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ABSTRACT 

The finite element method is widely used to find the stress fields 

caused by external loads and temperature changes in composite materials. 

This report presents the first of a set of systematic studies of the rate 

of convergence and effect of singularities on such solutions. The problem 

considered is that of a finite crack in an infinite medium under anti­

plane shear load. For this problem, it is shown that the nodal force at 

the trip of the crack accurately gives the order of the singularity, that 

energy release methods can give the strength to better than 1% with 

element size 1/10 the crack length and that nodal forces give a much 

better estimate of the stress field than do the elements themselves. 

This study is being extended to inplane shear, uniform tension and 

composite materials as well as finite bodies of rectangular form. 
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I. INTRODUCTION 

The finite element method is widely used to find stress fields in 

non-homogeneous elastic materials, such as composites. For fracture 

analysis the most important information is usually the strength and 

nature of the singularity at the tip of a crack or at an interface be·· 

tween two laminae [e.g., 1,2]. Since the stress and strain fields are 

non-analytic at such singularities, it is difficult to improve the 

accuracy by the accepted procedure of averaging the stress or strain 

values in contiguous elements [3J. Pian and Tong [4J have shown that a 

minimum potential energy formulation gives nodal displacements which 

converge uniformly to the continuum solution for the displacement field. 

They and Perks [5,6J have discussed the convergence to the stress field 

in the vicinity of a singularity. The current method of choice is to 

fit the stress field near the tip by a region with a very fine mesh [7J 

or by using a special singular element [7,8J. The first method requires 

a largE! number of points and the second requires a prior knowledge of 

the nature of the singularity. 

From Pian1s work, it would appear that more information can be 

had from the nodal forces than has so far been exploited for static 

solutions; some work has already been done on finding energy release 

rates for both dynamic [9,10J and static problems [11,14]. 

A finite crack in an infinite elastic solid loaded at infinity in 

tension (Type I), plane shear (Type II) or antiplane shear (Type III) 

are useful subjects for investigation of convergence because they are 

conveniently modeled with rectangular elements, the resulting matrix 

equations may be solved with difference equation techniques, and the 



solutions are well known for the homogeneous case. This report gives 

extensive results for antiplane shear; work continues on the other two 

loadings and on laminates. 

II. NUMERICAL SOLUTION 

A finite element solution for strain field in an infinite solid 
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with an infinite plane crack of width 2c subjected to uniform anti plane 

shear at infinity is a set of nodal displacements Wi,j with the indices 

i,j going from _00 to +00. If we put i = j = 0 at the center of the crack, 

then w .. = -w .. and w. . = w· . so that we only need the solution -l,J 1,J l,-J 1,J 

for non-negative i and j. Solution details are given in Appendix I 

where it is shown that, for the residual problem, the nodal forces on 

the crack are foj = -1, -N < j < +N and the displacements woj = 0, 

INI ~ Ijl. We intend to investigate the effect of mesh size on the con-

vergence of the solution; to do so, it is convenient to convert the 

above problem into the finite equivalent of a boundary integral problem 

by finding the finite equivalent of the Green's Function (N = 1) and 

then using superposition. 

Pian shows [4J that the displacement field defined by the nodal 

displacements and linear or bilinear element displacement fields 

(Appendix I) gives a total potential energy greater than that in the 

continuum if the boundary nodes are loaded by forces equal to 

j+ 1 
F . = J w(s)-r(s)d s 

OJ . 1 J-
(1) 

where w(s) is the (linearly varying) constrained displacement field. 



For this to be valid, we must use the force boundary conditions of 

equation I-13b. In Appendix I, it is shown that the residual problem 

has a constant shear stress on the crack, so that the elements of fo are 

all -1. We get the solution in two steps; the first step is to find the 

displacement field for woo - 1, Woj = 0, j ~ O. From equations 1-14 

and 1-17 in Appendix I: 

wl . = ~ [co12 + ~;,l cJ.cos(jk'TT/N) + (-l)jcN/2] 
J J=l 

(2) 

If we now let N ~ 00 

1 
wl · = f c(~) COS1rj~ d~ (3) 

J 0 

where kTI/N ~ 'TT~ in equations 1-16 and 11-4. From equation 11-2, it can 

be seen that 

f
' . w .. = Cl(~) COS'TTj~ d~ 

lJ 0 
(3) 

so that the nodal displacement field can be found by numerical integra-

,tion; we only need wlj for our work. foo is now found from equation 

1-6 or 1-7; if we divide each element Ofw, by foo we have the first 

row of the displacement field for a unit force at i=O,j=O and fo is 

found from equation 1-13b. The linear (triangular element) and bilinear 

(rectangular) element values for fo-200 agreed within 4 x 10-10 (0.01%) 

and agreed with the continuum value for Tyz - 1 (Equation 1-3) within 

5 x 10,·9. 

For crack length of 2N elements, we may write: 

o w (2N) = f (2N) 
10 a (4) 
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where fo(2N) is a column of 1 IS, 2N-l long and 01 is a (2N-l)x(2N-l) 

matrix each row of which is 7
0

(2), found from equation I-13b, with the 

foo term on the main diagonal. Equation 4 can be reduced to N equations, 

since \"oj = Wo,_j' and solved for woo The nodal forces for N .::. j are now 

found by extending 01 into O2 and writing 

o VI (2N) = f 
2 0 0 

A 
where the elements of fo are fo,j' j > N. 

II I. RESUL TS 

Using the bilinear rectangular elements, the nodal force at j = N+l 

is about 7.5% lower than TITo at x = N/N+l. For a constant x, this error 

decreases almost linearly with liN so that linear extrapolation gives 

remarkably accurate results. For example, the finite element value for 

x = 1.25 c is 1.5962 for the 8 element solution and 1.6302 for 16. Linear 

extrapolation to 11M = 0 gives 1.6643; the continuum value is 1.6667, an 

error of 0.14%. Figure lA shows 1yz/10 vs ric as given by equations 

1-3 and 1-4. It would be difficult to distinguish the finite element 

values from the exact curve for j > N+l but FN+l is shown for N from 2 to 

64. The trend for the constant strain (linear) elements is about the same 

but with about twice the error. 

The above comparison shows, as is well known, that the nodal dis-

placement values converge to the continuous displacement function at a 

rate appropriate to the order of the equivalent finite difference 

algorithm and that the stresses at any analytic point may be found by 

numerical differentiation of the displacement field to the same order 



by using Hooke's law. Averaging the "stresses" in contiguous constant 

strain elements gives less accurate values unless the weighting points 

are carefully selected, e.g., the Gaussian integration points [3J. 

5 

One would expect [4] the singular force at j = N to be given by the 

weighted integral of the stresses on the y == ° face from j = N-l to N+l. 

If we consider the original (not the residual) problem, T = 0, j < N. 

Then using equation I-3 and a linear weighting function 

F = 1 Jl+h x(l - x/h) dx 
N h 1 1x2- 1 

.;,--
= _~h_ (1 + 0 ( h ) ) 

= 0.9428 Ih 

where h = liN. The continuum residual problem converted to finite element 

form differs from the residual finite element problem by adding 0.5 h to 

Since the displacement field solution is not analytic at the 

singularity, equations 1-9 and I-ll don't apply. However, we are inte-
2 

grating only on a line where w = 0 and ~ = 
ax 2 ° so that we may let woj == 0 

in these equations; if we use only wl,N-l' wl,N and wl,N+l we should get 

~; ,o(h4). These and several other less accurate (o(h2)) approximat-ions 

were used and they all converged very rapidly to cl/h. The points for 

the bilinear case are shown in Figure lb. Rather than attempting to find 

the slope from the log-log plot, it is better to extrapolate FN/lh vs h 

to h = O. These curves are shown in figure 2 where we compare the nodal 

force at i = 0, j = N using equation 1-11 modified by letting Wo,j = 0, 

the linear approximation for ~~,and the second order approximation in which ay 
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a2w a2w we use - + - = O. These algorithms are: 
ax2 ay2 

_ 1 
FN - - 3 (w1,N-1 + w1,N + w1,N+1) (Eq 1-11 mod) (5) 

F = w = aw + 0(h2) N 1 , N ay (6) 

FN = - t (w1,N-1 + 4w1,N + w1,N+1) = ~; + o(h
4

) (7) 

All of the curves converge to a square root singularity but the bilinear 

ones do so in a linear fashion which makes extrapolation accurate for 

crack lengths as coarse as 16 elements (N = 8). Unfortunately, they don't 

extrapolate to the correct coefficient, which shows that higher order 

terms must be included even in the limit. Table I shows the rate of con-

vergence for FN to its value at h = 0 using equation 7 for both the linear 

and bilinear case and to the square root singularity for equations 6 and 7. 

The external work done is another measure of the strength of the 

singularity. The external work, equal to the strain energy, is 

1 
~/2 = U(c = 1) = J w(x)'yz(x)dx 

-1 

N-1 
# __ 1 J. w .(x) or Simpson's 

N2 j=-{N-1) OJ 
(8) 

because Fj = 1. As shown in Table 1, this converges as rapidly as FN, and 

converges to the correct value. The columns headed 0 are the result of 

linear extrapolation using the entry and the previous entry; thus the 

extrapolation of U from the bilinear solution using 2 and 4 elements for 

the half crack length gives ~/4 with an error of 0.3%. One may also 

approximate the energy release rate from 2 • (wN. 1 . FN/2). This should 



converge to 

dU = TIC 
dc 

7 

(9) 

The % error for the linear and bilinear case and for the extrapolated values 

'are shown in the last four columns of Table I. These results are better 

than Rybicki [14] indicates. 

Since the values for wo~~~ agreed within 5 x 10-8 in the linear and 

bilinear cases and the smal"l table top computer used in this work took 

about one minute per integration (equation 3), the values for j > 50 from 

the linear case were used for the bilinear solutions. This small in­

consistency accounts for the non-uniform convergence at levels of 10-4 

for N = 64 in Table I. 

IV. CONCLUSIONS 

It has been shown that the singularity at a crack tip under 

antiplane shear (Type III) can be accurately modeled with a relatively 

coarse mesh near the tip if one uses the energy release from crack exten­

sion. The results are remarkably accurate if one gets solutions for two 

or three element sizes and extrapolates to zero size (Table I). 

Curve fitting to the stress field requires a very fine mesh both 

because the slope of the continuum solution departs rapidly from that 

of the leading term and because the firtite element solution is oscillating 

at the first two or three nodal points (see also Wilson [7J). 

The nodal force at the crack tip as a function of mesh size is a 

very accurate measure of the order of the singularity but may converge 

to the wrong strength if higher order terms are not included. Even 
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where the displacement field i~ analytic, the nodal forces give a better 

approximation to the stress field than does element averaging. 

The methods used in this report are being extended to Types I and 

II loading and laminated material and could be used for finite bodies 

of rectangular shape. They are economical with computer time since by 

using boundary element techniques, only small matrices need be inverted 

to get finite element solutions for large (or infinite) arrays. The 

results presented here were obtained on a small (64K bytes) table top 

computer. 



APPENDIX I - FINITE ELEMENT PROBLEM FORMULATION 

Our problem is that of a crack of length -c 2 x 2 c in the y = ° 
plane, extending to ± 00 in the z direction of the infinite solid with a 

uniform shear stress Tyz = TO at x2 + y2 ~ 00 (antip1ane, Type III). This 

is the same problem as the edge crack of length c in the semi-infinite 

solid, x > 0. The continuum solution is given by Bentham and Koiter 

[12, Sect 3.3J. For antip1ane shear: 

For our geometry: 

Along the x axis 

I;; = )( + iy 

Gw = </>(1;;) + ~(I;;) 

i = r-r 

() 1 ~ (2 2)1/2 
</> I;; = - I 1 TO I;; - c 

There is a singularity of order 1/2 at x2 = c2. For > 0, let 

x = c + r = r. 
ex C 

Then 

and 

1-1 

1-2 

1-3 

1-4 

The finite element problem is more easily handled if we subtract a 

uniform stress field from the above, leaving a boundary condition of: 

9 
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'yz = - '0 y = 0 
1-5 

, -+ 0 

We use a square grid of nodal points at x = j, y = i subjected to 

a shear stress, = 1 on the negative face i = 0, -c < j < c and let G = 1. 

By symmetry: 

W •• = - w .. 
-l,J 1,J 

W. • = w .. 
1,-J 1,J 

The basic element is the square of side 1. By minimizing the strain 

energy [3J we can show that the nodal force at point i,j of the element(s) 

bounded by i, i+l, j and j+l is: 

,.." 1 1 
Fij = wij - 2 wi+l,j - 2 Wi,j+l 1-6 

for a uniform strain field in the two triangular elements bounded either 

by the line (i,j)(i+l,j+l) or (i+l,j)(i,j+l). It is interesting and 

useful that for antiplane shear the direction of the diagonal does not 

affect equation 1-6. For the bilinear displacement field: 

+ wi ,j+l (1-z;;)T) + wi+l ,j+l 1';T) 

the corresponding equation is: 

,.." 2 1 1 1 
Fij = 3 wij - 6 wi+1,j - 6 Wi,j+l - 3 wi+l,j+l 1-7 

These elements are nO\,1 assembled to give a zero nodal force for f O. 

Using equation 1-6 the field equations are 

F .. = 0 = - w, 1 . - w· . 1 + 4w. . - w, '+1 - w'+l . 1-8 1J l-,J 1,J- 1,J 1,J 1 ,J 



and the nodal force on the negative y face is 

- 1 1 Fij = - ~ Wi,j-l + 2wi ,j - i Wi,j+l - wi+1,j 

Using equation 1-7, they are 

and 

0 = 1 ( + +w ) -"3 Wi,j_l Wi-1,j i-l,j+l 

F.--: = 
lJ 

181 
+ (- "3 Wi,j_l + "3 Wi,j - "3 Wi,j+l) 

1 
- J (wi+1,j-l + wi+1,j + wi+1,j+l) 

1 
- J (Wi .. 1,j-l + Wi_l,j + Wi-1,j+l) 

1 1 8 1 
+ 2 (- 3 Wi,j-l +"3 Wi,j - J Wi,j+l) 

11 

1-9 

1-10 

1-11 

Equation 1-8 is the finite difference equation for the Laplacian 

good to o(h2); using the governing partial differential equation 

a2w lw --+-=0 
ai ay2 

1-12 

we find that equation 1-9 gives the first derivative, wy ' O(h 2), while 

Wi,j - wi+l,j is o(h). Normally we can use ~ (wi-l,j - wi+l ,j) which is 

o(h2) but not at a stressed surface. This same result does not hold for 

equations 1-10 and 11 but we can show that the system converges o(h4). 

The corresponding matrix equation is 

I-13a 

I-l3b 

where Wi is the column vector of the displacements of the nodes in ith 

row. Using the notation of Appendix II, the values of a and b in equa-

tion II-1 are those in Table I. 



Equation 
Matrix 

a 

b 

1-8 
A B 

4 

-1 

-1 

o 

1-9 
E F 

2 

-1/2 

-1 

o 

Table 1-1 

12 

1-10 1-11 
A B E F 

8/3 -1/3 4/3 -1/3 

-1/3 -1/3 -1/6 -1/3 

We may solve the matrix difference equation I-13a, by expanding 

wi in the eigenvectors of Appendix II. Using equation 11-7, if we 

substitute: 

,., - -w· = X q. 
1 - 1 

A = K AA Y 

B = K AB Y 

1-14 

into equation 1-13a and use the last of equations 11-2, the equations for 

qi are decoup1ed: 

1-15 

If we now let: 

qik = ck qi-1,k 

then - 1 = ABk ck + AAk - ABk ck 0 
1-16 

and ck = (\ ± If\ 2 - 1 

where 

AAk and ABk are given by equation 11-4 and a and b are shown in table 1-1. 

In order to satisfy the condition at infinity, we take the + or - sign 

to make c2 
< 1 .. ck ~ 1/2 S as s-l ~ o. 



or 

If woo = 1, woj = 0, j ; O,from equations I-13a and I-16 

AAk qik - ABk q2k = ASk Xok Woo = ASk woo 

(AAk - CASk) qik = ASk Woo 

qik = Ck Woo 

13 

I-17 



APPENDIX II - FACTORING TRIDIAGONAL MATRICES 

The matrices we are concerned with all have one constant, a, on 

the main diagonal and another, b, on the first sub and superdiagonal 

with all other elements zero. By symmetry, they extend from -N to +N 

and are (2N+l) x (2N+l) square. In order to get symmetrical reflection 

at ± N, we make the second element of the first row and the next to the 

last element of the last row equal to 2b which gives the following form. 

R = 

a 2b 0 0 

b abO 
o b a b ....................... 

o b abO 

o 2b a 

The associated eigenvalue problem is: 

normalized to 

so that 

RX = XIl 

YR = flV 

V X = I 

R = XAV and VRX = A 

I 1-1 

II-2 

14 

where A is the diagonal matrix of the eigenvalues, K is the square matrix 

of the eigenvector columns and Y is the adjoint square matrix of the 

eigenvector rows. The difference equations are: 

b xi-l,k + a xi,k + b xi+l,k = Ak xi,k 

a X-N,k + 2b X-N+l,k = Ak X-N,k 

2b xN-l ,k + a xN,k = Ak xN,k 

II-3 



The matrix has 2N+l roots: 

Ak = a + 2b cos (kn/2N) k=O,1, ... ,2N+l 11-4 

The corresponding column eigenvectors are: 

Xik = cos (ik /2N) i = -N, ... ,O, ... ,N 1I-5 

The adjoint row eigenvectors are: 

II-6 

where Qij is the Kronecker o. 

The anti symmetric tridiagonal matrix found by replacing the 2b 

terms in equation 1I-l with 0, has the same eigenvalues, but sines for 

the eigenvectors (equation II-5) instead of cosines. 

15 



16 

REFERENCES 

1. Herakovich, C. T., A. Nagarkar and D. A. O'Brien, "Failure Analysis 
of Composite Laminates with Free Edges," in Modern Development in 
Composite Materials and Structures, J. S. Vinson, ed. ASME, 53-66, 
1979. 

2. Reifsnider, K. L., "~1echanics of Failure of Composite Materials," 
Proc. Int'l. Symp. on Fracture Mech., ONR/GWU, Wash., D.C., 1978. 

3. Zienkiewicz, O. C., "The Finite Element Method," McGraw-Hill (U.K.) 
3rd ed., 1977. 

4. Pian, T. H. H. and P. Tong, "Basis of Finite Element Methods for 
Solid Continua," Int. J. Num. Methods in Engineering, 1, 1,3-28 
(1969). 

5. Tong, P. and T. H. H. Pian, "On the Convergence of the Finite 
Element Method for Problems with Singularity," Int. J. Solids and 
Structures, 9, 313-321 (1973). 

6. Perkes, D. M., "On the Convergence of Finite Elements in the 
Presence of Singularities," Int. J. Num. Methods in Engineering, 
14, 5, 780-784 (1979). 

7. Wilson, W. K., "Finite Element ~1ethods for Elastic Bodies Con­
taining Cracks," in Methods of Analysis and Solutions of Crack 
Problems, G. L. Sih, ed., Noordhoff, 484-515,1973. 

8. Atluri, S. N., T. Nishioka and ~1. Nakagaki, "Numerical r-1odeling of 
Dynamic Crack Propagation by Moving Singular Elements," in Nonlinear 
and Dynamic Fracture Mechanics, N. Perrone and S. At1uri, eds., 
AMD-31, ASME, 37-66, 1979. 

9. Ca1dis, E. S., D. R. J. Owen and O. C. Zienkiewicz, "Nonlinear 
Dynamic Transient Methods in Crack Propagation Studies," in AMD-31, 
ASME, 1-18 [see 8J. 

10. Kobayashi, A. S., "Dynamic Fracture Analysis by Dynamic Finite 
Method," in AMD-31, ASME, 19-36 [see 8J. 

11. Wang, A. S., F. H. Crossman and G. E. Law, "Inter1aminar Failure in 
Epoxy Based Composite Laminates," in Advanced Composites: Design 
and Applications, T.R. Shives and W. A. Wi110rd eds, NBS Spec. Pub. 
563, Washington, D.C., 1979. 

12. Bentham, J. P. and W. T. Koiter, "Asymptotic Approximations to 
Crack Problems," in Methods of Analysis and Solutions of Crack 
Problems, G. C. Sih, ed., Noordhoff, 131-178, 1973. 



13. Abramovitz, r~., and I. A. Stegun, "Handbook of Mathematical Func­
t'ions," N.B.S. 1962 or Dover 1976. 

14. Rybicki, E. F., and M. F. Kanninen, "Finite Element Calculation of 
Stress Intensity Factors by a Modified Crack Closure Integral," 
Eng. Fract. Mech., 9, 1977, pp. 931-38. 

17 



0,/ 

Figure lao Stress fields. 

I h 1f::: Z· 
Figure lb. Nodal force convergence. 

18 



~~~11~11~J I ,II' j~'l' II" III' 1/ .1 ,,:-r' 1 !'. ':nrT".-:--:-,, TnT~';';--T '! 1"1 ''l'~1 ,""11 [II' III' II't .I!II~~!. '\ . II j , III ,i', 'II I J' 'II I I I! l ill \ I I ;: ; I II \, I, I Ii: : I, .. , I' 'I, I, '" I . ,: , i " ; '. i II . r' 1, L JI!' t "I I II "11 I I '. )' 't" II I I'" lit 'II' ~!, "I . 19 
-:"~rrriJ .1': .. !! ffifrl·IIT iW 1

1 

til: 1'1' "1:; 1 Ii 'Ij' Ii i I !::: ; ':1 !:: :: I::; :'1 il ,:! lliil 1::1 mtw,l;1 r:l~i;. 
1:1:1; I, .. "H'., 1,1 .; ~;.:::.I , I':. I::: : I: .11:;: : I I .• : ,,!! :',! I:: i I::: Ii:: ;.: i' !::: r ,I.-+- .J, .... _j •. ,--f·, .. , H •. ',,4", '. ",. ',····1·;··· ,. H" .• , ...• ' •• ~ ····"~~.·H-·lH.' ,.1' __ 4'["'"'' 

I!;! \::;\j:I" ,III Ii! 11'11 : i'l :j~! ::i::: j: :::: ;;:) :.:: '" ' .:::.::,,: l:: ':1: ::" :::; '::: Ii!: :~:! ; ;: )i 
.. If l+H ,t+ [+:1 -'f"" tt" I' Ill .. " .,., ,.,. '." ,., I ". I .,., .,',. ' '. ,." .'" "" .,.. ,..... •• , ,;.. I'" ,," .... , "" II I I! ! i I' II! I '1'::: :::,::::; ::!, Ii: ;::". :;,::: :::::::: ::: l ::.: :::: ::;: :: :::: 

I, H-t-h-tl :-41 :+'+ i++-H+H-H-+tl +-H-+-t+'+t' -t--'I'+H-f~' \-,-' _' '-+' ........ ,.. .,'. " ! i 'I "" ,.,. " . L"" ,I, "";""..l'" . '. ."': • Ii, ,i" .. ': .. " 
rr ""-'~,,' --"~ .-- --- "'-i----'--- -- .. .. , 

: 
: 
' •.... ' :.',.i!:'t.· .• 1. !1~ .... '" . '. '. _.' '. .' " i JII I i I : i ; ! i : i :: ;:': ;; ; i; i: i I : i : I: i :. ..1:;; , : :' :: I': :! i: i::: I: i I: ;::. : 1 ;! !::: :::! i:;: 

N 
·t 11'; 1'!I'; iii. :.:: :.:! :1'1 1 II'; :'1': ""j::" .1:: ,; 1 ,ill :;:: :.: L!; :!Il L;! :"[' ... ; , II ,'" "" , .. I ' 'I '" . , .' I" '11'1' I "1' .,,' ,. I'" '1" . '1'" ... 

I 1 lj + :1!' !l" iI" 'I I I 1:1 ~II I:: I':' ., II/~ ;',1 j'~1 II: f~'~ ~ I' t~! ;,1 .1:! 
I, , " ",I",. " 1Il.i. ·t ,,' I'" .'" ,. " . " . ,',. ,I" "" ..... 111'1" .,., 

H+I-+++t-t+H++H+t+-H++-+++t+t-H+t+1+t+-1t+f+rr: II-:-~r~ I ~::! 'li,T i T~l ,tit i.-t: I::' -:--;.:. r~T·1 +114-11 1-[;--1 ; ('tIt -;-t., 1--;-:-"~ :.: 'T .-:-11 

#
-... t4j!!I,:: ,I II'I:I I I! '; I I, ::11 Ii:' I I Iii :.11 1; I 1:'1,1 Ijl! l:~ !::1 :~:! 

t- - , 11! I I " , I, I ", I 111 1 I, I I' I I, I ,I J" 't I ! I It, j I' I I. j I I' I I, ,,' I 
-t '1' -tp. I .. '" .. "1 " 'I' .. " ...... ,·· 'I 'tT"f-'1 1'" ·f.. ,", ·I·j· ~,~ .-. 

I
','. >." ..j: I: , . ' II I II;: : :. ',::: 'I' I . : I' I' I 1;""1 I '!::: " '1 " :, I' : 'I :, l' I :" II: : ) II :,' I '. \ T I 1· I I' ,.,. , I" 1 II I' ,I, .. , I·", .. 1 1 .. 1 I 'I .1, . [, 'I" I 'I ,,, ., I. 

f++++++t-t+H++H-H'I+t+-H++-+++t+t-H+t-Hf+-H' "';~ ;....:..~ -".l+i-~ ........ ..:. .:.:1.; . .:J~~ "....:... " " ",. , , • , . ..;..:' I. " • 

'" 11"'11 .,.' It· 1 I j" , , .. ,.. ..,;. I, i: I:" , , I"" ." I ., , I' .... 'I I"" , . 

il' , i I I ,. i . : il ',,, .,.. " . "" "" "" .. ,' . , " ,. "."" I" ,. I' ., .... .' 
tIl - I"d I :: ,t; I -J; II j I l I : I' ; l': ::,: :." I;!: I:' 1 : 1 I;' , ; " " ,: I 1 'I II I; 1 j 'I; I ; , I':''': : I,,', 

l
·~. ft+"trT~~~+.l.·l··~H' -+ . t· , •• , •.... '" .... ,.,' .' .•........... ,. .., .. 1" 1':1 I U· .... ; 1" .1 .. ' •..•... , 

I J' : !, jll: IWIJ--U II 1\ : III II" '11 :.. :: :: '::. :,:. Ii' i I:,: ': I I I', ': : .: : ,I : 1'1 i I':;! Ij: : : . I ~l. ' t: I i II I:: I' :.:: 
! l' I : I! I I +1 j ~ ill L: ' 1 r:': :;" ::,: i ' I: I;:: : I ; ':'" ; I! : , ,: j I ,I !,' tl' II I L:' f: Ll I, I J; ;: I : , _LL~+H-l.' ,'+ +1-:. + .... -+-.+ .++ .......... +" •••. I,J ].1. •• ,.~ .......... I.+; .'[ T ,._ •. ll. ";~..;_.~ 

I . j ~ ,Tlt ; I ! ~ 1"111 .' I ", I " I" I , , , , ' , " I I I I I 'f" I " , , "I I I I I I ,. 'j' j ,. I 'I 'I • t 't t·, 
J j .• ,.j. ";" f' "I I' f 't II" ... , .. . ". "II' I 'I' I" ", . ' . , . .", III '1 I .. , .. 11"" I " . 
lLt J-ITl;-'; 'lrlrlj~: I -t-"' tl j I I: 'I:' 'I:: ,;:, t:j' I' : [,:; ::~ II:, "; Iii;, : I ;". ~t' I d!: II" :; f ;'! I::: I~ '.t .'. +-. -I. •. f·.iT ., .f .·t·t-I.·· j , .... I {+"I " .. , .. J J, J" 1 II, ""'''' , , .. , ..... , "II !' J .,! .. I'" . l-t •. j d .... +1 '!' ,- l . '/:f , I I 1'1 ' " "., I'" I! i ' . 1 ,,, I I'" .., ,.. .. .. ",., I Ill' . I' . I" , I I ' " '1" ~ .I f : j i If! d ! !! iii! i I ! I ; llkl : II !:!, ;:: I iii i;: !::! : : I : i ! I 11 I ill I :: , i: :1.! ,11 j ;!! i 

II~' .~.i;Jl[ll"· T'I1' : ";fl r l~:f I'~: 'lii' l 1111 illl I'lil :::1'1;::,. ;::: ::: I!:; I::; :!i! f"'1 llil ifj; ill: :11:" :::i 'I' ,it 1, Hili t -; I - t- 1m1-!" Ii tJtWtll1 t~;~: r;;: II:: :::: II;' :1'; ttl t'!; :L~:j.ttl·!!. ;1: t: '/-':' I n'h"j:' It I" T': 1+ . . ,tl ~ ,:'1 1::'1' tl'U1 .:' .1

1J
l I:; :::1 ;:::. :::: :::! ;;!t~'11 Htj, ;-,h·'l~·:·::.·I'~t '1 1'l t 111: i lr-j"n ;. . e' I'" I' rN' ,I . , I II' I 1 ; ... ".. "" .,,, ... , II' I ., i' t· I' I'r . ," it' t II 

if-j-t- -H-"--- :~ -~.r - -:' . J f I,; ,i;1 f IlJ H:-: :.~: iii: .:~: I::: ~4 ~ ;:-1 f~lt I+-!:~-f!. I;t,~. "H'lm' ,., ., 11·lt·" . j:Htt' i:!'·~~··":'~:':;--:+I" .', .: .... , ;:: ::-:: :~.:: ':-:-:l'~:-:-:-n'" 'I :;--:-""'1'" ., .• ,,':: ",i "j' . I 'Till I I' I I . ,,,. " ' " . . ., .,.'" .. "," " ", ,,' '1' t,' , , . ., . ,... , .. ... . ..to 

j -1 I, - I - :t. - -jl-I: t-- 0: ! n ,-I I I j " ; 1 :: I;: : : : iI' j: : ! 1 :lllii : :: :::: :: " . - :: i; :, I' '1' II ::: ~ : -:: :: i: ';: ~ :::: 1;:: 
T',:: 'Ii . ..l-,. '1'1' jI1I"lr·t'1 .. I' :h:: ;'1:: ;:;:~':l: :;'1-: !::1 : 't. :::: ;'::1:::: :::. ;:l:l+,li tm r::~ :Oo:: 1:~:-:::::::: :::: 
:i II' . i.: i I I ,IY: ! : j :.Li..~ : :; Iii '1 :; I:;,!: i:\:':":'~ ~:.i: ~~!~_~:; :; I! , iJ It i' : :.:! :.:. I::: ~.0.; ~.~e~ 
!11,11' ' ~I I I jjl/ I" [' IIIIC I::: :.: I,. :i:: J::: i: II ..• , ::;: ',:: :.1: 1'1: II'; 1':: :l:: I,. I::: ::::: .• : ::: "1+' 'j I ~ I I Ill'- ,"" .. " ,,, , .. , '''I ',' ." "" ". ""." ., 'I" '''' .. " ".' ., ..... 'I, t ,t- jill It,! ,,', I' ,II .,!'.1·,·,·",· "" 'j' f j'l It' I r I , ,. r', I "., . +, "', 

iT[1 iir f'11{'; IX:'! , 1"I'I'I'j" '1 . "I'tl:rH1: 1[1 ill: iii: ~i I;:i iiP'I:: :ii! :::: :::i :ii: III ",lin: i;:: iii: ii;:;!:; :::: 
,lil'I" I' ! , i' ii· ·1" ., .. " .. r\ ", ,,:1 "'~' I'" ",. ""'J ,I",,, ',' i:i:"" ".; , ... OJ 

';i.'[. !ft'~ Itl!i~'Ul\.~ i~I': -tt~ t'I""!I';11 iLi i~H~~':': rt Tll'rt1lTli i;~~;:::Tl;l:i: ('I:':: ~.·:.i.1 illl ,iY, f;ith~*~tti':.~TI;:i: ,~ 
;-'::-'--"r-t-n ~i.~ :-1/' [ IU 'l~ Iii: i::jf 'ill [.1 I":' ,::! !:j ;;; : 'i ::;, ;llt II: ,;,~ ;:i' 11:' I';: :;:j ::,: ··+tr"f· .. 1 ·.·~lN'···"· l"'t J I •· , .... , .'" 1:[1' ~UI" "! , •• ; '1.":14" "I. ' ... ·'··1 i 1}··tl····.·.,r·····1-'TJ 

.1+'. ,.". H't i: I" I . 1 :. .1 .. [ I I. 'I ; I' i: i:: I 'I I 1 II!:.::: 1 • i I Ii ; I ;: ; j' I I 1,'1 :; I!::: I: ,~ ,::: : i :: !::: +l 'I \ I· I' " ' I' N' I I ' I"'" I 'I I" I'" I I" , " ., I· , " '. ", "" .,'. I ,. ;" 1 .. ,. ~ -I 1"1 -'1 -,~_.~,.:" Il\.' - :1'.~~~':"~.:...!! I I' .:.. • ...:. ,: I !, 'i' ~I'I II "; ,j ~ •. ",) 1", ,", QJ 

:1 1: Willi 1'1'1 11:';\ ;I,i I 11" '1 1.1-,:::: :::' I ': ,':: I':' ,:;: ' .: .':' i:;\ ::.: :,:: ,I!I !I:I :i:I:, :::, :1:: 'i:: ;.:,@ 
: : Ii i :: I,i" :~. I' '\ ! '! 1 I:' ::.: ::;:. ,I,'; !: v,:! ,::. ;:: [\' :; :::: ::! I I:!: ,':: ::: . " " 
:~tl' "1"1"1':',' I:*i~:: :If ~'I' -lli ill: 1::: ':"'.' . I:!: ;:'i :'\ '.' :": "~I' "," ':',:: ::I',:!': ':',: ',: '.::' a:; 
" t I I I ! I "; t ;,. I I ! I I " "" .,' '" I " " • "!, I 1 ' , ., "+! I,., .' -,. , , :::: :::; ::~ ~j+~ !"t:·:+.:I~ : i ~.;4-!·i:::·::: ;.:: :;;,; I::;·:::: ;~.~:::;: :.::. ::;: ~:.~;~;~~ .:::.:~ ... :::Oo;.:.::::r::. III 

· ," '" I "., II~' " " " I I ' . ,I " ",. 'I' ' ," " .. " I'" ,,, li\" ,,,' I ." !N" . ': ,,', . " '" ." ,,,"'" > ~:~: :;1, 1'1:'- I; ':1 . "NJJ' 'IX III !!;i ~,:: :::: :-,: :;11 ,;:) :!:: :: :::: ::: ::', ,- :::! :;; :;:;: - ::: :'.:: ;',:; ::: 
· ;"l "T' .. ,.; .,. ·t+ I .j., ,," .. 111\. , . ". J I" .,.. "" '" I I'." :". I " '''' , .. "" .. ' '. '" I···· I •• "', ••• , '... • ... '. ; .. 

I! ill I ii' !i! I . ,i I t·/ i\; , : I~' II : ;'1.1 ii.i. I!:; :;:: ::: i : i i: I::: ::: i: , ; : ,i i i :: ! ;: : i: ;::: I': I' : I: i ::; i :,: i;::::: i :::: ::: ~ 
.'::' ";: ", ' : ti\":'1-;- ~: :11 ':1" :::::: ~.: :,;: :; ',: "::. ,:; :.' ~~: :.:: "I' "::' ::' :'::::.: :~..:.;-&.. ~ 
· ! 'I !. IU'I ,1(1 I' ,+1 I.llil \1' i!ttl j.L I" I I'" ':" "I' :.,' I,. I I.. ~" '''' .. " . Ii. fThI I: ! I "II ',. , '" '.' I '." '.'" en 11 t II " jl : I l: I ~,: ' l~J j': 'I t:; ~ ',: 'I I \ \ j II I;: j ~ I I I \::. ,'i; :;;. 'i'" I!: 1 I! :;: ' I ~ ;!:. ! I :; :; i, ;: I; ::!; So-

rrrr.I·I·ijiITi . 'j'lll Ii'r 11·11:···I·IIII~I·J:·" ~r 1~ i .1i.::i: i':;H::~.'I·If.l·I!:j :11,;: ii:! ii'; iii:. :::i .. I!li'WIi!. ·ll·.';:I~jli.:·I': it.,,:·::f; ~.:n rT:: ~ 
, j , j IJ _L _1. !l' !\l. ~ I! ~ 'i' I , , , ! I 11. ' 11 j' I ! ' : . I' I I ': 1'1..' .!J.I fm: I j I I " 't I' I I" I,,, I j , , s:: ntt "., 'I I' , '~j'-' r~"~:' lK ' l\ I' " 'Cihl-:-:·. ;;:-:. 1'1 t:, ·:i'·: 1-:-:, , ,. 'il~ ~T:' ::. ~ I' iT ". 71n -;-:-;-' 1-:--;':- -;:-;~i'0 H-:---:- 0 
:1 1, ';'1'" ill lit' II:' , \ ! .:: ': Iii: i:, 'II! I::: ,\:1 I:: :::'j: ::. ,I:: it,li: 1,1: I:' I:: '1:,' :1:: 1::. u 
:'i;::!~:·t·I'li··ll;'I·"· ~'I'-fl~i:il "i' ::l.;--i.jlio! .. :,:~ :::: if:, ::::::: .::,,;::! ill; leJ:i'H:i: I:: I::. lilt::::;]:; I 

I i I; i: if! I i II I il iii, If i I.' I i'L' i:: I I::: :<::: ::: i : i i: i: i! :: i I: ':, ::: : I:;:: :: Iii I; Lj ; i i ::; ::; i :: :::: I: :: : ~ 
, I ,I ~ I , ~ I , j , I" I" , ~;.~~~.... ,. I' '" , , ' " "":"~:-4":"," ~~ "" I, J J..L....{~ "~.~..:...~ I ' ., "" .[ 

" : :: ;:;: 1111 11'1'1 III:: II "h~' I,ll I' ~ :::; \\': . :: I': 'II 'I::: :':: :,,' ;',: .:: : : : !. ; :; : i'll' I:; I'~' !\. ::. :::;, I' ;', :: : ;':: res 
"., '''''. ,. " I'"'' L t..L f' ,,, , .. , '" ,,,., ... "" , ' " I~' i, i "/" , •• , I I . , :. ' , ., I'. ' , " I"·" .• , ...... ,·1 'jl, )1. 'I ,...,... . ...• )K" " ... " "" .,,' .'" .". l·', ... , ,., ':11 ." ". ,.' ". I .. r-
+·t+ .• +~. +1.11' + .,., "'j,," ., •. I +''tl " ... C'" .. , . ". "., "" ,." ............. ,,~ ... " .... " .• ! t:" ,. ,. :"K ..... ' ..................... , 
I::; I!:; :" ~ji I'J' I'll' j'l i,' Ii:: : :: :;: UN: I::: '''I ::', .'.: ';'~ :.:, : ,:;:: :::: il!1 ' ,'::' ;::. ':: ::ii I::' ::s 
:'" .," ", ~.I'I "8\ JJ' ",'''' ., .. " "" ,." .'" ' .. '." l,' , ,,,. ,,,' IL'""t:1l '.' ",1,1" " .. !." en 

'" ,j" I,~! Jlft ~, I' I , '1'1"'" , • "., ", ,,'" ,- -" :(~. ,-; ,II! ., ~, '" " .. , , .. , "" c .4.",,.-1--_ ,. '+~1' , . ~t .. ' .. ··Tt-- t" ·~t .~.+- .... " . ~ ........ " ., ........ j., .... +. .... ". " .... j+- ' •. '~ t. h ... + .......... ~ .. -. '\' ... - ........ ' ."-
::i: :::::p I" 11,1 :il!1 il:1 :I'il~;:: :::. : /i-\' ;::: ';:. :i:; :i:::i..," .,:.;: ::!: lli: :::: ;:' :': ::.: .·:·1:::: ~ 
• f j, 'i I-I -" I' 'II t j I 1/' It' t" ", I!" ":~~" "., "" ". I "" , : 11 " l,,:w ' . j ,',' "-,"!'" ",.".," II'" , 

.::::; 1-1 +: : ·tj~,l· '~;'i" : [r·Lf 1 J•

1
: l :: ;:;.~:;, !" i D':~ i I :;:1 ::;: :::: ::;. ~'i:;~: I" r: ~ :~,. I:: :::, .:., :.'. : •. :: ::::. :::. : : :: I ;_ J t 1 t ; II I ! I j 1:- ii' Li ( Ul '! ,k-H--. ;: : i '; , ;! ~::, : 1 ; :;" ,:,: : ~ .::: ::': ;; ~: t:: i ::::!:,'. :.: : : :: ;::: ;: ~ . 

· ! " I I" "\" II I' '1:1'T \ ' ,:'!': .. , ""~: . i·" ".., " , ' . '" " ,. ,.,. ,." ,.,' '." '" ••. . ,. ,'" "" N 

:iii'I'lllL ;;lj:!'j'I'I!J Ii' ·11!-J mi· iii; .~~,·i; I:~il:'~~'>'+~~; ;;,:i I::i :;:: i;~+':' ·i,: i;::~;:i; iii; :::1: :', ::: X··;; :;;: ;::: 'I~I: ---1 1 11--1 T1 I I -- 11 ttlj I' 'l.~~jJ 1 I tl'l " , I'I':~ -,I' !"I 't' j,ll t'l 'I" I'" " , ,I" II" 

1.THTtLtjJV "r:' .T~:llfn . !r:Tf.!: :'.,:; ~!~~::: l!TI 1\1 :!n Ii:: !:t'.t iT T.:: 1iJ;: jl't~:lllI1l1 I:: ;~:: ::;:~;';+:] it:.: 
;;;I~" ::!rt .: 'til i trl~ i'll: Itfttl: h::-f~7'i' ttj" ~~.~+fhnftji+ rh--i "i~: 'lTt~I'frirTn"lir i'jfrijii;! i lH ~ 
K+jt~llr.'-; <~-f-!"tt-- ~--!-If t 1'" .:::: :1: :::; ';'1 :'f 11'1, II I!t; !'l; ;::: :i;: !'I'; :!ft 111 ;" 'I': II': ;!.: I: : !:;: ,--'- . .,.. r·H.-l"IH·+·· t'" ·+t.·11"~:'· "'1 rx'l I -t I " IT" II" "'1' .,., ; •• ".1' ',. '1".'" ,- ••• ,·.I t ,.j-...... 'Ir" l-:i;---rj" oil ----ltl:!I-!! ~ I II:: ~:,; I,:: !~~ :~~: 1 II:, ,I j ,I: ,,!I I!': :l:~ 1':::1 ::~ ;I:: :1:: It!, i!!! ::;; I,:: · ::, d I.~,i I, : I ,I II , : I : I :: :::' • :: :". :, ~:: i. I i ~: :::: :. ~: :::: !!:: i !, I :!:: :.:' !:!. :':; :::: IY , : 

II Ii I [i'" .~ ltj! !J'i! i:, i ;: II i; i i ; .. : ::: ': ,ill I ~ ,:;, : .::; ::: C~· : :: r, !,.:, !.:.:.!. :, '.: I:" : ::: : : ;,::: :.:, :"t-> 
....It· f[ili£: .i; r' 't j . I . I ; ~ + II, \' ~ 1 if,...,: :: ::' .' . : • I rki· Wi: ::: :: :: :::: ~ :: : :: :~t--' 
:!dlil~ I) Iii Iii!! !:li !!!J! :i!f~:' ~I"_ ··i 1 ~ \;~i ;"'''' i:~:. :: ::; :1::!: :~::-:' I:::' :::::r(~ 

TnTltTi't!ll j,n'l rOolitil'lir!1Tli lin t:itl'~"j:i ::::':' . :. : . :·t~ ';;: ::" :.: "'1:': ':.: ... ::: HF :i":' ::::- :'::::T~:: 
'I-II"'! tH~1 t-:-,'fl-'I" 1-11,'1 tlH-+ i H.! , 'I:;: :.:: :"'l "'I i !'I'I:! :':::J: I:': ':i:: ;,:f,l

i H~,:~. :·:Ii,i:, ,;,,::,: '.;, ;:,',:':,1 :.:.: :, I J'il I I I ' II 'i' I! I I: I i Iii i'! " i :.:: ..: :. ': . I : .:.: .:,: I' I I:" '" , " . '." I' .. ' 
1_ 1_ t ~ 1J 11:1 ' Ij:! "tl t j "':"':"w'_~_~I......" ", ."t..!...:...:....: ~",:~, !I'I I ..:.l' "~I' "'I ',jl. 



% CONVERGENCE 
Ix - x I 

= 100 00 r'1 
X 00 

FN (r = 0) I! T = r-
a 

a Bilinear 
II 

Bilinear Linear Ii 
II Bilinear 

c/h Bi 
I' 
I! Linearl M 

0(h)4 0(h)4 Ilo(h4) Ilo(h2) 6 

Ii II 
" 1 22.4 27.4 II --- --- !! ---

[: II II 
2 10.8 11.8 ii 28.5 --- I: 34.3 

II 
i1 17.8 4 5.2 5.9 Ii 14.8 1.2 

II 

8 2.6 II 7.4 0.02 II 2.8 II iI 8.8 
16 1.3 

II 3.7 0.06 II 4.4 1.4 If 

II I. 
Ii 

32 0.6 0.7 Ii 1.8 0.01 il 2.2 

0.3 Ii 0.04* Ii 64 0.3 0.9 1.1 
" --.L I Ii 

(a) (b) 

(a) linear h + 0 F = 0.953 
00 

(b) linear h + 0 F = 0.862 
00 

(c) U = rr/2 
00 

a = 1/2 
00 

(d) FNwN_l + rr/2N 

-4 * Inaccurate to 10 

I' 
I II I Ii , 

U U Ii FNwN 1 6 6 6 II I - 6 

I 32 --- II --- --- 61 

11 21 --- 10.2 33.4 6.0 ,111.9 
,I II 

1.2 :: 10.3 0.30 17.2 1.1 115.5 0.9 
Ii 0.06 5.1 0.07 8.7 0.21 II 0.22 II 2.7 

0.10 II 2.6 0.03 4.4 0.05 ;1 1.3 0.05 
Ii ii 
il 0.004 II 0.04 1.3 2.2 0.013 ,i 0.6 0.012 
Ii 

I! 'i 

0.03* ii 0.6 0.007* 1.1 0.004 ij 0.3 0.018* 
Ii 

I. 
Ii 

(c) (d) 

18/3 = 0.943 

TABLE I 

Linear 

F
N
w

N
_
1 6 

19.9 

9.3 1.28 
4.5 . 0.24 

2.24 0.05 

1.11 0.013 

0.55 0.004 

N 
a 
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