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Runge=Kutta Mothoda, WNurapioal Awalyeta, Ordinary Diffavantial
Bquationa

Scalsd Rungo-Kutta Algorithms for Handling Densc Output
Summary

New, low order Runge-Kutta dlgorithms are devoloped which dotor=
mine thé solution of a system. of ordinary differential equations -
at any point within a given integration step, as well ds at the
end of each step.-The new, staled Runge-Kutta methods are designad
to be-used with existing Runge=-Kutta formulas., using the deriva-
tive evaluations of thesé—defining algorithms- as the core of the
hew system. Thus, for only a slight increase in coputing tife,
the solution may be generated within the integration step, improv-
ing the efficiency of the-Runge-Kutta algorithms, .since the step
length need no longer be severely reduced to coinside with- the de-
sired output point. Scaled Runge-Kutta algorithmg are presented ‘
for orders 3 through 5, along with accuracy comparisons between f
the defining algorithms and-theixr scalefl versibnd_for a test pro- !
blem,

Runge-Kutta-Verfahren, Numerische Mathematik, Gew8hnliche Diffe-
rentialgleichungen

Skalierte Runge-Kutta-Formeln f£iir dichte L8sungsausgabe

Ubersicht

Neue skalierte Runge-Kutta-Formeln dritter bis finfter Ordnung, !
die die L8sung eines Systems von Differentialgleichungen an be~-
stimmten-Punkten innerhalb und am Ende eines jeden Integrations~ {
sthrittes bestinmen k8nnen, werden hergeleitet. Die neuen skalier- 3
ten Algorithmen wérden unter Verwendung der klassischen Runge-
Kutta-Formeln ehntwickelt und bentitzen deren Schema von Punktionsg~
auswertuhgefi, Auf disse Weise kann die LYsung innerhald des Schrit~
tes mit wenig mehi Rechenzeit bestimmt werden, so daB die Lei-
stungsfdhigkeit der Runge-Kutta-Methoden in hohem Grade verbessert
wird. Die Genauigkeit der LUsungen wird mit derjenigen der klassi-
schen Pormeln an Hand eines Beispieles verglichen.
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1. Introduction

= e e

Tho Runga=Kutta (RK) algorithm, dosignod to troat tho initial valw
uo problom

(1) ettty 4 ylto) = yo

where y is an n-vector, is an explicit, singlo-stop algorithm
which uses a linear combination of derivative ovaluations to ap=-
proximate a truncated Taylor serics. Tho high accuracy and the
simplicity of the algorithm lends itsolf trcadily to the solution
of many classes of ordinary differential equations (ODLs). To pay-
form efficiently, howevér an RK method must operatt with an opti-
mal step size, consistent with the specified truncation error cri-
teria., If frequent data output is requested, e.g., in iterative
schemes to determine the perigee or apogec of an orbit, this ef=-
ficiency may be raduced sidgnificarntly., This difficulty arises be-
cause the Runge-Kutta algorithm generates the solution of the ODE
only at the end point of the integration step, _thus requiring step
size reductions to output.data at specified values of the indepen-
dent variable. Shampine, Watts, and Davenport (4], however, have
shown that such adjustments to the step size seriously impair the
efficiency of the method. The Runge~Kutta algorithm must operate
using near optimal step sizes if the method is to be competitive
with other numerical methods for solving ODEs, and, thus,..an al-

ternate technique for treating the prollem of froquent data output
is essential.

Scaled, Runge-Kutta algorithms may be developed which determine
the solution of the ODE at any point t* = to +0 h, once the solu«
tion has been evaluated at t4 = to +h, whera the scaling factor,
O, generally ranges between O and 1. By using the derivative eva-
luations generated to obtain y(tq), this now scaled solution may
be dotermined at a cost of, at most, only a few additional deriva-
tive evaluations. Thus, for a given RK algorithm, a family of
scaled algorithms may be doveloped, which, when used in conjunce
tion with this defining algorithm, gives the solution at any point
within the interval of integration,
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The dorivation of tho acalod algorithm is given for ordors throo
through five, hoing applied to coofficionts of dofining algo=
rithms dovolpod by E. Fohlborg (1) and D,G. Bottis (privato com-
munication). Numerical rosults, tomparing tha dcouracy of the
ocalod nolution to tha accuracy of tho dofining algorithm, are
presonted.

2., The Scaled Runge-Kutta Algorithm

The Runge-Kutta algorithms of order p, uscd to solve Bgqn, (1.1),
assumes the form

r
(2.1.a) ¥y = yo +h 2 Cj fj
j=0

where
(2.1.b) £o = £(to, Yo)

and

J=-1
(2.1.0) fj = f£(to +ajh, Yo +h kio Bj,kf

k)

for j =1,2,...,r, where the a, B, and C coefficients have been so-
lected so that the algorithmic solution, y, is equivalent to a Tay~-
lor sum of order p. Specifically, a term by term comparison of the
Taylor series expansion of the algorithmic solution to the Taylor
series expansion of the solution vector results in certain trunca-
tion error coefficients, TECi’ +-i.e., expressions in a, B, and C
for each order, i, with h] =1,2,...,Ai whete Ai increases with in-
_ercasing order. For an aldorithm to be of order p all chi' must
vanish for i =1,2)000pt 3 =1,2....,A1. These vanishing trunca=
tion error coeffitients are referred to as cquations of condition,
(8co Table 1.)

The Bj o Mmay bo determined from the relations
’
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(2.2 kin uj,k a4,

for j ‘,Bgt.ljrv

The form of the gealod algorithm parallels that of tho dofining
algorithm sinee the officloney of the new methods regquires the

use of the derlvative evaluations (2.1.b) and (2.1.¢) as the eore
of the new systoem. One assumes that the solution has beon advancod
from to to ty =te +h, f.c., that fa, f,,.'.,fr have been detormine
ed, and that the solution ig requlred at some intermediate point,
LYy “to +h* =ty +0 h, with o a scaling factor, where generally o ¢
(0,1). More speclfically,

(2.3) h* = g h .

The scaled algorithm assumes the basic form of the defining algo-
rithm

re
(2.4.a) y(ty, +h*) = Y¥=yo+h* 5 Cx ¢
j=o0
where
(2.4.b) £8 = f(to, Yo)
and
3=1

(2.4.¢) f§

it

ftn g s vo e sy

for j =1,2,...,r*, where r* 2r, 1f a* and B* are chosen so that

for j =1,2,...,r, then the major oxpense of applying the algorithm
has been avoided since 4, fa,‘.‘,fr have already been determined
during the evaluation of y(tq). Thus, only fr+1"“'fr* need to be
evaluated, Comparing eqne (2.1.b) and (2.1.c) with (2.4.b) and

(2.4,¢), respectively, gives f§ =fj if




(2,06,a) a5 @ ajh/h* " qj/o
and
(2.6.b) B§,k o aj'kh/h* a Bj,k/c

for J®m1,2,...,r1 k®0,1,2,,..,3=1. Thun, many of the coefflelonto
of the scalod algorithm are prodetorminod, Lolng related to thetre
corrosponding cocfficlonts in the defing algorithm by a factor of
1/0.

Tho solution of the scaled algoritim depends upon the asuumpt ions
imposced during the dorivation of the defining algorithm, f.o.,
these assumptions must generally hold in the sealed systoem in
order for the new system to satisfy the same oquations of condi-
tion. Tho most gehoral assumptions imposed during the developmont
of the low order RK methods concoern the torms

3=1 i

(2.7 p k§1 Bj,kak '

=

Jod

since setting

(2.8) p =a;‘+1

304 /(i +1)
for 1=1,2, §=2,3,...,r, causes a numbor of cequations of condi-
tion to become redundant. Clearly, after substituting the scaled
patamoters, eqn. (2.8) is also valid in the scaled system. An im-
portant consideration is the analysis of the higher order trunca-
tion crror coefficients and the stability properties of the algo-
rithm which are the major criteria used in the seclection of the
coeffivients for the defining algorithm. In general, during tho
‘solution of the cquations of condition, scveral a, B, or C para-
meters remain as free parameters which may be selected to reduce
the TEC of the noxt highor order improving the accuracy of the
method, Thoses same paramcters govern the stability propertics of
the mothod, i.c,, they determine the crror amplification or damp-
ing due to the algorithm. Fof the linearized equation, y' <Ay, the
orror amp}ifieation factor, P(Ah), is detormined by the polynomial

10
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o Ay -y T g vy, (Al
ke ki keopdopsy 7

Where tho v tere are exproosionn ina, 0, and €, and whore h i
the gtop wige and A o0 an olgenvalue of Lho Jacobdan matrix,
Ui/, cvalnatod at ¢ Ly, AR Y dofines Lhe stabllity hound=
ary tor a glven RE algorithm. Remomboring that b will bo pealod Ly
e the TES terms and thoe stabllity polynomial will alse bo affoot=
cdopigulfleantly by thio sealing parametop,

The cxponse of apq lying the sealed dlyorithm is determined by the
nuber of add it fonal dorivative evaluationg required. for the third
order method studiced, no additional dorivative cvaluations are
heeded, boew, the solution may be obtained at any intormediate
value of the fndependent variable at a cost of only a few arithe
metic operations used ih generating the C*f covfficichts., Using one
addit fonal derivative vvaluation, a fourth order solution may be
determined anywhere within the integration step. After this addi-
tional c¢valuation has becen genorated, the solution may be computed
at furthoes values of t at a cost of o fow arithmetic operations,
The coamplexity of the solution of the fifth order, scaled algorithm
dictates the necessity of two forms of such algorithms, For two
additional derivative ovaluations, a fifth order solution may be
determined at any point within the inteqration step (Horn, [2)),
Bach further solution, however, requires two additional derivative
evaluations. Thus, for dense output within a given step, a second
form of the sealed, fifth order solution is heeded. Using five ad-
ditlonal derivative evaluations, a £ifth order solution may be ge-
nerated within the integration step with the added advantage that
further solutions may be determined witl: ho additional derivative
evaluation expense, Such a formulation is of particular importanco
in fterative schoemes involving an RK integrator,

11




3. A Third order, fealed Rungo=Kutta Algorithm

Using a third order, Runge=fiutta algorithm (due to Do, Bottin,
see Table 2,a), having an ombeddod socond order swlutioen fop ntop
8126 centrel, a uvuled, third ordox alyorithm r ¥ ho doveloped
having eemparativoly low truneation orror coo. ¢icichls throudhout
tho intorval as woll au reasenable stability propertico,. 8ince the
dofining algorithm, 2R1(2)3, hao the advantage that the finul de=
rivative ovaluation for ono step vgualy the inftial ovaluation for
tho subsoquont otop, third ordur solutions may bo cevaluated at any
valuo of tho indepundont variable at a cont of Lhreo ovaluationy
pur intoegration stop (plug the arithmotic operations required for
thu €* couffielonts), unless the selution is to bo advaneod from

a sealed selution cvaluation, in which case one a.d topal el
vative ovaluation is noeded,

The equations of condition for the third order s+ale- 3 L
are

Lo

(3.1)  cs ad +ct of vct ad vor nd 0o/ (gl .
]
for § =0,1,2, where ae 20 and @:

(3.2)  CH Ba,104 +CY(Ba, 104 +By,204) = 08,7

whore the a, and B ,k Cocfficients arc from the defining algorithm 4
(Table 2.a.), while the C* 'coefficionts arc the waighting factors é
in the scaled algorithm. These same oquations determine the coof- 53
ficionts of the defining algorithm, cxcoept that C3=0 aud the Bs,k ﬁ
coefficients are defined by B3,k ack, where the Cys may be written P
solely in terms of the @ cocfficients, The C* covfficients of Lhe T
scaled algorithm may thon be writton: ' a

(3.3) cf = 20020 =3) (2 =3a,)

6as (04 =8,) = «g{20 -3)/3

(3.4) g = =0(20 ~3) (2 -3a,)
6aa(ag ~ay4)

= «49(20 -3)/9

and

12




(3.5) ‘% s0¢ -«
with
(3.0) 8= 1 - (Ct +C3 +C%) = (9 +0(~12 +50))/9 .

Table 2.b presents valucs of G, the Buclidean nbrm of tho fourth
order truncation error coefficioents,

A

i 1/2

(3.7) GI = { & T; ﬁ) B

k=1 !
where the order of the TEC terms i =4 and where the number of
these terms for order i, Ay =4, with the Ty ,x coefficiants—(given
in Table 1), as well as tne stability limits on the real and im-
aginary axecs, R* and I*, for various. values of o, Results compar=
ing the accuracy of the scaled algorithm to that of the dofining
algorithm for the problem in Section 7 may be found in Table 2.c.

4. A Scaled, Fourth Ozder Runge-Kutts Algorithm

The fourth order, Runge-Kutta algorithm due to E. Pehlberg (1],
having an embedded £ifth order method for step size control, has
particularly desirable propertics for gcaled algorithms. More-spo=
fically, once one additional derivative evaluation has been made,
the solution may be determined at any number of points within the
given step for a few arithmetic operations, while still maintaine-
Ing the accuracy of the defining algorithm.

Since eqn.(2.8) is imposed for i =1 and 2, the only remaining egua-
tions of condition roduce to:

6

(4.1)  © e ad = o¥/ (441
ko F K

for j =0,1,2,3, where ao #0, C% =0, and

b

4.2 « o) =
(4.2 kiz Ck ap Bk,1 0 R

PO

i e

P




for J =0, Sufficiant parametors oxist to solve Eqn, (4.2) for
J=1, a £fifth order torm,.which zagults. in overall lower TECs,

8ince sévoral solutions arg sought within the stop, tho a3r1 co~
efficient may not ba ustd to solve Eqn. (4.2). Instcad, bnly the

C* coefficionis are available for generating the scaled solution
with the Be,k' for o =1, dﬁtermino@ form Eqn. (2.8).and theo re-
maining Ba,k related to Bs,k by a factor of 1/0 for k 20,1, cuepB.
(At first glande, a solution appears possible for r =5, Bqn, (4.2),..
howaver, would rogiire infinite c*'coefficionts.)

Eqn. (2.8), for 3 =1 and 2, detérmines the scaled B¢ , and Bt s
.

Goefficients with the unscaled 66._1'36,2' and 66,3 as free para-

meters, giving

3
ag(2ae ~3ag) ~6 & B (& =-ag)
6 & 8 k=1 6‘.k 'ak “k -

60 a4 (&, ~Gg)

(4.3) Bé;ﬁ..

with 63,5 determined. By permuting indices 4 and-5, where * denotos
cogfficients from the scaled algorithm, while the absence of * do~
notes coefficients from the defining algorithm or az or Bg,k for
o=1, Bgh: (4.1}, for J =1.2,3, determines C%¥, C%, and Ck_in terms
of C, c#, and o iqn. (4.2), £6r j =1 and 2, then gives Chand C¥
solely in terms of o.

(4.4.a) c} = (AR, :DD3CE +EE,CH)

LI e

WHOLC v i e+

(4.4.1) 2 b, ok
4.b) Ang = I DB, oK.
Koy PPz 2

= (03/4 ~03%({a; +a4)/34c 8304 JAds (ay Gy} (0 ~a4,))
(4.4.¢c) DUy » ~aq(af -Gy {Gatdy) $83a4) /(0 (a; a3} (ag ‘Qoli
i ) (3.4.4) EE; » «qq (af ~Qg (da¥dy) +a,04)/ (ag (as =03) (Gg =g )}

with c3 aha ct detefmined by" permuting indices, 2,3,4...The.Cy and
i terms becoma




(4.,

Ldy s

whoet o

(4 5.an

aind

] (A.0)

3 b,z,-,l< =D 3|
cd b ) pag ol
’ 5.1 bBiibas ~bagbyg
b baaday = baady 3
R el PR el
8 fe
b, LDD, G 3
L S e T
M
. MO 3=
Piya s BoER a0 ey
=2
4
i-1
.= 5 BB f 3
di,j k=2 K, %k Lk,1

e Gy, and
(4.6.a) ¥
(4.6.b) %
(4.0.¢c) C}
h

(4.6.4) Ch
(4.6.0)
(4.6.1)

e

whe re Dha =1, DDg =0, Bls =0, and EEe =1, Then all C* coefficients
miv he writicn as polynouwials in o,

Using the RKF(4)5 coefficionts listed in Table 3., and chosing

Per 1 =Bera=Py,a <0, the scaled coefficients become

o = 1 +-0(301/120 +0(=-269/108 +0(311/360)))

= 0(7168/1425 +0(-4096/513 +0(14848/4275)))

¥ J(-285061/8360 +0(199927/22572 +0(-371293/75240)))

= J(57/50 +a(~3 +5(42/25)))

L= a(=96/55 +0(40/11 +0(-102/55)))

913/2 +a (-4 40(5/2)))

15
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with ¢¥ = 0, and.

(4.7-a) B&o = B¥,u = 1/(6 o)
and

(4.7 Bls—=2/(3 0) .

As ¢ approacheas unity, all fifth order TEC approach zero, giving a
trus £fifth order solution at o =1. One should note that since the
ad and.Bg'k coefficients dre multiplied by o during thé evaluation
of £&, £% remains unchanded wheén differing values of o are used,
Therefore, f¢ needs to be evaluited only once, .

Coefficients for the defining algoriihm, RKF(4)5 are listed in
Table 3, with the values of (e} 4 Egn. (3.7), the Euclidean norm of
the fifth order truncation error coefficients, as well as the sta~
bility limiteg along the real and iaginary axes,.being presented
in table 4.a for various values of o, Accuracy comparisons between
the fourth order solution and the fourth order scaled solution are
given in Table 4.b, with results for the fifth order solution hav~
ing a scaled, fourth order solution being given in Table 4.c for
the problem stated in Section 7 v—e

5. A Five-~Stade, Fifth Ordex, Scaled RK Algorithm

Due to the complexity of the equations of condition for the £ifth
order, Runge-Kutta method, the generation of g fifth order, scaled
algorithm requires more additional derivative evaluations than are
néeded for the lower order, scaled solutions. To generate a scaled
solution which is valid for all values of o, once the get of addi-
tional evaluations has been made, requires five more function eva-
luations (five stages). Such an algorithm is ideally suited for
the problem of dense output, e.g., for iterative schemes over a
given step.

16




The equations of condition for the fifth order RK algorithm are

given it Table 1, with additional assumptions, Eqn. (2,.8), being
used to force some of these edquations to becomé redundant. Eqn.

(2.8), for 3 =1 and 2, reduced the equations of condition to

r#
(5.1) z_cy a%‘aoi/(i-#‘l)

j=0
for i =0,1,2,3, and 4,
r¥ i
. - . 2 =
(5.2) = (5.4) 4o1 C§ aj Bj,k 0

with £ =0 or 1 for k =1, and with i1 =0 for k =2,

r* j-1
(5.5) iiz cj Z j,k af = 4/20
and

r* =1
(5.6) T cx 3

s=4 3 xo3 "3k Pr,1 2O

where r* =10 and where * indicates coefficients in the scaled als«
gorithi, while the absence of * indicates either coefficients in
the defining algorithm or o, B; x for o=1,

’

The solution of (5.1) requires the inversion of an nxn Vandermonde
matrix (i.e., a matrix with element V1 '3 =“§+k3 where ko i8 a con~
stant), whose analytic solution involves the coefficients of the
Lagrange polynomial, with the coefficients given by

n,
T (X =) n
o k=1 M 3-1

1] -
k=1 (g =iy
on the defining set M=(u1,...,u } where ' indicates k *! and where
ay, j is the (i,3) element of the inverse matrix.

A scaled, fifth order algorithm in which the solution may be de-
termined at any number of points within a given integration step
at a total cost of five derivative evaluations (plus the arithmetic
operations used in evaluating the new C*s for each solution point),

may be derived by setting the cj, coefficients of the existing fj




terms-equal to zero. Thes, by adding five new derivative evalua-
tions, £3, £, £5, £3, and-£%,, with 63'1 =B;'2 =0, for 3=6,..,, ...
10,.and imposing Eqn. (2.8), .for i =1,2, and 3, the remaining
equatiofid-of condition becomas 1) Eqn. (5.1), for & 20,000 ,4,

and 2) Bqn. (5.6). Egn. (5.1) detérmings all C* coefficients in
terms of one C*, aay ¢{, while Eqn. (2.8) determings 63"3, BY, 40
and -33'5, £ § =6,..-,10, with Bl:hﬁ""'slt,kﬂ r k=27,...,30, as
free parameters. As in the fourth order, scaled. algorithm all

B;,k toefficients are-related to their corresponding g k for-

¢ =1, and-thérefore, £5,...,£%, need to be evaluated only once

for..a given integration step. The C* cosfficients may Be written—

4 4
(5.8)  C§g= 3 (ay ¢ o° k/((6-k)aj+6))-cz(k§1a§ k

k=1 aj ,S‘k/o’j+6 )
. aa * + B8, . ct
k=1 _lG Xk i+6 ¢

with j=1,2,3,4, where the. aj g terms are defined on the set
’
M = {ar.06,00,840} o _Ean. (5.7), and the 93,k coefficients

3
S~m
(5.9) B§,k = mi1 (o.j / (5-m) KKj,4-m) ak-2,4-m/(° o.j)
for j=6,7,8,9,10, k=3,4,5 where ak-2,m is defined on the set
M = {a3,a4,as}, Egn.(5.7), and wherd
3=1
£ k

= Q

(5.10) Kk, 2 B3n %

for 3=7,8.2,10 with KKe=0. Now defining

3=1
(5.11’ SSj = k§3 Bj,k Bk,1 ’

and solving Eqn. (5.6) , C& may be written as a polynomial in o,

10 4 Xk
-8 (3 AAj 'kssj a™)
(5.12) ¢cf = =7 k=1

10

88¢ + & BB,SS

g=7 3 3

from which all Ct terms may be written as fourth order polynomials
in o,

18




(3.13)  cy = oldy 4 +3(ny , +o(Ay 5 +on, 1))

for 4=6,7,8,9,10, where C;’O' for j=1,2,3,4,5 and whore
C¥=1-(Cy+cleca+c+ct,) .

Coefficients A )k are listed in Table 5.a, for the defining set,
RKF(4)5, (Table 3), while the norm of the sixth order TEC terms,
G4, Eqn.(3.7). and the stability limits along the real and ifa-
ginary axes aré listed in Table 5.b. Test results comparing the
accuracy of the scaled solution to that of the defining algorithm
are given in Table 5.c for the problem statéd in Section 7.

6. A Two Stage,. Fifth Order, Scaled RK Algorithmh

The RKF(4)5 algorithm has a fifth order, scaled solution available
for only two additional derivative evaluations, (Horn, [2]). (Each
additional solution, however, requires two moré function evalua~-
tions.) Efficient use of such an algorithm may require a priort
knowledge of the o values, since dynamically generating the scaled
coefficients could use more computing time than the actual deriva-
tive evaluations. Thus, one may need to use o values for which the
scaled coefficients have been stored. By adjusting the step length
externally so that the desired output point coincides with a prée~
determined value of o, the Runge-Kutta algorithm may be operated
at near optimal step length, while still determining the solution
at the desired output point. For dense output within a given step,
however, the five stage algorithm + (Section 5), is more efficient.

While a single stage, scaled solution appears possible from Eqns.
(5.1)-(5.6) , 8uch & derivation leads to infinite C* valués (for o*1),
80 that one must impose two additional derivative evaluations. Then
Eqn. (5.1) may be solved for 3=1,2,...,6, giving

(6.1) .. = 1 07K/ ((8=k)a,,,)
* J+1 k=1 aj,7"k / uj‘f"

defined upon the set, M={aa,a3,...,as} for 3j=1,2,...,6, where ct=0,
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and whore C§ is dctermined from
(6.2) C8 = 1~ (CY+CR+CE+ChECE+CE+CE)

Eqns.. (5.2)-(5.4) determine B%,+ ,8%,,, and 8%, with B2 as a freo
parameter, giving

(6.3.a) Bt,1= (Rq-Koav)/(Cﬁp(de‘af))
and
(6.3.b) B#',= (K,-Koas)/(c;c(a,-ae))
where

> osad
(60300) Kj = -kﬁz cﬁakgk'l
for j=0,1, and

6

(6.4) 62’3 = -(jzz C§Bj'2)/(o c3) .

With B:'s as an additional free parameter, Eqns., (2.8), for i=1
and 2, determine B:ls and BS'“,

(6.5) B:'s = (Ky=K,a,)/ (o Gy {ay=a,))

and

(6.6.a) Bt',. = (K,=K,a,) /(0 Gy (Gy=ay))

where

(6.6.) Ky = af*'/(441) 80,1 ol -Beraabope,s ab

for i=1,2, Egns. (5.5) and (5.6}, along with Eqns. 2.8 for i=1,2,

3=7, ddtermine the remaining unknowns, B% s+, P%,, B3, and B3 ..
’ ’ ’ ’
Bqn. (5.5) qgives
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6
{6.7) Poya = (O“/zo"jﬁz C; Pj’_zl/c!; '
and
J=1
(6.8 Sj =¢ k§3 Bj:k ﬂk.—‘l/c,'l !
glives
6 5
-2 8

37,258 Py

(6.9.2) by ¢ = =4
where

(6.9.b) A3 = (Ka=Ka(Gu+Gs)+K1auas)/ (02 (Gia=as) (az=as))
(6.9.¢) Ba = -ag(ad-ae (du+as)+auts)/ (03 (G3-04) (G.3~as) )
and

(6.9.d) Ry = Py ,~By4ai-By,aal

with A4, Bs, As, and Bs determined by permuting indices 3,4, and
5 on the a terms, The remaining Bg'k‘a may be determined from

(6.10) B3, = a 4B, By

for k = 3'4'5 .

The free parameters, a#, a%, ag', and ag',. may be used to reduce
the sixth order TECs for a given value of o. The RKF(4)5 coeffi-
cionts, Table 3, have sixth order TECs which are quite sensitive
to the choice of a$ and a4, but, in general, only mildly sensitive
to the choice of 6:03 and B:'a. In fact, one may sot the free BS‘k
terms to zero without greatly changing the resulting norm of tho
TEC8, G}, Egn.(3.7). Suagested valuss of a? and a$, and the re-
sulting G} are presented in Table 6.a for a wide range of o, while
Several sets of scaled coefficients are presented in Tablo 6.b,
Test results comparing the accuracy of the scaled, fifth order so~
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lution to that of tho dofining algorithm aro givaen in Tablo 6,.c
for tho tost problom statod in the following pootion,

7. Taot Problem

The two-body problom with an olliptical orbit of eccentricity
0.6 is described by the following system of &quations:

(7.1) Y% ¥ar Y=y, yis =Y /r3yl = ~y/r3

where r = (y3+y3]™, and where y,(0) = 0.4, y2(0) = 0.0, y3(0) =
0.0, y4(0) = 2.0, The sblution at t may be generated-by solving
Kepler's equation, u - 0.6*sir(u) = ¢, for u giving y4(t) =
co8(u)=0,6, ya{t) = 0.8*sin(u), ya(t) = ~8in(u)/(1-0.6*cos (u)),
and y,(t) = 0.8*cos (u)/(1=0.6*cos (u) ).

The solution of Eqns. (7.1}, has been geherated for several speci~
fied accuracies, using the RKF45 goftware package due to Watts and
Shampine [3), whose core is the RKF(4)5 f£ifth ordex solution. Thig
package has also been adapted into an RKT23 routine, which uses the
RKT(2)3 coefficients for geherating a third order solution., Both
software packages were operated in a step-by-step mode with the
resulting solution for each 8tep being scaled for various values

of o. All.compulations were performed in double precision (16 di-
gits) on the AMDAHL, 470 V/6 and IBM 3020 computing system, opera-
ting system 08/MVS, (using a WATFIV compiler) at the DFVLR, Ober-
pfaffenhofen

The average of the absolute value of the errors of each component
during one revolution, (0 <t <2n), are presented in Tables 2.¢,

for the third order, scaled solution, 4.b and 4.c for the fourth
order, scaled solution, 5.c for the five stage, fifth order, scaled
solution, and-6.e¢ for the two stage, fifth order, scaled solution,
whete the defining solution has remained unaffected by the scaled
solution. The solutions for the third order integrator are listoed
for roquested accuracies of 1.b0-02 and 1.0D~04, whereas those for
the fourth and f£ifth order solutions arc listed for 1.0D-04 and
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1.0D-06, nince, in geneoral, ono would oporate tho twe mothedo uaing
difforont spocifiod tolorancos., Tho tablos show that tho sealed
nolutions maintain tho accuracy of tho dofinihg algorithm. Of par-
ticular importanco are Tablos 4.b and 4.0, which comparc tho fourth
nrdor, scaled solution with tho dafining algorithm being oporatod
48 a fourth and a £ifth ordor mothod, respoctivaly. Tho RKF(4)5 une
scalad solution in Table 4.c (of f£ifth ordor) is used to genbrate

a fourth order scaled solution. Thus, tho fourth order crrors in
tho scalod solution result from the local trancation errors and
not from the conditions at the beginning of the intégration step,
which are of fifth order accuracy. Since the crror estimate ro-
quires that the differcnce between the fourth and fifth ordor so-
lutions be less than a prescribed tolerance, ona would expact ox-
cellent agreement between the fourth order scaled solution and tho
fifth order defining solution. Thus, for determinina data through-
out a step, the fourth order solution may suffice. If, however, the
solution 18 to ke advanced repeatedly from a scaled output point,
the user may wish to generate a fifth order scaled solution, since
frequent use of a fourth order solution may tend to degrade-the ac-
curacy of a fifth order, defining algorithm.

8. Conclusions

Scaled Runge-Kutta algorithms which generate the solution of an
ODE within a given integration step have been developed for orderg—
three through five. Each scaled algorithm is used in conjunction
with a defining Runge-Kutta algorithm with the derivative evalua~
tions of the defining formula forming the corc of the new scaled
methods, For the third order, scaled solution, no further deriva-
tive evaluations are required, while for the fourth order, scaled
solution, any number of scaled sBolutions may be generated within a
given step at a total cost of only ohe added derivative evaluation
(plus the arithmetic operations involved in generating the scaled
coulficients). A scaled, fifth order RK solution is available for
an additional two dorivative evaluations, but cach further solu-
tion requires two more such evaluations. This two stagc, scaled
algorithm may also require storage of the RK scaled coefficients
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for spoeifiod valuos of the gealing parametor or g priop! knewladgo
of tha dosirod output peint if tho ecomputing time for tho soalad
coofficiontn equalo that noodod for dorivative ovaluationa, A mero
gonoral fifth order, sealog algorithm pormito any numboxr of solu=
tions to bo gonoratod during a givon otop tor a total of fivo addi~
tional dorivative gvaluations, making tho mothod moro suitablo

for donso output within a givon stop. Tost roosults show that the
accuracy of tho goalod algorithmic oolution ig comparable to tho
acouracy achiuvod using tho dofining algorithm,
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Table Za——cocfficients for a Runge~Kutta (Sccond) Third Orxder
Algorithm, RKT(2)3

1 a B ¢ ¢
bl Jok b] b]
k= 0 1 2
0 0 172 279
1 172 172 0 173
2 . 3/4— 0 3/4 0 4/
3 1 2/9 |4 BE— Tyl 172 0

Noté: 3rd orler solutiohs are formed with Ej coefficiehts;,
20d order soiutions are formed with cj coefficients.

3
Error estimate = |y - y| = | z (tc - €y « fj) |
3=0
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Sigma

F' 0,00

0,05
. 0. 10
X 0, 18
0.20
0.25
0. 30
2. 35
N.40
, 048
i 0.50
0. 58
0.60
0.€5
010
0.75
0.80
OQ 85
0.90
0.9%

ILEC |
4
0. 4141199n-01

U.3393366D-13
3. 13948760-02
0.3)58796D-02
0.5325054D~92
9. 3433857D~02
J. 1256625D-01
0.1379347p-01
0..1)026080-01
7.2218770D-91
0423218870-01

0. 2307299D-01

0.3471779D-01
0.3312337D-01
0.3528387p-1
0.3717357p~01
0.3377359D-91
34706443 D-n1
0.4101979D~01
0.4161061D=-01

Stabiliey Limits: Real axis,

Ivaginaty axis, T

*
R

(~2.512, 0)

{(-8.066, 0)
(5681, 0)
(~4.648, 0)
(-4.046, 0}
(~3.5u4, 0)
(=3.354, 0}
(~3.136, 0)
(2. 966, 0)
t-2.831,_ m)

~2.722, o)
{~2.634, 0)
{-2.564, Q)
"'2. 508' ’))
{-2.456, 0)
(=2 036. 0)
(-2. 418, 0)
{-2.414, 0)
(~2.424, 0)
(~2.454, 0y

* *

B e(rR, 0y
* *
e{d, 1}
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Table 2.8 Characteristic Properties for the Third Ordéyr, Scaled
RKT(2) 3 Algorithm.

.
I

0,.1.732)

(0, 8.247)
(Oo.7 77}
{0, 4.672)
(0, 4.008)
(0, 3.551}
(0n 3.211)
(0, 22945)
{(Ds 2.729)
{0, 2.5509)
(0, 2.399)
(0, 2.270)
(0, 2.158)
(0, 2.062)
(0, 1.978)
(Ne 1.907
(0,1.847)
(0, 1.799)
(0,. 1.761)
0, 1.740)

ITEC t, Buclidean nscn of fourth order truncation error coefficients
4 }
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Pable 2.<>-chcuracy Comparisons for the Third Order RRT(2)3 Algo-
rithm with Third ordey Scaled Solution (No Additional
Derivative Evaluaticns).,

Average of the absolute value of the error in cach com-
ponent over one revolution vs. sigma,

Requestad Ascutacy = 0.1090p-01

Number of Dicivitive Evaluations = 9y {unsealad solution)

Signa Avy |E2R y | heg [BRf ¢ —-2vg (ERP ij Avg JERR y |_
1 2 4

0.00 0.1980320=01 0.799637-02 0.198615p-01 0.1338190~01
) 0. 10 01351450201 0.6701800-02 0. 161793p-01 0.121847p-01
0.20 h.105536p-01- 0.6765120~02  0..163445p-01 0+ 122379 p-n1
0.30 0..105833D-01 0.683129p-02 0.-165148p~01 0.122899pr-01
0.40 0.106176p-01 1.689935p~-02 0..166887p~01 0.123357p-01
0.50 0.136331p-01 0.6968¢0r-02 0. 168637n=01 0.123745n-91
N.60 0.1064480-01 0.703833p-02 0.170380Dp-01 0.124058p~n1
0.70 0.1365350-01 0.710791p-02 0. 1720923p-91 0.124293n-01
0.80 0.106630p-01 0.717653p-02 0.1737¢ 1D-01 0..124443pan1
0.90 0.1J6631D~01 0.7243658-02 D.176165p-01 0.1245980~01

Requested Accupacy = 0.1090p-03

Number of Dacivative Evaluations = 219 {thscaled solution)
Sigma Avy |E2b 131” Avg |EFR? y | Avg |PPP g Avq (EFR.y |
2 3 4
6.00 0.743053b-03 0. 141640p-01 0..24.834.2n-03 0.235040p~03
0.10 0.731829p-04 0. 1333385n-03 0.223848n-01 0.231014D~03
0. 20 0.7323400%04 0..134249p-03. 0.2250770~03 0.231244p-03
0.30 0.7329280-04 0..134616D~03 0.226193p-03 0.231481r0-03
0. 40 0.2133597b-04. 0.135025p-03 0.227392p-03 0. 231732p-03
0.50 0.734330D~04. 0.135451n-03 0.228597n-01 0.231989p~03
0.60 0.7351!65-0t-n0.d35883t~03 0.229814p-03 0.232208D~03
0.70 0.735940r-04 Ja 136324r-03 0.231041p-03 0.232507p-03
0..80 N.736652p-04 0.136761p5-03 N.232285n-03 0.232733p-n3
0.90 0.137535D-04 0.137186r-03 0.233497p-03 0.232958n-03
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Table 3 Coefficionts for the Rungo=-Kutta-Fohlbotg (Fourth) Fifth
Order Algorithm, RKF(4)8,
X 3 a ¢ -
i 3 3
0 0 25,216 167135
4 1 174 0 0
2 3/8 1408/2565 1408712825
3 12713 219774104 6656/56430
4 1 -1/5 ~9/50
5 W2 0 2/55
i By, K
k= 0 1 3 4
1 174
2 /32 9/32
3 1932/2197 ~1200/2197 1296/2197
4 4397216 -8 3680/513 -845/4 104
5 «8/27 2 =3544/2565- 18594100  -11240

Noteot

Error cstimate =

5th order solutions are formed with &
order solutions with Cj‘

5
-yl = -0 ) %
ly - ¥1 ljio((cj AR N

j coefficients; 4th




Table 4.a-~Characteristic Properties for the Fourth Otder, Single

Stage, Scaled RKF(4)5 Algorithm

*

Sigma I7EC 1 I

5.
0.00 0.183J24 8292 (=3.020,.0)  (3.274, 3.20%)
0.05 0.-127213p-03 (~4.434, 0) {0, 0)
0.10 3..427646D-03 (-3.622, 0) (0, 0)
0..15 0.300828p=-03 (-3.241, 0y (0, 0%
0.20 J. 117244 D-02 (-3.016, 0) (0, 0
0a 25 0.149131p-72 (=2.872,.0) {0, 0)
0.30 0.172644D-02 (=2.778,_0) (0, )
0.-35 7.186395p-02 (~2.722, .0 {6, o)
0.40 Je 19040 1H-02 (~2.697, 0) (0, o)
0.4% 0.135780D-02 (~2.703, n 0, 9
0.50 0.174305D-02 {-2.745, ) (0, 0)
0.55 0.158227p~02 (~2.837, 0) {n,_9
8.60 0.1396580-02 (~3.032, 0 {0, 0)
0.65 7.120249p-02 (~3.786,_0) (0, 0
0.70 0+100351p~02 (=3..418, 0) {0, 0)
0.7% 0. 314937p-13 {-2.979, 0 (0, 0)
0.80 0.918160n-03 (-2..891, 0) (9, 0)
0.8% 0.317629p-03 (~2.738, ny (0, 0.6093)
0.90 0. 22644989-03 (-2.774, 0) (0, 0.6282)
0.9% 0.579723p~04 (=3.002p 0y {0, 0y

l.'rﬁcst._ruclid:an tota of £ifth order truncation error coefficient
* *®

R e(r, 0

L * »

Imaginary axis, 1 ¢ tr, )
1 2

Stability timits: Real axis,
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Table 4.b Accuracy Comparisons for the Fourth Order RKF4 (5) Algo-

rithm with Fourth Ordey Scaled Ssolution (One Stage)

Average of the absolute valuo of the error in cach com-

ponent over one revolution vs, sigma.

Baguasted Accuracy = 0.1000p-03
Nupber of Derivative Evaluations =

Sigma

0.00

0..10
0.20
0. 30
0.40
0.50
0.60
0.70
0. 80
0.90

Ava._|ERR y1|

0.22016 28D-02

0.2199240p-02
0.2235637b-02
02212536002
0.2219272p-02
0.2225499b~02
0.22303420-02
0.2233943p-02
0.2235830D-02
0.2236027p-02

17

(uhscaled solution)

Avq {ERR yzl Avg |RRE yzl_Avq LERE yul

0.23634810-02

0.1662720p-02
0.1694577p-02
0.1727151p=-02
0. 1760104p~02
0.1793471p-02
0.1827056Dx02
0.18607905-02
0.18964880-02
0.1933620p-02

0.52830695~02

0.3098084p~02
0.31852276-02
0.32719720-02
0.3388099h-02
0.35117780~02
0.3634780D-02
0.3756650p-02
0.3877272p-02
0.39966760-02

Requested Accuracy. = 0,1000D-05

0.38620280-02

0.386911215-02
0.388999an-02
0.39081340-02
0..39239800-02
0.3939756p-02
0.3952688n-02
0.39626200~02
0.3969343p-02
0.39727240-02

0.45365500~03—--_.m".”<

Wumbet of Derivative Evaluations = 278.—— (unscaled solution}
Signa  Avg |ERR y | Avg (BRF y_| Avg |BAP Y 1 Avg [ERR y |
1 2 3 -
0.00 0.885365306~04 0.8668324p~-04 0. 175419 10-903
0.10 0.83480320-04 0.7603060D-04 0. 1417430p-03 0.1532748p-03
0.20 0.8352633p~04 0. 76586 18h-04 0.1835634p-03 0.1532763p-03
0. 30 0.8355515p-04 0.7715304D-04 0.'“544139-03-0.1532383D-03
0.40 0.83601560-04 0.37706290-00—9.1“731130—03 0.1531758p-03
0.50 0.8364331p-04 0.7819969p-04 0. 1491015b~03 0.15310550-03
0.60 0.8367674p-04 0.7871130p-04 0.1508857p-03 0.1530250p-03
0.70 0.8870430D-04 0.7924062p-04 0.1526622p-03 0.15294 76p~03
0.80 0.84372042p-04 0.7976409p-04 0. 154414 1p-01 0.1528509b-03
0. 90 0.83092190-04 0.8022937p-04 0.15611350-03

0.15280120-03




Table 4.¢ Accuracy Comparisons for the Fifth Ordor RKF(4)5 Algo-
rithm with Fourth Ordor Scalcd Solution (Onc staga),

Average of tho abisolute valuc of the error in odch com=

ponant over onc rovolution vs, sigma,

Requested-Accuracy = 0.10000-03
arof Dar

Nunb
Signa

0.10
0,20
0.30
0.40
0.50
0.60
0.70
0.80
0.90

ve Evaluations = 119....

Avy LERE y1L

0.2771240-03
0.2406950-03
0. 234825003
0.239274p-03
0.293370D-03
0.2968300-023
0.299410b<03
0.300788p-03
1.3008575-03

Avg (RFP vzl

0..7683450-03
0. 7751020%03
0.781798D403
0.7887850-03
0.796045p-03
0.8036830-03
0.811642p-03
0.819816p-03
0.-828078p-03

Pequested Accurscy = 0.1000D-05

Number of Dicivative Evaluations =

Sigma

0.00

0.0
0,20
0..30
.40
0.50

278

~{uuecaledusotu&ton)

Avg (FRY yJL__Alg IERR ¢ .
4

0.606257n~03
0.6329350-03
0.661357p-03
0. 689995p-03
0.718751p-03
0.7449560=03
0.767672p-03
0.7865270~-03

0..812701p-03
0.8241490-03
0. 838419p~03
0.848384p-03
0. 858550h~03
0.866417p-03
0. 871352D-03
0.-873093p-03

0.8015080-03—0.871657D-03

Avy |ERP yiL Avg [ERE y | Avg |BPR y3|
2

0.3737690-04

0.373616D-09
0.373992p-04
0.3740330-04-
0.374370p~04
0.374699p-04
0.374938p-04
0.375148D-04
0.375246D-04.
0.3748420-04

0.3539990-04

0.305350D-04
0.367689p-04
0.31006 7p-04
0.312388p-04
0.314214D-04
0.316295p-04
0.318693p-04

0.321151p-04.

0.322994p-04

34

0.773149p-04

0.623438p-04
0.631054p-04
0.639115D-04
0.6470860~04

0.654074D-04 -

0.661055p-04
0.6687760-08
0.6765780-04

0.6843910-04

(unscaled solution)

Avg_(BRR ytl_

0.641644b-08.

0.639782p-04
0.639738p~04
0.639911p-04
0.640047p-04
0.6402u9b~04
0.8402669-04
0.639988D~04
0.839714n-04.
0.639167b-04
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Table S.,a Coofficionts for the FPiva 8taga, Fifth order, Sealod

RKF'(4)5 Algorithm,

Coofficicents aro listod for oe=1, with B 1nﬁj 270,
!
for §=6,7,8,9,10, with ay, B, | givon in'Tabld'3 for

j<6.
a = b /25
6
a 3 /4
7
a = 29 7 50
8
a = 39 / 40
9
a =297 30
10
B = 113121 7 781250
6,0
B = =23793531 / 8593750
6,3,
8 = 76824 , 390625
6,4
B = 753u46 7 4296875
6,5
07 = 719437 / 32000000
0
B = 174457033 / 352000000
7,3 .
37' = =2604771 7 8000000
4
B = 1245429 , 22000000
7,5
B =172
7,6
By o = 11647913 / 300000000
(4 .
B, , = 533165763 / 1100000000
’
Ba “ = 16151543 2 75000000
(]
B = =~39081137 7 206250000
8,%
B =172
8'6
B =12

8'7

B, , = 22830393 / 512000000
0
99' = ~1803163583 , 5632000000
3
39' = 28108821 7 128000000
o4
B = =165661176 ) 352000000
9,5
B =12
9,6
B s 1,2
9,7
B =12
9,8,
B = 121551327 / 2400000000
1
B o' = -8315477879 , 8800000000
10,1
B | = 65413119 / 500000000
10, 4
B . = =934650581 / 1650000000
10,5
B =12
10,6
B =172
10,7
B =172
10,8, ...
B 22
10,9




> W e L AR o s 3 3 2 3» ¢ 3= I > =

> > >

0,1
0,2
0,1
0,4

6,1
6,2
6,3
6,4

741
7.2
7,3
7,4

8,1
8,2
8,3
8,4

9,1

9,3
9,4

10,1
10,2
10,3
10,4

18664 / 4524
76165 , 10179
43625 / 10179
-20900 / 10179

1173325 169932
=71215625 / 382347
7203125 » 382347
=2530000 / 382347

12064 » 2601 _—
~166880 , 7803
718000 » 23409
=320000 / 234b9

=3066859635697684 » 1337382789874677
27478629495572380 / 4012148369624011
~58592288924705500 » 12036445108872093
3444997483920000 » 12036445108872093

~371200 / 452907
5363200 / 13158721
=25120000 , 4076163
12800000 / 4076163

-57195511385214816 13373827898 74677
88186674361465120 / 4012148369524031
«38793u866359732000 12036445108872093
176347228586080000 » 12036445108872093
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o) magle, By, 0By /o

1
Gy tolay predy sho A )
for j=‘6'7'819,10' with Ciﬂo, for kl:l1'2'3'4'5 and

cy=1- (Ag, 1 +o(Ao'2+o(A°'3+o Ao, ))




Table 8.b Characteristic Proportios for tho Pifth Order, Piva
8tago, Sealod RKF(4)6 Algorithm,

[

siqma LIEC | R H
6

0.00 0.33357750-02 (-3.678, 0) lZ.OUG,).GU")
Ne 08 2.4115561p-93 (=3.202,_MH) (0, 0)

0,10 2123 10d6D-02 {-3. 128, 0) {0, 0§

.14 1. 2210340p- 12 (-3.113, 0) (0, 0

0.20 Je 297053402 (=3. 131, 0) (0, 0)

N. 25 0. 1332843p-02 (-3.189, 0) {0, 0)

0.30 Ve J450460D~92 (-3. 340, 0) (0, 0}

0.38 0, 32334640402 =3. 146, o) ", 0

000 94 29511420-02 (~3.049, 0) (1.501, 2.981
0.50 0.2717859p-02 (~2.808, 0) {0, 2.410)
0.55% 3.27301370-02 (~2.730, o) (0, 2.219)
0.60 04 2739563p~02 {~2.663, 0) (0, 2,080)
0.65 Ve 2692328D=92 (~2.602; 0) {0, 1.969)
0.40 0. 2537549p-02 {~2.4b1, 0) (0, 0)

0.85 0.3179205p=92 (~2.466, 0) (0,. 0)

0.90 0.3313383p~02 (~2.551, 0) (0, 0

0.98 0425209 160=02 (-3.012, 0) (0, 0)

|'M!c6|. Fuclideda nora of sixth order truncation-errot coefficients

® L

Stability Limlts: gfeal ixis, R € (R*, 0}
* .

Inayinacy axis...!..e.-(:’, Ty
2
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Tabla 6,e  Aecuracy Comparigsons for the PLfth Ordor RKF(4)5 Alge-
rithm with Fifeh ordop foalad Bolutlon (Five Btagos),

Avorayoe of the absoluto valuo of tho orror in ocach com=

ponent avar onn rovolution va, oslgma.

Baquonted Acsur gy o
Yumbar of Dovivitive

0.1000p«03

Evaluations = 119 {unacalad golution)

o e A

flama  Ave 20k y Avq |ERR y | Avg (ERE Y I Avg {ERP y |__
1 2 3 4

0,00  0.2801000-03 0.9730Y3D-03 0.987765n«03 0.8170480-03
0,10 0,2025793-03 0, 780164p=03 2.6342610-03 0, 823408p-03
0,20 0.29066065-03 0.797997n-03 0.6879790=03  0.84.3550D-03
n, 10 N.2892%1003 0.808492r-03 0.729663n-03 0.8520170=03
0,40  0,2913073-03 0.413082r=03 0.756138p=03 0.847604h=03
0,50 0.29))4620+03 0.8174660=03 0.776154p-03 0.8359580-03
0.60 0.2927382-03 0.8282211-03 0.7982580=03 0. 825291003
0.70 0.28)7137-03 0.849522n-03 0.833153p-03 0.8220620-03
0. 80 0.26)9570-03 0.379855r=01 0.9116520~-03 0.8316870-03
Na90  0,2879830-03 0.9096040-03 0.984397p-03 0. 840744003
Requested Azzuricy = 0.1000p-0%

Number of Dacivative Evaludtions = 278 {unacaled solution)
Sidma  Avg 2RI y Avg JEQF ¢ Avg |BRP y | Avg (ERE Yl

1 2 3 4

0.00 04374 140p~04y 0.354093D-04 0.774081p-04 0.642269D-04
2010 0:37456930-04 0.3077950-04  0.632404p-04 0.6422090~04
0. 20 0.3753830-04 0.312677n-04 0.647821p-04 0.844220p-04
0.30 0.3755725-04 0.317971p-04 0.662699n =04 0.6448590-04
.40 0.3246853-04 0.3233650-04  0.6778870-04 0.644072p-04
0.50  0.3735630-04 0.,328930p-04 0.692797~04 0.6u27548~04
. 60 0.3739140-04 0.3341500-04 0. 708427004 Ne 641876 =04
0070 0.3734119-04 0.338935pr-04  0.725455p~04 0.6416790404
n. 80 04374655)=04— 0,34 3385n-04 0.743786D=N4.  0,642263D-04
%90  0.3751595.04 0.348043D-04 0,76 1000r=04 0.642368p-04




Tablo 6.a Proo Parancter 8oloction and Characterintie Proportion
for tho PFifth Ordoxr, Two Stago, Scaled RKFA(5) Alaorithm,

Signa o b
7 6

LT - - 1.3356D=02

0,50 0,357 0,850 1, 2546p=00
0.10 0,299 0.800  9,4513n-05%
NS 0.4590 0.930  0,1162n-03
0.20  0.4166% 1,900 2.37670-04
0.2%  0,2%00 1,300 9, 1642n-02
0,30 0,3750 14000  9,2347n=03
0.35  0,1500 1090  9.4977p-03
0.40 00,3128 14000  1.85750-03
0.45  0,2727¢ 1,900 1.1500n-02
0.50  0,5200 G e 0.3295D-03
0.5%  0,2600 0,830 0,3221p-02
0.69  0,1300 0.720 0,38120-02
0.65 0.450n 0£00  9,1775n-02
0.70  0.4690 04590  0.14305-02
0.7  0.4500 04590  0.3651p-n02
0.80 0,4300 0.530  ).37%0p-02
0.85 0,4200 0,550  0,3611p-02
0.90 0.4100 0.500  0.3009n-02
0.9% 0,175 0450 0.1910p-01

* tepeating decigaly

-

1.6748,0) (2.045,3,607)

11.125,0) (0,0
-7.033,0) (o 1.604)
=4.319,.0) ,ﬂ
'500713 0’ (0,0
=2.501,0)  (3,2.520)
=4.940,0) (3, 213,4.104)
“’.J““.o, (2 814‘3 "92’
-JuQ'!O 0} (2.596,3.581)
n?,O) (2.369,3.407)
.'3 402,.0) (0 1..””)
'2.700,0) (1. 570 2..97‘3)
- +3.210,0) (2.108, +615)
=3.997,0) {0,0)
-5.202,0) (3.0
~2.701,0) (1, 605,1%,129)
=2.789,0)y (1, 605,3,232)
~2,270,0) (0,1, 102)
=1.945,0) (1,260 024 208)

(=
(
(
(
(
{
{
{
(-
(
(
(
¢
(
{
{
(
(
(

Free—Paramatery: o '
6 ?

Charadteristic Rrogettiogs

szcsl. Fuclidead noru of sixth ordecr truncation ereor coafficients

L] ®
Stability timitsg Reil axiu,., R e(r, )
L3 » L]

Lanayinacy axis, r 8(!1, 1)
2
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Table 6.b Coefficlerits for the Two 8tage, Pifth—Ordor, Scalod.-
RKE{4)5 Algorithm for Valuos of tho 8caling Raramctor,

M) = a

b
Bl k) = 8

A(6)
A7)

co

c( 1)
C{ 2)
c{ 3
C( 4)
€( 5)
<t 6)
e

BO(5)
B(6, 1)
B(6,2)
B(6,3
B{6,4)
B-(hA, 5)

80 (7)
8(7,1)
B(7,2)
B(7,3)
B(7,4)
8(7,5)
B(7.6)

LU I I I [ 3 ]

(IR N BT ]

T b e buao

G.

/o

/0o 591‘2’.3'“._5.: kﬂo.i,...,j“l

Jk
0.2300000000000000D+00

0.416666666666666 7D+00
0. 13.00000080000000p+0 1.

0. 12498952330952360¢00
9. 000000006000000004+00
~0. 1741280 11184424 100 1
~0.1726641291560887D-03
0,8289177489177062p-04
0.4130724386724331n-02
0.6268760256948226D+00
0.261500299581636 2ba00

3+ 3254591429778357n400
0+ 1325525465501 1158400
v+ 09000000000000000400
=0..318839653532299.1p~01
0.2353834249194929p-01
0.0000000000000000D+00

=0.2025211742757231p4 00
=0.3082978320350067D+00
0..118718224996914 Hp+ 00
3.5720610466580882D-02
-0,9043353051310987p-02
0.4706619454105100p-0 1
0. 1198351329357392p+01

41

{from Tadle 3)
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30ABAONA > Q
frosrmrmonmmn © o

TS N PMEWN -
- et 2N =

Ugﬂ
o

-

~—

B{7,6)

B 8ewoay LI N N

LN B BN B I

8w nunay

B 8048y

0.4300000000000000D¢60 o

0.312800000000600015¢00
0+ 13000000000000000+0 1

0.9098835978834918p-01
0. 0000000000000000D¢ 00
0.1511689766638826040 1
~0.4233204211194970p-02
0.5317641723395576p+03
0.9218955266955576p~-01
0.48988132736261358n4+00
=0+ 11840675664205070+0 1

0.1997487995087076p+.00
0. 13499306819995050400
0.0000000006000000p+00
=0..1J43230 585527 165 +00
0.8208119085405835p-01
0.0300000000000000D+00

0.240024876 1202557400
0. 1342029453421648p00 1
=042692274450122054D400
0..1212229776127877p4 00
=0.72168790140208823p-01
~0.7744341804366997p-01
0. 23442766395860750400

0~ 6J00000000000000b+00

0. 3300000000000000p400
0.72000030003000000«00

9.9356034471712229p-01
0.0000000000000000p+00
=0.64892764121253740p4+00

» 1482179832556 966p-01
-0.7113612“276835!30-02
-0.2471“011805635590-02
0.562565989531468804+00
0.-9375202931592602p+.00

0.1382626113915468p400
9.2346911060268858p+00
0.0200000000000000p+ 09
=0.2203622318522454p 409
0.1774085144338128p400
0.0)00000000000000D000

9. 1691491924882175p400
0. 1586177657728288p400
=0, 27257766 2150820-02
=043496332249359525p-01
0.2281937886920532p-01
0. 1329426157937126p400
042221621462664050p+00

42

A(s)
M)

€0~

G( 2)
¢{ 3
C( 4
c( 8)
€( 6)

.8 denaa 8

L

0. 80000000000000000+00

0.43000000000000000400
0.5300000000000000p+00

0.91777014380993280~01.
0.03000000000000000+00
=0.8199311158159296p+01
0. 1190999330473669D¢00
=0.4779650070206371p-01
=0.7674383851988462p+00
0.6791125691350189p401

C( 72, 371319340527065.7D40 1

B0 (6}
846, 1)
8{6,2)
B{6,3)
B(6,4)
B{6,5)

BO(7)

0.1321587392059496D400
0.2)64715493884 858p+00
0.0000000000000000+00
0.1385878378491368p~01
-0.1808907237935u07b~01
0. 0900000000000000p+00.

~0.2799871066289993p-02
3.8198193282633387p400
=0.3747013763692046p+00
0.7113607481166296h-01
-0.300288505516518°b-01
9.8076674026480739p-02
0.83496024395663385p-01

R ST



Table 6.c Accuracy Comparisons for the Pifth Order RKF(4)5 Algo-
rithms with Fifth Order Scaled Solusicd (Tws stages) .

Average of tlie absolute value of the errxoxr in-each com-

i
ki
3
i
4

! porent over one revolution—vs. sigma.
E Requested Accuticy = 0.1000D+03
s Rumber of Darivative Pvaluations = 117 (unscaled solution)
: Signa Avg | 256 Y L.Avg (EFE 11 Avg |RRR vl Avg iERR y |
\ 4
0,00 0. 280002b-03 0.903827D~03 0.987520D-03 0. 816767003
t 0.10 0.276398D-03 0.276032D-03 0.621296n-03 0.8158679-03
] 0.20 0.2773240-03 0.790713p~-03 0,6580050-03 0..82489%5p-03
§ 0. 30 0.278426D-03- 0.8054485~03 0.6956570-03 0.8312730-03
0.40 0.279326D-03 0.821274p-03 0.740068D~03 0,8378%5p-03
% 0.50 0.2745230-03 0.832983p-03 0..7576.06D-93 0.830954D~03
y 0.60 0.2843380-03 0.854715p-03 0.836542p-03 0.857009p-03
: 0.-70 0.-271525D0-03 0.8609340-03 0.808151p~03 0..8202220-03.
2’ 0.80 0..2774120-03 0.877107p-03 0.855832p-03 0.828825p-03
>¢{ 0.90 0.-2764150-03 0.884657D-03—0.8962210-93. 0.7799590+03
Requested Ascurdacy = 0.1600D-05
[1' Nunbet of Dacivative Bvaluations = 278 (unscaled solution) __
: Signa. Avi IERF y. | Avg |FRP y | Avg |BRR y |_Avg |EFR g | _
: 1 2 3 4
0.00— 0.3737690-04. 0.353999p-04 0. 773149D0-04— 0.641644D=04.
0,10 0.373663b-04— 0.307878!)-00 0.6305490-08 0.640826D-04
0. 20 0.3737150-04 0.313039D-04 0.646014D=04 0.642039p-04
0.30 0.373)54D0<04 0.317496D~04 0.659455D-04 0,642833D-04
0 40 0.3741710-04- 0,322966h-08 0.676708D-04 0.6436620~04
0..50 0.373572D-08 0.327278n-04 0.691296D-04 0.6417080-04
0.60 0.374366D-04 0.333353p-04 0.710936D-04 0.643279p-04
0.70 0.373630D-04 0.337979p-04 O, 723090D-04 0.640660D-04
0.80 . 0.3747810-04—0,342842p-04 0.7379020-04 0.639477D-08 .
0.990 0.371453D-04 0.343161D-04 0.758714D-04 0.6316525D-04
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