=/(t. v)+J(t. x, v), 

oufest la moyenne et/est une fluctuation, et Ie champ fluctuant en un macro-champ E(O), un 
micro-champ E', et un champ sUbmicroscopique E". comme suit: 

(3) E=E(O)+E', E' = E(1) +E", (E(O) + E(1) = E
t
). 

La discrimination de ces composantes ou rangs se fait par les moyennes d'ensemble. 
representees par les operateurs flltres N°), A', A", qui s'applique aussi bien a](t, x, v). 

L'application des operateurs fJltres N°), A' a (1) conduit au systeme suivant : 

(4) (o,+A(O) L)f(O)= -E(O). 0]-0' (E' f'), (o,+A'L)f'= -E'· a (J+P O»). 

ou] = P°) + f', et I'elimination def' no us donne I'equation cinetique so us la forme de Fokker
Planck: 

(5) (o,+A(O) L)pO)= -E(O). a ]+A(O)o ·D'· oPO).' L=.v· V +E '0, 

avec une diffusitivite 

(6) D'= I dt (E'(t, x)U(t, t-t) E'(t-t), U = propagateur. 

La decomposition en cascade repetee permet de defmir une fonction spectrale S (k) 
d'energie electrostatique, telle que 

(7) (E(0)2 ) = 2 f: dk' S (k'), 

• ,. r, 
'j 

t. 
~ 
\. 
i( 

:~~~~t;·:~~~·~~~·,\~,~~ 'T~~·:~~~'~·\'~.·:~, )~~ ~. ' ... ~. ."1 : .... , .... ,; • 'f .•••• '-. ;';-.r. :,,, '<:.[.~;.;.:;;; .. ~~~.;.:{>:.~:;::. '.:.:': '~:"::;;':':"':'~<;~:':~)"'~: -... ~L;~·.;;;;:;n;).r~ ~:~:'~;:':~~';~:i;1~;;,~}~>~tr~. 



,t 
J 

1 

,~ 
, ] 

,1 
,1 
] 

J 
d 
:] 

1 
I} 

;j 

1.1 

lJ 

d 
I j 

J 

606 - Scrie A C. R. Acad. Sc. Paris, t. 286 (3 avril 1978) 

appartient aux nombres d'onde plus petits que k, tandis que la diffusivite 0' est effectuee par 
Ie micro-champ E' aux nombres d'onde plus grands que k. Finalement une relaxation 
contr61e Ie temps necessaire aux proprietes de transport pour s'approcher a I'equilibre; elle 
regit les nombres d'onde plus grands que k' et par consequence sera gouvernee par un champ 
sUbmicroscopique E". Les nombres d'onde k et k' sont pris commc variables independantes. 
Les rangs E(O), E', E" sont autorises a outrepasser leurs echelles instantanees, mais leurs 
durees de correlation t~O) > 't~ > t~ doivent etre nettement separees comme echelles 
statistiques. Une fonction spectrale F (k) pour la fluctuation de vitesse u peut etre dCfmie 
d'une manicre analogue. Le coeffIcient X en (7) provient de la transformation de Fourier 
bornce. 

II faut remarquer que les decompositions (2) et (3) sont usuelles en turbulence 
hydrodynamique: (2) s'appelle la decomposition de Reynolds, et (3) s'appelle la 
decomposition en cascade repetee qui est une generalisation de la cascade de Heisenberg (I). 

Les trois rangs caracterisent les trois processus dans I'ordre d'echelles decroissantes ou dans 
I'ordre croissant au titre aleatoire: I'evolution macroscopique, Ie developpement des 
proprietes de transport, et la relaxation, forment un couplage qui rejoint la hierarchie 
cinctiquc de B.B.G.K. n. 

II. FERMETURE. - D'apn!s la theorie de diffusion, la diffusivite devient asymptotique, 
. i.e. D'(t>()=D'(t-+ 00), quand t>t~, ce qui est v.rai puisque test I'echelle d'evolution 
de flO) en (5). Par Ie memc raisonnement une diffusivite qui possede un temps disponible t 

plus petit doit choisir Ie rang D" (t) pour devenir asymptotique, i. e. 

D"(t>()=D"(t -+ 00), 

correspondant au rang I" (t) du parcours I (t) = 11 (t) + I" (t). 

Le caleul du propagateur U transforme la diffusivitc (7) sous la forme de Fourier: 

(8) fl- 00 ffoo 
D' = 0 d t _ '1) d w' d k' X < E' (w', k') E' ( - w', - k') ) 

x < exp -j k' ·1" (t) exp i [co' t - k' .(v t + 11)]. 

qui contient une convection libre exp j [0)' t - k'· (vt + II)] et une relaxation 
< exp - j k' ·1" (t) qui peut se decoupler du champ E' a cause de leur difference de rangs. 
L'dfet de convection libre se manifeste en turbulence faible, comme il est d'usage dans la 
thcorie quasilineaire, et I'effet de relaxation domine en turbulence forte, ce que nous traitons 
ici. La moyenne de la fonction exponentielle est calculce par une probabilite de transition 
gouvernce par une autre equation de Fokker-Planck sembI able it (5). Le caleul 
transforme (8) en une equation integrale dont la solution donne la trace du tenseur isotrope 
suivante: 

(9) [8 (4) f'L /( 1 )1/3J3/4 D' = "9 r"3 k elk'S (k') 3" k,2 . 

III. STRUCTURE SPECTRALE. - Considerons un plasma quasi-neutre, compose d'ions d~ 
masse M, au sein d'electrons chauds de temperature T _ ayant une densite II qui est reliee au 
champ E= - V \jJ~ suivant la loi d'cquilibre n = 110 exp (\jJ/c~), ou Co =(x T _/M)I/2 est la 
vitesse thermique. 

On peut dCfmir une fortction d'enstrophie pour Ie potentiel par I'expression 
J(O) = Milo C;2 < (V \jJ(O))2), qui se rcduit it J quand k s'accroit indCfllliment, et une fonction 

1:,:,1};'~~;;,d.:··;~·~;,;·'·;/.!';·;':;:;{·>~ ,.~~:. > :.c •• ;·;':; :,,~';,.: ~;~ :;:,:,.{,.~.;:::;.~;.~.:~ }.L;;/·: ~':; ,;.~~~; ::,'--':S;,: -" ~. ::":, -V;", I.,:: ., ." : ::.:,)~ .'. ~ .:~:.: ~':: •. ,~ i~ '~.' .. ,;,. ; ':.,;:~~:;;':' .• :.; '>' ; :; ,'." :;'.~ .:/\:~;, 
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d'enstrophie analogue RIO) pour la vitesse. Les equations d'evolution d'energie cim:tique et 
potentielle peuvent se deduire comme moments de I'equation (5) de Fokker-Planck 
gouvernant la distribution PO), d'ou I'on etablit les equations du bilan d'energies. En 
omettant les details, on obtient dans Ie cas de stationarite statistique et dans la zone 
d'echange : 

(to) CIO) -K' RIO)=Cte, CIO)-Pr K' JIO)=Cte, 

ou la viscosite tourbillonnaire est: 

(11) K'= ~ r( ~) r( %) f~ dk' S(k')/ ~ k'2 D'(k'), 

et la fonction d'echange est: C<°)=no M 0 (0
). 

L'energie cinetique cst excitee par les fluctuations elcctrostatiques occasionnant un 
echange CIO) entre Ie spcctre d'energie cinetique et Ie spectre d'cnergie potentielle. Les deux 
energies poursuivent leurs dissipations tourbillonnaires par leurs transferts K'RIO) 
et Pr K' JIO) dus au terme d'interaction non lineaire des ondes it travers leurs spectres 
individucls. Le transfert dans Ie spectre d'energie potentielle s'effectue avec une propriete de 
transport modiflee par un nombre de Prandtl turbulent Pr. 

II apparait donc qlle Ie spectre d'energie cinetique se trollve dans Ie regime de 
devcloppement par Ie gain d'echange ou RIO) ~ 0, tandis que Ie spectre d'energie potentielle 
tend vers son regime terminal par les deux pertes qll'elle subit, ou JIO) ~ J it grand k. Le flux 
d'energie, decrit par la forme differentielle de (10), peut s'ecrire, par approximation: 

(12) CIO)-K'RIO)=O, -CIO)-Pr K' J=O, 

011 n = d/dk.. L'enstrophie J dCf1l1it un puits dans Ie processus d'echange et de dissipations 
tourbillonnaires des deux spectres, et rem place Ie taux de dissipation dans la theorie de 
turbulence hydrodynamiquc e). Des equations (12), on tire les solutions 

(13) F(k)=Pr Jk-: 3 , S(k)=Cte (J/ll o M)2 k- 3. 

La loi k- 3 est bien reconnue dans les mesures (4) et calculs numcriqucs CS). Dans la 
comparaison avec les calculs numeriques, il faut remarqucr que la loi Ek ~ k- t obtenue 
numeriquement comme composante de serie de Fourier con forme it la prediction (13). 

Notre methode cinetique peut servir it determiner la loi spectrale k- 3 et la loi de 
Kolmogoroff k- 5/ 3 dans les cas de turbulence compressible et incompressible, 
respcctivement. 

Ce travail est fait SOLIS I'Auspice de National Aeronautics and Space Administration. 
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A KINETIC APPROACH TO COMPRESSIBLE TURBULENCE 
C. M. Tchen 

City College, City University of New York,N.Y.I0031, USA 

We develop a kinetic theory of strong turbulence, by 
decomposing fluctuation of distribution function into 
scaled components, or ranks, to represent three transport 
processes: macroscopic evolution, transport property and 
relaxation. Closure is obtained by formulating a relaxation 
which determines the approach of eddy diffusivity to 
equilibrium. We solve the kinetic equation and derive tran
sport functions of turbulence in adiabatic gas: two trans
fer functions describe turbulent mode transfer, and a 
coupling function describes the build-up of kinetic energy 
at the expense of internal energy. Their balance in the 
inertial sub range of homogeneous and isotropic turbulence 
in an adiabatic gas yields a k-3 law for kinetic energy and 
internal energy. Their intensities predict a k-2 law, in 
agreement with numerical computations from one dimensional 
model of compressible turbulence. 

I. INTRODUCTION 
By considering pressure as res~onsible for the interac

tion be~een fluid elements, Monin , Lundgren2 , Ulinich, , 
Lyubimov , and Ievlev4 ,S have described a kinetic treatment 
of turbulence o The kinetic hierarchy generated is similar 
to the BBGK hierarchy in plasmas, and has to be closed by 
degenerating a high order d~stribution function into lower 
order ones. 

The success in this direction will depend on finding 
a small parameter, as in the case of plasmas. However, 
this parameter is not present in neutral turbulence. In 
order to avoid this difficulty, we develop a fluctuation 
theory, by scaling a fluctuation into components of various 
degree of random character, or ranks, to represent macro
scopic evolution of distribution fluctuation, eddy diffusi
vity from microscopic fluctuation, and eddy relaxation from 
submicroscopic fluctuation. The relaxation takes the form 
of two streamings (free and dynamical) and submicroscopic 
diffusion which is made asymptotic for the approach of eddy 
diffusivity to equilibrium. Such an asymptotic diffusion 
renders the relaxation frequency deterministic and degene
rates a high order correlation into lower order ones, thus 

-achieving a closure. 

This closure produces a kinetic equation with an expli
cit diffusivity. By solving the kinetic equation, we can 
calculate the transport functions consisting of a coupling 
function and two transfer functions, governing the energy 
balance for homogeneous and isotropic turbulence in an 



<~ 
I 1 

,~ 

,1 

I ~ 

':1 
] 

~J 

.J 
'l 
1 

'I 

J 
J 
'J 

,J 
~ 

t 

I 

, .l 
. ( 

-2-

adiabatic gas. Eddy viscosity is found. We derive spectral 
distributions of kinetic energy and internal energy, from 
velocity and density fluctuations, respectively. The k-2 
law of these energies agree with a one-dimensional numeri
cal modeling developed by Tokunaga. 6 

II. FLUCTUATION THEORY OF TRANSPORT 
A. Interaction Between Fluid Elements 

We introduce a distribution function 

f (t ,~,~) = r(t ,~) S [~-~ (t ,~)] (1) 

of velocity v at time 
and momentum- by 

t and position x. It gives density -
J d!: f = f , fdV v f = Pu • 

.... - J ..... 
(2) 

A self-consistent field 

E ~ - 1. Vp = - 14_ V rf dx'dv'r,.,(/x-x'/ f ... 1t.f'./} - - I --
x' v')f(t x'v') " , ' ... -- - ... (3) 

from pressure gradient Vp can be written. Here the operator 
... 1 . 

tfCI:-~'I,~',,,-') = I~-~'I- (c\+~'.~')~'.y' (4) 

represents the interaction between two fluid elements in 
compressible fluid. It will reduce to Ix-x'l -1(v'.v')2 
in incompressible fluid, and to the Coulomb potential 
I~-~'/ -1 in a plasma. It is easy to verify that the Liouvi
lle equation 

with -L = v·V+E.~ (Ot+L) f = 0, -- (5) 

will reproduce the equations of continuity and momentum by 
means of moments. Our transport theory, which will derive 
eddy transport functions and coefficients, can neglect 
viscous effects. Here 0t :=o/c3t, ~=o~:,~.::. ofi>:,: • 

B. Scaling 

We can write 

E = E + E, E = E(o)+ E', E' = E(l)+ Ell. (6) 

The c;mpo~ent; E(o), .;:, and-Eft p:rtake in m~roscoPiC 
evolution, eddy-diffusivity,"'and relaxation, respectively. 

The various components, or ranks, may overlap in 
instantaneous scales, but have statistically distinct 
correlation times, or scales, in the decreasing order 

7:' (6) ?:' > 'C; fT (7) 
C C c 

signifying their increas~ng degree of random character, 
and, consequently, the quasi-stationarity of one macrosco
pic rank with respect to the next random rank. 
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The ensemble averages A ~ •. >, A ~ • y, A < .. )"",of" increa
sing finer scales help in discerni~Othe_ra~s £, §5°~ ~', 
]", by means of filter operators A = I-A, A (0) = A -A, 
A' = l-Ao ' A"= I-AI' • 0 

C. Kinetic Equation 

By the application of A (0) , A', we transform Eg. (5) 
into 

(Ot+A(o)L)f(O)= _~(ol!f _ A(o){~T.~f'} 

(() +L) f' = - E T • "'b (f+f (0)) + A (LfT) 
t - - 0' 

(8) 

and by the elimination of f', we derive a kinetic equation 

(~ +A (0 ) L) f (0 ) = _ E (old f + A (0 ) D ,f 'Q 2 f (o)t, (9) 
t """ ... (Jt--c 

with a diffusivty 
t, 

g' = fa d1: Al~' (t)A'U(t,t-1:)~' (t-~» (10) 

which may also serve as an integral operator on functions 
within brackets { ••• }. The propagator U indicates a 
Lagrangian representation. 

III. CLOSURE BY REIAXATION 

We can write Eg. (10) in Fourier form: 

D' = /ntd-C rr dtJ'dk'_ 'A' A <ET (-CJ' ,-k')E' (cv' ,k')A h>, .... a Jj _;r 0 _ _ _ 1 

where h i; a kernel, and:X' is a f:ctor of truncation (11) 
in the Fourier transformation of a function which is 
quasi-stationary within a certain time interval or space 
interval, or both. 

We have the following kernels: 

'" Alh = Alhh , A1h = Alh tfhl ' 
V n ok' DfT 

h = exp i(w'-k'·v) ,h = exp[-k'o-r(T)7,A htf=A e-J._ ~ v _... _ ... ~I 1 
(12) 

The total kernel h consists of an Eulerian kernel h 
representing a streaming of velocity ~, and of a Lagrangi
an kernel h from the perturbed pathJ, =,1. + Itf. In its turn, 
the Lagrangian kernel h is separated" iiito-hL, and Alh", 
representing a dynamical streaming of path ~l and a 
relaxation by diffusion of the random path "',tTl, 
respectively. We shall rely upon this micro-aiffusion for 
obtaining the approach of D' to equilibrium and closure. ---From the inequalities 
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-Cc" < X' < TC' < t (13) 

the upper limit t can be replace by 00 in Eq. (11). For 
the same reason, while "t: is larger enough for E!" and Alh" 
to reach asymptotic diffusion, i.e. t~ CD, it is 
allowing ~l and hI to afford a dynamical streaming only. 

Since " 
Alh = hv' for weak turbulence 

~ Alh", for strong turbulence, 

an interpolation formula 

A h ~ A hllh 
1 1 v 

can be written by neglecting dynamic streaming. 

. (l4-a) 

(l4-b) 

(l4-c) 

The relaxation Alhll can be calculated, by means of a 
Fokker-Planck equation for the transition probability 
p(~,Q"), with a diffusion consistent to the same process 
as governed by Eq. (11). \'le find: 

33 . 31. 2 A h" = exp (-(J II ...,..) Wl th Gl" = - k' nil 1 n c,.., n 3 • (15) 

The relaxation frequency "'nil and the asymptotic diffusivi
ty 

n" = tr (ood"'t' (fdwlldk',} A (E"(-tl 1T -k")EII(cJlI,k"'» A h Tl
' 

JO JI ... 1 - '- - .... 2 

= tr moo dr1dklll A (Ell (-kll)E" (kll)\.exp (- cJ 11,3 r 3
) (16) o '¥ 1 _ _ ... Y' n ... 

are found independent of v in strong turbulence. -By introducing a spectral function FE (k') , defined 
by the trace 

trfdkll
), A (Ell (_ktl)E" (k" ) = E.! CD dk" F (k"), (17) 

... 1.... _ "':' - 3 k' E 

and by performing the ~'-integration, we reduce Eq. (16) 
to 

n" = E.r(4-)(oodkTT F (k")/cJ til 

3 3 i' E n 

= [~n(4-) I (I) dkTT F (k")/ (1.kIl2) 1/3 ] 3/4-
9 3 k' E 3 . 

Note that 

n"."-' I ~" 
IV 1:" 

13/2, in strong turbulence 

12 , in weak turbulence. 

(18) 

(19) 
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IV. PHYSICAL BASIS OF BALANCE BETWEEN KINETIC ENERGY 
AND INTERNAL ENERGY 

Introduce an auxiliary variable 

w = Wo (fifo) 0'-1)/2 , with Wo = 
k 

fP 0 1 (Y-l) f~2, (20) 

having the dimension of velocity, in an aidabatic gas, with 
an equation of state 

y 
p = Po (~I fo) 

= 'I 21 j w2 • (21) 

The equation of continuity 

o +u·v) f = -fv. u 
t~.. __ ~ 

can be written as 
. 'L::! 

(0 +u·v)w = - w v-u , t _ _ 2 --
to form the equation of energy 

~ -0 Pw
2 + V .~.l.~ f w2

) = - V- (up) -P t J J J ~ _ \ 
We can verify that 

~2= c T v 

is the internal energy, and-that 

~Yw2 = cpT :::. t 

(22) 

(23) 

u·E _ (24-) 
.... ---

(2Sa) 

(2Sb) 

is the enthalpy playing the role of an effective potential, 
such that 1 

E=--Vp=-V,/,. 
'-4 r - .- (26) 

Hence Eq. (24-) will be called equation of internal energy_ 

The two forms taken by Eqs. (23) and (24) are analo
gous to the equations of momentum 

(d +U·V)u = E 
t ........... - -

and of kinetic energy 
'\ 2 2 

~cJtfU +V.(u.~) =juoE 
J J - -

In homogeneous turbulence, the two energy equations 
reduce to 

), -e = - C t Gw 

lit Gu = C , 

(27) 

(28) 

(29a) 

(29b) 
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where 

c =(fl,!.·~'> (29c) 

is the coupling function which describes the build-up of 
kinetic energy C. ; % <r u 2> at the expense of internal 
energy ;;w E -%(r M2) • Note that 

2 . 
% at f w .=. tdtf (29d) 

The energy balance described above is written in the 
non-scaled from, i.e. k = co. The corresponding scaled 
form, i.e. k = finite, must retain internal transfers 
along individual spectra, as follows: 

at ~ (0) 
u 

)t 
G (0) 

w 

= c (0) _ T (0) 
u 

__ c (0) _ T (0) 
w 

The transfer functions T (0), T (0) govern 
mode-transfers. We have uthe co~ditions: 

c(o)= c T (0)= 0 . T (0)= 0 
, u 'w ' 

(30a) 

(30b) 

the internal 

at k=co , (31) 

so that the system of Eqs. (30) reverts to Eqs. (29) at 
k = 00, as expected. 

We shall write the kinetic equation (9) in the form: 

(0 +L) f (0) = J (0) = J (0) + J (0) 
t - ED' (32) 

where 

so that the 

f(O{t,x,V) ....... 

J
E 

(0) == _ E (010 f ., - -sOLution 
t 

= A (0) ~ d -r;f/ dCJt~t 
= f (0) + f (0) 

E D 

J
D 

(0) = D t{~ 2f (o),h (33) 
i-1: 

J (0) (c.ltk~v)A he -i (tJt-~~~) 
~_ ~ 0 

(34-) 

consists of two parts, as contributed by JE(o)and J
D 

(0), 
respectively. 

The presence of h and of theT~integration facilitate 
the transformation of v - icJ into 

m(,;t) = 2 r (,;T) - ikt·v (35) 

from time differentiation, obtaining 
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3
t
f(0) (t,x,v)=A (o)rt~oo dT;,ff. dcJtdk t· J

D 
(0) (tJt ,k' ,v) 

... - Jo JJ -- .... --
X m(-ct)A he-i(CJtt-~t .~) 

o 

In terms of distribution functions, the transport 
functions in Eqs. (29) - (31) can now be written as 

T (0) = _ J dv v.A (u. (0) d f (0) 
u - ~ ~ t D 

T (0)= - fdV w __ A ('1'(0) 0 tfD (0» 

(0) = A < E (0) • J dv v f (0» • C _ ...... E 

(36) 

(37a) 

(37b) 

(37c) 

v. DERIVATION OF TRANSPORT FUNCTIONS AND TRANSPORT 
COEFFICIENTS 

The procedure of calculations of transport functions 
requires a closure. This is made by the use of the inter
polation formula 

A 
A h = A h th (38) o 0 v 

on an analogous basis as Eq. (l4c). The ·partial integra
tions with respect to y and the integration with respect 
to time are made. The details of calculations will be 
omitted. 

For strong turbulence, we find the following transport 
functions: 

T (0) = t R (0) 
u I u 

T (0) = pr-1 .,t R (0) 
w w 

C (0) = 3 f D (0) , 

the transport coefficients: 

/ t = ~ [r (~)] 2 ~oo dk' FE (kt)/ cJD
u3 

D (0
) = ~ r (4) 1 k dk t F (k t ) / cJ t 

33 0 ED' 

(39a) 

(39b) 

(39c) 

(40a) 

(40b) 
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the vorticity functions: 
k 

R (0)= 2f dk t k t2F Ckt) 
u tJ U 

Rw (0)= 21kdk t k t2Fw(k t ), 
o 

the spectral functions: 

R = R (o~ 
w. w \k=ro' 

ink dk f F Ckt) = A (u. ~O)f dv V.f(O» o u ~ _ ~ 

rk=ro 
10 dkf FwCkf) =!z i(fw;,? 

and the turbulent Prandtl number 

Pr = 16/30 . 

VI. ENERGY BALANCE AND SPECTRAL STRUCTURE 

(I+la) 

(4-lb) 

(4-2a) 

(4-2b) 

(4-3) 

In statistical equilibrium, the inertia subrange in 
compressible turbulence is governed by the following 
coupled system 

C (0) 

-c (0) 

T (0) = C _ £. 
u 

T (0) = -c , 
w 

for kinetic energy and internal energy. 
generalization of the energy balance 

T (0)= f 

(4l~a) 

(44-b) 

The system is a 

u 
in incompressible turbulence, for which c(o) and C vanish, 
where f is the rate of energy dissipation. 

The system describes a build-up of kin1ttc energy at the 
expense of internal energy for ay amount Co, to be 
followed by mode-transfers T (0 and T (0) in respective 
spectra. In differential form~ we have:w 

c(o) _ jfRu (0) _ )fRu (0) = 0 (4-Sa) 

C· (0) P -1 tR' (0) P -lOtR (0) - 0 
- - r 1 w - r 7 w -. (l~Sb) 

By this coupling, the D~O spectra in the inertia sub range 
are in two different regimes: the F spectrum is in the 

u 
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regime of production where its vorticity function R (0) is 
negligible, while the F spectrwn, after having suf¥ered 
two losses, falls in th~ regime of eddy dissi~aiion where 
its vorticity function becomes asymptotic: R 0 ~ R • Under 
these circumstances, the energy balance redu~es to:w 

c(o) _ ,'R(O) = 0 

_c(o) _ pr-lj'R
w 

= o. 
(46a) 

(46b) 

The upper dot denotes a differentiation with respect to k. 

With the aid of Eqs. (39) and (40), we can solve the 
system of Eqi. (46). The solutions can be expressed in 
terms of Pr- Rw or in terms of the constant· relaxation 
frequency - 2 4 ~ 

GJD f = a(J RviPr f a" = "3 [r (3) ] 2= 0.63, (47) 

as a parameter. 

We find the spectral functions 

Fu = auf 4b ,2k -3, 

FE = a GJ ' 4k -3 ED' 

the intensities 

cut = ~ auf '"b,2k -2 

a - -2 u - aw = 2.52 

a E = 9/ r (4/3) = 10.OS, 

<~'~ aE 
£J ,4 k-2 

D I 

and the transport coefficients 

-2 )T = a., cJD' k a = 4r(4/3) = 3.57 
7 

D' = 3 CJ ,3 k-2 
D 

We can also calculate the intensi"ty of enthalpy 
fluctuation 

(4S) 

(49) 

(50) 

( r' 2) = aE cJ
D

' 4 k_l~ (51) 

from Eqs. (26) and (4S) , and the internal energy 

1/ ,2) _ ,2 -2 _y-l ~ = 3 17 '(-1 
2,\W - aw GJ D k , aw -'g aE 2 • (52) 
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from Eq. (25b). 

The k-2 law for kinetic and internal energies in Eqs. 
(~9) and (52) are in agreement with results of numeEical 
computations for one-dimensional model by Tokunaga. 

VII. CONCLUSIONS 

Instead of closing a kinetic hierarchy of mean distri
butions, we develop a fluctuation theory, and close a 
hierarchy of correlations. The closure is facilitated by a 
scaling procedure into ranks. When the microscopic diffusion 
of path becomes asymptotic, a relaxation is obtained, pro
viding equilihriwn to diffusivity and rendering it deter
ministic, and in so doing, it closes the hierarchy. The 
kinetic equation of macroscopic distribution is then solved 
for deriving transport-functions and transport coefficients. 
The balance between kinetic energy and internal energy 
derives the spectra. In a customary kinetic treatment 
without scaling, one would require a doublet distribution 
function to calculate a velocity correlation, and a Fourier 
transformation to derive the spectrwn. The present method 
by scaling fluctuations, a singlet distribution function 
suffices for the same purpose. 

With the transport coefficients determined in this 
manner, the method could also lend to analyse the distri
bution of velocities around a mean value and the deviation 
from normality. This problem will be left for a later 
opportunity. 
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TURBULENCE, - Trallsports turbuLellts 1l0rlllaUX et allormaux dalls 1111 milieu stratijie. 
Note (*) de Tchen Chan-Mou, presentee par Alexandre Favre. 

L'etude est consacree a la derivation analytique des flux de transport dans un milieu stratiru':. La memoire. Ie 
couplage entre les fluctuations de vitesse et de temperature et les proprietes tensorielles apportent aux transports 
anormaux un caracti:re contre-gradient ou sans gradient, outre Ie transport normal du type Boussinesq suivant un 
gradient. . 

Tllis Note presents an (IIwlyticul derivatioll of tile jluxes of transport in a stratified medium. Tile memory. tile 
coupling betu'eell ['e/ocit)' alii/ temperature jluctuatiollS arid tile /(~/ISoriol properties of trallSport giL'e rise 10 an 
anomalous counter-gradient or u'it/lOut gradient transport. in addition to tile normal transport of tile Boussinesq type 
alollg a gradient. 

I. INTRODUlTION. - Les transports anormaux de quantite de mouvement ([I] :i [4]) et de 
chaleur qui ne sui vent pas la relation de Boussinesq ant etc mis en evidence dans des 
ecoulements turbulcnts en laboratoire [5]. dans l'atmosphcre ([6]. [7]) et en astrophysique [8]. 
On peut expliquer ce phenomene par un effet de memoire. un couplage entre les fluctuations 
de vitesse et de temperature. et les proprietes tensorielles du transport. que nous examinons 
separement dans la suite. 

II. MEMOIRE ET COUPLAGE. - On dislingue les valeurs moyennes ii. T. de vitesse el de 
temperature. et Icur fluctuations turblilentcs u. O. Introdllisons une vitcsse auxiliaire, 
w==cO/To. un champ E== -V(p/p}. deux gradients "{==Viv+(y/c)'l.. I..==Vw+Aoz. 
et deux operateurs differentiels Lw et Lu tels que Lw w== A (u + u). V w. Lu u == L., u - E. OU 
c == (RT 0) 1/2 est la vitesse de propagation. Rest la constante des gaz parfaits. To 1 

correspond au coefficient d'expansion thermique. {j est l'acceleration de la pesanteur; 
1..0 est un taux adiabatique. Z=(O. O. I) est Ie vecteur unite. pest la masse volumique 
moyenne. pest la fluctuation de pression. et A est l'operaleur de fluctuation. Les equations 
fondamentales de quantite de mouvement et de chaleur peuvent s'ecrire so us la forme 
suivante: 

(I) (vl+L.)u= -u. Vii+IC"{r (/\+ Lw)w= -u.l... 

Par integration de (I). no us obtenons les vitesses u. w. au moyen desquelles no us calculons 
les flux 

(2) 
~ < Ujlli)=~~(Ku}js{Vs~d~(Mu!j{.Yd; 
l < u j w) - - L (K w) js {As}, } # I. 

Les coefficients de transports 

(Ku.w}js= f~ dt<lIj(t. x)Uu,w(t. t-t)II.(t-t»; 

(Mu}j= f~ dt<uj(t;x}Uu(t. t--r}w(t-t}) 

(3) 

agisscnt C0111mc opcrateurs. L'intcgration sc fait suivant les trajectoircs qui sont perturbcs 
par les champs turbulents. coml11e l'indiquent les propagateurs U u .• ' qui sont les inverses de 
Lu. W' Ainsi la forme lagrangienne. qui porte sur les gradients en (2). represente un effet de 
l11emoire. Cel effet a servi de base pour expliquer Ie dccalage [9] entre flux et gradient. Le 
couplage entre vitesse et temperature et les proprietes tensorielles donneront d 'autres 
transports anormaux. 

C. R .. 1980. I" SCI1I('stre. (T. 290. N° 8) Scrie B - 18 
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Ill. PROPRIETES TENSORIELLES DE TRANSPORT. - Les coefficients de transport (3) sont 
exprimes avec <lIjlls) ou <lIiW). pour un temps fllli qui est Ie temps d'approche a 
I'equilibre. appele temps de relaxation wu-

I ou ()):,I. en introduisant les notations 

Q js (w. k) == x. < 1I j (w. k) Us ( - w. - k) ) • R(=x.<!lj(W. k)u:( -()). -k». 

ou Ie facteur X. provient de la transformation de Fourier bornee. Nous pouvons ex primer (3) 
so us la forme de Fourier [10] : 

(4) (Ku.w)js= II:", dwdkw';:~Qjs(~. k). (Mu)j= II:oo dwdkw;; 1 Rj(w. k). 

et ainsi transformer (2) en 

(5) I 
Qji(W. k) = - ~ w;; 1 Qjs(w. k) V's Ui+ W ;; 1 R j( w. k) Yi. 

Rj(w. k)= - LW:,I Qjs(w. k)As. 
s 

j i= i. 

Ce systeme peut se resoudre en fonction de la composante diagonale Q jj pour donner 

(6) Qji= -QjjSjir. R j = Q jj W:, 1 0' jir (I .. ) 

et par consequent pour obtenir : 

(7) (K •. W)ji= -(K •. w)jj {S jir }. (M.}j= -(Ku)jj{ (lju-:-
I O'jir(A)}. 

avec ji=ii=,.. Nous rcmarquons que les coefficients de transport (Ku.w)jj opcrent sur 

(8 a) Sjir==(Jrr Jji- Jjr Jri)/(Jii J rr - Jri Jir) 

et 

(8 b) {
a jir(l .. ) == A j- S jir Ai - S jri Ar. 

a jir(V' u;)=(V' r S jir V'i - S jri V' r) iii' 

avec 

(8 c) J si == OSi + V's UJW u + As Y Jwu (0 W' 

Vne theorie d'echelle pour la fermeture par relaxation [10] permct de determiner la 
structure des frequences de relaxation w •. W W ' lei il sufflt de considerer (8 c) comme un 
gradient non dimensionnel donne. sans entrer dans la structure analytique des frequences de 
relaxation. 

IV. TRANSPORTS NORMAUX ET ANORMAUX. - Par la substitution de (7) en (2). nous 
aboutissons aux nux 

(9) { 
<!ljlli) = -(K.)~~crjir(V'ii;)+O'jir(l .. )YJW",}; 

<ujw)- (Kw)jj{crjir(A)}. 

Rappelons que (K u, "') jj sont les coefficients de transport sous forme de Fourier (4) et operent 
sur les gradients composes (8 h). pour donner un transport normal dtl type 130ussinesq avec 
memoire etles transports anormaux. Le transport de quantite de mouvement est plus 
complique que celui de la chaleur. et peut devenir plus facilement anormal. Si de teIs 
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transports anormaux predominent. les nux peuvent changer de signe. de sorte que la 
viscosite effective peut formellement devenir negative [8]. 

Nous illustrons ces erfets par un exemple. ou la presence des gradients non nuls V 3 iiI, 
VI iv. et 1..3 ='1 31V+ 1..0 reduisent (9) au systeme suivant : 

(10) 
{ 

< 113 III ) = - (K uh3 { d J ~ ~ '13 U I + a w A~) }; 
<1I3 W)=-(K wh3{d l (A 3 -au V 3 I1d}. 

avec au. w = V 1 W/ffi u. w; d 1 = I + au au" Les nux verticaux (10) a contre-gradient resultent d'un 
gradient horizontal VI W qui apparait dans a u: w ' 

Dans une stratification uniquement verticale avec gradients '13 iii et '13 W. les transports 
deviennent 

(11) <1I3 11 1)=-(K u h3{V 3UI }; < 113 w) = -(K whd '1 3 11'+ Ao}. 

appartenant au type de Boussinesq avec memoire. L'absence de tous gradients Vu. V W. sauf 
Ie taux adiabatique. peut encore donner lieu a un nux de chaleur 

(12) <"3 W) = -(Kw)33 Ao· 

Si les gradients varient tres lentement.le systeme (11) se reduit aux transports normaux sans 
memoire 

(13) (113 11 1)= -(Kuh3 '13 iii, <1I3W>=-(K.,h3(V3 w+A o). 

qui sert a donner la justification de la theorie de similitude de Monin et Obukhoff [11]. 
Cependant cette theorie de similitude ne traduit pas la dependance quantitative des 
coefficients de transport a la longueur de stabilite. Notre theorie d'echelle [10] permet de 
determiner la structure des coefficients de transport et de la relaxation pour analyser cette 
dependance. 

Ce travail a etc fait sous les auspices de la National Aeronautics and Space Administration. 
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STRONG TURBULENCE IN LOW-{3 PLASMAS 

C. M. TCHEN 
The City College, and the Graduate Center of the City Univeristy, New York N.Y. 10031, U.S.A. 

H. L. PECSEU* 
Association EURATOM Ris~ National Laboratory DK-4000 Roskilde, Denmark 

and 

S. E. LARSEN 
Ris~ National Laboratory DK-4000 Roskilde, Denmark 

Abstract-An investigation of the spectral structure of turbulence in a plasma confined by a strong 
homogeneous magnetic field was made by means of a fluid description. The turbulent spectrum is 
divided into subranges. Mean gradients of velocity and density excite turbulent motions, and govern 
the production subrange. The spectra of velocity and potential fluctuations interact in the coupling 
sub range, and the energy is transferred along the spectrum in the inertia subrange. Applying the 
method of cascade decomposition, the spectral laws k-l, k- J , k-2 are obtained for the velocity 
fluctuations, and k- 3

, k- s, k- J/2 for the potential fluctuations in the production, coupling and inertia 
subranges, respectively. The coefficient of Bohm diffusion is reproduced, and its role in electrostatic 
coupling is deriveQ. Comparison is made with mcasured power laws reported in the literature, from 
Q-devices, hot-cathode reflex are, Stellarator, Zeta discharge, ionospheric plasmas, and auroral plasma 
turbulence. 

1. INTRODUCTION 

COLLECI'lVE anomalous properties of turbulent plasmas are found important in 
characterising plasma motions in fusion devices, in astrophysics and in ionospheric 
heating. Observations have been reported on the spectral structure of turbulence 
for density, electric potential and electrostatic field fluctuations, (e.g. BOL, 1964; 
CHEN 1965; D'ANGELO and ENRIQUES, 1966; BERKL and GRIEGER, 1967; REECE 
ROTH 1971; ROBINSON and RUSBRIDGE, 1971; LEONARD and LINNERUD, 1972; 
GURNETI and FRANK, 1977). It is our purpose to present a hydrodynamic 
formulation of the theory of turbulence for comparison with these observations. A 
kinetic formulation was given previously by TCHEN (1978a, b). 

Theories of weak plasma turbulence have been frequently reported in the 
literature (KADOMTSEV, 1965). Theories of strong turbulence (DUPREE, 1966; 
WEINSTOCK, 1969) are limited to weak couplings. For strong couplings, a proce
dure was developed for smoothing the fluctuations by a repeated-cascade as an 
advanced Reynolds'decomposition (TCHEN, 1969). This procedure was applied to 
the Navier-Stokes model for a two-dimensional magnetized plasma (TCHEN, 
1976). Here we shall generalize the problem to three dimensions and deal with 
the spectral structure of the fluctuating components in the plane perpendicular to 
the magnetic field. Further details of the analysis presented in the following 
sections are available in the form of a report (TCHEN et al., 1977). 

2. MODEL EQUATIONS AND CASCADE DECOMPOSITIONS 

The motion of ions, of density n, velocity v, temperature T;, mass M, charge e, 
unqer an external magnetic field B = (0, 0, B) and a self-consistent field 

E= -Vq" (1) 

.. Temporary address: Dept. of Phys. and Astronomy, University of Iowa, Iowa City, Iowa 52242, 
U.S.A. 
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is governed by the following equations of conservation of mass and momentum: 

all 
-+V'(llv)=O at ' 

IlM(av +v' vv)- ell( - V<f>+vxB) = - KT;VIl. at 

(2a) 

(2b) 

The hot electrons of temperature T. can maintain quasi-neutrality by flowing 
along the magnetic line of force, according ,to the equation 

KT. VIl = Ile V<f> 

for a Boltzmann distribution. By introducing 

l/J = ex In (11/110) 

with a normalizing constant 110 and 

ex = .JK(T. + T;)/M 

we can rewrite (2a) and (2b) in the form: 

al/J -+v,V·"=-exV·v at 'I' , 

(Iv e 
-+v·Vv=-exVl/J+-vxB. 
ilt M 

(3) 

(4) 

(5) 

(6a) 

(6b) 

The system of conservation equations (2) and its reduced form (6) will serve as 
a basis for formulating a turbulent transport theory, as being separate from 
collisions or molecular dissipations. Therefore these dissipative effects are not 
written in (2) and (6), but will, however, be restituted as sinks in energy balance 
later on. 

H the plasma motion is strictly two-dimensional in the plane perpendicular to 
the magnetic field, we can reduce the system (6) into an equation for V X v of the 
Navier-Stokes type without pressure. Such an eql!,.'ltion can serve as a simple 
model of turbulence. However, if the above condition is not fulfilled, the complete 
system (6) has to be considered. This latter problem will be treated here. 

We decompose the velocity v into a mean velocity v and a turbulent fluctua
tion u, as 

v=v+u, (7a) 

and subsequently we redecompose the fluctuation into a macroscopic component 
u(O) and a random fluctuation u', as: 

u = u(O)+u'. (7b) 

The decomposition (7a) is known as Reynolds' decomposition in turbulence, and 
the decomposition (7b) is an extension. The macroscopic component u(O) and the 
random fluctuation u' can be screened by means of a distribution function, so that, 
after an ensemble average, 

!«UlOl)2) = f k dk' F(k') 
() 

(8a) 
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and 

!({UD2) = r dk' F(k'), (8b) 

represent two consecutive portions of a spectral function F(k') for velocity 
fluctuations separated by a wavenumber k considered as an independent variable 
ranging from 0 to co. Before this ensemble average, u(O) and u' may have 
overlapping length scales, but should predominantly lie in separate spectral 
portions. The same decomposition applies to 1jI, so that 

IjI =;j;+ 1jI(0) + 1jI'. (9) 

and 

WIjI(O)f) = (dk'G(k'), WIjI')2) = t~ dk'G(k') (10) 

are two consecutive portions of the spectral function G(k') for ljI-fluctuations. 
Similarily, for E-fluctuations, we have: 

He/M?«(E\O)?) = r dk'GE(k'), !(e/M)2«(Ej}2)= {"'dk'GE(k'), (11) 

Decomposing the system (6) into macroscopic and random components, t!'te 
following equations are obtained in the form of a cascade for components in the 
plane perpendicular to the magnetic field: 

with 

and 

The fluxes' 

D (0)_ (0) - - (O)a - +~ E(O)_( 'a ') 
,U i WCCjjU j ~ u j jVj M j u j jUj 

D ,1,(0) = - u\O)a.·1. - aa·u(O) - (u.' a.· I.') 
,'I" 1 1'1' 1 1 1 1'1' 

(at + Vjaj)u;.' - WCCjjU;' = ~ E/ - u/a,(vj + uI
O

» 

(at + Vjdj)IjI' = -adju/ - u/2, (;j;+ 1jI(0) 

D, = a, + (v + u(O» • V, 

{Cjj}=L~ ~} 

e 
ME=-aVIjI. 

(u;' u/), (u/ 1/1') 

a 
a, = at 

(12a) 

(12b) 

(13a) 

(13b) 

(14) 

(15) 

are Reynolds' stresses accounting for the statistical effects of random fluctuations 
upon the evolution of macroscopic components u(O) and 1jI(0) in (12). In turn, the 
random fluctuations are produ~ed by the gradients of macroscopic variables, as in 
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(13). The discrimination between the two systems (12) and (13) is obtained by a 
scaled ensemble average. As the fluxes (15) are of macroscopic rank, they are 
omitted in (13), governing fluctuations of random rank. 

3. TRANSPORT COEFFICIENTS 

The system (13) can pe integrated formally to give the random components: 

u;,=-[aS(Vi+U~O»)]r dTU.,(t, t-T)U.'(t-T) + ~1' dTU.,(t, t-T)E;'(t-T) (16a) 

tv=-[as(.j;+",(O»)]1' dTU(t, t-T)u:(t-T)-aa{.dTU(t, t-T)U;'(t-T) (16b) 

which serve to form the gradients of Reynolds' stresses: 

and the cross-correlation 

(u;,aju;') = - Kj:ajas (Vi + u~O» 
(u;,a j",') = -Aj:ajas(.j;+ ",(0» 

e 
M(E;'u:)=D. ' IS • 

(17a) 

(17b) 

(17c) 

The eddy viscosity in x-space, the diffusivity in x-space, and the diffusivity in 
volocity space, which are assumed homogeneous, are: 

Kjs ' = f. I dT(u;'(t, x) U., (t, t - T)U:(t - T» 
o 

(18a) 

Aj:= r dT(u;'(t,x)U(t, t-T)U:(t-T» (18b) 

Djs' = (:r r r dT(E/(t, x) U.,(t, t - T)E.'(t - T», (18c) 

respectively. The fluxes (u/u/) and (u/",') in (17a) and (17b) are calculated 
approximately by only retaining the gradient of the macroscopic quantities 
transported, i.e. as (Vi + ujO» and as (.j; + ",(0», while rhe cross correlation (17c) is 
calculated approximately as a transport of non-gradient type. The propagator 
U., (t, t - T) implies a Lagrangian representation of the correlation function follow
ing a trajectory that is perturbed by u in a magnetic field. For a strong magnetic 
field, we can write 

U.,(t, t-T)=exp[-(wk+iwJT], (19) 

where We = eB/M is the cyclotron frequency, and Wk is a relaxation frequency 
governing the approach to equilibrium of the transport property, and it is 
approximately 

Wk = We- (20) 

Thus we can write (18a) and (18c) in the form of traces as 

K'= ak(u/(t, x)Y)we-
1 (21) 

and 
D' = aD(~ )\E;'(t, x)Y)we-

l
, (22a) 
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respectively. Using the definition (14), we can rewrite (22a) as 

D'= Ae «VI/I')2) 

where 

2 -1 Ae = aDa We , 

821 

(22b) 

(23) 

is found as the Bohm diffusion. The transport coefficients K(O), A (0) and D(O), 
which are defined from macroscopic fluctuations u(O) and B(O), can be written 
similarly. The numerical coefficients aK and aD are not determined, It should be 
remarked that most analytical theories of turbul~nce have not reached the stage 
where numerical coefficients can be determined. The present analytical descrip
tion of plasma turbulence, as different from similarity theories which are based 
upon dimensional arguments, aims at a description of turbulent transport proces
ses and the derivation of the spectral structure of the transport coefficients. 

4. ENERGY BALANCE 

Multiplying (12a) and (12b) by ulO) and 1/1(0) and averaging, 
following equations of energy balance in collisionless form: 

(u~O) Dlu~O» = P~O) + D(O) - nO) 
(t/J(O) D1t/J(O» = P~) - D(O) - T~). 

These equations consist of the production functions 

p~O) = K(O)f u 2 , 

p~) = A (O)f t/J 2 , 

a coupling function D(O), and the transfer functions 

TuO) = K'R(O), 

T~)= A'l(O). 

The gradient and vorticity functions are: 

f}=(ajvY, f/=(aj;J;)2, 

R(O) = (ajuIO»2) = 2 r dk'k,2F(k') 

fO)= (ajt/J(0»2) = 2 r dk'k,2G(k') 

respectively, with asymptotic values: 

R = «ajui?> = 2 r-oo 

dk'k,2F(k') 

1=«ajt/J)2)= 2 r-oo 

dk'k,2G(k'). 

we find the 

(24a) 

(24b) 

(25a) 

(25b) 

(26a) 

(26b) 

(27a) 

(27b) 

(27c) 

(27d) 

(27e) 

The transfer functions (26), which arises from nonlinear mode-couplings, 
represent an energy cascade, as was postulated by KOLMOGOROFF (1941) and 
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HEISENBERG (1948). Transfer functions in the form (26) has a kinetic basis (TCHEN, 
1978a, b). They do not exist in theories of weak turbulence. 

AII the transport functions are considered homogeneous in the 10caIIy 
homogeneous plasma. 

5. SPECTRAL STRUCTURE 

A. Classification of spectral subranges 

We shaIIdistinguish between universal and non-universal ranges in a spectrum 
and shaII be exclusively concerned with the universal range. The non-universal 
range depends on the conditions for the particular experiments. 

The universal range can be subdivided into production, coupling, and inertia 
subranges. The individual subranges are investigated separately. 

B. The production subrange 

Mean gradients of velocity and potential will feed energy into the fluctuations 
for further transfer across the individual spectra. In order to describe this 
transport explicitly, we write the energy equations in the foIIowing differential 
form, where the upper dot represents differentiation with respect to k; 

r 2K(0)-K'R(0)-K'R(O) = 0 
u 

r./ A,(O) - >..'j(O) - A,'j(O) = 0 
(28a) 

(28b) 

obtained by retaining the production and transfer functions in (24). . 
As the production occurs at low wavenumbers, we may neglect the last terms 

in (28a) and (28b) on account of smaII R(O) and j(O). The simplified equations then 
become 

yielding the solutions 

C. The coupling subrange 

r 2 K(O) = K' R (0) 
u , 

r./ A,(O) = >..'j(9), 

F(k) = const r }k-3, -

G(K) = const r /k- 3
• 

(29a) 

(29b) 

(30) 

(31) 

Density fluctuations which appear as potential energy can excite the kinetic 
energy and give rise to a transfer down the spectrum. This circumstance defines 
the coupling subrange. The governing transport functions in this subrange are thus 
the coupling function and the transfer function. From (24), we have, in differential 
form 

D(O)-T~)=O 

-D(O)-T~)=O 

or, with the substitution of (22), (25) and (26), 

>.. j(O)-K'R(O)-K'R(O)=O c , 

_>..)(0)._ A,'j(O)- >..'j(O) = o. 

(32a) 

(32b) 

(33a) 

(33b) 
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Because the 1/1 spectrum is dissipated at a rate controlled by the Bohm diffusion, 
the following approximations can be introduced 

reducing (33) to 

or, after addition, 

R(O)=O, ]<°)=1 and A'« A" 

A)(O)- K'R(O) = 0 

-A)(O)-A'J= 0 

-K'R(O)-A'J= O. 

Substitution of (21) into (35) gives 

(u'2)R(0) 
A' = wo\ 

with 
w03=wc1. 

(34a) 

(34b) 

(35) 

(36) 

(37) 

As the left-hand side of equation (36) is a function of F and k alone, we 
obtain the solution 

F(k) = const w02 k-3
• (38) 

On the other hand, equation (34a) gives, by means of the definition (21), 

(U,2) . 
2k 2G(k) = const -- R(O). (39) 

AcWc 

Substituting the solution (38) for F(k), we find from equation (39): 

G(k) = const (Wo4/AcWc)k-S 

corresponding to a spectrum for the electrostatic field fluctuations 

GE(k) = const (a2w04/AcWJk-3 

using relation (14). 

(40) 

(41) 

We can conclude that the I/I-spcctrum (40) falls off much faster than the 
u-spectrum (38) in the present subrange. on account of the effective dissipation by 
the Bohm diffusion in the I/I-spcctrum alone. The velocity and the electric field 
spectra share a k-3 law, as evidenced by available data. 

D. Inertia subrange 

The inertia subrange is characterized by a constant transfer of energy across 
the spectrum, i.e. 

or, with the definitions (26) 

TuO) = Eu 

TO) = E", 

'" 

K'R(O) = £0 

A' ]<0) = £",. 

(42a) 

(42b) 

(43a) 

(43b) 
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Here Eu and Eo/I are the rates of energy dissipation, or sinks. They serve as 
parameters governing inertia and dissipation subranges. 

The rate of energy dissipation Eo/I can be identified as 

co/I=D=AJ (44) 
from (22b) and (27c). Note that co/I is not due to collisional losses but to a 
collision less Bohm diffusion. This is to be expected, since the equation of 
continuity (2a) is conserved. On the other hand, the equation for the momentum 
(2b) may have a collision term giving rise to cu' The particular form of the 
collision term (kinematic viscosity by self-collisions, or damping by collisions 
between species) is not of interest here. 

The energy balance derived in (43) has a form similar to that postulated in the 
theories of KOLMOGOROFF (1941) and HEISENBERG (1948), using dimensional 
considerations. Our transport theory, which derives from (43) and the transfer 
functions, is based upon a kinetic foundation (TCHEN, 1978a, b). Since the 
structure of our eddy transport coefficients differ from that assumed by HEISEN. 
BERG (1948), we expect different solutions of the equations of energy balance 
(43). 

To obtain the solutions, we write (21) in spectral form 

K' = canst f. '" dk' F(k') 
We k 

and rewrite (43a) as 

const f. '" dk' F(k')2 f k dk" k,,2 F(k") = Eu 

We k Jo 
(45) 

or 
1 r dk'k" F(k') ~ const e"w, r dk'F(k') (46) 

After differentiation with respect to k, we obtain 

F(k) 

k' F( k) ~ const e"w, [f: dk' F(k ') r (47) 

or 

[' dk'F(k') =const (cuWc>1/2k- 1. (48) 

Differentiation of (48) finally yields 

F(k) = const (cuwc)1/2k-2. (49) 

On substituting (49) into (43b), we obtain 

G(k) = const E .. (cuW e )-1/4 k- 3/2 • (50) 

As the l/J spectrum is quickly dissipated by Bohm diffusion, as mentioned in 
Subsection 5C, we may expect that the inertia subrange (50) is not fully developed 
under certain circumstances. 
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6. COMPARISON WITH EXPERIMENTS 

We shall compare our theoretical predictions with data on turbulent spectra 
reported in the literature. In most experiments, the spectra are measured as a 
function of frequency rather than wavenumber. This introduces the problem of 
Eulerian-Lagrangian transformation. If the streaming velocity predominates, we 
obtain a linear relation between the spectral functions in wand k spaces, 
according to Taylor's hypothesis, or frozen turbulence, which is very widely 
accepted in the interpretation of turbulence measurements in plasmas and fluids 
(e.g. KOFOED-HANSEN and WANDEL, 1967). The streaming velocity consists effec
tively of the mean velocity v and the velocity rc;presenting that portion of the 
spectrum of larger scale than the subrange concerned. Consequently, the Taylor 
hypothesis is valid for plasmas with a strong drift V. or, in its absence, for 
subranges (coupling and inertia sub ranges) of large wavenumbers. The hypothesis 
may not be valid for the production subrange (of small k) without a sufficient drift 
v. Under circumstances where the Taylor hypothesis is not valid, a nonlinear 
dispersion will prevail and this gives the frequency spectrum as a Fourier 
transform of the Lagrangian correlation in (18c): 

Gdw) ='; (~ r LX> dTe-iWT(E/(t, x) uw(t, t - T)E/(t - T). (51) 

For w = 0, this spectrum becomes linearly proportional to diffusivity: 

1 
GE(w = 0) = - D(O)(k = (0). 

7T' 
(52) 

We note that GE(w = 0) > 0, while Gdk = 0) = O. This feature is observed in all 
experimental data. 

An analytical study of the nonlinear dispersion relation requires the calcula
tion of the propagator Uw and of the Lagrangian correlation (51). Although the 
propagator has been investigated (TCHEN, 1978a, b), the calculation of the Lan
grangian correlation has not yet been made. However, a comparison between the 
theoretical prediction of the spectrum in k-space and the available data in 
w-space can be justifiably made applying the Taylor hypothesis for the coupling 
subrange, with spectra 

F(k)- k- 3 , GE(k) - k-3, G(k)- k-S, (53) 

according to (38), (41) and (40), respectively. The predictions are found in 
reasonably good accord with experiments. 

In a strong streaming which is the necessary condition for the Taylor 
hypothesis, it is not clear what correction the non-uniformity of the stream may 
bring to the conversion between wand k representations. It may conjectured that 
a weak non-uniformity may not be important in the conversion of small scale 
turbulence. 

It is to be noted that, in the lack of a nonlinear dispersion relation, the Taylor 
hypothesis of frozen turbulence is widely accepted, not only in' comparison 
between theory and experiment relating to wand k-spaces, but also in turbulent 
propagation of electromagnetic waves, in remote optical sensing of wind velocity, 
and in laser doppler measurement of fluid velocity. 
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The inertia subrange may not be fully developed in experiments for the reason 
mentioned in Subsection 5C, and therefore the spectra (49) and (50) will not be 
compared with experiments. On the other hand, strong mean gradients arc 
unlikely to be found in plasma devices, except e.g. in the ionosphere. Therefore 
the spectral predictions (30) and (31) in the production subrange may not be 
easily found in data from plasma devices. 

With the reservations stipulated above we compare our theoretical predictions 
with experiments. Figure 1 shows spectra obtained in conventional Q-devices 
reproduced from D'ANGELO and ENRIQUES (1966) BERKL and GRIEGER (1967). 
The reported spectra show the amplitude variation as a function of frequency. We 
note that the measurements of BERKL and GRIEGER (1967) have a large E x,B 
rotation of the entire plasma column, rendering Taylor's hypothesis effective. 

Figure 2 shows turbulent spectra for the density fluctuations obtained in a 
hot-cathode reflex arc (CHEN, 1965) and the Etude stellarator (BOL, 1964). 
Spectral measurements of the fluctuating electric field in the Zeta discharge 
(ROBINSON and RUSBRIDGE, 1971) are shown in Fig. 3. 

Figure 4 shows a spectral analysis of turbulent density fluctuations in barium 
plasmas released in the upper atmosphere (LEONARD and LINNERUD, 1972). 
Because the data were reduced by photographic technique, it was possible to 
present the spectrum as a function of wavenumber in this case. 

Finally, Fig. 5 shows satellite data for the fluctuating electric field on high
latitude auroral field lines (GURNEIT and FRANK, 1977). 

In view of the difficulties associated with frozen turbulence mentione(,l above, 
the lack of supporting experimental data for determining parameters, and because 
diverse conditions of turbulence can produce a k- 3 law (e.g. in neutral compressi
ble turbulence, see TCHEN (1979» we must caution any overemphasis of the 
agreement between theoretical predictions and experimental spectra. 

FIG. 3.-Power spectrum for the fluctuating electric field in the Zeta discharge (ROBIN. 

SON and RUSIlIIRIDGE, 1971). 
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Spectral Structure of Noise Generated by Turbulence* 

C. M. Tchen 

City College, City University of New York, New York, N.Y. 10031 

ADSTRACT 

From the Lighthill equation for the generation of SOlUld by turbulence, 

we investigate the spectral structure of sound pl'essure fluctuatiolls 

in a turbulent velocity field tllat possesses Kolmogoroff's spectrum 

-5/3 ' n -7/3 F (1\:) rv k . The pressure spectrwn is found to be (1\:) ;v k , \\Ihel'e 

k is wavenwnber. For the transformation of k-spectrum into w-spectrum, 

a nonlinear dispersion relation for non-frozen turbulence is derived. 

The structure of Jl(1() contains a contribution from large scale motion::; 

which are linearly dispersed by free streaming (i.e. frozen turbulence) 

and a contribution from small- scale motions which al'e nonlineal'ly 

dispersed by diffusion process. The theory of transformation yields 

n(w) IV (J-5/3. The result compares favOl'ably \\lith measurements. 

'k 
This work is performed under a grant from the National Acronautics and 

Space Administration NGS 1485. 
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I. INTRODUCTION 

The theoretical fOlmdation of turbulent jet noise has been laid 

in the work of Lighthill [1 J . Concerning the turlJUlent structure of noise, 

a large body of experimental measurements of two point pressure 

corl'elation has been carried out by Naestl'ello [2 J. 1\n analysis of the 

correlation has been developed by Ribner [3J . The theory used an 

empirical Gaussian correlation function for the turbulent velocity 

fluctuations and found a good agreement with experiments. Because of the 

difficulties of correlation measurements at small distances between two 

points, spectral measurements in fl'equency have been performed ell, 5 J 
From the Kolmogoroff law k-5/ 3 in the turbulent velocity field, 

dimensional reasonings can predict a spectrum 1<-7/3 for the micl'o-fluctuatiOl 

of sound pressure, where k is wavenumber. The dimensional theol'y does not 

provide detailed dynamics of sound emission. 

Since theol'y deals in k-space and mcasurements are in ~ -space, a 

comparison requires a space-time transforma-tion, i. e. a dispersion 

relation. A linear relation based upon frozen -turbulence is well known( 61, 
but is not valid fOl' small scale turbulence. \ve shall attempt to resolve 

these difficulties here. 

II. INlImlOGENEOUS \'>'1\VE EQUATION 

In incompl'essible, homogeneolls and :lsotl'opic tlu'bulcmce, the 

pressure fluctuation p (t ,x) is l'elated -to velocity flue tuu tion tI (t ,x) - ...... 
by the Poisson Cllucrtiun 

2 
10 r (1) - {/ p = • 

through. a source 
r - "\IV: uu (2) - ... 
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Here f is the constant density in the turbulent mediwn. Equation (1) can 
o 

be generalized to 

..L c/-p _ VZ.b = P A- (3) 
C z. '7> t z (- Jo 

for describing the generation'of noise of infinitesimal amplitude by 

turbulence [11. The linearized equation (3) has a constant speed of 

propagation c and a turbulent dl'\iving source l' • The problem of 

acoustic turbulence which is fully nonlinear is treated separately [7] 

Beside tilese two extremes of linear sound emission, or self-noise, mId of 

acoustic turbulence, there exist othel' models, including sound sca'ttering. 

A derivation of these models is given in APPEN~IX, including a red.eriva'tion 

of (3). 

The solution of the inhomogeneous wave equation (3) is 

r(~)() = ~J~ x-'..L >t. (t - I:.. -~,. / / x) I 

- 4-7C -] 2. -~' I _ c. -
(L~a) 

or, in Fourier form, 

? ( W I ~ ) ~ fo k -? ~f ( CJ/ f c) 1l, ( tJ I I~) / - (I~b) 

where 'z.. 
, ~ ( W/kc) == D - \ w Ik c )'] - . (5) 

Here and in the following, the limits of integra'tioll al'e understood to 

ex'tend. to the whole available domain, unless 0 thCl'w1.se inuicated. 

The relation (lib) serves, as a fundamental hasis f01' analysing the 

spectrum of sound p-ressure fluctuations, as emitted. in an iso'tropic and 

homogeneous turbulent field, whose velocity fluctuation is known to possess 

the Kolmogoroff spectrum. 
~ 
~ 

III. S'PECTHAL STRUCTURE IN FREQUENCY AND \viWENUNBER SPACES 

A. Source 

Tn tl1"is sper-inn. \.'1' 'jllvI"'li,"'" 11.,. 
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(2) in terms of the spectrwn of the turbulent veloci"ty field. To ·this end, 

we decompose the velocity u into a constant mean velocity U, a macroscopic 
'- .... 

fluctuation /k(o) and a microscopic fluc·tuatiol1 u T, as - ...... 

lA, =- iZ r u.(o) t- ~/ (G) - - ..... 

The operators A (0) , A' select the ranks u Co) , u' , and are -
A (0) = 1 _ A _ AT 

AT .=. 1 - A 
o 

to be regulated by ensemble averages ll( ... ), Ao<··:> of increasingly 

finer scales, as denoted by the ranks in the operators A, A 
o 

\ve can wl'ite' ,the macroscopic source 

'1.,(0) == fI(o) >l. 

=:VV:4(o)[ u(o) (/oJ+- A,<U'U'>] I 

-- """ ""'" -.... .... -
the condition of incompressibility 

V. u (0) = 0 , 
.... 

and the stress 
, { ,I 

1/
1 
(~~/) = - jl,! ~ OJ I 

(7) 

(8) 

('J) 

where / I is an eddy viscosity \vhich is deterministic. and stationary in 

t,x, to show that 

.... ?~: ( ~ ~(o) of- ':;.(O)!:) -=: 0, a.~d .?~: A/u'~) == 0, 

and to reduce (7) .to 

r (0) = vv;4't (0) u (0) 
...............".... "--

(lOa) 

In \vavenwnber space, this is 

.l!,(O}(k) = -fdA' (Ri -k:) ~ AOL(~(k)~(~){k-l<) 
... ... I... I ........ 

(lOb) 
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\ve can calculate 

4({~(otk) 1)= A rr dk I elk II{k._k) k.~(-k -k "}k ',/ l/~)(k'l u.{~rk-kJ U(O){k'j u (o/f~ - R ~\ _ II'......" t. I ). ;t .... \ (. ... J __ ... ';{ _ '1+t - - y 

~-AJI~~':k ~(k~-kJ~{-~+k~')k~(u(:~k/~.or,::!') u.7(-!.7 u::(~+!I)' 
(11) 

Simplifications will be made by using the following properties: 

(i) isotropy 

A < u.(o!(k) ~(,j0! (-k) ~ 31- A (L<.~O)(k)· «.,l.or_Ap S'r:-/ ' 
L.""'.... .... d -. (J 

(12a) 

(ii) homogeneity 

A (tA..(o)(k') ~ (0)( k") =- 0 A (<<-(ork') U (oJ(-kJ) f'(k'-t-k'). 
IIoW\ ""'" ...., """- ....... """ -... ~ ""'- .... 

(12b) 

(iii) incompressibili-ty of tul'lmlence 

k . u(o)(k} == 0 (12c) -
(iv) quasi-normality 

<,.to) (0) (0) Co), _( (o),Jo)( (0) (o»~ w) <oj)/. {oj loA ( (0) (c/\(,,(r:' (0/\ "" ~ ().i ~ k.", / - (,(.. ~ ..... , L<..,e U_ ~l{." u 1. \ III U'IH/+ u(.' U"./ "'I u,J / . (12d) 

Here· 
J 

1, ~ \Ir/X) (13a) 

is a factor of tl'uncation of Fourier trall~rOrJ1l11tion of a funct:i.on which 

is stationary within an interval of spaec 2X. \vhenthe FOUl':lel' tl'ullsformat j 

is extended al~o to time within an intel'val 2'1', the factor cOlleernecl is 

l~ z f(;)J (13lJ) 

instead of (13a). 
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We introduce an energy spec-trum F (k), such that 

A (~(O)l.> :./~~' ~ A (I~(o{'~1)) 

=- .2. teAk' F( k ') , 
o 

F(k) = 2iT"k7. A (}u (0) (k) J 2~= A E. 2/ 3k-S/ 3 
I ... - / 

(14a) 

(1[~b) 

in the inertia subrange of isotropic tul'lJU1ence, and A = 1. G. rt i'ollows 

an enstrophy' function-

R(O) =fdk' k,2): A </u(O) (k')} ~> 
- 1_-

(k 2 
= 2Jn dk' k' F(k'). 

o 
(15) 

Similarly, we introduce a spectrwn S (k) for th(~ fluctuations of -the 

source 

A (r(0)2 = f d~' ~ A (Jl' (0) (J~') I 2 > 
[k = 2 dk' S (k') , 

0 
(lua) 

and a pressure spectrum n (1<), such that 

A (p (o~ = J dl~' A ~p (0) (I~T)) 2 > 
[k = 2 elk' 11 (k') 
u 

(1Gb) 

The quadruple C!orrelation in (11) cun be l'edllC!eu. uy the use of 

(12a) - (12d). r-t· is shown that the first j}l'oduc t 

/u(o).(k')u(o~(k_k')\ /u(oJ (_ktl)U(O~l (-k+l~)'> 
\~ l _ J...., .... Y \ I 1.. -. "" .... 

-, 

- in (12d) gives no contribut i.on, and the remaining pro~ucts yield 
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1) A(jl1.(·)(~ t> ~ j}d~' kl>J,Aa~(o){~I,W)(~-!1Xif4:::(o){~-kjJ> . (17) 

In the no"tation of (15). and (lGa) , we can l'ewrite (17) in the form: 

L[~ "S(I"; " p~.'X A-(jJt.(O)(!"J/') 
o 

= ,2.. Jci.k' k" ~ l<J1.L1.i(k) I; Ii k "( k '·-R')'l,A~ k (0)(1<".. k')i') 

:: 3:.. ~(o)2. 
J I (18) 

giving, by differentiation, 

l~ (0) 2 
S (k) = - R k F (k) 

9 
(la) 

This relation is equi~alent to 

I, if <1-l-('i~)12> = ; R[o)"k,2. ~ A<luiO)('yJ>, 
(20) 

or 

1)1 (Illfo)(w, k) I) = E:: /i:{o) k. 2. 'J A <"1l<.(0){w1 ki) . _ 1 2. - .... (21) 

B. Pressure 

From (Lib) and (21), we del':i. va the spec tral strlleture of pre~Slll'e 

h 4(]p(o)(w,!;! t> ~ f k -4-6( t.J/kc) ;<. A ~ (.){t . .>, ~)J :> 
-.... 

:;: .!t f 2 R(O) k -2 Ll{ l.like) X ,4 4u.~){tJ, k) J) , 
1 0 z. - -

(22a) 
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and its intensity 

A (r (0)' "I/~"-".j~' Xl. A (I f> lo}{w; ~/)O 

~ ~ llpw'<if I/O(J'1 r2,(~f!t9 ~ A (I~{ o){ w; ~,t). (22b) 

IV. DISPERSION RELATION 

A. Eulerian and Lagrangian Representations 

\Ve shall, invest,iga-te the dispersion relation, i. e. a relation 

bctween frequency and wavenumber in -turbulence, by considering the 

following transform 

A 

A (~(°ft) {J(t, t-~):( 0)«-7: }) =f!4rJd! ' X. .4(1,:(0 J(lJ,' ~ ') I; { (23) 

betwcen the Lagrangian correlation at two times t-T amI. -t on the lef-t 

hand side and the Eulerian spet!trum ,X,i\(lu (0) (w',k')1 2\through a 
- z ~ - / 

kernel on the right hand side. The propagator U C-t, t-'T) gives a 

Lagrangian form to the velocity u(o) (t-l:') which follows a perturbed .... 
trajectory. In Fourier space, the propagator becomes a Lagrangian kernel 

"''''A h'h 11 = -1 u (2'1;1) 

consisting of: (a) an Eulerian kernel 

h = e-ik'.u 
u -- (2I1b) _ 

which represents a free streaming (deterministic) of a frozen turbulent 

pattern ],JY a mean velocity u , and (b) a I'elaxation kernel -
Alh r _ - w ,,3"?- 3 

- e D '"' (2lk) 
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which represents a diffusive perturbation of the trajectory at a 

relaxation frequency 

W;p ~ :=: ( t k I Z j) ') t . (2Sa) 

dependent on the diffusivity '0 IT • In the illel~tia subrange of strong 

tUl'bulence, this diffusivity is determined to be 

DIT = CD ~ (2Sb) 

where £ is t;he rate of energy dissipation, anu cD ~ ',2.9 
is a'numerican coefficient. In weak turbulence, the kcrnel (2I1c) should be 

I. 

replaced by anothel~ uynamical kernel. This c.lynamical kernel is negligiblc 

in the present s'trong turbulence. The calcula'tions of the propagutor and 

the kernels f m the basis of closure by relaxation. For specific 

details, see Ref. 8. 

il. Diffusion Time 

The Lagrangian corl~.elat1.on. (23) defines a frequency spectrwn 

F(<J}= trJ'd-,; <. ';W"[; X if (':,(D)(O· U(t,t-r) !::-(o)(t_-c) 
o 

whl~h becomes 

F(tJ) ~ 1!<l!V'd~' J. A (I.f·)(~: ~11) '1 (w, ~') 
with the use of (2'1a). Here the c.lispersion timc is defined by 'the 

~ 

Fouriel~ transfor~ll of h (1:), as 

II [00 ~ iWT 
TA (WI Y "= /l..~ t ~ -C t(-r;) ~ 

", 0 

= uJ. #f4T; e-x/>{- ('1,"(k)./+ i ('" - ~ 5)·} 
o 

(2Ga) 

(2Gb) 

(27) 
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by (24), and satisfies the normalization condition 

J 4 W ~k (w, ~) =: 

(, I') J (" ) z.. I t may not be too wrong to replace \ ~ '"{; by 44,"t' 

estimate (27) by means of the following approxima'te form: 

'-IJ w,k) ~ tr/4.- Mr[-('i'-,;j'" + .: (w - ~·5)-.] 
. -Do 

I 

.J44rlJ I,Z 
.J> 

~r[-
(w _ ~.~)Z. 

If- "3," ~ ·1 . 

and to 

This function may be considered as a distribution of k which peaks 
• 

at a value of k corl'esponding to 

1<: ou = cJ, for small k, 

and 

WD
II (k) = at..JvJ ,for large k, 

(28) 

(29) 

(3Uo 

(30b, 

with 'i
w

::.J3/g..... A more precise evaluation, based upon (28) instead of (29), 
. 

will give the same results (30) except with a slightly modified 

numerical value. 

C. Transformation of a Spectrum in tJ ,k-Space into a Spectrum ill k-Spacl 

An intensity 

A (~(')2) =!lpw dw' d~' ~1.A <)~(')(w:~'JJ/ "\,( w, ~') (3l) 

is obtained,. by integrating (27) with respect to 4J from-bQ to 00 • If 

. we pe1:'.form the integrations with respect ·to dw' and dcJ using (28), we , 

. reduce (31) to 
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A < ~(O) '-> = If J.c.J aU:.' X A <I t<. (
0 

l(!:' ) I:> "e( c.J, '::.) (32a) 

and 

A (Ll(o)z-> = JJ r.{w' J.~' 'Y
z 

A ~(,(.(o)( w: !'Jj) I 

..... (32b) 

respectively. A comparison of the right hand sides finds the desired 

dispersion relation: 

~z A <J~( 0)( WI k) f> - ... 
= 'X/ if<I~(D)(~)) ~ (wJ~ 

(33) 

which serves to transform a function in c.J ,k-space into a function in 
..... 

k-space, or l'eciprocally. 

This dispersion relation is now used to transform (22b) into 

A(b(O) 1.) ': '± taZjjrfctw'd.k' R(o)(k') k'-~(l,//k.'c)'l.IJ(I(jD)(k')})T (W,'//) 
,- J I ... I - - k -' 

(311) 

v. SPECTRAL STRUCTUHE OF PRESSURE FLUCTUATIONS 

A. Frozen Turbulence 

In frozen turlmlence, the free stl.'eall1:l11g at vcloe:l ty U pl'cdolllintl tes, 

i.e. 

.\l.J/- k'.U ) » w II 

--- :P 
reducing (29) to 

'TA(w;k ') ~ S- ( cJ' - k I.~ ) I - ....... .... 
. and (3L!-) to 
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k-
if (J/ 'iZ> = f r. '[ d.k' ![7«O)ik) Z:7C eX Me (.i(VI Zyr;{ M) , 

o 

with 

I 
V;(M) = jr./<.J j <tt' tl ({.)lk~) d( <.J '- k' (;., ) 

, -/ 

= t r d.~ £l(r- M) 
-} 

:= -L (e' fv1 +..L ,e')\. 
2M 1- fv12, 2 

I+MJ 
1- M / 

to represent the effect of Hach number H =li!c in a free stream of 

velocity il. The function (36) is found to be independent of k' • 

(35) 

(3G) 

Note tha't the available domain of k' -integration cOl"responds to 'the -
limits (O,k) in the k'-integra:tion, because the intcgl"ations refer to the 

truncated functions A <p (0) 2> , R (0) (k') and A(\U (0) (1(') 1 2 .>. Thus, 
...... -

b~' means of spherical eool'dinates, we have written 

J c{~~ ••• 

k I 
= ! tlk' 2.T[ k' 1. d.J'- .,. 

o _/ 
in (35), where J..t..= k"u/k'u is the co-latitude. 

I ...... --
In the inertia subrange (ll~b), we can calculate (15), and by 

substitution, reduce (3 1U to 

'or 
" 

i1(f" Z) = ; ("i(M) J ~A' k ,- 'Ie IO)(~) f(k) 
t 

',n(k) 

- 1-{.' flZU;(M) £ v-i3 f ~k' k' -7;3 
k 

2..(J2'4 I I. = 3 J • fl V,LlVI) £- '1/3 r 711 
" 

(37) 

(38) 
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in terms of II Q<) from (1Gb). 

B. Fluid Pressure in Incompressible Turbulence, i.e. c =Da, or H=O 

With c = 00 , we have ..a (1.\1' Ik/c) = 1, and reduce (3L~) to 

if (pra)1) =- !t.. p l.fd.k I R{~rk') ,~ ,- ~ X A (Ju (D) (k')) 2.) / 
J /0 - I - -

(39) 

after integration with respect to dlJT using (28). Further calculations 

which need not be elaborated give the same result as (38), with 

<I.J. ~H=O) = 1 • (IJO) 

C. CJ -Spectrum in -the Absence of Free Stream u 

The dispersion time (29) ,with TI = 0, which peaks at (30) ,can be used 
~ 

to calcula·te (311). We obtain the following intcnsi·ty 

X(p" >~ ; t,r>:l~w' w,-3 L1 [M/w')] 
. c,.,J 

and the spectrum 

n(w) P 2 Z -~ [ ] : y11jfo i W Ll f1{W) , 

where Ll is defined by (5). Sin~e the ~lach nwnuer 

Pv1 (w) =. -t. £ / cz. t.J [ ]. 

may be consideretl as negligibly small, we can l'etlll~e (1J·2) to 

IL( w) =- ~ -t, f02 E 2 CJ - 3 . 

The calculations which lead to (4·1) involve the use of (30), i1 

change ·of variables from k' into 4.J "(k') according to (25), and an 
J> 

(Ill) 

(112) 

(11:.1) 

integration with respect to 4l I, • The tletails are omitted. The mUllel'ical 
.P 

coefficients b l , b 2 depend on ttcv as : 
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J 
J 
J 
J 
"J 

J 
J 
J 
"] 

J 
I 
t 

_111-_ 

f) ~ 2. 2.~ -3 
1r., =..5 A Q. Cl. 

..J> ~ (44) 

~ ...L. q, -3 
"\1-1.:' 3 -:D tL cu 

The pmvel' law 0- 3 , as pl~edicted by (113), can find agreement with 

experiments of Gorshkov [II-] 

D. CV -Spectrwn in Non-frozen Turbulence with Free Stream u 

The spectrwn, as determined by (311), is governed by a product of t\\10 

factors 

k,-2Ll(~'/k'c) :¥.Alju(o) (k') 12) and R(o) (k') 
I \J...... ...... (II 5) 

and is weighed by a dispersion time Tx (w: k'}". From (27), (29) and (30), -
"this dispersion time is seen to be bi-modal: When the first factol"' 

predominates while the second factor is insignificant at small k t , Tk, 

has the property (30a); on the other hand, when the second factol' predominat, 

while the first factor falls off at large k t
, ~ has the propCl'ty (30b). Thu" 

the integration with respect to ill.:,' in (3l~), which is weighed by ~ in the 

maImer described above, amounts to 

[ d..k' R(O{k'j k'-~(w'lk'c.) X A</u.(o)(k')r)T. (WI A.t} - I __ _ ~ 1 ...... / 

~ ~(o){f~') I fct~' k'-~( lJlk'c) X A'~/o)(k1J) r(w/-/?~[;.). 
..... - ('17) 

4J ''(k 1)= Q. I " 
J) / wl..J 

The" enstrophy furiction in (1~7) is 

....... ~ 
A(O){k') J 

CV;'(kJ = 't 4J' 
W 

'Z. 
£L Wi 

TZ 
(lJ.8a) , 



'\ 

'~ 

, I 
-I 

J 
J 
J 
J 
'J 
"} 

J 
J 
,-I 

'.I 

J 
J 

-15-

with 

( ')- 'Z-t3 
C4:." =- i- A \. t ~ ~wz. , 

and the remaining integral performed in spherical coordina'tes is 

2-A r ( ('13! I) A £ ' J _I d..t- \ "- f' ) D. ( M r) til{ r (tv 1- k ~ t'-

2.;1 Rh - 11/3 = z.A ~ 3 C v;.{tV1) ~I , 

with 

rM 8;) 
~(tV1) -=-11 J" J.x X Ll(X). 

o 

By collecting (l~7) and (liSa) and substitutj.ng into (li,7) and (31~), 

we find an intensity 

A <(2):. r ~ A (02 f. ~l C ~/\;JM) /, ~ oJl 

. ~ 

- 5/3 
4.J I .. 

and a spectrum 

new) ~ 7 ~ A r. l 
f. "4 c 8,1 <r;(fJ ) 

_ sl.;
C0 

(4Sb) 

(119) 

(50) 

(51) 

(52) 

The power law -5/3, as predicted by (52), agrees \<Jith experiments [ 5 J. 
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APPENDIX: EMISSION AND SCATTERING OF SOUND BY TUlillULENCE 

The propagation of sound, as represented by the variables 

f L = density, pL=pressure and uL= velocity, can be obtained by an operator 

of! which ::;elects longitudinal mode, as may be driven by a tUl'bulent source. 

The tl'ansversal modes are then selected by a complementary operatol' 

" 
I -t =f. . The equations of continuity and momentum of the swn of 

longitudinal and transversal modes are: 

~f T V.(f~.) = D 
d J ' 

(AI) 

°t rUe;) + j (f U.; d') = - ~.? ' (A2) 

the effects of viscosity being neglected. 

Upon differentiating (AI) and (A2) with respec-t to t and x - , and by 

subsequently taking the difference, we obtain 

1-

)f y1.f - V:v.. fU.u.. 
l. ? "I 

(A3) 

A 

By applying the operators £ and;; , we obtain: 

Z L 2.p L I' z ( L)( L L TTL T T '-) 4t · r - 'V .:: Iv V.. P +f u... U. -I- U. u.. of ll. u· + u. u.i (J )0 (.. J l- rI (, if "v I 
(1\'1 a) 

. " "2. ( L)( L L -1ft T ='.c V 1 f. +f U-'/J+ TT LT T L) 
£A..I.{.. +U·14·+ u. It. 
"g ";} 'd' (/\ 'I b) 
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Note that the density in the transverse mode is simply f = constant. It 

is obvious that the sum of (A4a) and (A4b) recovers (A3). 

We assume that turbulence is completely transversal on account of 

its incompressibility, and is not much modified by the propagation of 

longitudinal modes, and 'that the sound, which is rcpr'esentcd by 

longitudinal modes, has a linear propagation. Then we reduce (Alia) to 

0; rL - ~"f. L tv £ V.. Pc +-f / 4., U· -I- ~ U· -f- Ll,; U. 
2. ( LJ( TTL TTL) 

" .. , '1 0 J r/ d 

.... 
_V1-/., T = t 'V~. P r (j I D 

T T 
Lt. /..{. 

l. d 

The term 
Z T T 

f V .. u u . 
o "J 1 J 

= r represents a turbulcrrt source for tile 

emission of 

scattering. 

L 
sound, and the terms linear in f and 

L 
u represent 

(ASa) 

(ASb) 

By neglecting scatterings, and linearizing the longitudinal modes, 

we obtain the Lighthill equation in the form 

'0/ rL _ \]t-pL 

or 

(c2- 0t2- _ Vl-) P 
if the equation of state 

2 
dP/elf= c 

~.h 

'V .IL 

with the speed of sound c is used. 

/ 

(AG) 

~ 
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- I Propagation of Light Throuqh Random Refractive Index 

Fluctuations in Non-Frozen Turbulence 

'~ 
C. M. Tchen 

,j The City College and The Graduate Center, 

-1 
City University of New York, N. Y. 10031 

"1 
ABSTRACT 

A nonlinear dispersion relation for the space-time 

J transformation in light propagation through a turbulent medium 

.1 
is developed. The derivation is based upon a nonlinear propa-

gator, calculating the perturbed trajectory along which an 

J optical field is transported by turbulent motions. The non-

1 
linear theory of dispersion relation is developed without the 

hypothesis of frozen turbulence. The frequency spectrum thus 

1 found agrees better with experiments than the one based on the 

J hypothesis of frozen turbulence. The remote sensing by two 

J 
laser beams can measure simultaneously the mean cross-wind and 

the eddy diffusivity in this method. The dispersion relation 

J without the hypothesis of frozen turbulence finds applications 

Ij to other remote sensing techniques, e.g. remote sensing by two 

receivers, and by multi-wavelengths with or without absorption 

J by aerosols, and methods of reduction of turbulence effects in 

J 
remote sensing. 

I 
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I. INTRODUCTION 

Recent progress of laser technology creates a great 

interest in optical turbulence, dealing with the coupling be-

tween laser irradiation and turbulence in the atmosphere. We 

sh;dl discuss the following: 

(a) laser light propagation in the turbulent atmosphere, 

(b) remote sensing of the turbulent characteristics and the 

structure of the atmosphere, 

(c) image retrieval, 

(d) propagation through aerosols. 

Since the wave field is coupled to the turbulent fluctuations 

of the refractive index, a parallel effort for investigating 

the statistics of wave field and atmospheric turbulence becomes 

necessary. 

In the statistics of light waves, the knowledge of tur-

bulence and of the turbulent characteristics of the atmosphere 

has been meager and limited to the assumptions of validity of 

Kolmogoroff's spectrum and of Taylor's hypothesis,l although 

the turbulent motions in the atmosphere are of large scales 

and will clearly deviate from these conditions. Even in small 

scale turbulence, the mean wind may be weak or there may exist 

other circumstances where these approximations are not valid. 

These limitations hamper a correct interpretation of optical 
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data for retrieving the atmospheric characteristics. 

The reasons why these assumptions have been made are 

evident. The assumption of a Kolmogoroff spectrum simplifies 

the statistics of wave propagation to the problem of a sto-

chastic process with one single parameter. The assumption of 

Taylor's hypothesis or of frozen turbulence relieves us from 

the difficulty of a space-time transformation that is generally 

valid for frozen and non-frozen turbulence conditions. The 

importance of the general space-time transformation has been 

pointed out,2 and there have been suggestions of substituting 

the standard deviation of wind velocity fluctuations for the 

3 
mean wind velocity, if the latter is too weak or absent. 

The linear theory of light propagation produces a light 

scintillation U~ linearly proportional to the structure 

coefficient CZ 
~ 

of the refractive index fluctuation 'h-, 
as an index of the intensity of turbulence in the inertia sub-

range. Experiments show that this linear relation ceases to 

exist when rr2 ') 0.3 , a limit easily surpassed at a large 

optical path-length L in space probing. Under this circum-

stance, a nonlinear theory of light propagation is necessary. 

On the one hand, a nonlinearity can appear when the light 

field E is sufficiently intense as to heat the turbulent 

medium, so that 

'h-
J 

rv ) E J 2 . 
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Then the equation of propagation of E -field will contain the 

nonlinear term 

JEI2 E 

whose role is to produce a self-focusing of laser beam and a 

thermal blooming. On th.e other hand, the propagation of a weak 

E -field in a refractive medium is governed by an equation of 

propagation linear in ~ and E. But the presence of the 

coupling term 

~E \ 

requires a nonlinear statistical treatment for closing the 

statistical hierarchy entailing moments of ever increasing 

high orders, even when the statistical characteristics of 

are given. The literature treats this coupling under the name 

4 
of "saturation." Experimental devices using differential 

transmitter and receiver apertures can suppress the sensitivity 

of large-scale turbulence and thereby correct the effect of 

saturation. 5 Nevertheless, the optical effects from large 

eddies and the resulting saturation remain to be an important 

task of measurements for the purpose of understanding the 

large-scale structure and characteristics of.the atmosphere. 

In the following, we shall investigate the space-time 

transformation by considering the nonlinear perturbation of the 

trajectory along which a scalar quantity is transported by 
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turbulence. This nonlinear dispersion relation plays an im

portant role in the statistics of optical field and remote 

sensing. The new parameters which appear in the formula of 

transformation provides us with a means of remote sensing not 

only the mean wind, but also the turbulent characteristics. 

Illustrations are given for: occultation, multi-wavelength 

laser with and without absorption, cross-wind measurements, 

and frequency distributions. Comparisons with measurements 

are made, and show the importance of the nonlinear 

dispersion. Large eddies having a spectrum different from 

the Kolmogoroff spectrum are also considered. The space-time 

transformation which enters in the problem of propagations will 

also play an important role in "image retrieval." 
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2. PROPAGATION OF WEAK LASER IRRADIATION 

2.1. Wave Equation 

The propagation of light is governed by the following 

Maxwell equations: 

N 

'\Ix E ... 
,.., 

=-1.. 
c 

V x. H = .1 
c. ... 

A.-

V·]) == 0, ....... 
'V 

"V. H = 0/ 

/V 

-oH .... 

°t 
"" ")J> -ot 

'V rv 

v=-£E ... ...... 

where E (t )( ) 
/'-

is the electric field, H(t;;t. ) ... ...... 

(2-1) 

is the 

magnetic field, £ is the dielectric coefficient, and L is 

the speed of light. 
-v 

By eliminating H , noting that 

,-v 2."" 
V)(V;< E =-V E + 

..-v 
(2-2a) V V·E 

....... ... 

= _ V 'L g _ v( E· V Jtl- £) , - ............ 
(2-2b) 

and 

O? ..v :;;r}(U; ) ~ [ 
--/- g 

...-

'0 t2.. ., (2-3 ) 
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and assuming that the atmospheric inhomogeneities vary slowly 

with time, i.e. 

~ (fIx) ~ £ (;<) 
J 

we obtain 

2~ (t ) a~ 
V If +- Y g. vL t - £ "0 f == 0 

cz. ptZ ' 
(2-4) 

or 
2 

,J (~!) k ~ ryl. {; T V E· v. f -I- ~ f r; ==- D .-
..... ... f'" (2-5) 

0 

,." t.wt 
when we let E~E-R- Here ......... 

k=~1T: o c. 
(2-6) 

is the optical wavenumber, ~ is the unperturbed dielectric 

coefficient, and the perturbation is 

C '='z-~ (..., 0 

(2-7 ) 

It can be assumed that the scale of atmospheric turbulence 

is much larger than the optical wave length, so that the de-

polarization as represented by E· V L £. in (2b), or ......... 
in (2a), can be neglected, obtaining the wave equation for the 

scalar variable E in the form: 

ylE +(t/£o)f..E =0. (2-8) 
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For the dielectric coefficient, we can write 

z. 
f -;::?t,.. / '£ = ~ -+ t./ " 

to -= 11.-/ -r (-11" z. > 

?t.-- == 'h.-0 + '11..-, / 

Zj = 2. 1f..o ~I + (4\-,2.. _ <~/2») , 

(2-9) 

(2-10) 

where n is the refractive index, with an unperturbed value 

-11..0 and a perturbation ~I . If the effect of n, on the 

propagation of E" is weak, and so is the heating of the at-

mosphere by the laser, we can neglect the quad~atic term, and 

write 

f.. ~,n2. 
o 0 J 

reducing (8) to 

£ ; 2. no 1lt / I f-- = ~I /11--0 

v 2 E -J- ko7.(J + 2..f<}E == 0 ° 

/ 
(2-11) 

(2-12) 

For the sake of abbreviation and without loss of generality, 

we shall write (12) as 

V 2. E + ko 1. ( 1+ 2 1t-J E 0" (2-13) 

with £ ;= I o f- = ?t./ and 
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2.2. Rytov's Method of Solution 

The problem of single scattering can be best explained 

from the wave equation (13) as a point of departure. The 

Rytov method introduces a function 

f~ ~-I-~ 

with an unperturbed component ~ and a perturbation 
D 

such that 

( 
'f{x) *(x) 

Ex) = -e. ... = Ejx) ~ J -

..... ..... 

(2-14) 

Y: 

(2-15) 

This transforms (13) into the following linearized system: 

v
2 f 

o 
-t {-v t ) 2 + ko2. == 0" (2-16a) 

v2.~ + 'L ~~ . ~ ~ -I- 2 kDZ-~/ o. 
(2-16b) 

Another change of variable 

* 
~ w-e... (2-17) 

transforms (16b) into the differential equation 

2. k2 k2. V tV t t> W -I- 2 0 /ltV, Eo == 0 (2-18) 

which gives the solution: 
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w= 2 koZjcl X r -e 

'r7f, - 1:-: 11 
. k I X-X' J ( ) 

I. 0 .... - ( I) £ Xl') 
/JIl,J)( 0 ..... 

""" 
(2-19) 

or 

w = 2- ko z. 
f, -

4:,r r; 
o 

J 
~k lx-xi 

~! I leO -- ~ ~ ( X 'J ~ ()( ) . 
I ~ _~/) ...-

(2-20) 

The integration extends to the whole available domain. 

For the sake of simplification of writing, we introduce 

a Green's function 

Cr(I~J) - hi J( I 
~ ko I: 1 

(2-21 ) e. 

\y 

and a kernel 

{( x/ x'J = z-k: Cf(i ': _~/J) ~(/) / ~ (x) 
~ W\o"\ ~ ..... 

(2-22) 

simplifying (20) to the form: 

t, (~ ) : I do ~ / [('2 : /) 11-/ ~ ') (2-23 ) 

If the scale of turbulence in the )( direction is much 

larger than the scales in the X~ -directions, the contribution 

to r, ... 
I X.L- X': I in (23) comes mostly from small values of 

"" w 

This permits one to approximate I: J 
by 

2. 

k.l tV 
X - ..L 

XJ.. 
::. 

Z I 
)< 

(2-24) 
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or to approximate (21) by 

!f(I~-~/I)'" ( ~bik.[X4+f(~.L-!':)] 
'r7f:( X -x1 / )C -')<' 

and (22) by 

1v 6 X - )('U ~ 2 ko 1- c,(J X ;- ~ I V Eo 6: ) / Eo (x) , 
""""'" ..... ""'" \0411'\ 

transforming the solution (23) into 

x 

t,(x'if}) = J 4tfcll1 U~:) "'-/:) . 
o ° 

We can write 

t:;r T L"S 

as decomposed into an unperturbed value 

t =70 r iSo 

and a perturbation 

f, = 7, -r i C:;, 

from 

f" -A ,,"s. 
0- oe.. '0 , 

with 

Ao::: e.. X 

J 

t" - A i-S", 
,- -e. I 

Ais 
'XI 

e... 

(2-25) 

(2-26) 

(2-27 ) 

(2-28) 

(2-29) 

(2-30 ) 
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Here ;Xl is called log-amplitude fluctuation, and S, is 

called phase fluctuation. 

Upon identifying (27) with (30), we find 

x 

'0(:) ,,1 c1x'Jfl/~' 1./-:::) 41-/;;') 
o 

(2-31a) 

x 

S/x} =) 4,,' ffdl"j' lcl:.: :) -1t-/:) / 
o 

(2-31b) 

where 

{- .{ 
A... 

+ L' -{, 
(., 

( 2-32) 

2.3. Solution for Plane Wave 

We consider a plane incident wave 

~(~) = -e.. 
i Ro X 

~ 
(2-33) 

transforming (27) and (26) into 

)c 

~(xIN') =~ dx!P/J;'~(x-x; J:-:;)1l;(x~y) (2- 34) 

{(x-x; ?: -::.:) = 2 k.' er6 ~;'O e, - /,k.( x -X-) 

k 2. , 'k 
=- 0 I fLo ( 2. --~ X 'I.' 

2-7[; X_Xl 2{;<-X') .-:- - :) 

(2-35) 
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The convolution form, as present in (34), suggests a 

Fourier transform in the transverse direction. Thus by writing 

( I L' k· XL ( ) 11-, XI:J-) -= ~L e. ....... "h".J x/ ~ I 

(2-36 ) 

with 

5< ;: (l)) , ~ = (k; , ~) , (2-37) 

we transform (34) into 

x * (x, ~ ) " (tnt! <>LX' -I.{x-x; ~) "7 (x; ! ) 
. 0 (2-38) 

with 
= iko [ ",,' '1t., (X; j) Mf{- i1...

Z
(X-X 1} , 

o 2. ko 

(h//,,{x-x; 3.-) : ileo %f (- ~r()I-X)] 
(2-39) 

Since ~ is complex, by (32), we find 

x . 
~(x/~ ) ~ {znlJ Ax I lit (x-x; ~) ~(x: ~) 

o 
;( 

~(x;V '" (27T:f i tt/ ~ (x- x; ~) "'1 ( x;~), 
o 

(2-40 ) 
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3. STATISTICS OF FIELD FLUCTUATIONS: CORRELATION AND 

SCINTILLATION 

3.1. Plane Wave 

The correlation function of )( -fluctuations is defined 

by the mean product 

~~} = (y(:;) '1{ 'j + E J) (3-1) 

of the ;X -fluctuations at the two points 

X..L 
..... / XL + f 

on the plane transversal to the direction X of propagation. 

Here and in the following we omit the subscript" "in XI 
and ~ . 

I 

By the Fourier formula, we can write 

-,,"k"f BirJ = Jol~ ~ -- t(~) ./ 
(3-2) 

with the aid of a spectral function 

;(~) =(Tt:}?-(~(k)A(-k»" 
X ...... W' 

( 3-3) 

Here 4~ = Jk; cl~ 
z.X 

is the infinitesimal surface element, 

and is the interval of Fourier truncation. 

For the calculation of (3), we write 

X{L,~} -=- j LM 071" l ~ (L -x:!:.) "" (x: ~ ) , 
o 

(3-4) 
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at X. -= L , from (2-40). We can formulate 

fx(q));(~-O) ~ £~xi;x' (ZTftl4(L-x:~)UL-X;~) 
X (~x:~) ",()(/~ -~) . (3-5) 

For large L as compared to the scale 1 of turbulence in 

the X -direction, we can replace the integrations with 

respect to 

as 

x; X " by integrations with respect to 

v -L (I 1/ J 
"'0 ::. 2 xl-,x / " 

L L 1 dx' ( dx ~ ... 
o /0 

XI = X/- X 1/ 

L £)0 

~ f d#o/Ix/ 
o -()Q 

The integration with respect to X, takes the limits 

(~Oa/b()) approximately. The kernel 1v varies slowly 

with x' and X" , so that we can approximate 

~/t. (L -x~ k) ~ i/l, (L-x: k) 
.... .... 

( 3-6) 

Hence we can reduce (5) to 

6.{L,!}J{~-Y) = l~x' [(?7Cli.)L-li:k)t 
Cb 

X / cix/ (I'v6<:O "'(x'+ \-9 ) 
-~ (3-7) 
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The last integral is 

(; tldx1 ~(x:~) % (x'+X" -h)) ~ z" p..(~) , 
(3-8) 

and can be expressed in terms of the spectral function ~ (j~) 
h ...... 

of 11- -fluctuations, so that (3-7) becomes 

~(~): (7tlxt&,(L/~)Ms-9) = 2rj;x' ~0~hT)~(L-x;pr 
o 

It follows, from (2): 

? iL ik-f ] i. DiL,[J = ~tJ.[~ e - - - L,,- {{~) [C-ZT f":, (L-)~ Y . 
o ° 

(3-9) 

(3-10) 

The integration with respect to ~ can be written in 

""" 
polar coordinate, as 

lL M liT ikfCdJP z Bi' V ~ 4;< 1 dR.k d. ¢ e. - '2..71 !JkJ r('l-7f) 'j,/ L -x: /) 
o () 0 LI j 

~ (2")1~x'l'J; k J,Jkf) f.. (k) [~7(l~JL-JdJt 
o 0 

"' l~x,t~H J/k/) 1,. (I<) "';r (x;J) I 

o 0 

(3-11a) 

or as 
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00 

~(L,f ) = 1-7T/k.'L 1 dj, k Jibf) {.Jk) Ilk / 
o 

with the use of a filter function 

Here 

MAl = t l~t' AU, l [l2(L_X/)] 
o Zh o " 

::. I -
. 2 

/,}~ / 

72 
/ 

~ [t; / ~ I I,'" / <' I 

I / fen '7 > / 

7 =- kjhF tt..J.. -kF =(k./L/. 

We note that 
.L 

2.7'C· /kF :: (271: A L)2-
represents the Fresnel zone size, with A=21r./ko · 

By definition, the structure function is 

D;r(L,!) ::.<~(LJ XJ. +f)-J(L/XJ.)]l) 
.... ... -

== 2. [([X(L/~J.)]l) - "B;r(L,!)] 

(3-11b) 

(3 -12a) 

(3-12b) 

(3-12 c) 

(3-13) 

(3-14) 

(3-15) 
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Since B~ is given by (lIb), and (At> is given by 

(A Z> ~ B;r (L,f :0) 
..... 

= 'l.1'}- k
o

z 
L ~~k k PJk) t{k J ' 

(3-16) 

we can rewrite (15) as 

0(L'f ) ~ 4-n ztL t<tk k f .. fU [/- J.(kf)j MkJ. (3-17) 

The statistical characteristics of S-fluctuations are 

obtained by considering ~. instead of ~k Analogous 
~ 

calculations yield the following formulas: 

15
5 
(l,f) = z.<~I-L Jdk k J/k f) p .. (R) Mk), 

o 

(sl-) = 2-or zkoZL j""otk k P.,.{k) {(O , 
o 

11 (L,!) = h'k,,2L I'd k k f"fkJ r /-Z (k f J] ~(k), 
o 

with a filter function 

is (k) : J + 

~ [ ~ / 

.I 

/.1~ ~2 

)' 

~ '7< J 

fol\, / > I 

(3-18) 

(3-19) 

(3-20) 

(3-2la) 

(3-2lb) 
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The most usual spectrum is the Kolmogoroff spectrum 

( C 2.. ) -II /3 
P",k):Q.O)J IJ1, ~ • (3-22) 

-
It is valid in the inertia subrange 

k: < k <: by (3-23) 

Because of the presence of the filter function 1?( (k) ,the 

contribution of the product J (k) I (k) 
r'X "t 

( II b) will depend on the value of l£F 

to the integral 

relative to k 
o 

and k 
V 

In this connection, we shall consider the following 

three regions: 

(a) geometric optical region k».( kF (3-24a) 

(b) diffraction region f( < k < Ry (3-24b) 
" F 

(c) large scale turbulence region RF <" Ko (3-24c) 

The three regions are illustrated in Fig. la-c. 

In the region (a), the tail of the Kolmogoroff spectrum 

near the cutoff at 

kc ~ ky 

contributes most significantly to (, 'X2 ), 
have 

(J.
Z> ~ 2.f 0.0'33 C11-2. 27r:2..ko L C;{k k 

3.1 0 

ct
l 

C
n 

z. L J k 7/3 
c " 

By (12b), we 

k -1I/3(kjk
r 
/" 

(3-25) 
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with 
a. :::. 1- 0.033 2. 

I 7 "3 ! l.7f 

In the region (b), the Kolmogoroff law contributes 

<' XZ) = 0.033 C: l7f 2k
o

Z. Lfdk ~ - f/3 ) (k) o f;r -' (3-26) 

by (16) and (22). Since the integral is 

rdk k - 9;3 P (k) -= k - !;/] fi -913 j ( ) 
J c. T'/ F J / 7 '(~ / / 
o 0 

(3-27) 

we find 

( 2..) 2. k 7/t 11/6 X = tt.2. en " L ) t{,2. =- o. 3 07 . (3-28) 

In the region (c), the contribution of the Kolmogoroff 

law (22), that is restricted to the inertia subrange (23), has 

the form 

kv .p ' 
6<>= 2.7N.l

L 1 elk Ie fJk) t:/k} , 

Ko 
(3-29) 

or 

kv 
. (P>~ Lfkol L! &iR k if,/k) 

ko 

IV A c 4 k2.L 
-1V 0 ,/ 

(3-30) 
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with 

Ix ~ I 
- G/3 

6 2 k A ~ -)( o.O~3 I( 
- 5 0 

The variance (30) has a milder dependence on L than (25) 

and (28). 

Often the turbulent medium has a spectrum not merely 

restricted to the inertia subrange (23), but possesses in 

addition a spectrum 

P'1V = C 2 k -3 ( 3-31) 

in the subrange 

k < I<D 

of larger-scale fluctuations concomitant with (12b). This 

spectrum will contribute a variance 

with 

, 2. jK() 
(J7.> ~ 2..::, RoLL (2 d.k 

o 

13 c 2. ( ko L ) 3/2. " 

B - 3:. ..L -rr z. 
- 3 3.' Il-

k 3 
o 

k- 2 (k/kfl 

(3-32) 
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z. 
The parameter C depends on C 

'h. 
and V", The spectrum ... 

(31) takes its origin from an inhomogeneous 1t.. (X) 6 
....... 

3.2. Spherical Wave 

The spherical wave 

EJ:) -= I d·o I~ I 
trill X I e 

"'" 
2 '" 'f' L ( XL ) ==-- ~y. treo X +-

tr7r X 2.)( 

(3-33) 

has a form similar to the Green function Cr(x. ) in (2-21) 

and (2-25). 

Upon substituting (33) and (2-25) into (2-26), we get 

{(;(~ '1./) = ko 
2 

2..-;r; 

I _~~. k 
"0(,,-)(') r [, 2° 

J){~ - Y X.l-1
Z 

.... ... 
I 

Y (x -x~ 
'1= xIx. (3-34) 

By comparing (2-34) and (34), we note that (2-34) for the 

plane wave can be converted into (34) for the spherical wave 

by multiplying all variables except f' in (2-34) by d( . 

In this manner, (2-41) is converted into 

(2..7f,)2.~ (L-,.;k)~k 4,;.,.,~'t(L-X~::: (1.7r:r'1";? (,,/}) 
\: IJ., - 0 z.~ ,X " o 

(3-35) 

(2,rr Y-J..( L -x~~) = ko c.o/J ~o(L-X 'J = (2;][Y' "hi (x; k) 
\: ~ z./e 5 / 

o 
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and (3-1la) is converted into 

E/L,fJ ~ tdxIlk k J.(tkf)pJk)M,Yx:k) 
00. 

(3-36) 

By letting j = 0 in (36), we obtain the variance 

(,;1 L> = rdx' ['dk k 4!.Jk) '41/65 k ) . 
o 0 /' 

When the Kolmogoroff spectrum is applied, we find 

( ) 21 LiL 2 [00 -S/3 2.~2 ] (-X Z)= D.035 27C" Ro ax' C"" (x) C;{A k 4Wt. °kR- ,/(L - x) . 
o 0 0 

The last integral is 

[~ x'(L -XI}] Slbjfla - 8/3 . 
zk · dl " -1'""-Z 2 

o L 0 / 7 ' 
so that (38) becomes 

/. t 716 L . 
,X ):c(J ko 1 dx'c:2{x) [xI(L-x'l] !iIi 

o L I 

0(, = o. ~ 63. 

2-
If C == constant, (40) reduces to 

?\. 

(xl.> -=- 0.. C Z L 7/b L II/b 
J 1\ {"o 

/ 
a,3 = O· I 2 If , 

(3-37) 

(3-38) 

( 3-39) 

(3-40) 

(3-41) 
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having a form similar to the plane wave case (28) with a dif-

ferent numerical coefficient. 

The formulas (40) and (41) are valid for the diffraction 

region (24b). 
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4. REMOTE SENSING OF A PLANETARY ATMOSPHERE BY THE 

METHOD OF SCINTILLATION 

Consider a planet of radius tt . The light propagates 

from a transmitter Jr (a space satellite), placed at X~ 0, 

and is measured by a detector]) placed at x'_ L See 

Fig. 2. The point Q on the line of sight is situated at 

X':: L
J 

and is at the shortest distance '1 from the center 

p of the planet. A variable point /vJ on the line of sight 

is situated at X 

We can assume 

L « t ./ (4-1 ) 

and write 

[ 

2. -L. 

Jt = (+ (x' _ L,) ] 2 

= 1 + 2.''1 (X'- L, t . (4-2 ) 
N 

The remote sensing by the light propagation from a 

space probe can measure the structure of the atmospheric en-

vironment. Applications can be found in weather prediction, 

climate modification, pollution studies, storm and clear air 

turbulence warnings. 
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We shall discuss the following case of spherical wave 

propagation. 

2. 
If C depends on the height /t- a... 

n. 
from the surface 

of the planet, as 

c z = C Z 
1\.. ","0 

-e.- (h.-a..)/H 
(4-3) 

where H is constant, we can substitute (2) and obtain 

c .... ' (x '1 ~ c:: e - [i;; -'1..) 11-/ + kH' (~/- L,)'] _.L / k
H

;: (ZH/f) z. 

(4-4 ) 

A further substitution of (4) into (3-40) finds 

{ 
Z L 7/t, 2 -('J-cc}/H 

'X > =- 1:1/ lC C €. o 1t.O 

X td'" [X/~-X')l ~/6htf [_ kHZ(xI-LJ] 
(4-5) 

In view of large ~ ,we can approximate the integral 
H 

by 

tX'(~_X') r/:/~ L 
I 

L~l>O J ot)C1 vtf ~ kH?(,,-L,)l] 
o 

= r. ( L, Lz /L) S-/~ 
ktl ,) 

(4-6) 
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and obtain 

z -/ 7/6 2. - (~-(J.)/If ) 5";£ 
('X ) = Ci$t- 'f7r kH {o C:D e (L, L;./L / 4lf::' o.!i{,3 

(4-7) 

This result is valid in the diffraction region. We find a 

reciprocity in L, and Lz 
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5. STATISTICS OF FIELD FLUCTUATIONS: FREQUENCY 

SPECTRUM IN A CROSS-WIND 

5.1. Frequency Spectrum 

We consider a plane wave propagating along the 

X -direction. See Fig. 3. Two receivers are located at 

XJ.. and X'.L -I- f in a cross-wind of velocity '" A) c,=(~ ~':; / - .... ... 
and measure 

')I(t XL} a14cL J (trcJ X.L +f) , 
- -

(5-1) 
...... 

to form the correlation function 

B~ (1:, f ) : ( y(t X.L) j((ti-7:J X.L -I- f ) > / ... 
(5-2) 

.... ..,.... 

with fixed f and variable 1; 

"'" 
We consider a wind of velocity 

1\ 
(,(::.U + U 

I ..... ... ..... 

consisting of a constant average velocity ~ and a fluctu-

ation t{ ... 
Since the pattern ;«t+"'t/ XL) at time tt--r:. and 

position Xl. must have come from time t a:ld position 

-
XL - u. T: - J..{-r; } ( 5-3) 

J 

"'" ..... 
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we can write 

j( (ttL-/ X.L) == v(tt-7:, t) ~(t ) ... (5-4) 

in the notation of a propagator V(tf "[;/ t) or evolution 

operator, which indicates that the transport of ~ from t 
to t fL. is made along the trajectory perturbed by turbu-

lence. Thus (2) becomes 

731((-r;'f} = (xCt, :1-) V(t+~ t) ~( 'i(t) + f)) 

~ (j8,~);r [~ x~ + J -3"[; -~(-r;)] > 
..,.. ..... 

- 2-n;2koLf~k k aklt-i!"{;I)~(k];)&M~ (I.) 
o 

(5-5) 

The derivation follows that of (3-11b), with an additional 

factor ~ (k, r:) representing the effect of ~ 6:) in the 

perturbed trajectory. The determination of '(( k, r) will be 

given in Sec. 7. Note that the case with 

'((k, -r:) = } " lYt }.{-r;} = 0 (5-6) 

is equivalent to frozen turbulence. 
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By letting f:::: 0 in (5) we find the 
J 

temporal correlation, as follows: 

Blf COG) = B", (-r;, .r =0) 

= 271: 2- ko~ L 1~ k k J"C h. ,;) r; (~ -;; )fin p) k) . 
o 

(5-7) 

In wave propagation, a frequency spectrum is defined 

* as 
00 . 

J J -l.W"C I 
lA]K(UJ) = 2. qt: -e.. 13 IT) , 

/1 _ b<J 'X (5-8) 

and becomes 

'vJ,/IAl) .: i'.7r;'-ko
2L l~k k /ikJ t(~ th;e.-iU~(kii~ ~(k;;;) , 

(S -9a) 

or 

Wi"'; = &'-,r2CL PI k ~{k} I"Ck) j,t(l.J, k / 
o 

(5-9b) 

* Note that this definition differs from the usual one: 

Co 'w"t" 
B,,(w) =-..LJ ~L e.-I. B (1;) -=- ~" IN (w) 

/I ZiT J( X 
-0<> 
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with 

l Da - ,,'w-,; 
/VI( w,. k) =- C/-C e l (k t7 -C) ~'(kJ -c) . 

o 
(5-10 ) 

In particular, if the hypothesis (6) of frozen turbulence is 

valid, we can simplify (10) to 

( ~ -L~-r ( ) 
M~w,k) = J.. efT; e 1;, k c. T-

O 
_-1-

=[ [(ki<f-w
2

] ~ ~ 

0, r~ 

kii > t.J (5-11) 

kcz<c.-J,. 

and reduce (9b) to the well-known formula of frequency spectrum 

in frozen turbulence: 

-'-~ -2 

V[(w) = 87r2~o2LJ c{k t [(kiA.)l_lJl-] i (k)l(k) 
I' o/u ~ ')£ 

(5-12) 

5.2. Remote Sensing of Cross-Wind 

J From phase fluctuation S, we can obtain a correlation 

-I 

! 

function BS (7:., f ) 
"" 

is replaced by Is 
in a formula analogous to (5), if t~ 

The structure function 

~&Jf )~ 4-11:2 kDl L J'd;, k [I-J.(k It-~·r:}J\(7;k)~Ck)PJk) 
(5-13) 

o 
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tFlkes the form analogous to (3-20). 

The time derivative is 

01/ 

= - 4--n: ztL J~k k ~ (Il) ~6) 
1=0 0 

')}\(11 ~ ) 

l( [kUJ, (kf )-~ -J,{kf }] ~ i1::J ' 
(5-14a) 

In the hypothesis of frozen turbulence C> == I) ,/ (l(~a) 
degenerates to the well-known formula 

/) 11{t;f) 
ali 

~rM 2 

= - iJ-1i'k: L~ 4;k H" (k) t (,lj ~ (~f ) 
1>=0 0 

(5-1(~b) 

for the determination of the mean cross wind U On the 

other hand, in the present formulation where this hypothesis 

is not necessary, the general formula (14) can determine both 

the mean wind u and the turbulent characteristics as repre-

sented by ~ As one important characteristic property, 

the eddy viscosity can be measured directly, without going 

through the intermediary of eddy stress and velocity gradient. 
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6. REMOTE SENSING BY FREQUENCY SPECTRUM FROM TWO WAVES 

OF DIFFERENT OPERATING FREQUENCIES 

6.1. Without Absorption 

We consider now the propagation of two waves of different 

operating frequencies 

1 ::: wIle 
Ro/ '/~" kOl = Wz / C. " (6-1) 

with £0 = I ' and measure the log-amplitude fluctuations 

')' (ko J ' t I "x ) J J ( koz / rz / X ) (6-2) 
... ..... 

and their correlation function: 

~~(kOJJ~.1 ;) t z ' t J:) =- Q(ko//t(:J 'l(koz /t.,,~) 

:::- -:8
1 

(kol,J koz/ ~ , -c;) -c :: t,- t z . (6-3) 

According to (5-8), the frequency spectrum is 

IV:/kol }.t' :: w) = l fT.f.. -iw"'B;/kw k.z '!' -r. ) . 
(6-4) 

-60 

Calculations find 

13;r12 ~ ~(ko'.l koz I~/"C) =- J~;<'r:tk k J.(-tkii.T-)~,.(~"'k/x:k')">{w,k) 
o ~'-t 2 

(6-5 ) 



1 

~ 

"I 

:I 

""1 

] 

] 

J 
:..J 

"l 

] 

] 

J 
"\ 

'\ 

- 35 -

JL 00 z 27-Z 
~,t[J) ;; W Uo1,t" ~Jw) ~ 2 41 c/~ k [ (Irk;;) -IV) J.Ck) ~Jx:/r)r(lJ, k) 

)< 0 lJ/u 

where 

'h1 =- "'" '1t1 J r;(/l 'XI ~z "'-111) / 
11- ~ ko-:::k

ol 

are defined by (2-41) and 
) 

1lt - h1 1 
Xl - -;( ko== k

o
(. 

Y = X'!L / for a spherica 1 wave 

- I / for a plane wave. 

If we write 

IN 'X =- CJ( - ~ OJ\' 

(6-6) 

(6-7) 

(6-8) 

into two parts C?x and Q 
.;X 

, called cospectrum and quadrature 

spectrum, respectively, a coherence cot)' can be defined by 

(O~ (k"J,kz ,ev) = 
J 

~ 2.(;0// koZ'lJ) -1- ({ Z(ko/ I /eOl I tU) 

~(ko,,,ko'l '-<J) INX(kp!.'!c02/W) 

3 
This coherence has been measured, see Fig. 3. 

(6-9) 
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6.2. With Absorption 

Kjelaas et al. 7 made an experimental investigation on 

laser absorption at two wave lengths, and showed that per-

formance degradation due to scintillation can be reduced by 

exploiting the coherence between two fluctuations. The 

analysis is based on the propagation of two waves, described 

in Subsec. 6.1, but extended to include the absorption. 

The laser emits radiation alternatively at two optica-l 

wave numbers k 
01 

and ko~ with absorption at kef 

only, giving the intensities at the receiver 

1 :.I/-e. 
-(~c+Vj)L 

. I 0 .I 
J ~o I (6-9a) 

12. .:: Iv2 -cr;.L J {O2 ~ 

'" 
(6-9b) 

in a laminar medium, where ~ is the absorption coefficient 

of the pollutant gas of concentration C , while ~ ~ u:a are 

losses due to aerosols and other gases, and can be assumed of 

having a negligible difference 

a-; -0;.. ~ 0 

It follows from (9a) and (9b): 

c = o('L (L I2- -! ~ ) 
lzo 1'0 

== rJ.ZL (~ - 'Y, ) I 

(6-10) 
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or 

c(t) == c(~ [1zft+~) -);(t)j " (6-11) 

since /Yz has no absorption. The expressions (10) and (11) 

are valid for perturbed concentration as well as for perturba-

tion. In the following, we shall consider c ... ~,,~ as 

perturbations or turbulent fluctuations. 

We can form the correlation function of (11) and obtain 

~("C) == (c(t) c{-t+r;) 

= (2./. L / (ctz (trA) - ?; {tJ] (J, ~f ULl) - JlfnJ) 

- ('/iL)~ [8')' {r:;}fB {-r;}-lt fcf4t[3 (!_~)ll 
/,22 711 1'12 Ij :tIl I'J 

(6-12) 

where 

~f/r;); (IJ/o) ~'(T:) (6-13) 

is the correlation function of;r , with iJ d lJ 2.. . 

A frequency spectrum in the form 

lrJ(w) ~ ej""rc ~ - ,"J]; B (,,) , 
-M 

(6-14) 
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'f ;-oa -(wi; n/ ) WLW) = 2- dr -e. p{TI-iJ., 
-00 

(6-15 ) 

can be written in analogy to (5-8). By means of these defini-

tions, we can transform (12) into 

\V/",) = (2-/ttL / [Wj}W) t ~J <.J) -2 ~,lw) """ LJT ] (6-16) 

The result is shown in Fig. 4. The spectrum decreases as 

.6~o and AZ/A, increases to approach unity • 

It remains the problem of derivation of the spectral 

structure of c-f1uctuations from the spectral structure of 

refractive index fluctuations. The problem involves again the 

transformation between the frequency and the wave number spaces 

in a non-frozen turbulence. 
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7. SPACE-TIME TRANSFORMATION IN NON-FROZEN TURBULENCE 

7.1. Transformation of Eulerian Correlations in Time and Space 

The analysis of frequency spectrum has usually been made 

using the hypothesis of frozen turbulence, in which the pattern 

of refractive index is assumed frozen during its transport by 

a constant velocity ~ In the following we shall analyze ... 

the frequency spectrum without this hypothesis. To this end, 

define an Eulerian spatial correlation 

Bx (p) ~ <: X (~ XJ. ) 7t (t XL + f) ) 
""" -'- """'...." 

(7-la) 

and an Eulerian temporal correlation 

~(r) = <1 (t, XL ) j (tH/ 5'-) 
""" 

(7-lb) 

If the dynamics of )' (t x-,-) is governed by 

() + L))' = 0 (7-2 ) 

with a differential operator 

L ~ ,. 
(A'V (7-3 ) 

A 

of transport by a wind velocity u=-u+u, / consisting ..... 
"'" ..... 

of a constant mean velocity U and a fluctuation U , we 
..... """ 

can conceive that the turbulent pattern, as described by 

;«tt-C,A-L) (7-4) 
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and occupying the position ~ at time i -1-7;" must have 

'" 
originated from the position ~ -~(-,;) at time t in a 

..... 
pattern described by 

j{ [t, ~ - )(T)) := II «+T; t) ;r(t) . (7-5 ) 

The propagator V(t+"C" t) is an evolution operator that 

represents the transition from t to ii-I:. along a tra-
~ 

jectory ~ perturbed by the fluctuating velocity from (2) ... 
~ 

and (3). The trajectory,f obeys the dynamical equation 
~ 

Ji14t- = ~ " o/}. 
"'" vl' 

011 /~f- .:: ~ . . "'" / ( 7-6) 

By equating (4) and (5) and substituting into (2), we 

have 

~(c;) ~ (;(~ X.L) V(t+~ t) rft) ') (7-7 ) 
..... 

In Fourier form, we can write 

'Yl..f . If - {(wi - h· ~.L) 
/I(l/~) = Jj d £.j c/~ -e. . ...... 1 (fA), ~) (7-Sa) 

and 
.A 

V(tt~tJ rtf) == 1 [t X.l -)2 (-c)] 
..... 

_ /( wJk - ({tJt-~.!!- -+-3,-;; r;) - i~.! (c) 
-jj c/ w ~ ..e. ~(~k) (7-Sb) 

./ ..... 
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and find the correlation (7) in the form: 

-SiT) ~ jj J;.u~~jp.<J"A-~"..,.f/ -i[( Vl'fUJji - (~+~').J.)} -e - ('1 ': 3" 
- i1/~j/,;) 

X (-e ~... /0((i.J; k) J (w~ ~/) 
..... . 

;: Jp.,) J~ -e.-i~';; r ( ... "~. ~(") ~J w,y 

/ 

L /-',k, i.{"'C ~ ik ,!l{7:)) (£ (l)' 
== cA K -e.. ~..... " ... "" K • 

~ . ~ ~ 

( 7-9) 

Here the conditions of statistical stationarity and homogeneity 

have been used, and the hypothesis of independence 

-t'k 1:;'6.) / _ i'A ': J(r;) . 
<!- - - /(0;;:) ;r(w:!!)~ \-G - - ) ~(~!)1tiv:~~ 

(7-10) 

has been applied. The spectrum P;< ()) has been defined 

by (3-3). 

By following a procedure analogous to that which has 

led to (3-11a), we transform (9) into 
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rL 
M ! - r / ~'k .J!Jr;) 

~(~)== / cl;w:jd.k k \~ (kCZ-c) :eO) \t;k)"~ ~ - ,) 
"0 0 /I 

(7-11) 

By identifying with (5-5) and noting that 

/
L Z J ' 

, . 4x' 10:/(.; h) = br:z~o L l/k) / 
o 

(7-12) 

we determine 

<:(~ -,;) - (-;: i4 .!t"~ . (7-13) 

It is thus easy to verify (5-6) in a frozen-turbulence. Thus 

the distinction between the perturbed trajectory in non-frozen 

turbulence and the free trajectory in frozen turbulence lies 

in 

C; I J ~ -c;== /, respectively_ 

We conclude that the Eulerian temporal correlation is thus 

obtained from the Eulerian spatial correlation that is 

represented by its spectral function P;< (1<). 

7.2. Calculation of the Perturbation Kernel 

The perturbation kernel 

~ (k 7;}:; (<."~A(T:) ~ f; i P (7:; !) -<. 
iR'} 

(7-14) 
-6<1 
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can be calculated by means of a probability of transition 

p(-c/ ~) 
"'" 

that governs the random path 1 in a time T 

and is determined by the Fokker-Planck equation 

!£ 
or 

K~1-
o t 2 

/ ... 
(7-15) 

in isotropic turbulence. The eddy diffusivity K, which is 

~ 

characteristic of U -turbulence, in accordance with the 
""'" 

trajectory perturbation (40), takes the Kolmogoroff-Richardson 

form 

K _ ilk ~ '13 { - ";.3 
/ (7-16) 

when the spectrum of velocity fluctuations obeys the Kolmogoroff 

law, with a rate of energy dissipation t 

In Fourier space, (15) is 

~t{0 ~) 
'0"[-

- - k f(' l f (7:/1) / (7-17) 

where 

p(r,s) =f;t I d£ ~ -i~·i f~~) 
(7-18) 

is the Fourier component. Noting that 

p{-r:/ k~O) 
I 

_1._ (7-19) 

('iii) 2 
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by the condition of normalization 

jJ,! p(r,~) =' / / (7-20) 

we find the following solution 

I P (,;, ! ) = (",,) 
_ r:k2-r; 

-e ~ (7-21) 

and the perturbation kernel 

Y (L) (I.: k ·1& ) L t. V > ~-c ..;::: -c.- /) _ -,e..,/\"""C 
- ..e., 

~ 

(7-22) 

from (18), (19) and (21). 

7.3. Frequency Spectrum 

Now we substitute (22) into (11), to obtain 

L 00 , , _ K Ie 2-z; 2-

7;/-c) ~ [-IX) rlk k J.(h r:) 1)k) e ~A'(4) (7-23) 

o 0 

or, approximately, 

M ' 12 
S(-;;) g 2Tz,£~L I ik R J. (k{; C}f. U) t (1:) ~ -K 12 /"C 

o (7-24 ) 

from (11) and (12). The approximation assumes uniform /\-, 

and U.- in the space. 
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By the Fourier transform in the definition (5-8), we 

can transform the time correlation function (24) into the 

following frequency spectrum 

txJ 

~/~) ~ ~lr2ko2 L! JJ -k i{{k) Ir ('4) M (~k;" K ~ /) . 
,I; . 

D 
(7-25) 

In an analogous manner, we derive the frequency spectrum of 

phase fluctuations 

ta " 

~ (w) ~ J-rc2-,(2 L I JA k t Ov &(~) /IL(C4 ~/K; u) 
Vo 

(7-26) 

Here 

b<1 ./2 
I r - /\R -z; . _. . 

JvJ. ( ~J k / k; ~) =-/ cit:: <- 10 ( ~ U -r;) C-o--; '-<.J ""[; 
o 

(7-27) 

is a weight function. It takes the following two asymptotic 

values: 

(i) frozen turbulence with ;-» kle or k »kk , 

fI/ (lJ,A/'(~iJJ") ~t(k "" t -fA)? r-: ki;.;> fA) 

o L--
I I\.lt <W 

" 

(7-28a) 

(7-28b) 

(ii) non-frozen turbulence, with ~ « k:k 
J 

or k « 4lA,; 

/V}(W)~'i K ~:=:O):= f({ 2 
(7-29) 

(klv.2)l-+W2 
The critical wave number ~ which separates the two cases 

(..(.. 
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(i) and (ii) is 

~ = L-c-

a. 3 /. - -3 
f( C /.,.t-

The numerical coefficient 

~ =0.96 

has been determined by Tchen, using a kinetic method.
8

-
lO 

Note that the integrands 

1< ?Uk} ~ (t, I<f) M(w, ( k.. ) 
and 

i l;J-k) Is (~/ kf ) fvJ (4)1 k) kJ 

(7-30) 

(7-31) 

in (25) and (26) are functions of the following two dimension-

less variables 

~/~f and 1rtclkr I (7-32) 

which characterize the three regions (3-24a)-(3-24c) of 

diffraction and distinguish between the frozen turbulence (i) 

and the non-frozen turbulence (ii). 

For a spectrum se 
~ 

(3-24b), we have 

~I/R.r 'V 

lying in the diffraction region 

I (7-33 ) 



~ 
" I 

] 

] 

-I 

~l 
""I 

~] 

J 
J 

_I 

_I 

J 
I 

,. 

- 47 -

The remaining parameter kJ kF from (32) characterizes 

the following three cases relative to the degree of frozen 

turbulence: 

~~/Rr :i 1/ Rv. II? (~I / ~ fir Nu-///r..- >/ / 
I r . 

In the asymptotic limit of high frequency (t.,.J -7 ()Q ), we 

have: 

have 

(A) ~ ::!. k 
u, r= 

rA r - 2-
VV5 N W 

\.V - 8/3 
;y /\J L-{) / 

(B) -k~ (( kF 

vv l. / - 6'/3 
::> J VVy N UJ ./ ,/ 

(C) I~IA. » hr 
-2 

VVs J Wx rV W " 

corresponding to (ii) (7-34a) 

corresponding to (i), (7-34b) 

corresponding to (i), (7-35) 

corresponding to (ii). (7-36 ) 

In the asymptotic limit of "low frequency w-)o ), we 

\ A r 2 jCXJ "j " J ) 
VV'Y (vJ -70) ::::: i!-,r2/.. L :A;k. ~ ~(k ) I- 6) IY1 {w= 0/ k; /( c:" 

/1 1'1.,; I ~ :; / / I 

o (7-37) 

(n~ (W-7 0) '" t7f'4 lL taLk A I/~) ~ {k)jvJ(C,J~o/ 1<;1; 1;/ 
o 
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with 

. I (' too - k A l-C . 

M { w ::- () It r: ~J' =- / d 7: -c.- J (f. u v) 
/ / / J ~ to 

(7-38) 

from (25) I (26) and (27). 

From the properties (3-12) and (3-21), it is seen that 

f weighs toward small scales and 
I~ 

scales, so that the frequency spectrum 

weighs toward large 

is dominated by the 

frozen turbulence, while the frequency spectrum is dominated by the 

non-frozen turbulence. These physical features and the spectra 

(34a,b) have been observed in atmospheric environments. See 

Fig. 5 11 

The time-space transformation in non-frozen turbulence 

is developed above by using the approximation of independence 

(10) • . . 1° d' 1 A correct10n has been est1mated, an 1S found sma 1 

in isotropic turbulence. 
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8. METHODS OF REDUCTION OF TURBULENCE EFFECTS IN 

REMOTE SENSING 

8.1. Principle of the Methods of Reduction of Turbulence Effects 

In remote sensing, an unperturbed field 1.(.0 (r) from a 

source or obj ect at the transmitter plane j,) I is perturbed 

by turbulence, so that the field lA..{r) at the receiver takes 

the form 

, rfXJ 
k Cf) == j :lr ( lA~ ( f) ~ (f, f ,) / 

-DiJ 

(8-1) 

where h( f ' fl) is a kernel function representative of the 

perturbation. For interpretation of measured data, the principle 

is: 

A. to solve for ~ , or some statistical characteristics 

of [,(0 (f'), if the kernel h can be found, 

B. to minimize the perturbation by means of measurements 

at two wavelengths. 

We shall describe below four methods under principle A, 

and one method under principle B. 

8.2. Speckle Interferometry 

This method was developed by Gezari, Labeyrie and 

12 
Stachnik. 

The perturbed field (1) is transformed into irradiance, 
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yielding a relation between the perturbed and unperturbed ir-

radiances I, I , in the form of convolution integral 
o 

I(j) ::: I~ (r) * H ~o) J 

which is solved by Fourier transformation, yielding 

<II(K)t)~ IL(k)t~!f(k)l) 

(8-2) 

(8-3a) 

where H(( ) and H(K) are called "spread function" and "transfer 

function," respectively, and K is wave number. 

Since a star can be considered as a point source, i.e. 

a <; -function, one can retermine H (K) by pointing the receiver 

to a star, and calculate }Io(kJ/ Z 
by 

jrJk)j2 ~ <ll(K)// ;«JH(kJ!''> , (8-3b) 

from (3a). 

8.3. Intensity Correlation 

. 13 
Th~s method was developed by Korff. 

Instead of developing an equation for irradiances at 

one point, as with (2), it was suggested to consider the 

correlation function of irradiances at two points: 

C(lL) ~ < ILf)I (r- l>-) > . (8-4) 
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A convolution is developed for correlations Co(r) and 

C(r) at the source and receiver, in the form: 

C (f<) ~ 
~ . . 

( ik I C Ck: /) H If( - K I) . 
I 0 / \. 

\1 
-tXj 

(8-5 ) 

If ~(K) is a slowly varying function, and H(K) is a 

rapidly varying function, (4) can be approximated by the 

relation 
. ,~ 

Uk) :; CJldj dK' f/(k') , 
-()Q (8-6) 

which determines the spectral structure of Co(K). Then a 

subsequent inversion will yield the correlation C (r) at the o 

source • 

8.4 • Phase Retrieval 

The methods described in 8.2 and 8.3 do not provide the 

phase information. Therefore Knox
14 

suggested the retrieval of the 

phase information by the following formula: 

(I(k) t(k: +l>K) = Io (k) I,"*(K+ .1K)~(r-NrKf,1f\~. (8-7) 

8.5. Image Compensation 

This method was developed by Deitz.
lS 

Instead of one 

single processing of the field ~o .at the source through 

turbulence with kernel h to measure u I at the receiver, 
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following the formula 

1>4 

/Ai (r Q) = ! J!, u.()) 1((- J"~ 
-i>J 

(8-8a) 

as in (1), this image is subjected to a second processing through 

a lens, or "imagery," with a known kernel 11 ' to yie Id a 

second image ~_ at a focal distance, according to a similar 
r 

formula: 

00 

u./r) = f .If" "/f'fl..r~-f ) . 
-OQ 

(8-8b) 

The Fourier transform of both formulas (8a) and (8b), i.e. 

reduces to 

fA.r (f~) ~ i10 (k ) ~ ( k.) .

~(I~) = U:r(f\),J..I (k) " 

iLp (f( ) = 40 (k ) ~I (K) i (K) . 

(8-9a) 

(8-9b) 

(8-10 ) 

An optimum reception is then obtained by a possible adjustment 

of h_ 
1 

such that 

-/ 
iL (k) ~ I {(K)] . (8-11) 

Similar processings can be made for irradiances in the 

place of fields, giving the relation 
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(JI/k)/j .~ jI,(K)( " (rdK))) (8-12) 

This relation can be approximated by a simpler one 

(I IF (k) I'> 2£ I LJkJ( (I~(K)!, > ' (8-13) 

if I VK)/2 varies slowly. 

8.6. Multi-Wavelength Coherence for Reduction of Turbulence 

Effects 

The method was developed by Kjelaas, Nordal and Bjerke

strand,7 and has been discussed in Sec. 6. We give its principle 

in the following lines. 

In laser absorption at two wavelengths, the method by 

Kjelaas can show that performance degradation by turbulent 

scintillation is reduced by exploiting the coherence between 

the fluctuations at two wavelengths. 

The experiment finds fluctuations of concentration c/(i) 

by measuring the log amplitude fluctuations /Y1 ')(2 at two 

wavelengths ~1~)2 ' separated by a time interval ~ 

i.e. 

C '(t ) ==- (3 [/<z (f-tLl) - ir/t }] 
/ (8-14a) 

where (3 is a constant, dependent on scintillation path and 

absorption coefficient. Similarly, 
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c (t -rr; ) = (3 [ ';<2 (f: + 7>j- t-\ ) - )J ( t + c;)] . (8-14b) 

r->/ " 

From (14a) and (14b) , the correlation function ((1;:) can be 

obtained, and is transformed into a spectral function for c', 

which takes the form 

'N/w) = VJ!1/W) + ~/w) - V~(w) (8-15) 

where 'vJ (w) 
/{I J 

and VJ (w) 
)2. / 

are spectral functions of 

'Y 'Y -fluctuations, and 
/'1') /12. 

VJ*{w) ~ C (w) e.v--;i ~A 
°IZ 

is a co-spectrum dependent on L\ and A2~)' 

(8-16) 

This method 

shows a reduction of performance degradation by minimizing 

~(w) that is by maximizing V{ LW) This is achieved 

by letting ~ -l 0 and ;'z /), ~}. The method has been applied 

to atmospheric experiments. 
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9. EFFECTS OF ABSORPTION BY WATER VAPOR ON LIDAR 

PERFORMANCE AT 10.6 f- m,..-

Recently experiments by Schwiesow and Calfee16 have 

shown that the fluctuations of water vapor concentration are 

equally important, if not more important than the fluctuations 

of temperature in contributing to the refractive index fluctu-

ations at lO/~~ Experiments have shown that simple argu-

ments of these new effects by water vapor are not sufficient, 

and would require a careful re-examination of,the problem by 

an analysis of the propagation of light through the atmospheric 

turbulence. 

Most theories of propagation deal with a real refractive 

index fluctuation. But because the absorption by water vapor 

on lidar performance at 10.6fA~ is important, we include a 

complex refractive index by writing 

11..+ (..,in/ (9-1) 

While a detailed analysis for a weak scintillation theory 

can be made in a separate task, we can predict the following 

log-amplitude fluctuations: 

( 
2 '2. 'Z. j()(j 

X > ~ 2./f ~o L dk k 
II o 

L to) r} ,(k) ~ 
~ " in 

(9-2) 
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where /t is log-amplitude fluctuation, i 7_) ,; 
-::. ::-IV/ . () , is 

optica 1 wavenumber, ~ is optical wavelength, L is path 

length, f(k) is the spectrum of atmospheric inhomogeneities. 

The index 

~;::: /J 2., ) ( 9-3) 

denotes the contributions from ?1~ 1n~ and h 'JYL-. couplings. 

The filter functions j:r~ are functions of killy , where 

j 
RF 

L 

-- ( fro /L ) 2 
(9-4 ) 

is the Fresnel wavenumber, and determine at what scales the 

spectrum ??(k) should be effective. 

By writing 

(x 2 > == ) (·Y. 2.) =- 2-7r: 2 k 2 L Lt. 
. t-' / (" ;) t:- (" 

with 

't. -
-", 

0() 

( J.k k 
lo 

!f; (k) /y,. (k) 

we expect to find the following: 

" 

/ 

(9-5 ) 

(9-6) 

(a) For i=l in nn. coupling, the filter function 

ftl (k) determines that those scales in the Kolmogoroff inertia 

subrange are most effective, so that ~ depends on 

(
r. .2 L (5 2 2-
-~) C - -r _11::) (I 5T . / ):/ !r-

.1/ 

(9-7a) 
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i 7/6 /I/l 
Ro L (9-7b) 

,/ 

in agreement with the weak scintillation theory without ab-

sorption. Here T is temperature and t 
vapor. 

is density of water 

(b) For i=2 in ~}~ coupling, the filter function 

frz{k) determines that scales larger than the Kolmogoroff 

scales may not be negligible as in (a). The results (7a) and 

(7b) are not valid, and will show additional contributions 

from 

(bltl /S-T) 2/ (r~/ry)2. 
~ 

(c) For i=3 in In. 'l'Z,.. coupling, we expect a law of 

()~ 2) which will consist of a mixture of (a) and (b), by 

contributions from 

rn 
¢"T 

J-nv 
tiT 

/ 

~n 

t:Z 
J-,n 
iil 

The large scale fluctuations of the refractive index, 

temperature and water vapor are not well studied in the litera-

ture. 
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The complex nature (1) due to the presence of water 

vapor will find a pronounced effect in the reduction of 

turbulence effect when two optical wave lengths are used, as 

7 
suggested by Kjelaas. 
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10. DISCUSSIONS 

By means of a nonlinear analysis of the perturbed 

trajectory along which an optical variable is transported by 

turbulence, we have derived a space-time relation which greatly 

improves the statistics of wave propagation. As an illustra

tion, we have analyzed the frequency spectra for X and 

S-fluctuations, and generalized the formulas of remote sensings 

by extending to non-frozen turbulence (cross-wind determination, 

multiwavelength sensing). 
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Fig. 2 Space prob"ing of planetary atmosphere 
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