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EFFECTS OF MISTUNING ON BENDING~TORSION FLUTTER AND RESPONSE QF A CASCADE IN INCOMPRESSIBLE FLOW
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National Acronautics and Space Administration
Lewls Rescarch Center
Cleveland, Ohio 44135

and

Robert E. Kielb™®

National Aeronauties and Space Administration
Lewis Research Center
Clevelond, Chio 44135

Abstract

This paper presents sn investigation of the
effects of blade mistuning on the acroelastic sta-
bility and response of a cascade in incomprasgsible
flow. The gerodynamic, inertial, and structural
ecoupling between the bending and torsional motlong
of each blade and the aerodynamic coupling between
the blades arc included in the formulation., A dig-
ital computer program was developed to conduct
parametric ztudies. Results indicate that the mig-
tuning has a beneficial effect on the coupled
bending-torsion and uncoupled torsion flutter, The
effect of mistuning on forced response, however,
moy be elther beneficial or adverse, depending on
the engine order of the forcing function, Addi=-
tionally, the results illustrate that it may be
feagible to utilize mistuning as a passive control
to increase flutter speed while maintaining forced
response at an acceptable level,

Nomenclature

[A] acrodynamic matrix due to motion

[Ap] aerodynamic matrix due to motion iIn
rth mode; r =0, 1, 2 .,. N~1

{AD} aerodynamic matrix due to wake induced
flow

{ADy} aerodynamic matrix due to wake induced
flow in the rth mode, ¥ = 0, 1, 2 ...
N-1

a elastic axis location, nondimensional

b semichord

c chord

[D],[Dg) matrices defined in equation (11);
s=0, 1, 2 ,.. N-1

[E) matrix defined in equation (4)

E(s,r) defined in equation (4)

"Adjunct Professor, Mechanical Engineering Depart-
ment, Member AIAA,
**Aerospace Engineer, Structures Branch, Member ASME.

e base for natural logarithm

[63,16,] matrices defined in equation (11);

3“0, l, 2 [ ER] N"‘l

GKhB,GKQH quantities defined in equation (11)

hg bending deflection of sth blade

har bending deflection of blade in rth modg
of tuned cascade

[1] unit matrix

Lo, mass moment of inertia of sth blade
about elastic axis per unit span;
(=mgr b2)

i \/-l

Kh ’Ka bending and torsional stiffness respec~

8 58 tively, of sth blade

k reduced frequency, wb/V

kp reduced flutter frequency, wpb/VF

L? 1ift due to motion of sth blade per
unit span, positive up

LY 1ift due to wakes of sth blade per unit
span, positive up

ihhr'ghar nondimensional 11ift coefficients due to
bending and torsional motions, respec-
tively, in rth mode

Lahrrfaar nondimensional moment coefficient due
to bending and torsional motion, re-
spectively, in rth mode

e *wayr  nMondimensional 1lift and moment coeffi-
clents, respectively, due to wake in
rth mode

Mg moment about the elastic axis due to
motion of sth blade per unit span,
positive nose up

Mg moment of sth blade pcr unit span about

the elastic axis due to wake, posi-
tive nose up
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Vi

{x}
X, 2
Qg

{y}

ag,1d

Qar

mass per uwnit span of sth blade
numbor of blades in cascade
matrix defined in equation (11)

multiblade coordinates for bending
motion in rih mode

multiblade coordinates for torsional
motion in rth mode

integer specifying the mode of tuned
rotor; v =0, 1, 2 .4 N=1} also the
engine order of the excitation

radius of gyration of sth blade, non-
dimensionalized with respeet to b

.

integer specifying blade, 8 = 0, 1,

2 «.. N-1; also blade spacine (£ig, 1)

statlc mass moment of sth blade per
unit span about elastic axis, posi=
tive when centey of gravity is aft of
elastic axis

time

freeastream velocity relative to the
blade

flutter speed

velocity induced by wakes

column matrix, defined in equation (4)
rectangular coordinate axes

dimensionless static unbalance of sth
blade (=Sus/msb)

column matrix, defined in equation (4)

amplitude of torsional motion of sth
blade, positive clockwise

torsional amplitude of each blade of
tuned rotor

amplitude of torsional deflection of a
blade in rth mode of a tuned cascade

interblade phase angle, 2wr/N
nondimensional eigenvalue, (wo/w)2

nondimensional uncoupied bending fre~
quency of sth blade

nondimensional uncoupled torsional fre-
quency of sth blade

logarithmic decrements of sth blade in
bending and torsion, respaectively

damping ratios of sth blade in bending
and torsion, respectively

location of elastic axis measured from
leading edge, (a + 1)/2

By azimuthal position of sth blade, de-
fined in cquation (6)
g mase  clo of ath blada, mﬂ/ﬁﬁbg

real part of eigenvalue, defined in
esquation (12)

=}

v imaginary part of eigenvalue, defined
in equation (12)

Vi nondimensionnl flutter frequoncy

£ stagger angle, figure 1

p» fluid density

w frequency

W veforence froquency

W ‘/K /m
hB hG 8
Yag ‘/Kaal Iag

[ul} matrices

") differentiation with time

{ ]'l {nverse of a matrix

E: ingiinte summation over r = 0, 1, 2 ...

I. Introduction

In the development of modern aireraft turbofan
engines, the acroelastic stability and response of
bladed-disk assemblies have been among the most
difficult problems encountered. The study of sta-
bility and response in these assemblies is compli-
cated by the presence of small differences between
the individual blades, known as mistuning. The
published results in this area which will be dis~
cussed later have shown that mistuning can have a
beneficial cffect on turbine engine blade flutter
and an adverse cffect on forced response. Experi-
ence(1,2) has further shown that there have been
costly failures in the development and production
phases in which mistuning appeared to have played
an important role. Thus, an improved basic under~
standing of these effects 1s important in the
design phase,

To improve the baslc understanding of the ef-
fects of mistuning on aercelastic stability and
response and then to explore the possibility of
utilizing mistuning as a passive control to allev~
iate flutter and to minimize forced response, an
effort has been in progress in the Structural
Dynamics Section, NASA Lewis Research Center. As a
part of this general effort, the effects of mis-
tuning on coupled bending-torsion flutter and on
aeroelastic response due to wakes have been studied.
This paper presents the results of the study for
incompressible flow.

Either because of the complexities or because
of the general belief that the turbomachinery blade



flutter involves only a ningle dogreo of froo-

dom, previoun researchers(2=7) have studied the
effect of blode mistuning on neroclantic stabilicy
ond regponne by considering either pure beonding
w.eion or purn torsiopnal motion ef the blades., The
ttudion of myiti=degree of frecdom blade flutter in
vhe published Literatura(5,8,9,10,11) have been
limited to tuned cageados. To the best of the
authors' knowledge, the forced respenss of both
tuned and mistuned casendes ualing multi-degreo
freedom models has not been preosented in the pub=
lished literature. Thus, the problem considered in
this paper 18 a logical extension to the present
astate of the literature on fiutter and forced re-
sponse of blados with mistuning,

The mathematical model considered herein fo of
the digerctlzed, lumped parameter type, utilizing
digerete magses, mass moment of {nertia, and linear
and rotational springs to represent the individunal
blades. The wnsteady acrodynamic loads were caleu~
lated by using Whitehead's(12) incompressible flow
caseade theory, Thug, the model consldered is
gimple enough to be used for extensive parametric
studics. At the same time, it is adequate to repre-
sent the basie dynamic characteristics of a mistuned
eascade, to provide guidance In refining both the
acrodynamic and structural models, and to check the
vesults obtained from finite element formulations,
guch ns one presented in veforence 13, Recently,
the authors have extended the prosent work into the
subsonic and supersonic flow regimes in refepr-
ence 4.

11, Theory

In general, the components which comprise a
bladed=disk system have complex geometries., The
analysls of this complex system, as stated earlier,
is further complicated by blade mistuning, To
accomplish the stated objectives of the paper, it
is necessary to develop a model which simplifies
the analyaia, yer maintains the basic dvnamic char=-
acteristica, VFor this reason only two deprees of
freedom (one bending and one torsi:n) for each
blade are vonsidered in this paper. However, the
authors have plans to add additional blade degrees
of freedom and disk flexibilities in addition to
other refinements to the present model. The gen-
eral motion of a mistuned cascade {8 assumed to be
a combination of all possible motions of the asso~
clated tuned rascade. It will, therefore, be
instructive first to develop and understand the
model of a tuned cascade,

A._ Tuned Cascade Model

The geometry of a tuned caseade model 1 shown
in figure 1. The disk is assumed to be ripgid and
the bladed assembly {s modeled as infinite twoe
dimensional cascade of airfoils in a wniform up-
stream flow with a velocity V as illustrated in
figure 1. The effects of wakes shed from upstream
ohgtructions arve included. The wakes considered
are limited to sinusoidal distortions represented by
vorticlty perturbation, so that they are convected
downstream at the flow velocity V. The amplitude
of the wakes is specafied by the velocity which the
vakes would induce al. the position of the mid-
chord pnint of the reference blade as indicated in

figure 1, The motion of the airfoils in cach mode
of the tuned cascade 18 aspumed to be simple
harmonie with a constont pbaso angle By  botween
ndjacent blades, Also, knis interblade phase angle
io vestrictod by Lone's (13) agsumption to the N
diserete values By = 2me/N where r= 0, 1, 2,.,
N=l, Conaequently, thore are N modes for the
capeade with cach blade having the same amplitude,
The motlon of a tunod cascade in rth mode involving
bending and tovsion coupling can bhe represented in
the form of a traveling wave as shown in figure 1.
The motion of the sth blode when the cpacade vi-
brates in the rth mode io indieated in figure 2.
For a tuned system, the modes with difforent intoer~
blade phase angles are uncoupled snd henece onoe can

write
hy I'lnr ,
plut o ol (wthe,s) )

Uy ﬂ,‘“-

Furthermore, it is adequate to analyse the motion
of a single blade in ecach of the interblade phase
angle modes sepavatelys lence, the number of de~
prees of frecdom of a tuned cascade for the present
case is reduced to two for caeh value of By

B. Mintuned Caseade Model

In a randomly mistuned cascalde, the blades are
not ldentical and can have diffevent response ampli-
tudes, In addition, the phase angle between adjo-
cent blades can vary. Beeause of the spatial per=
idicity, the general motion of a blade in a mistuned
cascade can be oxpressed as a combination or the
motdiopa fn all poarible intorblade phaze angle modos
ol the corresponding tuned rcascade. Consequently,
the motion of the sth blade can be written in the
traveling wave fomm

N-1

) fwt h, 1 (wt+R.8)
{ }(} " arla F @)
Ty ar

reQ

The quantitics hge's and a, '8 were ealled as
the 'acrodynamie modes' in refervence 4. For a cas=
cade with N mistuncd blades, equation (2) can be
peneralized as

X1 ot o [ErY) oMt O
where
r =
hy Bag
Qg dLIO
Xhagl > el
hn-1 ha (N-1)
LIV Ta(N-1)
L N=-1
)
t'ont'd.
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L- 0 E(N"‘l,““l)
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It should be remarked that the motion of a
blade in a caseade with and without mistuning can
aloo be exprossed 1r a stoanding wave form, Since
the atability and rosponse are independent of the
form uaed, congideration of cilther of these forms
is adequate to describe the motion. In most of the
published literature on flutter analysis of bladed~
disk apsemblies, the traveling wave form is prefer-
red, ‘Thio is ia contrast to the conventional
flutter analysis of a fixed wing aircraft in which
the standing wave form is generally used. The
motion of the sth blade of a mistuned rotor in the
standing wave form may be written as

N=-1
hg q(t) cos Ogr + q(t) sin 8gr
eiwt o her hsr
ity q(r) cos? gr + q(t) ain O r
= acr asy
(5)
whore
g = Beal/r (6)

It 18 of interest to note that the speclal coses of
the form given by equation (5) are known as 'multi-
blade coordinate transformations' in the literature
dealing with the helicopter and prop-rotor aero=-
elasticity, This transformation has certain advan-
tages in the analyses, particularly when the coupl~-
ing between the rotor and supporting structure are
involved, and when the coefficients in the equa-
tions of motion are periodic in time. Hence, the
standing weve representation may be expected to
have similar advantages 1f the analysis includes
bearing motion, whirling motion of shaft, stand
motion, ete, An interesting discussion on both
traveling and standing wave represgentations for
tuned bladed disk assembli.s is presented in ref-
erence 16.

C. Structural Model

The structural model of the sth blade of a
mistuned cascade is illustrated in figure 2. Each
airfoill 1is suspended by bending and torsional
springs, Khs and Kag' respectively. The airfoil

in asosumed to be rigid 4n the chordwise direction,
and this motion 1o neglocted. Tho olaptic coupling
between bending and toxsion dun to pmtwist, shrouds,
and rotation of the rotor ic modeled through the
offoat discancoe (bx,) between the center of gravity
and clastic axis. Tho eentrifugal stiffening of=
fects due to rotatioa arc dncluded dn the bending
and torsional spring constants., The elastic and
dynamic properties of the bladeo are represented by
their respoctive values at the three~-quarters sta-
tdon of blade span, This model may be viewed as a
logical extenpion of the pe-galled 'typilcal section
wing' uged in fixed wing acreolastcicity.

D. _ Acrodynamic Model

The unsteady aerodynamic loads were calculated
by uning Whitchead's(32) capeade theory in the in-
compresoible unsteandy flow, This cheory s an
extension of two~dimensional unsteady airfoil
theory of Theoderson to account for cascade effecta,
The o'fect of alvfoil thickness, camber, and o* dy
state angle of attack are neglected, As menti .cd
earlier, the effcets of wokes from a periodic
obgreuction upstream are included In the form of a
vorticity perturbation, It should be noted that
the direction of the velocity, as shown in figure 1,
induced by the wakes ls oppoaite te that of refer-
ence 12+ In view of the basic objectives of this
paper, it in felt that this incompressible theory
is adequate., However, the comprc?ni?ility ef fects
will be included by using Smith's‘*®*) theory in &he
subsonic flow ;egime. and Adamczyk and
Goldstein's(19) theory in the supersonic £low
regime, ‘These results will be reported in
reference 14,

E. Equations of Motion

A simple application of Lagrange's equation to
the mathematical model of the sth blade in figure 2
lends to the following coupled bending~torsion
equations

2
ng S“B ‘C-;-l;:—— (hoeiwt)
s. 1 42 (0 ciwt)
(ls “B dtz 8

2
(1 + 28g, Ymguy 0

2
0 (1+ Zi;aa)laswms
fut M W
hse ~Lg = Lg
x (=)
ilwt M W
age MB + Ms @)

Structural damping 1s added to the equations of
motion by multiplying the uncoupled stiffness coef~
ficients in the bending and torsion by (1 + Zi;ha)

and (1 + Ziéaa), respectively., The critical damping



vatios, gy, ond &y, ore related to the logari-
thmic decrements, & and 6., by the relation
Ghu o 25y, And Sy s 2ng, o The acrodynamic

forces due £o motion, ropresented by the super=
geript M, and due to excitation £rom sinusoidal
wakes, reprasented by the superscript W, are ox-
griiaad in terms of nondimensional cocfficionts as
oLlows:

Hel I
Mo 3,2 ~ar
Ly o g =~ pb3u £ [nhm T+ Ihardar
+ R’wh;] ni(wt"‘ﬁﬂ) (80)
A' N=1 h
¥ 2 poat: 1A
M); + MB = apb o 2 ["uhr b "t 2aaranr
re0
4 zwar:lei(wt-b-sra) (8b)
where
21 4
"hhe = K (cpq>n Saar = 17 (ch)n
2 =hwp
Shar ® .l:‘;i (Cpa)n Syoy ® 1’2"; (CMW)n
~29p(Cp) b (9
2~whr = m.ﬁév‘ﬁmn k L 'y’v—

41
zuhr b "'E‘ (CMq)n

The coefficients (Cpgdy (Cpgdns +o0 (Cyy)y are
calculated by the unsteady cascade airfoll theory
of referenca 12 for given values of k, b, s/e, &,
and a (=2n - 1). The quantity wr 18 the ampli-
tude of the velocity of the sinusoidal wake in the
rth mode. Nondimensionallzing equation (7), ex-
tending the resultant équation to all the blades

(s =0,1, 2 ... N-1), and using equation (3), the
equations for all the blades of a randomly mistuned
cascade can be simplified as

[fry - [r1yli¥} = = {E)-1{G][E}{AD} (10)

where

) = [im17 115 + 1™ o021

[ 2
[Do] -| Gy o ugyy (1 4+ 24Zp )
] =| ° (o] Khg © HaVhg hg
"¢ [Dyeq] Lo2.2
L N 1_ GKaa usrasvaéli-ZigaB)
-
[Cy] - /
[6] = ° [Gl]. 1 YhG th “o
! " [Gyay ]
G-1 L Yo © was/wo
(11)
(Cont'd,)

(o)
A =] ° IAll,. iy ® g/ npb?
' Ayl

I

2
a I /mgb
o, o 4

T
{AD} = [(AD,(,)(ADﬂ (ADN-llj
IIGKha xaﬁchhﬂ %g, Saalmﬂb
[Dn] = Y 2
XQBIGKC‘Q ra/GKaa

y= (w(,/m)2
zhhr JLhur
[Ag] =
Lahr 2aur
T
{AD} = [iwhr Luar
/6., 0
6] = s
0 1/Gxu
E. (11)
(conc.)
ITI, Solution

The neroelastic stability of the cascade is
determined by cigenvalues, y's, of the matrix [P].
The relation between the frequency w and y 18

twlwg = 1/Vy =Tk 4V (12)

Flutter occurs when W > O.

For the given values of the number of blades,
and hence the allowable interblade phase angles,
the gap to chord ratio, the stagger angle, the
elastic axis position, and the structural param-
etors, the eigenvalues of the matrix [P] are calecu-
lated for a range of values of K. Denoting the
values of k and v at which W = 0 as kp and
Vg, respectively, the nondimensional flutter speed
can be written as

VF/bwo b -GF/kF (13)

The aeroelastic responsc of the blades induced
by wakes is calculated from equation (10) and is
<l -
(v} = - [I] - [11¥] 7 (B17 {6) IR (AR} (14)

The amplitude of each blade 18 obtained by substi-
tuting equation (14) into equation (3).

IV. Results and Discussion

A. Computer Program and Verification

A digital computer program was written to cal-
culate the flutter stability boundaries and the
blade raesponse of a randomly mistuned rotor, In



this program, it in pesoible to consider any type
of mintuning ouch an blade-to=blade variations of
the uncoupled bending and torsisnal frequencios,
damping ration, maso ratioes, elsotic axis and
centor of gravity positions, and oo on. Thic pro=
gram in oporational on the NASA lewis Bopearch
Center IBM 370/3033. Bu*h tuned ond nistuncd une
coupled bending and uncoupled torsion cases, in
addition to the tuned coupled bending=torsien cane,
can ba treated no opecial cases of thin program.
This progran woo checked for the following special
canent

1. The correctnens of the aociodynamie coeffi-
clento wap checked by comparicon of the prenent
rocults to Whitehend's publiched results in refer-
enca 12 over o wide yange of cascade paramotetrs,
‘This comparinson shows oxcellent agrecment,

2, To check the correetness of Lthe uncoupled
toroional olgenvalues calculated by the present
propram, n 12»bladed rotor described by Whitchead
in rofernce 3 woo considercd. The root locus of
this rotor with mistuned blades wap prepented by
Whitehead in figurce 18 of roference 3, A comparie
son of the results shows oxcellent agreement except
for the case of zero interblade phase angle. This
difference appears to be o plotting crror in refere
ence 3 bocavse the prepent results are also in
agreement with those of vefercnce 7 for all intor-
blade phase angles,

3. To check the correctness of the program in
calculating the coupled bonding~torsion flutter
speed of a tuned rotor, the present repults for a
few salected cases wore compared to the gorresp nde
ing oneo in veference 11, This comparison shows
excellent agreement.

4. Forced responsc results are very limited
in the publisbed literature., However, an upper=
bound for uncoupled bending or torpional responac
was given in reference 4. The resules of the
present program are within that bouud.

B. Acroclastic Stability

A compressor stage repregentative of a forward
stage of an advanced axial flow compressor was
chogen for conducting parametric studles., This
stage, known as the NASA Test Rotor 12, is shown in
figure 3« The roquired parameters of this stoge
were calculated from the data given in reference 20
and are listed in table 1. The blade bending to
torsion frequency ratio for this rotor is 0.357,
and the clastic axis and C.G. position are at 50
percent chord. As a result, the coupling between
bending and torsion is very weak and the flutter
mode is dominated by torsional motion. Hence, the
results for the predominantly bending modes for
gome cases will not be presented. However, to con=-
duct parametric studies the bending to torsion fre-
quency ratio and elastic axis position are varied.
For these cases the results for predominently bend-
ing modes are included. In some selected cuses
only uncoupled torsional motion is considered,

A comparison of the system eigenvaluecs of both
tuned and mistuned cascades is useful to understand
the mistuning effects, For example, figure 4 is
such a plot for a specisl case in which only un-
coupled torsional motion of the blades is consid-
ered, The first type of mistuning considercd is

the one dn whieh the odd ond even punbered bladep
have difforent torsional frequencies, This is known
an altomate blade mistuning, For example, in the
case of ona porcent mistuning, the fraquency ratio
Wy, /g f8 1,005 for all the even blades and is

0,995 for all the odd blades, 'Tho rofevenee fre~
queney o, 10 equal to the avithmeric mean of the
uncoupled toroional £requencies of all the blades.
Because of tho gymmetry of this type of mistuning
the g, nmode couples with the (B, ¢ n) mode only.
Figure 4 may be viewed ss o root locus for the
tuned cascada with 8y a5 the paramerer. When the
blades are mistuned, this depeription io not com-
plotely appropriate because cach mode contains all
possible intorblade phage angles, Duo to thie in-
horent oymuwetry in alternate blade mistuning, cach
mistuned mede contodno only two interblade phaso
ongle modes, Howavor, one con view this plot as a
root locus with a predominont inte¢rblade phase
angle ao a parameter. Sovoral intevesting oboerva=
tiong follow from figure 4. Even o poreent of
miscuning significantly affocted che system cigen=
valuen and stabilized an unotable tuned concades
Ao the lovel of niotuning s increased, the hori-
zontal width of the root locus io docreaced. ‘nis
amounts to saying that the offective domping of
some modes i inercaged while that of othors ig
decreased, This behavior will hove an influence
on forced response which will be ddieeugged later,
When the mistundng level 46 1.5 percent, the root
locus is oplit dnto high and low frequency groups.
In the high frequengy group all the interblade
phase angles batwoen 0 and 90 and between 27644
and 360 are predomdnant; 4in the low frequency
group those brtween 96,4° and 270° are predominant.
Az the level 7 mistuning 4g increaged havond 1.5
pereent, rhe froquency ceparation of these groups
becomes Lavger end the area enclosed by each group
decreosas,

Figure 5 ghown the eipenvector corrasponding
to the leost stable point of the 1.5 percent mise
tundng curve on figure 4, The predominant inter-
blade phase angle at this point is 51,429 (v = 8)
and is coupled with 231,429 modo {xr = 36), As can
be scen, all the even blades have the same amplitude
and all she odd blades have the same amplitude, as
expected from the symmetry of this kind of mistune
ing. However, the amplitude of the odd blades is
68 percent of that of even blades,

Filgury 6 {llustrates the variation of uncou~
pled flutter speed with.the level of alternating
blade mistuning with and without damping, The
value of tho domping ratio used is 0.2 percent and
is the same Yor all the blades, The results indi~
cate that the mistuning has a pubstantial effect on
flutter speed. For the undamped case, the flutter
speed Increases monotonically with increase in mis-
tuning level., MHowever, when the mistuning level is
5 percent and more, the additional benefit is
modest. For the damped case a similar variation in
flutter apeed is noticed, except when the mistuning
is between 0~1 purcent. In this range, the damping
effect is more pronounced. It should be noted that
these observations, particularly the cffects of mis-
tuning, are in agireement with the qualitative con~
clugsions analyticslly reached in reference 4 and
the experimental results reported in reference 21,

A sccond, more common type of mistuning was
analyzed. Blade torsional frenuencies were ran-
domly chosen from a normally distributed population
with a mean ”“s/”° of 1 and a standard deviation



of 0,009, The resulting blade frequencies arc
shown *» figure 7. A cooparison of both tho tuned
and niviuned ofpgenvalucs 1o phown in figure 8, The
tuned ofpenvaluco nre the pome as thoso prepented
in figure 4« Az con Yo oeen, thore 1o stabilising
offoct on the nystem, but io not quite ao otrong ap

The renulto precented thuo far only show the
offecto of piotuning on noreclastis ptability,
Thepe reoults suggest that the urilizacion of mige
tuning andfor tailoring of the olantic axie ponitdon
ao pasoive controls to increase fluttor spoed are
feaniblos The next step io to exanine the offect of

that produced by one percent altemating miotuning
shown in fipure 4, Tho oigenvoctor for the leant
ptable mistuned moda from fipgure B 1o chown in
figure 9, The alpenvactor conniots predominanrly
of 64,299 interblade phase angle mode but also han
pignificant participation from the 57.86%, B3.579,
19,299 and 77,149 modes. Also, cach blade has a
different amplitudo ond the interblade phaso angle
varien connidarably, It con be peen that this
fluttor mode ecnn bo viewed ao a localized phenons
ona since only blades numbered 42 t'rough 31 have
large relative amplitudes, This type of behavior
han been observed in actual engine teuts.

The offect of clastic axic posicion on flutter
spoed in of intorost. Bokh uncoupled tornional and
coupled bendinp=torsion flutter analyses vere
formed with and without damping for three elastic
axis positions with the centor of gravity at mid-
chord, Ag wap noticed in teference 11, vory weak
inotabilitdies appeared in some caseh which wero
oliminated by the addition of a small amount of
structural damping, Connequently, they are of
1ittle practical intercst, and, hence, only the
results with structural damping are presented in
figure 10, Note, that for uncoupled torniocaal
fiuttor the worot location of the elantic axin ip
at the midehord point (a = 0). Thin {u in contrant
to the proosent results without damping and to those
in references 3 and 11 in which a sovere drop in
flutter speed 46 noticed for the 75 percont
elastic axis position., For counled bending=torsion
flutter, the offect of elastie axis punition de=
pendn or, whylwos if  uwhyfwo 1, the best loca=
tion (vf the three locations inveotigated horoin) is
the 75 poreont chord pointy f wy /uy »> 1, the
bant location in the 25 percent chond point, When
the elastic axino in off tho midehord, the eftect of
bending=toraion coupling on flutter speed is oig-
niffcant. Thin observation is in agreement with
that in references 5 and 11, These results suggest
that the tailoring of the clastie axin position can
be used ap a passive control to fncrcase flutter
apeed as {5 done in fixed wing acroeclastieity.

Pigure 11 shown the effects of both alternate
ing blade mistuniup and domping on coupled bending=-
torsion flutter speed. As can be seen, both mis-
tuning and damping have benefieial effeects. How-
over, the level of henefit dependn on wy fuwg. ¢
ahould be noted that the adverne effeet of coupling
between bending and torsion 1. tuned cascade flute
ter speed when  wphg/wo © 1 18 reduced by the bene-
ficial effect of small mistuning and/or damping.

The effeects of alternating blade mistuning,
damping, and elastic axis position on the coupled
bending torsion flutter speed are illustrated iIn
figure 12, The effects of mistuning aad damping
are oimilar to those discussed in figure 6} the
cffeocts of the elastic axis position are similar to
those discusced in fimure 10. For all practical
purposes, the curves for the elastic axis at mid~
chord are the same as those in figure 6 because the
ratio th,wo (=0,357) ic omall,

nistuning on forced rogponse,

G, _Aoroalaneie Reaponna

In the present formulation, it io ponoible to
conoiver an oxcitation function conndoting of all
harmonics of votationnl opoed of the rotor wiich
range up t0 ¥ = Heil, 1In ongine acroelastic term=
inology, the hormenie nucber r 1o known an the
Yengino ordor! of «he excitation, Tho cocificients
Supp ond  fyqp 0 cquations B(a) and (b) roprosent
the forcing functicens in the bending ond tornion
equations, respestively, To understond the nature
of the resvonce, oxcitation in only one harmonic at
a time will be eonoidercds Thin reoults in no loss
of penorality sinee the principle of suporpooition
holdo, £ the v = R harnonic in conoldewed, then
the column matrices {ADGY, (ADyY, oua, {ADyayl} ave
soro except [ADpY In equation %11). Thin corrog=
pondo to the case in which there are R aymmetri=
cally spaced obstruetions located upstrean from the
blades and the eiveunferential wake distribution o
perfecely sinugoidal, For practical applications,
tho forednp frequency Lo thuo equal t2 R times
the rotational speed,

The aeroclantic reoponso results presented
horein ore or two values of R, 11 and 39, at a
fixed reduced frequency chosen such that the cascade
in aecroeiantically otable in all modeo, Theae
valuen for R were pfeked bevause the acrodynamic
damping of the tuned oystem dn tho r = 11 mode o
relatively low wheredans that in the r = 39 modo 1o
relatively high, The forcing frequency range ine-
ventigated 16 Llimited to a small range aroumd the
meoupled torsional frequency.

If the blades are tuned, the responoe will be
entirely in the r v R mede, and all the blades
have equal amplitude. The amplitude of response of

hy
any blade i {qg} which is a function of w/wo.
Let the tornfonal amplitude of resonance of ecach
blade of the (uned rotor be a5 49, If the bladps
are now rardomly mistuned, there will be a responsoe
in all t*.c modes (enumerated by r) and the ampli-
tude of response of the sth blade i

=l W
? AL Qb (15)

R *ar

r={)

Figures 13(a) ond (b) with R = 11, and flpures
13(c) and (d) with R e 39 ghow the variation of
ag/ag, g for both the tuned and onc percent alter-
nating blade mistuned cascades. Note that figures
13(b) and (d) are a repetition of figures 13(a) and
(¢), respectively, with 0.2 percent structural
damping., Note that the tovsional amplitude ag 44,
of the tuned enscade depends on the level of dumﬁing
and R, The bending amplitudes are not shuwn becouse
they are very small in the range of the excitation
froguency shown herein, For the alternating blade
mistuning, only two r modes are coupled. The



applitudo bohavior io oimilar to that ohowm In Lig-
ure 5 4n which the anplitudes of tho odd ond oven
bladen aro difforont. 1In all theso canes, the
ningle regonance peak of tho tuned cancade ip re-
placed by twin resonance peaks for the altornating
nistuncd capcada. Tt i soen that the offect of
niotuning on forced ropponoe depends on tho onglnes
order of the forcing function, FPor example, the
nistuning has o benofielal offeet (g, 23{a)) on
toesional ronponsa for R = L1, but has an advorse
affect (fig, 13¢c)) for R = 39, Thin is in con-
trapt to the common heliof that tho mintuning
always has on adverpe offect on forced reaponsc,
Thus, this rosult provides on added incontive for
pursuing the uoe of mistuning oo a pasgive control,
The naximan decrrase dn amplitude with mictuning
for R = 11 4o approximatoly 89 porcent {fig.
13{a)) without damping and io approxinntely 25 por-
eent (£ig, 13(b)) with dooping. The maximum in=
croape in applitude with mintuning for R= 39 dg
approximately 110 percont without damping and io
approximataly 40 porvcont with domping, A cxpeeted,
the nrmetural damping has o pignificont effeet on
forced ronponoa, Although not shown, tho docroase
in tuned iagonance response i 91 porecnt for

R= 11 and 37 pereent for R« 39,

The rondomly mistuned caseade described 4n fig-
ure 7 wap analyzed for forced response with ke 1,2,
The venulto aro shown in figureo 14(a) for R= 11
and 14(b) for R = 139, As in figurc 9, cach blade
has a different amplitude and the interblode phase
angle varies, It i ceen that the single rosonance
peak for the tuncd case is changed int. wltipie
peaks, and different bhlades peak at d°i7 went fore-
ing frequoncico. As in the alternating mistuning
cape, thin type of miotuning has o benefieinl offoct
on the Rwe 11 oxcltation, Tor the R = 39 exei-
tation, the sharp rosonance peal of the tuned oyo-
tem 45 eliminated, Howoever, for most of thoe valuen
of tha forcing frequency, the mistuned response in
higher than the tuned reoponne,

V.. Conelunions

Thio investigation wao conducted in an attempt
to improve the basic understanding of the offoecs
of wmigtuning on acroelastic stability and response
and then to explore the feanibility of using mis-
tuning as a pasplve control to increase flutter
speed and to minimizo reoponse. The following con-
clusions arc reached on the basio of the limited
resulto obtained by using incomprossible unsteady
caszade aprodyuamic theory for two types of mis~
tuning:

1, In general, the mistuning hac a beneficial
offect on the coupled bending~torsion flutter speed,
The flutter speed increascs monotonically with an
increase in alternating blpde mictuning level. How-
ever, when the mistuning level 1o above about 5
percent and more, the additional benefit 1o modest.

2, The inherent random mistuning which existo
in real fan, compressor, and turbine stages has a
significantly beneficial effect on flutter. This
observation is qualitatively in agreement with the
sxperimental results published in the literature.

3, As oxpected, the effect of structural damp-
jng on flutter speed ip stabilizing., However, in
the presence of mirtuning this effect 18 not as
gignificant as in he tuned case.

4, The use of uncoupled topsional fluttor
analysio to deduce the effect of clastic axio poni=
cion wao found to be unroliable because the coupds
ing botwoon bending and torpion, ptructural dappe
ing, and mistuning c¢on change the roonlts
pipnificonviy,

S Miatuning mav have oither o beneficial or
an adverge offect on forced repponse, depending on
the enpine orJor of excitation,

6.  Mintuning introduced mulkiple rubonant
peaks for a glven engine orvder oxceitation,
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why/wg, (tuned) 0,357 (varied in some cases)

56

0,534

0 (varied in pome caves)
0 (varied in some capes)
085774 (= 0)

0,7638 (0 = =0,5 and 0,5)

26.,4°
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Figure 1, - Geometry of a tuned cascade in rth mode (note that the variable
s represents the gap between chords as well as the blade number Index),
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Figure 2, = Alrfoil restrained from bending and torsional motion
(sinusoidal wakes not shown),
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Figure 5, - Effect of alternating blade mistuning on the eigenvector of
the least stable elgenvalue from Flgure 4 with 1 % mistuning.
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damping; a =0,
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