NASA

Technical Memorandiim 82072

An Introduction to
Magnetospheric Physics by
Means of Simple Models

David P. Stern

{NABA-TN~32072) aN INTKOLUCLIuN TO Ne1-24648
HAGNETOSLHERIC PHYSICS BY MEANS OF SIMELE
HupnLs (NaBA) 53 p HC Avld/NF AV1 CsCL 047
Uncids
wd/ht 25742

JANUARY 1981

National Aeronautics and
Space Administration

Goddard Space Flight Center
Greenbelt, Maryland 20771




An Introduction t o

Magnetospheriec Physices by

Means of Simple Models

David P. Stern
Planetary Magnetospheres Branch
Goddard Space Flight Center
Greenbelt, Maryland 20771

January, 1981

Abstrazt

An introductory review 6f the large-scale structure and behavior of the
Earth's magnetosphere is presented, suitable for inelusion in courses
dealing with space physics, plasmas, astrophysies or the Earth's environ-
ment, as well as for self-study. The exposition is guided by a series of 9
quantitative problems, dealing with properties of linear superpositions of
a dipole and a constant field. Topics covered include open and closed
models of the magnetosphere, field line motion, the role of magnetic
merging ("reconnection'), magnetospheric convection and the origin of the
magnetopause, polar cusps and high latitude lobes. References and direc-
tions which may guide readers to more recent developments are also given,



Preface

The last 20 years have seenh considerable progress in our understanding
of the Earth's magnetosphere, the region in which the Earih's magnetic
field reacts with the solar wind and the interplanetary magnebtic field.
Only occasionally, howsver, has magnetospheric physics appeared in courses
on astrophysics, geophysies or plasma physicf.

This article presents an elemenbtary overview of the large-scale
interactions of the magnetosphere, in a format suitable for inclusion in
such a course or foi* self-study. To illustrabe the coupling between the
magnetosphere and its surrounding medium, a family of simple flelds is used
-- the fields formed by the superposition of a magnetic dipole and &
constant maghetie field. Three points are given speclal attention:

(1) The subjects considered are of global s.ope, involving the entire
magnetosphere and its coupling to the solar wind. They prepare the ground
for any more detailed study of magnetospheric physics and at the same time
also illustrate basic notions such as magnetic field line motion, merging
and convection.,

(2) Connections between some of the ideas described and more recent
research are outlined, and references are given for further exploration of
various avenues, The added material 1s mainly for readers who already have
some familiarity with the subject and much of it may be skipped in an
introductory study.

(3) The great virtue ot the simple models used here is that many of their
properties may be derived analytically. Several such calculations are
included and they may be performed in class or assighed as lhomework
(problems 1, 3 and 4 should be solved when they are encountered, since
thelr results are used inthe text that follows them). The only
prerequisites are some basic knowledge of electromagnetic theory and of
guiding center motion,



Introduction 3

Since about the year 1000, when the compass was invented, it has been
known that the Earth has a magnetic field. This field appears to be
produced by electric currents in the Earth's core and can be viewed to a
good approximation as a dipole, very nearly aligned with the Earth's
rotation axis. Since the dipole component falls off with distance at an p3
rate which is slower than that of other internal components, the dipole
appiroximation of the internal field improves with increasing distance from
Farth amd will be used in all that follows.

The geomagnetic field can also be deseribed by magnetic field lines ’
("lines of force") which, from the basic definition of magnetic polarity,

rise from the Earth near the southern magnebic pole and re-enter near the
northern one (Figure 1), This polarity, incidentally, has undergone many
reversgals during the Earth's geological history, most recently «» 700,000
years ago, and it is also opposed to the one observed in the fieids of
dupiter and Saturn,

The dipole field §d may be represented by a scalar potential y

gd:~VY (1)
and for the geomagnetic dipole, in spherical coordinates (r,0,Y)
2
y = - aB_ coso (a/r) (2)

where a is the Earth's radius and Bew30,000 nT (nanotesla, i.e. By is

equivalent to 0.3 gauss) is the equatorial intensity at r=a. Alternatively,
(1) (
[+1

B, may also be described in terms of Euler potentials '8)
By = Vo x V8 (3)
where
a =~ aB (a/r) sinze (4a)
B = a\f’ (’-&b)

This representation tends to be difficult to derive unless the field is 3
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axially symmetrie, but it has the advantoge of giving an explicit
representation of magnetic field lines: since

B.va = B.v8 = 0 (5a)

it follows thabt each such line is characterized by parametric equations of
the form

alx,y,2) = const, B(x,yy2) = const, (5b)

At large distances the Earth's field becomes negligibly small in
comparison with the interplonetary magnetic field (IMF) which, because of
its large scale (compared to a), will be assumed to be a constant field go.
The IMF is of solar origin and is carried away from the Sun by the action
of the solar wind (SW), a steady radizl outflow of hot plasma from the
Sun's corona., At the Earth's orbit a typical velocity for the solar wind is
v = 300 km/s and a typical density is n = 10 cm"3: for converlence, a loecal
cartesian frare will be used in which the x axis points sunward and the
northward half of the dipole auxis will be assumed to colncide with the
positive z axis. Actually, the angle between the dipole and the sunward
direction may be as much as 35° out of the perpendicular, because the
Earth's rotation axis is not perpendicular to the ecliptic and is also
inclined to cthe dipole axis, but this complication will be neglected here.

A typical magnitude for the interplanetary field Eo is around
5 nT, and due to the nature of the interaction between the SW and the IMF
(see further below) Box® 'Boy' while B , tends to be smaller than either of
the other components. In what follows, however, Eo will not be constrained.

As an approximation of fields which tend to gd as r+0 and to go a8 rsw,
we shall study simple superpositions of the two fields

§_=§d+}_3_o (6)

It turns ocut that such combined fields divide space quite naturally into
2 regions -~ an inner region dominated by Ed’ which will be named
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(following Gold(a)) the magnetesphere, and an outer region dominated by go.

Many important features are not reproduced by such erude models, including
the collision-free bow shock created in the SW at a distance v2a upstream
of the magnebosphere: the values of v and n cited abeve are indeed more
appropriate to the region behind the shock, while ahead of it v tends to be
larger and n smaller,

Furthermore, contributions to B from electriec currents flowing in the
magnetosphere are ignored, including those from the long current sheet
stretehing the magnetospheric "tail" on the night side (Figure 2), and many
plasma processes are grossly simplified. Nevertheless (as will be seen)
many basic phenomena are 1illust;ated quite well at this level.

The Closed Model

Consider first the possibility of a purely northward IMF

B, = Bog (7
B may be represented by a scalar potential Yo
Yo = = Byz (8)
or also by axisymmetrical Euler potentials
o = (aB /2) (r/a)? sin (9)
B =af (10)

The scalar potential for the combined field is obtained by superposition
Y= ¥yt Yy (1)
For Euler potentials, in general, superposition does not work, but if (as

here) two fields share the same B, a superposition of a« gives a correct
result. Thus in the present model



Bsvax v (12)
2 2
o = a 3in%o [(BO/E)(r/a) ~ B,la/r)] (13q)
B =a'f (13b)
PROBLEM 1 :

(a)  Show that the surface a=0 is a sphere of radius

ro, = a (2Be/B0)1/3 (Where else in space does a vanish?).
By (5a), B is everywhere tangential to this sphere, hence
it completely encloses the dipole (Figure 3). Show by means

14 - -
of £11) that Br,o on r=r..

(b)  Show by means of (11) that B vanishes only at two points,
located at the intersections between the sphere and the 2z

axis, Points at which B=z0 are termed neutral points.

This model will be called "dipole in sphere"; the sphere natu-
rally forms the boundary of the magnetosphere or magnetopause

and, at least on the side facing the Sun, resembles the boundary
actually observed. The observed distance to the magnetopause

(» 10a) is somewhat smaller than ro derived here, because the
pressure of the solar wind plasma, which has been ignored, pushes
the boundary further earthwards. This generally also produces a
finite current flow along the boundary.

The "dipole in sphere' is the archtype of c¢losed models of the
magnetosphere which assume a completely enclosing magnetopause
through which no field lines pass. It bears some resemblance to
Hill's spherical vortex in ideal fluid dynamics and to a two-
dimensional model of plasma filaments studied by Schindler(B). In
the Tﬁ%netospherie context it was discussed at least as early as
1959

by F. Johnson

y» and a more realistic "closed" model was advanced in 1960

(5), whe has presented arguments in favor of a



variant of the Veloged" magnetosphere as recently as 1978(6).

The "iipole in sphere" can be modified to accomodate any
direction of By« If for instance B, shifts to the direction of
the unit vector b, it is only necessary to rotate the external
field pattern of Figure 3 until its asymptotie direction lies
along b. Or in other words, one then defines a new system of
spherical coordinates with the polar axis along b and then assu-
mes that the potential y of (11)

y = -a B, coso (a/r)2 - B r cosd (14)

0
is given in the old system for rr, and in the new one for
rr,. At rer, the field is discontinuous, indicating a current
flow along the magnetopause, but as was already noted, such
currents indeed occur in nature. An example of such a closed
model, with b = %, is given in Figure 4.

Closed models will be further discussed below, but at this
point we shift our attention to the outer region with rer and in
particular to the question, how can the existence of the IMF be
reconciled with the flow of the SW.



The Electiric Field

Far from the origin both the magnetic field and the SW velocity have thelr
undisturbed interplonetary values

B=0D V::—Vog. (15)

ok ¥
Suppose first that at any peint all charged particles of the SW have the same
velocity. How then can they moke ony headway in a direction orthogonal to B,
rather than be forced into tight little spirals around the z axis? Tho answer
is that an electric field E is set up

E:—.y_xg_ (16)

so that the magnetic force q(yxB) on any particle with charge q is completely
cancelled by the electiic force gqE, allowing the particle to proceed
undisturbed along the x axis (for details about how E is set up, see for
insbance chapt. U of the text by Longmire(7)). More precisely, eq. 16, also
called the "magneto~hydrodynamic (MHD) condition" must be modified to include
non-electromagnetic forces (e.g. gravity) and terms representing
accelerations, but all added terms are generally negligible under the
conditions encountered here, save perhaps in regilons very close to 9 neutral
point (see further below). The MHD condition only gives the component of E
orthogonal to B; it is customary to add the requirement

E, = 0 an

since charges generally can easily slide along magnetic field lines and thus
equalize any potential difference which violates (17). Thus {16) indeed gives
the total electric field, and by (15)

E = - ¥ (18a)

—

<>
1

= YV B, (18b)

If SW particle velocities cover a finite range, the two above forces in



general do not balanee, The situation may then be viewed in the frame of tho
SW, in which the (non-relativistic) local eleetric field vanishes by (16): in
that frame most particles have a osmall residual velocity and thus carry out
some small=scale gyration, but apart from this they share the veloeiby Vo of
the frame, Or else, viewed from the frame of the Earth, guiding eonter theory
7 requires that all particles (regardless of charge) share an electric drift

) 2
Yapipt® CExB)/B (19)

which satisfies (16), From either point of view, the bulk velocity of the
plasma remains the same,

This constont rectilinear velocity is modified, however, in the vieinity of
rar,. Intuitively, one would expect the flow to divide up in the manner of
Figure 4, where now the lines outside r=r, are regarded as stresmlines rather
than as magnetic field lines, To see whether this indeced happens, one proceeds
as follows,

The electrie potential ¢ can be viewed as a function of (x,y,z), or
equivalently of 3 independent functions of (x,y,z): let two such functions be
(a,B) of (13). For the third one could take s, the distance along a field line
to the point in question, measured (say) from the plane z=0: the sxact choice
is immaterial, in any cape, for by (17)

B.v8 = 0 (20)

It then follows from (5a) that no matter what the third coordinate is, ¢
does not depend on it but on (a,8) alone. This of course is consistent with ¢
being constant along a field line, as implied by (17).

In order to find the electric potential near rar (and from it, through eq.
19, the bulk velocity) it is thus sufficient to evaluate the function ¢(a,B)
far away from the origin and then propagate it along field lines to regions
closer to the dipole, At large distances the second term of (13a) may be
neglected, leaving



2. 2 2, .2 10
s o (B,/20) (y®y = (B s20) y¥staipr)  can)

From (18b) then

V2 V2 ginissa) (29)

¢(a.p) = v, (2aB))
IT (28) is valid at any one point on a ficld line, it is valid anywhere else
en it, ond it will therefore also give ¢ near rargs provided the full
expression (13a) is uged for n, It is now straightforward to derive E and then
use (19) to find the flow veloelby at any poin® in the field. If only flow
lines are required, however, a faster procedurce exists, since (19) implies

YoV = 0 (23)
v,V = 0 (2u)

Hence streemlines are characterized by lines along which ¥ and ¢ are constant,

PROBLEM 2 : Derive the equations

(a)  Of a streamline in the (x,y) planc which crosses the y axis
at a distance (5/M)r  from the origin.

(b)  Of a streamline in the (x,z) plane which crosses the 2z axis
at a distance (5/u)ro from the origin, In either case the
approximation 53w 2’ may be used. For each line determine:
(1) Does the shape resemble one of the contours of Figure 47
(2) Does the shape mateh one of those contours?

(e} What flow lines, if any, follow the surface of the sphere
r:ro? If such lines exist, what will be the flow velocity
along them?
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Whot flow velocity exists inside the closed mognetesphere? The present model
offers no clue == indced, the internal flow is completely deeoupled from the
external one and a perfectly acceptable solution for Per would be

vab E=0 (25)

It i8 easy to vigualize, however, that if ony plaome fills the region Pery,
and if momentum is transferred to it across the boundary, then just inside the
boundary the plasma will tend to flow in the (~x) direetion (Yantismmward"),
tlowover, steady fluid flow must be continuous, so that if a steady-state
situation ip established, a return flow in the (+X) direction must exist
somewhere in the inbtoriori o possible pattern for such a flow, as viewed in
the (x,y) plane, 1s shown in Figure 5a. This motion is often calleqa
magnetospheric convection, because it resembles, qualitatively, the convective
flow of a heated fluid (Figure 5b).

Such a flow, driven by a "viscous like" momentum tranafer acrosgs the
boundary, was indeed suggested in the eay}gesb theoi y of magnetospharic
convection, propesed by Axford and Hines'®’. Their reasoning proceeded in the
opposite direction from the, one given earlier: they interpreted the motion of
auroral arcs and related phenomeéna and concluded that magnetospheric
disturbances were often associated with arrival of plasma frem the night side,
around the midnight meridian, This, they suggested, was the return (low from
and antisunward plasma motion near the boundary, and they proceeded to unify
both flows in a global theory of magnetospheric convection,

The concept of magnetospheric convection remains one of the fundamental
ideas in all theories of the mapnetosphere. However, few things in nature are
simple: as noted below (and indeed, as already recognized by Axford and Hines)
there also exists an alternative explanation of convection, based on the
so-called open magnetosphere.

The Dungeysphere

If the field in (7) is reversed to represent a "purely southward" IMF




By = = Bog,, (26)

a different axisymmetrical model of the magnetosphere is obtained, It is
called here the "Dungeysphere", becouse it was first proposed by James Durgey
in 1961(9) as an archtype of the "open" mognetospherie model, further
deseribed below, A oross section of the Dungeysphere is shown in Figure 6 and
its properties are readily derived by an extension of the caleulation
performed car*ier on the "dipole in sphere" model, The details are listed in
Problem 3 and the derivation is left as an execreise to the render, though
final results will be oited,

PROBLEM _3 : For a "Dungeysphere" produced by the superpesition
of the dlpole field of (1)=(2) and the constant
southward field of (206)

(a) Derive the scalar potential v.

(b)  Derive the Euler potentinsls («,8), given aza(r,0), B=za’f ,

(e) As Figure 0 suggests, the equatorial plane of the Dungey-
sphere contains a circular "neutral line" along which B=0.
Find the redius r of this line and the value o  which a
assumes on it, and compare o to the radius of the spherical
magnetosphere produced with a constant northward field
having the same intensity B,.

(d)  Using a,, find the colatitude 0, on the surface of the
Earth rrom which magnetic field lines lead to the neutral
line,. It is permissible to neglect Bo in comparison with Be.
If Bo = 5 nT and B, = 30,000, what is the value of ao?

(e) Derive the electric petential 4(a,B), using the same method
as in eq. (22),

(f) What is the electric field E in the Earth's ionosphere
(assume re=a), in (x,y,z) coordinates? With B, = 5 nT, v, =



300 km/3, what is tha largest voltage drop between two points
in the polar area bounded by a=a 7

0

Angwers:

(a) y = 8 coso [Bo(r/a) - Be(a/r)zJ (27)

(b)  a=-asinfo [(B,/2)(r/a)® 4 B (a/r)]  (28)

(¢) Eq.(27) has the form y = a cosé f(r), and on the neutral

(d)

(e)

line all derivatives of y must vanish, The factor cossg
assures the vanishing of 9y/3r anywhere in the equatorial
plane, but the other derivative only vanisnes if f(ro)=0.
This gives

173

r.=a (Be/Bo)

o {29a)

a distance smaller by a factor 2173 than the spherical
radius in the preceding model. From (28)

. 1/3 ,
a, = -(3/2) aB, (B/B,) {29b)

Neglecting the external field, at r = a

a
a, = —aBe sin 0, (30)

Substitution of (29b) gives
b, = 16.7° (31)

The derivation follows that of (22), except that the sign of

o is reversed, so that a is replaced by (-a), a positive num-
ber, Also, because B, is reversed, the sign of ¢ in (18b) is
reversed, giving

172 (_y172

o(a,) = -V, (ZaBo) sin(g/a) (32)

13
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(f) Neglecting B, in comparison with B,, at r=a

2
aBe sin®o

L

-

1/2
~v, (2B B,) "% y (33)

2
4]

The polar electric field is thus a constant field, directed
from dawn to dusk, The largest voltage exists between extreme
points on the dawn-dusk meridian, where 0=6  and sin¥Y = #1,
Its value in volts is found from (33) if MKS units are used,
and amounts to

/2 sing_ = 6 10° volt (34)

a® = 2v a (2B B,)

The most significant qualitative property o¢f the Dungeysphere is that it is
"open": while in the "dipole in sphere" only two types of field lines exist,
purely terrestrial and purely inter planetary, the Dungeysphere admits a 3rd
type, so~called open field lines,connected to Earth at one end and extending
into space at the other. ALl open fileld lines connect to circular patches with
6<0,, (or 0>n—00) around the magheti¢ poles, which will be termed the "polar
caps." In these caps a constant electric field exists, directed from dawn to
dusk and with a predicted voltage drop of about 6 105 volts,

Surprisingly, most features of this crude model agree with observations.
Roughly circular patches of approximately constant dawn-to-dusk electric field
have been observed near the magnetic poles by various spacecraft(10b1u) and
(15)). The
boundaries of the patches roughly agree with the predictions of the model and

also by other methods (see sect. 8 of a review on the subject

they may be monitored by observing the locations of quiet auroral arcs

("auroral oval") which tend to parallel them a few degrees equatorward(16'17).

An electric field across the polar cap implies an electric¢ current across
the polar ionosphere, completed by field-aligned current sheets, flowing
downwards into the caps' dawn boundaries and upwards from the dusk boundaries.
Surh sheets, carrying 1-2 million amperes, have indeed been

(18,19,15)

observed ; they are flanked by weaker sheets of opposite polarity,
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located further equatorward and apparently having a diffferent origin,

These currents may be visualized as arising from a "“classical" dynamo, from
a closed electrical circuit in which (whatever frame one uses) part of the
current flows in a stationary medium and part in a moving medium which crosses
magnetic field lines. Viewed in the frame of the Earth (see ref.15, Fig.18)
this circuit would consist of the ionosphere (stationary), the solar wind
(moving) and, linking the two, magnetic field lines anchored at the dawn and
dusk edges of the polar caps.

The most obvious diserepancy between the model and observations is in the
magnitude of A¢, which falls short of the derived value by a factor of 10 or
more, Perhaps the reason is that the actual maghebosphere, due to the pressure
of the solar wind, is greatly elongated in the x direction, while the
Dungeysphere is axisymmetric, Thus in the Dungeysphere the polar sheaf of open
field lines has a circular cross section and A¢ is proportional to its asymp-
totic width Ay, in the y direction; in the actual magnebosphere, this sheaf is
elongated in the x direction to perhaps 10 times the podells value i if its
magnetic flux remains unchanged, its width in the y diregtign, and
consequently A¢, must shrink by a similar factor. The above may sound as a
plausible explanation, but it is still remarkable that in spite of the great
deformation of the outgoing sheaf, the size of the polar cap and the direction
of E there differ so little from the prediction of the Dungeysphere., So far,
however, no more detailed theory of open field lines exists.

PROBLEM 4 : 1If E = -vxB, what is the shape of the interface
between the Dungeysphere and the solar wind?

Answer: By equations (23)—~(24) streamlines of an ideal MHD flow are
distinguished by the constancy of y and of ¢, though here only the former is
required, By (27) and (29a), y vanishes on the neutral line, and therefore the
surface bounding all solar wind streamlines will be the surface y=0, which is
a sphere of radius Tor Thus, figure 6 notwithstanding, the Dungeysphere, too,
is & sphere!

PROBLEM 5 : Let an axisymmetric surface current be added along the



(a)

(b)

(e)

16

surface rar (see preceding problem) such that the added
field produced by it is

for r<r, By = - B, % = const, (35)

n

for r>r, By = -Vy, = dipole field
Yy = (r By /2)(r /r)%c0s o (36)

If the combined field B is represented by toroidal and poloidal "poten-
tialsg" w1 and wa, through

joo
1

V¥ o+ IxUxdor
find ¥, (¢1 vanishes).
Hint:

UxVxyor 2 v(a/ar)wzr -r V2¢2

L

In source~free regions the second term vanishes, allowing wz to be related
to the scalar potential vy,

Derive a(r,8) for the combined field, for regions inside and outside r=r,.

Hint: B may be expressed in two ways

n

A
B = vx(axR) = vx ala/rsine) ¥

B

Vx (Uxyor) = Ux{Tyoxr) = —Vx[(a\pz/ae)§]

{optional) Using a computer-controlled graphical device, drrw field
lines of this model in the (x,z) planes (electric potentials

and other properties may also be derived). This gimulates,

at least near the noon meridian, the extra current needed for
achieving pressure balance at the boundary, when the pressure

due to the solar wind plasma is also taken into account,
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Magnetic Merging and Conveetion

The eurl of the MHD condition

b=

= -yxB (3N
gives
9B/9t - vx(vxB) = 0 (38)

This may be shown(20'21)(hhe proof is given in many plasma texts and is
completely analogous to vorticity preservation in idesl fluid dynamies) to be
equivalent to two conditions: (1) "flux preservation", the requirement that
the magnetic flux threading a closed line of particles, each moving with the
lozal bulk velocity, remains unchanged in time; and (2) "line preservation,
that two such particles which initially share a magnetic field line, continue
to do so at all times. The second condition (which is weaker than the first,
and may be deduced from it) tends to be especially useful in visualizing MHD
flow, and it readily leads to the notion of "moving field lines." Suppose a
given field line is defined at b=t by the particles strung out along it:
then the field line defined by the same particles at any other time may be
regarded as one and the same field line, having "moved with the plaama,"

An application of this is provided by problem 2-c. Consider a field line
distant enough from the dipole so that it may be considered to be parallel to
the z axis, and let it cut the x-axis at (x,y) = (xo,O). Particles located on
this line at t=t, and having a sufficiently large lz] will pass through one
of the branches of the z axis at some later time ta, which means that for an

arbitrarily small aAt, at tgnAt they are sunward of the axis and at t2+At
antisunward of it,

But what about particles with small |z| which shared the same field line ab
t=t1 and which are therefore destined to hit the sphere rar, at t:bz? At
ta-At they are upstream of the sphere, at b2+At they are downstream of it, so
that in an arbitrarily short time 2At they must have skirted the sphere with
an arbitrarily large velocity (the side of the sphere around which the
particle chooses to move is only defined if its initial y at t:t1 is
displaced from zero an infinitesimal amount to one side or the other). Though
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this connlusion may appear surprising it is borne out by explicit
caleulation, since E contains 3¢/da which by (22) is proportional to o172,
and a»0 as PaP .

As a more significant example, consider 5 solar wind particles, emitted
with a radial veloeity Yo from the Sun's equatorial corona one day apart and
numbered in the order in which they are anitted. At time £=0, just before the
first particle emerges, they are all clumped together (Figure 7a) and thus
certainly share the same magnetic field line. Five days later they are all
moving radially in space, &nd presumably are still joined by the same
magnetic field line, but that line is a spiral rather than a radial one,
because the Sun rotates about 15° between successive emissions (Figure 7b),
This spiral shape (with large fluctuations) has been confirmed by
observations and makes an angle of about 45° with the radial at the Earth's
distance, which is the reason for the earlier assertion that in the IMF Bx )
-By.

Nevertheless, "line preservation" runs into trouble with the open
magnetosphere (Figure 6). Consider two particles, numbered "1" and '2W,
sharing the same field line as it approaches Earth. A short time later "i" ig
on an open field line above the northern aap while "2" is on an open line in
the opposite hemisphere, and the two no longer share the same field line, On
the other hand, each now shares its line with a collection of ionospheric
particles, though no such sharing existed before the particles encountered
the magnetosphere, or 1s likely to exist after they have passed beyond its
influence,

The breakdown oceurs at the moment when the field line containing the
particles passes the neutral point N1, and indeed theory shows that the
concept of line preservabtion must be modified here, that it does not assure
the continuation of "sharing a field line" beyond points where the line
passe¢ a point with B=0. The process involved here is called "magnetic
merging" or "reconnection" and in it the interplanetary field line AB flowing
into N1 is cut into two parts. Simultaneously, a "closed" field line CD
flowing inte N1 (in a manner described further below) is also severed, and
each half of the terrestrial line links up to half an interplanetary line to
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form an "open" line, Later, at a neutral point N2, the process is reversed w-
the two interplanctary segments are reconnected and continue their outward
Journey, while the terrestrial sections are also reunited and flow back
earthwards.

(22)

This idea of "magnetic merging" has led to many theoretical studies
few laboratory experiments and some attempts to observe it In space, but a
more complete discussion is well beyond the scope of this introduction.
Although Dungey(23)(2u) and others have regarded merging as a process in
which magnetic energy is given up accelerate and heat particles (especially
in solar flares), observational evidence suggests that if merging does ocecur
at the front of the magnetosphere, it does not involve the release of very
much energy. As for the nightside reconnection at N2, observations are
scarce: the consensus is that if this takes place, its location is well
beyond the orbit of the moon (w60a) and that it probably does not proceed in
a smooth and steady fashion.

The flow of closed field lines into N1 and out of N2 suggests that
convection is unavoidable in an open magnetosphere, unlike what is found for
a closed configuration, where (25) is a valid solution. This indeed is the
case, as can be seen by considering (24), which requires drifting particles
to follow surfaces of constant potential ¢. From among such particles let us
give particular attention to an ionospheric ion which is held close to Earth
by gravity and which keeps a roughly constant altitude h of (say) 200 Km. By
(33) the projection of a polar equipotential surface on the surface h=200 km
is a line of constant y, extending between the two points at which it cuts
the polar cap boundary =0, (northern cap). Presumably, the ion follows this
line (Figure 8). However, equipotential surfaces cannot end suddenly: a

fringing pattern must exist at 9>6_, i.e. on closed magnetic field lines, in

o'
a way suggested by the broken lines in the figure.

This fringing electric field E will cause particles such as the one we have
selected to continue their drift

v = ExE/Bz
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beyond the boundary 020 and because of (24), the lines whieh such parbticles
follow will preserve their values of ¢, Thus the ionospheric particle ot
position "1 in Figure 8 will tend to move along its cquipotential surface to
position 12", then (on an open magnetic field line) to "3", out of the polar
cap to "4" and finally back to "1", However, because of line preservation,
all particles which share a field line &t "1" will move together to "2", a
position corresponding (very necarly) to line CD in Figure 6. Then ofter
merging, since line preservation still applies to oll particles that pass on
the same side of B=0, half of them will stay together and will ultimately
share a line with "3", while the other half will move above the opposing
polar cap. Finally, at "I" bnth halves are united again to form a line
similar to EF of Figure 6, after which they convect ohece more sunward.

All this is qualitative, In particular, the above argument does not predict
whether the fringing pattern i1s pressed close to the polar cap boundary or
extends far from it., In the first c¢ase, the sunward return flow in the
equatorial plane is pressed close to the magnetopause ond does not penetrate
close to Earth, while in the second case the penebration is mueh more
pronounced. A complicating factor not mentioned so far is the existence near
Earth of an additional electric field gc, caused by the Earth's rotation and
tending to impose co-rotation upon the plasma: the interested reader is
referred to a more complete review(15) for details,

A usgeful mathematical model for the fringing patttern is obtained as
follows. By (32), the polar electric tield (0<00) has the form

o(a,8) = =0, (a/a)/? sin(e/a)  (39)

(since uo<0, the negative sign may be omitted). A ¢lass of fringing flelds
which fit continuously with the above is then

o(a,p) = -y (uo/a)K sin(p/a) (39

PROBLEM 6 @

(a) Compare the magnitudes of the two terms in (28) at ] A
near the equatorial plane, Which is the larger one, and by
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what ratio? How does this ratio change os one advances in-
ward s from r:rg?

(b) Show that if the smaller term in (28) is neglected and if
(39b) 1is valid with K=1, a constant dawn-to-dusk electric field will
exlst on closed magnetic field lines in the equatorial plane,

While theory at this Level does not predict the fringing field, it may be
&4
deduced from observations, elther close to the ionosphere(a))(aﬁ)

or near the
equatorial plane(27)

. All such analyses seem to support (39b), at least as a
rough approximation, but suggest that the value of K is not 1 but 2.
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Asymnetric Models

Beeause the Dungeysphere is axisymmetriec, B in it vonishes along an entire
line. However, in more general situations, where such symmebry no longer
exists, B usually vanishes only at two paintscpa)(or at o lorger even
number). For instonce, if the field configuration is strebehed on the night
side (us observations suggest), only two neutral points remain, analogous to
N1 and N2 in Figure ©: this development was onticipated in the diseussion of
the merging process, which thus remains unchanged. The detailed 3-dimensional
geometry of magnetice field lines in the vicinity of an isolated neutral point
is not always casily deseribable on o qualitative levelc?g).

A different example of an open magnetospheric model with 2 isolated neutral
points, studied in problem 7, arises when the dipole field of equations
(1)=(2) is superposed upon an arbitrary IMF

=B 8 L
By =B, K& + Boyz + B,,2 (40

PROBLEM 7 3 Derive the coordinates of the neutral points formed
when the constant field go of (H0) 1s superimposed
upon the dipole field of equations (1)-(2).

Note: The problem may be studied in cartesian coordinates
(x,y,2) and if Boyﬁo, appropriate intermediate variables are
G=x/y, U=z/y and r3. At a certain stage a quadratic equation
arises and one might be led to believe that each of its solu-

tions represents one of the neutral points, but it isn't so.

(a) Show that one of the above solutions is non-physical, while
the other gives both neutral points, when all cholces in
assigning algebralc signs are utilized.

(b) Solve for (x,y,z) given Boyno.
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Unless (H0) represents a purely northword field (as in eq. 7) the resulting
model 1s alwoys open, The "polar cap" shays roughly eireuloar even when when

Bagmo. but its size shrinks steodily os the direction of B, opproaches that
of the 2 axig, all of which agrees in a qualitative wpy with
observabions(17). There even exists a slight sunward shift of the center of
the pelar cap in response to By,, which also is in qualitative secord with
observabions(17)(30). The structure of the cleetrie field predicted by these
model s, on the other hand, i3 quite intricate, and its detoils probably do
not fit observations too well,

The preceding results must all be evaluated numerically by nomputer(31).
becouse (a,B), and hence ¢(a,8), can no longer be derived anolytically.
Problem 8 below contains hints for deriving ¢ for such models: the tagk is
considerably lengthier than the solutions of other problems listed here, but
is still well within the range of a graduate project. Program listings in
FORTRAN (12 see., on a VAX 11/780) or BASIC (5 hours on an HP 0830) are avail-
able upon request,

In the actual magnetosphere, it should be noted, boundary currents always
exist and with such currents, both open and closed magnetosphere models may
be constructed, If the models are open they may resemble these described
above, or else they may have boundary currents such as those appearing in
problem 5. If they are closed they always have boundary currents (unless B,
is strictly northwards) and resemble the configuration of Figure U, with the
external curves representing megnetic field lines and having an arbitrarily
directed asymptotic direction,

PROBLEM 8 : Given a wmagnetic field which is the superposition
of* (U40) and a dipole, map the electric potential in
the polar cap.

Procedure:

(a) Define a rectangular grid of 21x21 (or more) initial refe-
rence points, centered at the magnetic pole. A convenient
approximation is to place the initial points not on the cur-
ved surface of the Earth but on the plane z= tangential to



(b)

(c)

(d)

ah

it ot the mognetic pole, A spacing between the points equi-
valent te 1-2 degrees of latitude usuolly assures thot the
entire polar cap ig _ueluded and on array P(I,J) which will
store (at the end of the caleculation) the elcetric potentials
of the points should be defined.

Define s refcrence pione orthogonal to go of (H0), at a
distance unaoa to 40a from the origin, On that plane find
the point (xc,yo,zg) elosest to the origin, ond assign to it
an arbitrary reference potential (e.g. zero). Use (H0) to
derive the elcetric potential at large distances and apply
the result to express the potential of an orbitrary (x,y,2)
on the reference plane. (Caut’'on: there exist two reference
plancs, one threaded by field lines froem the northern polar
cap and one linked to the southern cap, Be sure the one
selected 13 the one appropriate to the cap being studied!)

Taking in turn each of the reference points of part (aj,
trace numerically the magnetis field line which rises from
it, using a stepsize v0.5a (initial steps may be =mmaller,
later ones larger). Allow a certain number of steps ant .aeck
each time if the reference plane has been crossed. If a cros-
sing has occured, derive the crossing point {1inear inter-
polation is sufficiently accurate) and caleculate its poten-
tial: by (17), this is also the potential P(I,J) of the point
at which the tracing began. If the field line fails to reach
the reference plane in the allotted number of steps or Inter-

sects Earth, diagnostiec outputs such as 0 or -1 should be
assigned to P(I,J).

Print cut the array P(I,J) in suitable units with 2-3 figure
accuracy and interpolate manually to get Lhe polar boundary

and equipotential contours (or else, program the computer to
perform the task). One interesting study is the variation in
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the size of thoe pelor cop as a functien of the d%reebi@n of
B, nllowing the mognitude B, to stay ccnsbanb(3“).

Polar Cusgp ond Tail Lobes

There cxists onother type of asymmetry which is of great practical interest
in the netunl maghetosphere. As noted in problem U4, if all SW partieles have
the same veloeity ond obey the MHD condition, then the boundary of the
Dungeysphere is spherical., In actunl fact, however, SW particles always have
a finite ronge of veloeities and of direetions of motion, and this spread is
greatly inercascd by their passoge through the bow shock of the Earth, Thus
the spherieal boundary (redrawn in Figure Q) will not impose an absolute
barricr to their motion: instead, as svon as merging has occured, some SW
particles will begin spilling over it ente the terrestrial part of newly
merged "open" lines.

Because particles flowing into a stronger magnetic field are subjeckt to
magnetic mirroring, most such particles will not penetrate very far and will
quickly move out agdin, all the time staying on the same¢ moving field line as
other solar partieles which had shared their line carlier but had not moved
earthwards, A few select particles omong those that penetrate, with veloei-
ties almost parallel to B, may however reach as far down as the ionosphere.

By the sbove argument onc might expect a region of solar wind plasma
reaching all the way to the ionosphere and shoped, in profile, like the
curved funnel eloud of a tornado. Such o region 18 in fact observed(33>”(35)
and it 1s Xnown as the polar cusp.

If the external field is purely southward, as in (26), both polar cusps are
completely equivalent, More frequently, however, the IMF exhibits the spiral
structure discussed earlier (in connection with the motion of magnetic field
lines), so that while the SW velocity v far from Earth is radial, its
components v, and v, , parallel and orthogonal to B, are approximately equal.

Now to maintain a SW motion orthogonal to B (i.e., to maintain v, ), the
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cleetrie field of (37) is needed, ond it is thig field, too, that deflects
the flow around the mognetosphere. On the other hand, beeause of (17}, v, i
not affceted (to lowest order) by the eleetrie force, This suggests a eertain
asymmetry between the pelar caps, beeouse depending on the mognetic polarity
ol interplanctory field lines ("away" from the Sun or "toward" the Sun) open
field lines from one of the cops will extend in the dircction of the Sun
while those frem the other ecap will point away from it, If v, moves SW
partieles along their gulding field lines like beads along a wire, one would
expeet plagmo to be choved decper into the Ysun-faeing" cusp and thus create
an agsymmetry between the two polar reglons,

Many observed asymmetrics correlate with B, oy of (40), which is generally
taken as an indicator of the mognetie polarity of the IMF(12)(36) (38). In
particular, when energetic particles are created by solar flares near getive
sungpot groupg, they often have higher intensity (at first) at the sunfaeing
pelar cap than in opposite polar region(39)(u0). Not mueh is known as yet,
however, about unequal penetration of plaana related to interplanetary field
polarity, though some striking correlabtions between the intensity of cusp
electrons and B0y have been reported(“1).

Beyond the cusp, in the regions of open field lines extending to the
downstream end of the magnctosphere (arc Q=N2 in Figure 9) the situation ig
quite different, These regions are ealled the "high latitude iobes" (or "tail
lobes") and in the actual mognetosphere they are quite large, since the
difference in x between Q and N2 is stretched to a length abeut 10 times
larger (or more) than in t' : Dungeysphere model. In this region the solar
wind 18 moving alongside the magnetosphere or (mostly) away from it, and only
very few of its particles manage to buck the general trend and flow
earthwards, On the other hand, terrestrial particles can easily escape along
open field lines in these regions.

One would therefore expect the plasma density n in the lobe region to be
remarkably low, and this is indeed observed. In the solar wind n«10 cm"3, in
the cusp nw2-3 cm'3. in the magnetosphere 1 cm"3 is typical (though eclose to
Earth n becomes much larger) and in the "plasma sheet? in the middle of the
tail, near 2z=0, nw0.3 cm"3. In the lobes, however, nw0.01 cm'3. making this
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by far the most rarefied plasma in the Earth's neighborhood.

Assessment

Which model comes closest to reality? Is the magnetosphere open or closed?
The preponderance of the evidence so far points towards an open
magnetosphere: the polar electric field, the convective flow, the relation of
the size of the polar cap to Boz (and one may add, the strong correlation
between Boz and magnetospheric disturbances(uz)), all these suggest that the
magnetosphere is open. So do the existence of polar cusps and tail lobes, and
phenomena which correlate with Boy‘

The situation is not always clear~cut., If the magnetosphere is closed and
convection is driven by a viscous-like momentum transfer, the polar pattern
of electric equip tentials will still resemble Figure 8, at least
gqualitatively. However, it will not be easy to explain why the polar caps
have rather abrupt boundaries, or why their size correlates with Byt

Again, the existence of ci 3ps is not conclusive evidence, because it was
pointed out‘"3) that in a closed configuration (like that of Figure 3) the

neutral points would tend to cave in to the pressure of the external plasma
and this would zlso produce cusp-like features,

Even if an opeu magnetosphere is accepted problems remain, In a dipole
field, and also in the Dungeysphere, the lowest magnetic intensity B on any
field line iy always in the equatorial plane, This property is important in
the theory of trapped radiation, where the minimum of B on a field line acts
as a natural midpoint, across which trapped particles bounce back and forth.
For the dipole-in-sphere, however, this holds only up to a certain distance.
Closed field lines which cross zz0 not too far from r=rg will have their
smallest values of B near their points of closest approach to the neutral
pointéd, and at 2z=0 they will actually have local maxima of B.

PROBLEM G : Given that a field line crossing the equatorial
tlane of the "dipole in sphere" in the range

Aro<r<ro has there a local maximum of B, what is o 7
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Hint: Derive 82. In the equatorial plane, 3B2/39=0. showing that B2 has

an extremum there. At r:kro the extremum switches from minimum to
maximum: what can then be said about the second derivative?

This property of a minimum turning into a local maximum is common to many
analytical models proposed as approximations to the actual magnetosphere,
from the Chapman-Ferraro model(u“)(us) to more elaborate image dipole
representations(“6> and models utilizing external harmonics(u7)(u8)-
Theoretically, it has been nwted(ug) that the longitudinal ("second")
adiabatic invariant may vary discontinuously where this happens. What seems
surprising is that studies of average field intensities(BO) and of pitch
angle distributions of trapped particles in the Earth's magnetosphere(51)
suggest that the actual magnetosphere also has this property, in contrast
with the Dungeysphere which does not.

A different problem involves the electric field pattern of Figure 8. While
observations have tended to confirm it, there exist indications of 2
different structure during prolonged spells of northward Boz' with not 2 but
4y veonveetion cells" in the polar caps<52)(53)
all clear and it is hoped that the twin "Dynamics Explorer'" mission, slated
for launch in 1981(5u), will gather enough data on this puzzling effect for

appropriate magnetospheric models to be constructed.

. The meaning of this is not at

Do there exist any alternative models to those described here? The closed
model has 2 types of field lines, the Dungeysphere 3, and a model with 4
types was obtained by Podgorny et alu(SS) in laboratory experiments which
simulated plasma flow around the magnetosphere. These workers found that each
"interplanetary" field line and each "terrestrial' one, upon merging, split
not into 2 parts as in the Dungeysphere bul into 3: the northern and southern
sections then joined up as in a simple open model, while the two middle
Sections formed an independent eddy or "visor" (Figure 10), or possibly a

(56)

chain of such eddies . A variant of this model may well come closer to

. existing conditions than any of the simpler models, but observations have not

yet produced conclusive evidence on this point.
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Conelusion

We have attempted to present an elementary introduction to magnetospheric
dynamies, including open and c¢losed configurations, flow patterns, electric
fields, field line motion, convection, merging, cusp regions and tail lobes,
using some gimple analytical models. The results may be compared to Figure 2
which represents a schematic view of the actual magnetosphere. hpart from the
large day-night distortion the simple models have provided a fair qualitative
fit to observations, though it should be realized that the physics of the
plasma sheet, the substorm and aurora, the radiation belt and its "ring

current! are all beyond such crude approximations and require additional
study.,
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The geomagnetic dipole,

Schematic view of the actual magnebtosphere (Mizera
and Fennell, Rev,.Geophys.Space.Phys., 16, 147, 1978)
The "dipole in sphere" produced by superposition of
a constant northward field and a dipole.

(no caption)

Convective flow in the equatorial plane of a model
magnetosphere, schematically shown,

Convective flow in a heated fluid,

The "Dungeysphere" formed by superposition of a con-
stant southward fieid and a dipole, The particles
marked "1" and "2" illustrate the vielation of line
preservation caused by magnetic merging.

Five particles initially located in one region of

the solar corcna, illustrating how the property of
line preservation can provide the shape of inter~
planetary field lines,

The 5 particles of Figure Ta and their shared mag-
netic field line, 5 days after the first among them
was emitted from the Sun.

Electric equipotential lines in a map of the nor-
thern polar ionosphere, in an idealized schematic
view. The numbers give successive positions of a
particle (and therefore also of the footprint of a
maghetic field line) participating in a convective
flow,

Illustration of the polar cusp and of the high
latitude lobes, using the Dungeysphere.

Podgorny's magnetospheric model, with 4 kinds of
field lines.
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APPENDIX: Solutions t o Selected Problems

Problem 1: > 2
(a) a = a sin“o [(80/2)(r/a) - Be(a/r)] =0

: 3. . - 173
gives (ro/a) = 2B,/B, or (ro/a) = (2Be/Bo’
By (2),(8)

"

y = ~ a coso [B_(r/a) + Be(a/r)2]

Br vanishes if 3
ay/ar = - coso [B) - 2B (a/r)°] = 0

This again gives the condition for r

¢

(b) As shown above, B vanishes on the sphere a=0, The other component By
is proportional to

3Y/36 = a sinod [Bo(r/a) + Be(a/r)eJ

For r>0 the brackets are always positive, so this term vanishes only if
s8ino=0,

Problem 2:

(a) A streamline confined to the (x,y) plane has automatically y=0 and
therefore (24) has to be used:
$ =0
and by (22) 2
a sin"¥=0

At the crossing point (x,y) = (0, 1.25g ), Siné? =1, and since that point is
also in the equatorial plane where sin 8=1, by (13a)

_ . 3 _
a = a[(B°/2)(a/r)[ (r/a)” - (2Be/Bo) ] = o

Substituting r = (5/8)r_and using the approximation (5/4)3w2 shows that the
first term in the brackets is about twice the size of the second one. Thus

a, » aB, (a/r) = aB, (1/5)"3 (arr )

Since the flow line is completely confined to the equatorial plane siné=1,
its equation may be written

2 2,
[(50/2)(r/a) - Be(a/r)] sin™P = a

which indeed has the same form as (13a), turned around by 90° so that sinz‘?
replaces sin~e.

(b) A streamline confined to the (x,2) plane has automatically ¢=0 and
therefore (23) should be used:

Y = -a cosé [Bo(r/a) + Be(a/r)el = ¥, = constant.

At (x,z) = (O, 1.25ro). cosd=0 and



vy = = a B, (a/m? [r/a)3 + (BB » —5ab, (a/r?
Y, » - (16as5) (8Zp /173

The flow line's equation is thus approximately
coso [B,(r/a) + B,(a/m)?] = (16/5) (B2m /m)!/3

It does not match the field line equation (136) in any way. In fact, at
large distances it reduces to

z/a = (8/5)(r0/a) > (5/“)(ro/a)

Hence the flow line decreases its distance from the x axis as it approaches
the origin, in contrast with the external field lines of Figure i.

Problem 5: o 2 o
(a) Let B=-%y , y= a cosd [g1(a/r) * g1(r/a)]

(all this is easily generalized for an arbitrary harmonic function). Then
by
vy = = (3/9r) (y,r)

Y, will have a corresponding expansion,; involving the same harmonic functions.
Equating coefficients o 5 o
Y5 = @ caso [gl(a/r) - (1/2)31(r/a)]
Noting that the external field is southward, one obtains:

. o _ _ =0 _ _
For r<ro gy = Be g = Bo B1

1

B
o

1n

. 0 3 =0
For >r gy = =By + (ro/a) (81/2) Ch

(b)
a = - sino (r/a) (ay/a0)

From this (again, this is easily generalized for any axisymmetrical *2)

a = a sinze [g?(a/r) - (1/2)@?(r/a)2]

One then substitutes the expresions derived in part (a). The above provides
an alternative derivation of (13a) and (28), or equivalently, of (9).

Problem 6:
(a) Equation (38) is 2 2
a = - a sin”0 [(80/2)(r/a) + Be(a/r)]

If the brackets are opened, this is resolved into 2 terms ay+ay, and their

ratio is
[ 4

a1/u2 = (B°/2Be)(r/a)3

In the Dungeysphere (r /a)3 = Be/Bo , So that at r=r_ the ratio is 1/2 and
the second term is twice the first one. As one moves inward the disparity only



increases, because ay diminishes while a, Brows.

(b)
If one approximates a6 v - a sinor By (a/r)

then at sin20=1, eq. (39b) gives
¢ = = (0 /B)(-a )(r/a) sinf = - (8 /B ) (-0 )(y/a)

Since (~a_) is positive, this gives a constant dawn-to-dusk field, in the
direction of Vy,

Problem T:
(a) Let all distances be measured in units of a. The dipole field may
be written 3 y
By = =9yy with Yqg = = By coso/r” = - Be z/r
If the constant external field has components (B,,B,,B,), the cartesian
components of the total field have all to vanish at the nelitral points

- - I
Bx = B, - BBexz/r = 0 (1)
[ =4
B, = By- 3B, yz/r” = 0 (2)
B, = 83 - (322- r?‘)B /rs =0 (3)
Z e
The first two eqs. may be rewritten 5
1/r” = (81/38e)/xz (4a)
1/r° = (By/38 )/yz (4b)
assuming BZ#O and combining
X/y = By/B, = G (5a)
or
x = Gy (5H)

This allows X to be eliminated from (3)
2y

-
-

By - (By/3yz)(22°- X° - y - Bylez®- y2(1469)1/3yz = 0 (6)

B3
Let a new variable U and a new constant H be defined:

U= z/y 7) H = 83/52 (8)

3H ~ 2U + (1+Gz)/U

i
o

(9)

U2 - (3H/2)U - (1469)72 = 0  (10)
S0

U= (3/)H [ (9/4)HZ + 2(14G2) 17/@ ¢i1)

Two solutions exist, of opposite signs. The negative solution however is
non-physical, because it imglies opposite signs for y and z and therefore, by
(4b), a negative valu5 of r”., Hence only a single solution exists, with U>0.
Multiplying (4b) by r



A=

1703 = (By/38) (e y24 2P /yz = (B¥/3BTCGHI U w U] (12)

which allows r to be derived. Other variables follow readily, e,g. for X

ra s x2+ y2+ 2° = x2[1 + (1+U2)/62] (13)

Note that if (x,y,2) is a solution, (-x,~y,-2z) is one too, because it leads %o
identical values of (G,U,r), the intermediate variables form which everything
follows,

If B,=0, (2) gives y=0 at the neutral points, but (la) still holds.
Substituting in (3)

By - (By/3xz)(22° = x%) = 0 (14)
Let now
U' = z/x (15) H' = By/B, (16)
Then P
(U2 - (3H1/2)U" - 1/2 = © (17)
Ut = SH'/M £ (9B 4 21172 (18)

Again, only the positive solution is acceptable, and from it
1/r3 = (B/3B)(UT + 17U (19)

Two symmetric solutions result from this, one with (x,z) and the other with
("X,"'Z) .

Problem 9:

: - a cosh [Be(a/r)2 + Bo(r/a)]

Y =
B. = coso [ZBe(a/r)3 - Byl = cos6 F(r)
Bo = sing [Be(a/r)3 + Bl = sine G(r)
82 = cosze F2 + singe G2
382/86 = 2 cosf sing (62 - F2) and vanishes if 08=1/2, cos6=0,
3282/392 = 2 (cos®r - sin®g)(G? - Fa)

If 6=n/2, this vanishes only when G = *F. If G=F then

n

3
Be(a/r) 2Bo

/3 _ 4~2/3
r/a (Be/2Bo) = 2 (ro/a)

which yields the required condition. If G=-F we get (a/r)=0 and hence no
solution exists for any finite r.
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Problem 8: Listing of the main program, in FORTRAN.

1,

L1004 =1
1un‘1FB
10@&
1007

-y

Q

COMMON XO:Y”:ZUor\;w\7»BXI BYIyBRZILRI AL A2 AL BDIP, 51

X1+Y1,21 .

DIMENSION P (50, 50), F(I2)

FORMAT (QF@.J)

FORMAT (SFE.0) ) B

gﬁﬂﬁaﬁk) BX»BY,BZ OF IMF=<,3F8.0 ¢ GAMMA, DIPOLES=", F&, 0,

RMAT(*  STEP IN RE. 7, FE,3H JDIST. TQ REF PLaC, FE.0/)

RMAT (7 FOLAR STEPR=*,F&, 3 DEG, oW GPEEL =7, Fé, 0,

MiZs 0 VOLTAGE UNIT=y F7.0,° VOLT?/)

FORMAT (F& 3y S1FS, O/) ‘ 3

FORMAT (©  CENTRAL VALUES OF (X,Y) =, 2F8.58/7)

REAL (5, 1001) RXI,BYI,RZI ! compenents of  imi . )

READ (5, 1001) 35L,5P ! Sk in RE 18 step alons figld ltine

nesative inta narth pale. SF ig Polap

. step 1n_deapees,

READ (&, 1001) XI,YIO ! Qentral values of pletted part

Te plat entire
for both.

of polar cap.
U@ a]u&f —oro .
(5, 1002) BLOIF, VE N,P°1VHLT !odipole term i sammas, SW
speed in km/s, unit_in whigh volt-
ages are measured (2000 v DK)
YImazIwﬂan

"\N'» VOLT

BYI%BYI + BZINBEZI)
+or noarth mas polea

Sapy
READ

=t bt

popananad-ting o344
(s mmmm

-~

MF intensity

bl
dist is noaative

i

OO e DO

-
. m
TONMEATDNRTD I

s e

XD OGr—fie Ty
Fare

=1, 2R 1] abzﬂ s tabula
XD YD, Z9) are G
Poznt a distance R? ¢rom the
sgrasin with r alang B

atep in radioans
radl, i 10002 of Km

(2-2%))

tion

rdinates of a

N-SXETONDEZTE
W QGB~IG~DIDI]

GG~

PI

BOOWWS RO o
4y —CON-CCT RIXGD

] Nhd3rmea—os
I NN

palar

W
(3 o
* 0

++
1531
st ~ v

(X0 YU, ZO) i3 in

itial epoint
in the polar cap

-t
*
>
Le
¥

BYI # (YO-Y®) + BZI # {(ZQ=-Z%9)
criterion for crossins the reference
where it changes sign,

ne crassing yety L2=2, eplane
andardize step size

.

crossed

H—H
Uilelas
e
L3
fi

Lo

3

- O o0l
L

03

~CIG~ L3

Initial steps are half si

Te
or quarter size.

nu

LI

Ot e ten =
\-"Z “~r hd
3

EL Rt 1 o
=0 e DO T XX

~ige e g
—

=

Radial dist.=",f®.&)

= I Dt

4

Dy i B R el 1) e
O~ T ATk

D
R~ 1332 = LT

~ [M

FPL@NE (XLO,LZ, X7 Y9, Z9)

{VO* (BZI*YO - BYI#ZO)) + 100.
ane crossed,. evaluate potential,
eliminate nesative values.

| ot B oty 10 e

Do
~0)
Lo ]
Lo !

add 100

RUNIN
30
o

—1-

! Sianifies

steps.
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1,K)y K==1,

ref plane not reached in 200
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z
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Problem 8: Listing of subroutines, in FORTRAXN,

10

GIhd

1

1y

1,

SUBROUTINE BFIELD ! derives unit vector (AL,AR,A3)
! alona the direction of the f1e1d
i?M$HN §0,Y0,ZO,R?,R7»BX1,BYI,BZI,BI'Al VA2, AS BDIP, 51
7
R = XO#XO 4 YORYO + ZO#Z0
R/ = SERT(R2)
RE = RIHRI#R7 .
Bl = BXI + .4 RBDIP # ZO # XQ/RS
B2 = BYI + &.% BOIFP # ZO % YO/RS
BE = BZI 4+ (F.% ZO # Z0 - R2)# BROIP/RS
BO = SORT(BI#B1 4+ B2#BD + BOKBE)
Al = Bl/ BO
A = B2/ BO
A3 = RBI/ BO
RETLIRN
=ND
SUBROUTINE ADVANCE ' advances a step along f£ield Ving
;EF@ENZ§O:YO,Z0 yRZ,R7y BXIHLBYI,BZI,BI, AL, A2, A, BOIF, 81
k] ki o
CALL BFIELD
X1=X0
Yi=YQ ,
L1=720 N ! save old point
O = X0 + S1#N1
YO = YO + Si#AZ ..
ZO0 =_70 + S1#A3 ' First approX.s noew point.
IF (Z1,EG.1.) GO TGO 10 ! at 1st step no old pt. exists
DALL BFIELD
X0 = Q.5 #* (XO + X1 + S1#A1)
YO = Q.5 # (YO + Y1 + S1#A)
20 = 0.5 # (ZO + Z1 + S1#A3) )
fimal aeprox to pew point
REEURN

9

SUBROUTINE REFFLANE (XLO2LZ,X®,Y¥,Z9)

§?M¢&NZ§U,YO:ZO 1R2yR7,BXI1,BYI,BZI BI-AL,AZyAS, BDOIF, 51

7

XL1 = XLO ave «1d valu

XLO = BEXI#(XQ-X9) + BYI%(YO—Y?) BZI*(ZU~Z°) )

XM = XLO # XLi ! nesative mhen XLO changes sign

IF (XM) 1.2,8

o2 = 51 ave o]Avalu=

81 = Si# ABS( XLI/(XLl - XLO)) ! last step to brinw
us (almost) to reference Plane

X0 = X1

YO = Y1

20 = 74§

CALL ADVANCE

XLO = 0.

51 = 52 ! Restore standard step

Lz = 2

RETLRN

END
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