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ABSTRACT

P

The theorykof the solar gravitational figure is derived including the
effects of differential rotation. It is shown that Jq is smaller than J2 by a
factor of about 10 rather than being of order (Jz)2 as would be expected for
rigid votation. The dependeqcé of bhoth J2 and J4 on?enielope mass is given.
High or&er p-modcboscillation frequencies provide a constraint on solar structurc,
which limits the range in envelope mase to the range 0.0] < Me/Ma < 0.04., For

an assumad’fotation law ip which the surface pattern of differential rotation
extends uniformly throughout the cony;ctive envelope, this structural constraint
limits the ranges of J, and J, in uniés of 1078 to 10 < J, € 15 and 0.6 < ~ J,

< 1.5, peviations from these ranges would imply that the rotatlon law is not
constant witli depth and would provide a measure of this rotation law.
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THE SOLAR GRAVITATIONAL FIGURE -~ J2 AND J&

R.K. Ulrich and G.W. Hawkins

1. iNTRODUCTION

The gravitational ﬁigurhlof the sun can be?mensured directly by sending
a probe carrying a drag-free guidance system to within a few solar radii of the
solar center. The interpretation of such a measurement will require knowledge
of how the solar skructure and rotational law influence the multi-pole expan=-
sion of the external gravitational field. The study of solar oscillations limits
the variatlons in J2 due to structural uncertainties to less than a factor of 2.
Refinements in the observed frequencies of the non-radial modes of high order can
further reduce this uncertainty. 9;& addition, we show how the existence of dif-
ferential rotation thréughout the convective zone will produce Jy > Jz. An

2
acgyrate measuremeanof J2 and detection of J4 can substantially dincrease our
knowledge of the solar rotation law,

The papers dealing with the theory of the gravitational figure for rotating

stars divide into two types. The theory of Eapidly rotation configurations is

generally limited to the study of polytropic models, The classical Clalrant-

. Legendre expansion resultiﬁéyfrom this approach is well-describe by Tassoul

b

(1978). Applications based on this method are discussed by James (1964),

Ostriker and Mark (1968) and Hubbard, Slattery and DeVito (1975). While this
method is very powerful in its ability to treat models of objects in which cen-

tripetal acccleration and ‘gravitational acceleration approach equality, it is

not easily applied to non-polytropic mod€is because of the fundamental way in

-which the polytropic aésuﬁption is used,
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, The second type of approach is that described by Goldreich and Schybert
3(1972). In‘ﬁhis approach, the stellar stfuéture eqﬁatiOns are analyzed in a
perturbation expansion. Consequently, this method fails for objects votating
Ensﬁ‘enough that the centripetal and gravitacionnl accelcrations are comparable.

1t has the advantage for application to the solar case that it is not restricted
N )
to polytropic models. Since the sun is rotating slowly, we use the Goldreich

and Schubert (1972) approach. We present in the following section the theoreti-

cal apalysis of a differeﬁéiﬁlly rotating model and derive the equation ghich

describes the octapole moment of the sun, Ja. In § IIT we describe the nop-

rotating zero order models and present the results for J, and J, in § IV,/

I1. THEQRY OF Jé

We adopt as a simple rotation law:

= 2
2 =Q)+Q, o o

where QO is the equatorial angular rotation rate and j is the cosine of the
colatitude, The term Q, pz represents the differential rotation. Fitting the

rotation law of Howard, Boyden and Laboute (1980) to Equation (1), we find that

=

o are constant dn thgfﬁbnveCCive envelope
|

and that Q2 = 0 below the convective envelope. Although this latter assumption

92/90 * - 0.7. We assume that 2, and Q

‘may not be valid, 92 must go to zero at v = 0 because otherwise there would be

a divergence in the shear veloclty field. The centripetal acceleration r,ﬂz

~appears In the equations of momentum balapce. We expandvﬁz as QS (L+a uz)
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Following Goldreich and Schubert (1972), we write the momentun balance cqua-
tion in spherical coordinates (r, u) in terms of the gravitational potential ¢r{

the pressure p and the density p. The r and § components of this equation are:

7
V/

ar

0 g.'i =, ng '+ ad) e - )

P b . 2n + p 92 r2 (1 Fvapz)’u.

4
or 0. (4)

T

Assuming that the acceleration of the rotation is small compared to the accelera-

tion of gravity, we may expand all quantities into ‘unperturbed quantities ¢O’ Py

and Po and their perturbations ¢1, Py and Py- The unperturbed equations are stan-

dard and will not he repeated here. The fifsc-order perturbation qu’kions are:

34) alﬁ 8p
1 0o_S%P1_ 2 2 2
Po 5% f"l 5T 5y Pof (; +oap”) ¢ (1L - u%) (5)
9% ap '
1N 2 2 '
1,00 FTRa + o QO r° (L + ap”) u. H (6)

i

‘We now expand ¢l’ Py and P1 in spherical harmonics, e.g.:

L
X
= P (u 7
%) = e=0,2,4 P10 T ) , (7
“ 0wherefPQ(u) is the Legendre polynomial of order &. Using standard recursion

relations for the Pz, the momentum equations have £ = 2 and £ = 4 components

which are: - L ' ‘
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¢ n + M‘(l 4 38y (9)
Po T12 7 P12 3 7 A
and '
1L » D ap
L 14 Mo Wy 8a 2
Bl b Py e tasPo ot (10)
2a 2 2 )
‘ Po b1y ™ Pry 35T Py Yy ‘ (11)
The above equations must be supplemented'by the Poisson equation:
o* .‘7’12” L2 s ) R | | (12)
.2 r er 7z My Gy, ~

K

Equations (8) and (9) and the & = 2 component of’Equation (12) combine to
give the analogue of the %tanda&% Goldreich and Schubert (1972) equation for

¢12.' This equation is:

2 | |
° 12 2215 Sy an i ) o 4 2 xtd o2
2 Txer T2 N 12ar " 21 * %o T3 dr o

ar r
3 2\ . |
+-7 Po aﬂoi] ' 513)

This differs from the standard equation in having the extra term involving 4/21

and in reéplacing Qg

Equation (12) is similarly derived and is:

with QS‘(I 4+ 3a/7). 'The equation for‘the £ = 4 component of

3,




where € is a small distance encompassing the gradient dn a. The exterior gravi-

()=
2% 4., 0 2 dp ‘
16, 0w 20, | A E O TN
ar2 ar r2 14 Nr L4 dx 35 070 ‘
~'%3 r'%; (apo ngl (14)
Equations (13) and (14) must be solved subject to the boundary coﬁdicions

k=l as r » »  Numerically, theue conditions

that @lz o rg at v = 0 and ¢12 @ r
were satisfied by expanding ¢1z as C, tz pt the innermost mass shell, Equations
(13) and (14) were theﬁ*éﬁtﬁgrated fromizhe center to the outermost mass point.
The outer boundary condition was imposed as an equation of condition and C, was
adjusted through a Newton-Raphson iteration procedure. The distribution of a(r)
was chosen 8o thac a(r) = 0 for r < re-und a(r) = - 1.4 for r > re vhere e, is

the radius at the inner edge of the convection zone. In crossing this radius,

the following jump condition is applied to the ¢14 solutfon:

‘B iy N T

4 2
8¢]4 8¢14 8n r Py QO a

o ltc+e = Tar lte—c’- 35 M,

(15)

tational field is described by the normalized values of ¢1£:

it

41

J =L

g =t (16)

iz

IfT. . THE SOLAR MODELS

= " The static solar model has beé& calculated using the’input physics

S

described in the paber by Bahcall ecjﬁl. (1980). ‘'The metbod differs from
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previous solar model calculations that have been done using the UCLA code in ,
two respocts? | -
- 1)  The atmosphere code discussed by Ulrleh and Rhiodes (1977), Uleich,
Rhodes and Deubner (1979) and Lubow, Rhodes and Ulrich (1980), has been
extended to include all of the interior physics. By adjusting the mix-
ing length and hydrogen abundance, the atmosphere idtegration has hccn
extended dvward to a radius of 1.5 x 109 cm.  The finnl interiox none
is treated ﬁnnlyticaily wiLh a theory accurate to better Lhan l percenn.
The interiff distribution of hydrogen abundance has been taken ErOm bhp
current standard solar model, This method yields neutrino fluxes which
. exceed those in the standard model by 10 percent.

2) Partial ifonization of all lieavy elements is now included in an approxi-
mate way following Bodenheimer, Forbes, Gould and Hlenyey (1965). Fur~
ther details of the calculational methods will be given by Ulrich and
Rhodes (1981).

Two fuIiy converged models were computed: 'The standard model and a model

with the.interior heavy element abundancg reduced from 2 = 0,018 to Z = 0,005,
The convective envelope abundances were ;oumal. The mix of both cases was that

given by Ross and Aller (1976). The second model is referred to as the low 2
. ) /,[
model. In addition to these models, a series of 1ncomplete4envelopes was caﬂcu-

/,

‘Jated with a specified mixing length parameter, Tnese envelopes were stopped

when LiLher 99 percent of the mass or radius was chd in the inward Lnteg ration

lLaving 2 large residual of the other varliable. An approximate analyLic continu~-

ation to the center was added by assuming that M, x r3, (PO - P) « r2, (po = p)
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w t2 and (TO - T) = r2. Alwost none of the perturbation in is produced in

the poorly treated portion of the model.

IV, - RESULTS AND DISCUSSION

There are two factors which can influence the values of J, and J&’ 1) the

2

distribution of mass through the sun and 2) the distributicn of @ (r, 0) through

the solar interior. This latter function is observed at r = Ro’ but there is
as yet only a preliminary indication of its variation with r. A range in
structure variatign is possible in principle so that both factors must be con-
sidered in interpreting any potential measuremenckof J2 and Jd' Fortunately,

the structural variations are not constrained by the measurements of the eigen-—

frequencies of high order non-radial osclllations. The recent ohservations by

Rhodes, Harvey and Duvall (1981) limit the variationé in the'envclbpe mass to
0.01 < Me/M0 < 0.04. As a méasure of the importance of structure in dQCermining 

J, and J4, we have assumed that @ (r, 0) = 2 (R, 6) for r > r, and that @ (r, 0) =

2 (R) for r < L We have used the rotation law given by Howard, Boyden and
La Bonte (1980) in calculating J, and J,» Our results are given inj Figure 1.

The above %}ﬁits on Me/Mo translate into permitted ranges in J, and Iyt

4 |
1.0 x 1077 <, < 1.5 x 1077 |
| o BT " (17)
6 x1077 <=3, <1.5x10 ’

Measured values of J2 or J, outside of these ranges would indicate a deviation

4
from our simple assumptions for 9 (r, 6). |
3,

The subsurface rotation rate can be measurédtwith the method described by

0

Rhodes, Deubner and Ulrich (1979) and by Deubner, Rhodes and Ulrich (1979).
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This second paper gives some first results which show 2 (r, 0) increasing as ¢
decreases. I£<¢his result is borne out by subsequent observations, we would
expect larger values for Iy and_|J“[. The theory of the solar dynamo depends
on such a variation of 9 with r (Stix 1977). Ultimately, it may be posgsible
to probe the rotation law using the oscillations; however, there are two criti~
cal uncertainties which must be resolved before we will know the effectivness
of the oscillation method: 1) the oscillations must be adequately long lived
and 2) it must be possible to identify correctly individual modes of oscilla-
tion for all spatial scales. Also, the oscillations cannot provide a good
measure of the rotation rate off the solar equator because foreshortening limits

the vieWing region. Thus, the measurement of both J2 and J4 would provide very

important constraints on Q (r, 0), which are different from the constraints

imposed by the oscillations.

We would like to thank Jim Underwood for his helpful comments on the manu-

script. ’
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FIGURE CAPTION

Figura 1. ‘The dependence of J, and J, on fracticnal envelope mags MQIH@.
Corresponding values of &/ are indivated on the top of the ligure,

These values are dependent on a number of computational detalls and are less

signiﬁipunc than MQ/MQ.. The characteristics of the stamlard model and the low

%2 model are discussed In the text.
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