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N014ENCLATME P spatially dependent *stea4y state" acoustic
pressure, P(x,r)

Ca ambient speed of sound, misec
r radial coordinate, r*Ir0

C9 group velocity, M sec
rg radius of duct, m

Ca phase speed. ml sec
ar radial grid spacing

f* frequency, Hz
T* period, llf*, sec

M unit step function, eqs. (22) and (23)
t dimensionless time, t+/T+

I number of axial grid points
at time step

J number of transverse grid points
U axial acoustic velocity, U*/C0

Jm dessel function of order	 m
x axial coordinate, 0I4

L* length of duct, m
ax axial Arid spacing

m spinning mode number
1* acoustic impedance, kg1m2 sec

P time-dependent dimensionless acoustic pres-
sure. P(x.r,t), P*/ p^i,pt *m,n

.
eigenvalue (n th zero of	 Jm(a))

Pm time-dependent dimensionless acoustic pres- 8 eq. (12)

sure associated with	 m	 mode
Y eq. (21)

Pm. n analytical solution for 	 m	 spinning mode
and	 n	 radial mode t specific acoustic impedance, 1*/p8IC0

P' time-depennent dimensionless acoustic pres- C e specific acoustic impedance at exit

pu:1o8^^l angular variations. P'(x.r,o,t).
C. specific acoustic impedance of infinite duct

scut cutoff frequency

fir dimensionless frequency, raf*/CO*

e angular coordinate

a dimensionless axial wavelength



t cutoff ratio, nrincut

as ambient air density. k9/m3

angular frequency

:ubscripts:

e exit condition

i axial index (fig. 1)

i radial index (fig. 1)

IN spinning mode number

n radial mode number

0 ambient condition

Superscripts:

dimensional quantity

K time step

INTRODUCTION

With the introduction of strict aircraft noise
regulations in the late 1960's the new aircraft
nacelle designs required acoustic treatment in the
inlet and exhaust ducts to reduce engine fan noise.
To minimize the weight penx.lty of wall treatment,
the aerospace industry he,, been concerned with re-

ducing the length of a liner for a regiired sound
attenuation. Analytical techniques are needed to
handle sound propagation in ducts with axial varia-
tions in cross-sectional area or in wall liner
impedance (absorbers) and with gradients in the flow
Mach number. In an attempt to mee! this need. both
finite difference and finite element numerical tech-
niques were developed.

At the present time both "Steady state" and

transient numerical theories have oeen applied to
the problem of sound propagation in ducts. In the
steady-state theory the pressure and acoustic veloc-
ities are assumed to be simple harmonic functions of
time; thus the equations governing sound propagation
(linearized gas dynamic equations) become independ-
ent of time. Generally the steaoy-state finite
difference and finite element numerical algorithms
have been 11mitea to low frequency and short ducts
uecause of the large matrices associated with the
s o lutions of the time-indepenoent equations. for a
listing of recent publications and more details on
the techniques and proolems associates with the
numerical solutions of the sound propagation equa-
tions. rAier to reference 1. which contains a com-
prehensi a literature summary covering both Ei0 to
difference and finite element analysis of small-
a"Wil tulle (linear) sound propagation in straight and
variable-area ducts.

As an alternative to the previously developed
steady-state theories. time-dependent numerical

solutions were developed for plane-wave noise propa-
gation o a two-aimensional rectangular duct without
flaw (rrr. 1). for parallel sheared mean flow

(ret. 4). and for higher order mode propagation in a
cylin,iricai duct with a uniform mean flow (ref. 4).
Anvantageously matrix storage requirements are coca.
pletely eliminated in the time-dependent analysis.

Unly the solution vectors for pressure and velocity

need be stored. Thus the transient solutions can
easily be applied in long ducts and in hig^hh..

frequency applications, such as in the intat of a
turbofan engine.

At the present tide, however, the transient
method appears to have one Major drawback. Too
transient method, as formulated in reference d. Goes
not converge for cutoff acoustic modes. This has
Implications as to its use in a variable area where
modes may become cutoff in the small-area portion of
the duct. when a single acoustic mode begins to
move along a variable-area duct, part of its energy
will be continuously transferred to the other duct
modes (ref. 5). If the initial mode is near cutoff,
significant energy could be transferred to a cutoff
mode. Also, when abrupt changes in geometry or wall
impedance occur in a duct, a full range of acoustic
modes (including cutoff) is required to match pres-
sure and velocity across the interface (ref. 6).
Consequently the purpose of the present paper is to
resolve the stability problem associated with the
transient calculation of cutoff acoustic modes.

The numerical analysis to follow modals the
closed-form pressure solutions for cutoff and propa-
gating acoustic modes in a semi-ini.nite duct. The
first section of the paper presents the various
equations and boundary conditions governing sound
propagation in a duct without a mean flow. The
second section then presents the difference form of
the governii,y equations. Next analytical approxima-
tions (steepest descent) are presented as a guide to
the understanaing of the numerical results that
follow. Numerical calculations are presented at
forcing frequencies above, below. and nearly at the
cutoff frequency. At that time an explanation is
presented for the computational instability asso-
ciated with cutoff modes. finally recommendations
are made on how to handle cutoff mooe propagation.

GOVERNING EQUAT1UNS ANU BOUNDARY CONDITIONS

The propagation of sound in an axi;ymmetrie.
cylindrical. haro-wall duct. as shown it figure 1.
is oescrioea by the wave equation and appropriate
impedance boundary conditions.

Wave Equa^tiio^n
-Thewave equation is a circular duct without a

mean flow can be expressed in dimensionless form as

be  . a?P^ + 1 ap + 1 6
2
0'	 2 81P'

arc r ar	 a	
nr a=	 (1)

These and other symbols are defined in the nomencla-
ture. The dimensionless frequency nr is defined
as

rod	 r U f
r	 2

The asterisks denote dimensional quantities.
Because of thq rotational nature of the rotor

blades on a typical turbofan ,)et engine. large cir-
cumf-rential variations in acoustic pressure will
occur depending on blade number and engine rpm.
A three-dimensional solution for sound propagation.

however. would be expensive to perform. Custom-
arily, since the equations are linear. the cir-
cumferential acoustic pressure variations are
decomposed into spinning modes m:



"i

P'(x.r.e.t) . ; Pm(x.r.t)e l"	 (3)

The summation is over those modes that are present
in a particular application. Considering solutions
with a single spinning mode number m

P l ix.r.e.t) . P(x.r.t)e ime	(4)

the wave equation (1) reduces to

62P + 82P + 1 aPM,2 a 2 P
ax7 ^ r or - r7 P . "r atT	

(5)

Equation (5) in difference form will be solved to
determine the pressure in the duct

Nara-wall Boundary Condition
The boundary Condition at the surface of a

hard-wall duct is

lipU
it

Entrance Condition
ne boundary condition at the source plane

P(O.r.t) will be assumed 
tj2•

vary as eiw*t• or in

t
dimensionless form as e 	 F rthermo a the
ransverse pressure variation (r d^rection^ will be

assumed to correspond to the eigenfunctions
Jm(mmnr) associated with mode propagation in an
infinitely long nard-wall duct. ?fie eigenvalues
associated with mode m.n are taoulated in refer-
ence I (p. 511) and reference 8 (p. 411). Therefore
the source boundary condition used herein is

P(O.r.t) . Jm(amnr)eQW t
	 (7)

Exit̂ ^1 m edance
—die  boundary condition at the exit of the duct
can be expressed in terms of a specific acoustic
impedance defined as

Pt o - J
where the equation describing the acoustic velocity
U is

au	 1 aP	 (y)
IT - n  ax

Substituting equation (8) into equation (9) yields

aP hr W
a x '

- 
C e a T
	

(10)

li. reference 4. Ce has oeen assumed to be
the steady-state impedance associated with mode
propagation down an infinite duct. For transmission
of a single acoustic mode without reflection. the
exit impedance is

Ce - e	 (11)

b •ri 2^ for 4  > 010 	 (1Y)

for propagating modes and

	e . -i	 -1for nr a TV(13)
 ir)

for cutoff acoustic modes. The negative root is

reg ne VOrcriny^urclion n e
+iw"t" is assumed to

All the other equations and boundary conditions
are exact. The exit impedance to was the only
condition that was modeled in an approximate man-
ner. As indicated by its title, this paper con-
centrates on exact treatment of the exit impedance
condition.

Centerline Condition
or plane-wave propagation (m . 0. n . 0).

Ol ar is zero at Uo4 centerline; for modes with m
equal to or greater than 1. P(x.0.t) is zero. Also
Ol ar :s zero for m gra ter than 1.

Initial Condition
or times equal to or less than zero the duct

is assumed to be quiescent; that is. the acoustic
pressures and velocities art taken to be zero. For
times greater than zero the application of the noise
source (eq. (I)) will drise the pressure in the duct.

UIFFERENCE EQUATIUNS

Instead of a continuous solution in space and
time the finite-difference approximations will
determine the pressure at isolated grid points in
space as shown in figure 1 and at discrete time
steps at. Starting from the known initial condi-
tions at t . U and tht boundary conditions. the
finite-difference algorithm will march out the solu-
tion to later times. No special starting equation
will be required. because both the pressure and
acoustic velocities are initially assumed to be
zero, a quiescent duct.

O i f f erence __E qu_ a__t__i__o__n^^s^^
" Away rf^e ductboundaries, in cell 1 of
figure 1. the first and second oerivdtl ye; in the
wave equation (eq. (^)) can be represented by the
usual central differences in time ano space (ref. 9.
p. 452)

k	 k	 k	 k	 k + kp i + 1.J - 2Pi^ •P i - 1.J + p i.j+ l	
lPi

..1 	 Pi.J-1

	

ax1 	arz

k	 r
+ 1 Pi . j+ 1 	 i=j 	 m2 pk

rj	 ter	
Z 

i.j

P k+1	 tPx + pk-1

nr iJ ii •j	 (14)
at

(6)

(8)

where
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where i and j denote the space Indices; k the
time index;and axs are and at the space and time
mesh spacings_ respectively.

Equation (14) can be rewritten as

k+l	 k	 k-1	 at2 // ar 2 9k
l^ i.,1 ' 2P i.^ - Pi.^ (near, lax

+ (1 _ ar 1 Pa 	 - 2 ^1 . ar 2 + 1 (ftr^^Pk
Iri i,j-1C	 Zr,	 iei

J

P x r t) a H(t - h x) (
solution

treasientt

e
.	 r 	 f

+ H t- 4rX J	 r e 
i2•nrax

P x r t _ H(t - n x) (transient)

e •
	 r `solution

for or "#rt—

ar	 k +	 (a^)2 It	 h x	 -a Yx
+ (1 +, P i.J 1 + ax P i 1.J	 115)	 + H (t _ V 1 Jm(ar) a ""t	 for n^, c

Equation (15) is an algorithm that permits marching	 1
out solutions from known va:^es of pressure at times	 (20)
associated witn k and k - 1. !"t lifference
equations for tells 2 fv 6 in f=;,r. 1 are of 	 where H is the unit step function and
slightly different form, These 	 ations as wall as
their derivations aru given in references 2 and 4.

Spatial Mesh Size
The mesnspacings ax and ar must be re-

stricted to small values to reduce the truncation
error. To resolve the oscillatory nature of the
acoustic pressure, the required number of grid
points I in the axial direction and J in the r
direction were given in reference 4 as

•

I > 12 nr	a	 (16)
r0

J > 12 nr	(17)

atabiIit,
I n the explicit time-marching approach used

here roundoff errors can grow in an unoounded fash-
ion and destroy the solution if the time increment
at is too large or if the iteration scheme is im-
properly posed, for spinning wave propagation in a
thin annulus the Von Neumann method (ref, 10)
applied to equation (14) yields

fi r arat <	 (( 	

\l	

(18)

11 \ex 2̂ (-x)21
for circular ducts at was empirically decreased by
a factor of 0.5.

2e n
r -	 1 - (°+nnr	

(21 j

The functional form of the transient solution is
presented later.

In reference5 the duct eigenfunctions were
left in a general form. Herein the cylindrical form
of the eigenfunction is used. and the original
equations of reference y are rewritten in a dimen-
sionless form. Also. only the real part of the
transient and steady-state solutions was presenti,
in reference 5. These solutions. however. are pre-
sented in complex form in equations (19) and (20).
Because the transient terms correspond to waves that
are propagating but are not simple harmonic in
nature. the usual restriction that rut-4° f waves do

	

not carry energy (ref. 11. p. 53) 	 a not apply
during the transient.

As a result of the method of steepest decent
the acoustic pressure field inside the duct is split
into a transient motion and a steady-state solution
that is either propagated (eq. (19)) or attenuated
(eq. (20)) depending on wnether the frequency of the
forcing field is greater or let ,, than the cutoff
frequency of the mode considered. The steadstate
solution is also the solution to equation (lrwhen
the pressure is assumed '.o be a simole harmonic
function of time,

For propagating modes the physical significance
of the unit step functio•is in equation (19) can best

be described if they are rewritten in dimensional

form:

Ww1LYTICAL SOLUTION

Tne wave equation (1) and its associated bound-

ary and initial conditions can be solved directly
for the semi-infinite duct shown in figure 2(al by

the use of the Laplace transform (ref. a). To oo-	 and
tain a more useful solution. Pearson (ref. 5) has

also solved equation (1) by the metnod of steepe,>t
decent to obtain

H(t - nrx) a H t* - x*	 (22)

0

	

H (t - npx\ . H t^ - i	 (23)
1	 Lg
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Thus the transient terra in equation ( 19) trawls at
the signal velocity (ref. 1, P. 419) which is the
speed of sound of the medium. The transient front
is defined as the surface beyond which the sodium is
completely at rest at any given instant of ties. On
the other hand the stood -stare solution trawls at
the group velocity Cg, which is simply

C^
C9 • C-z	 (24)

1

tre^ 7;^p. i^98defined Torssteady stile solu-
tions. The pha a velocity Ca is always
gneater than C& the group velocity Is always
less than CA.

SIMULATION OF SEMI-INFINITE DUCT

The form of the transient solution leads to
some observations that are pertinent to the numeri-
cal results to follow. First, the time in which to
perform the transient solution increases near the
cuto,O' frequency. In fact. equation (23) indicates
that a mode exactly at cutoff can never exist at
steady state since its group velocity is zero.
Second. the impedance at any position will not be
equal to the steady-state impedance during the ini-
tial transient. Thus equation (11) is not the exact
analytical condition for no reflections during the
transient. As a consequence of using equation (11)
during the transient. part of the acoustic energy
reaching the exit will be reflected back toward the
source.

For modes with small group velocities near the
cutoff frequency. the rossibility exists that the
use of equation (11) as a boundary condition could
introduce an unstaole feedback loop into the numeri-
cal analysis. This computational instability could
prevent the establishment of the true steady-state
solution. Therefore the possibility that the exit
impedance was the cause of the instability of cutoff
acoustic modes (ref. 4). as discussed in the intro-
duction. is now investi

g
ated.

The present analysis attempts to numerically
reproduce the steady-state analytical solutions
given by equations (19) and (20) for the acoustic
pressure in the domai-i 0 < x < 1 in the semi-
infinite duct of figu l 'e 2ja).- A variety of fre-
quencies above and below the cutoff frequency are
chosen. In the numerical simulation a finite-length
uuct (L"/r' - 11, shown in figure 2(b). and a
long duct (L •/r - 40), baown in figure 2(c).
are used. The latter case exactly simulates-an in-
finite duct if the numerical calculations are ter-
minated before the return of the initial reflected
wave from the duct exit.

UISCUSSION OF RESULTS

In this section the calculated axial pressure
profile of the 3.0 mode is examined at frequencies
above. below. and nearly at the cutoff frequency.
In tnese problems the time- dependent numerical
results are compared with the exact solutions given
by the second terra in equations (19) and (20). The
stdoility of the numerical solutions is examined for
source frequencies near the cutoff frequency.

In the numerical computer program the values of
pressure are calculated at each grid point i.j for
each time step k. Only the values of pressure at

times k and k - 1 need to be stored $hoe only
the pressures at 91 two orrevieus time i 	are
needed for the P	 calculation (sq. (16)).
After sufficient tin has passed so that the steady-
state solution has traveled to the position x - It
(N(t - afdil) orH(t - nr/r) • 1) and after an
additional time period a ses such that the tran-
sient terms have died out (checked eueerically), the
time-dependent results can be compared with the
steady-state results. in this comparison Ir time-
dependent pressure is simply divides; by a *t to
obtain

P Pxrt
	

(25)
e

which represents a numerical approximation to the
Fourier transform of P(x,r,t) as stated in refer-
ence 12 (p. 11).

In all the cases to be examined now the numeri-
cal and analytical pressure profiles are displayed
for the domain 0 < x < 1 for a hard-wall, semi-
infinite duct witFi an m.3 spinning mode and the
lowest order radial eigenvalue 63 0 - 4.20119).
The values of the acoustic pressure are displayed
at r - 1. along the duct wall. Also, to keep the
graphical displays simple. only the real components
of pressure are compared.

The ratio of the forcing frequency nr to
the cutoff frequency oc t is defined as E.
For he m.3 spinning =. the cutoff frequency is
^cut - 0.66d64. Therefore

E=
	 ^r	 (26)

Finally. in the discussion to follow, the
ritig of the speed of sound to the group velocity
CC-^/C 1s cited This ratio is equal to the
dimensionless time t required for the steady-
state solution to propagate to the x.1 position in
the duct. This parameter is also used as a measure
of how close the forcing frequency is to the cutoff
frequency. The difference in the calculated time
t and the ratio C8/C8 represents the added
computational time red ired for the transient terms
to die out so that the steady-state terms become
dominant.

Propagating Acoustic Modes
e numerical anT analytical profiles are com-

pared in figure 3 for nr . 1. Inhij case the
ratio of sonic to group velocity CO/Cg
is 1.344 (E . l.b). As shown in figure J. at
t . 1.146 the analytical and the numercial results
for both the snort duct (fig. 2(b)) and the long
duct (fig. 2(c)) are in good agreement.

for a source frequency.nesrer to cutoff.
N • 0.7 (E . 1.047 with CO/C 9 - 2.365.
tie time required to obtain a Ready-state solution
increases to 6 for the long duct and 10 for the
snort duct. Again, the numerical solutions converge
to the analytical solutions. as shown in figure 4.
Further improvement between the numerical and ana-
lytical solutions could be obtained by using more
axial grid points (smaller ax).

To illustrate the temporal nature of the acous-
tic signal. the time history of the acoustic pres-
sure at the axial position x - 1 and at the duct
wall jr - 1) is presented in figure S. In figure 5

the solid line represents the steady-state solution.
which is cut on when M(t - nrx /a) "_ecomes 1. The



solid line is calculated from the last term in
!quatimwm (19).

The dashed line in figure s ""seats the
steepost-descent analytical approximations for the
transient pressure terms in equations (19) and
(20). The real part of the transient acoustic pres-
sure was derived in reference 5 from Oebye's for-
mula. to dimensionless forma the real part of the
transient term is

real	 2nr 112
transient

{solution I	 {'°mn

1/2
H(t - nrx)xtc Cos [M Vi nr - x2 } - :/4

x

a V- x2n2^ 	 (2*0)2 [t2 -x2nr//2}

 (27)

Equation (27) applies to both equations (19) and
(20). The 0ebye form of the steepest-descent
approximation has a singularity at the time of
arrival of the transient (t . nrx) and at the
arrival of the steady-state solution (t n nrx/e).
Consequently the steetest-descent solutions are co*-
pared with the exact numerical results away from
these two singular points. A gap in the steepest-
descent solution (dashed line) is left in figure 5
aoout the singular points.

Tne circular symbols in figure $ represent the
numerical finite difference calculations. Because
the numerical time increments are chosen small for
numerical stability, errors in the numerical solu-
tion can arrive slightly ahead of the acoustic
wave. However, these errors are quite small.

For the forcing frequency nr - 0./. as shown
in figure 5. the transient arrives at position
x . 1 when t • 0.7; the steady-state signal arrives
at t . 2.30. In general, as shown in figure a the
numerical and analytical theories are in reasonable
agreement. The transient term tends to suppress the
pears of the temporal acoustic signal during the
initial portion of the transient. By a dimension-
less time of 1.0. nowever. the transient has died
out.

next a numerical solution was obtained for a
forcing frequency nr - U.00V (E - 1.000U9) with
a Cp/C" ratio of bU. In this case the
r,saeric^I results for only the short duct (fig.
Z(o)) are displayed. As shown in figures 3 and 4
the use of a steady-state impedance exit condition
leads to convergence to the steady-state solution.

For the snort duct. as shown in figure o. con-
vergence between the numerical and analytical
results is obtained even very close to the cutoff
frequency. In this case the dimensionless time for
convergence is extremely long. In a sense these
numerical results nave valioateo the results of the
steepest-descent approximation to the transient duct
propagaton pro.lem. By a mental extrapolation. for
e forcing func; i on at the cutoff frequency. the con-
cept of an infinite time to set up steady-state
conditions seems plausible. This discontinuity in
group velocity at the cutoff frequency could be sig-
nificant in transient-mode measuring schemes. such
as in reference 13.

Finally. for E greater than 1. the use of a
steady-state exit impedance does not affect conver-
grcl even in the extreme case of large
CU/Cg values.

ron	 atih	 eusti . N^}
/'^^'p'7^
	

c
i	 r""W ie! below

their cutoff frequalty acre said to be aenproppU%g
because their time-aver steady-state 44"tic
intensity is acre (rof. 11. p. 63), The prNSv
fIQIds, however, do propagate down the duct aocord.
ing to equation (20).

For the 3.0 acoustic node at a forcing fre-
quency ar of 0.6 (E n 0.9), the steady-state
energy is nonpropagating. The dimensionless time
required for the steady-state pressure to reach
x • 1 1s 1.359. The numerical and analytical pro-
files for this mode are compared in figure 7 for the
exit impedance condition shown in figure 2(o). As

shown in figure 7 the numerical values of the acous-
tic pressure did not converge to the analytical
values, even when the calculational time was ex-
tended to 120. This was the computational stability
problem alluded to in reference 4.

On the other hand, when the sane calculation
was performed for the L*/rb . 40 duct, the
numerical calculations quickly converged to the
analytical results, as shown in figure G. Therefore
the conclusion was drawn that the assumption of a
steady-state impedance at x . 1 causes a finite-
amplitude instability in the numerical solutions.

In contrast to the case of a propagating mode
such as shown in figure o, for cutoff nodes the
transient component initiall N dominaus the steady-
state component of pressure oe:ause the steady-state
component is damped by e- amnYx. Figure 9
illustrates the relatively larger magnitude of the
transient component of pressure as compared with the
steady state over the first three time periods. As
shown in figure 9 the analytical solution (dashed
line) is in reasonable agreement with the numerical
results.

Most likely. because the steady-state impedance
is completely reactive legs. (11) and (13)) for
steady-state cutoff erodes, none of the acoustic
energy associated with the dominant transient solu-
tion can escape the duct. Recall that. when a
steady-state wave impinges on a purely reactive
plane. the magnitude of the reflection coefficient
is unity (ref. 1. p. 262). Or conversely. the
steady-state power radiated from a plane surface is
proportional to resistance (ref. 14. p. 247). which
is zero for the cutoff mode. Although we are not
dealing with a steady-state wave. the use of a
purely imaginary exit impedance could induce large
reflections of the transient power. which would pre-
vent the obtaining of a steady-state condition in a
transient analysis. In contrast. in the conven-
tional steady-state numericai analysis, the use
a purely reactive exit impedance is acceptable
(ref. 15. fig. 5).

Clearly steady-state exit impedances cannot be
used in a transient study of cutoff acoustic modes.
In general a steady-state exit impedance should only
be used as an approximation for the duct exit ter-
minaton for a single propagating acoustic mode.

Up to this point the exit impedance employed
nas been associated with a single propagating acous-
tic mode in a hdro-wall duct. However. the exact
exit impedance is unknown for multimode (including
cutoff modes) transient propagation in straight
soft-wall and hard-wall ducts with axially varying
area. Some general procedures for overcoming the

difficulties of multimode exit conditions are dis-
cussed in the following section on exit impedance
models.



EXIT IMPEOANCE NOOELS

T- applying the finite difference or finite
element analysis to an actual engine in lot. the grid
system has generally been confined to the internal
portion of the engine. Thus the engine has been
modeled as a short pipe. In this case an exit
impedncea	 is chosen at the inlet face or Jet exhaust
plane. However. the internal ;rid structure may be
extendeg into the far field. in which case a far-
field exit impedance would be employed. First, some
possible ways to choose the impedance at the engine
exits are discussed. Next, the advantages and pro-
cedures for moving the exit impedance plane into the
far field are presented.

A problem often encountered in inlet design is
the determination of the optimum attenuation of one
or more soft-wall (absorbing) liners. Figure 10(a)
shows a simple straight-duct model of a turbojet
Inlet that is assumed to have two different values
of wall impedance (absorbers) in series. For a
fixed spinning mode number m, the acoustic pressure
at the inlet face will be composed of many radial
modes that propagate down the duct.

If a single radial mode is assumed at x . 0 in
figure 10(a), the infinite hard-wall-duct impedance
associated with this mode (eqs. (11) and (12)) would
be an appropriate assumption. Generally only propa-
gating modes at x - 0 would be used; therefore the
purely imaginative exit impedances associated with
cutoff modes would not be employed.

3ec6use some modal scattering will generally
occur at the various chapges in wall impedance
(ref. 16), many modes will actually be present at
the duct exit. In the prediction of sound attenua-
tion in these cases. the single impedance used in
the numerical calculation (refs. 17 and Id) has been
found to be in good agreement with the more exact
analytical models (refs. 19 and 16). Apparently. by
absorption the soft wall prevents the reflected
waves from significantly affecting the acoustic
field in the duct.

Reference 17 (appendix E. eq. (E10)) suggests
another possibility for more accurately simulating a
nonreflecting interface at the duct exit. dy in-
creasing the lengtn of the last section (fig. 10(0))
the reflections from the duct exit will be effec-
tively damped before they can reenter the original
portion of the duct. The actual attenuation of the
duct would be determined from pressures and veloci-
ties at the onginal duct exit shown by the dashed
line in figure lO(b). Because of these large
attenuations cutoff would not be a problem.

The additional damping impedance could also be
added downstream of the exit. as shown in figure
lu(c). The programmer might wish to consider some
nard-wall section (vari M ;e area pernaps) added to
the exit of liner 12. In this case. the passi-
bility of model reflections at the entrance plane of
the liner 13 could complicate the problem.

Finally. as discussed in this paper. reflec-
tions at the duct exit could be eliminated by simply
extending the duct. as shown in figure IU(d). to
large lengths. sucn that the calculation Is per-
formed prior to the return of the reflected wave.
However. this could be expensive from the standpoint
of computer storage and run times.

All the previous cases attempted to eliminate
or at least reduce reflections at the duct exit.
However. in the actual turbofan inlet or exhaust
termination. reflections could be important for
certain modes. Consequently continuing the grid

structure from inside the nacelle into the far fiend
would simulate the actual dyhamlic process O=Wriug
at the engine lip.

In the far field " of the problems discussed
earlier are eliminated. For sample, in the absence
of a solid wall boundary condition. all modes propa-
gate in the far field (ref. 12. p. 212). therefore.
in establishing the exit boundary condition in the
far field, the problem of a cutoff erode coputatiw
al instability is eliminated. Al s2, all the various
duct modes have the identical o8ICO exit
impedance far from the exit. which simplifies the
exit u...dition even further.

In the far field the duct exit impedance would
be applied along a spherical surface, as indicated
by the dashed line shown in figure 11(a). For a
harmonic diverging spherical wave (ref. 20. p. 80)
or far from the face of a flat piston in an infinite
wall (ref. 21. p. 168)., the far field acoustic iW
pedance is

C T 
+1	 i

(ee)' 

1 ' (2"r̂)z (2"
°rr) • "Q,r

In equation (28). if r is assumed to be large, the
limit is

C . 1 (1 • oOCO	 (29)

In applying the transient technique :o tae con-
figuration shown in figure 11(a), the method of
mapping could be used. In po-ticuler I the mapping
procedure developed by Thompaon, at a). (ref. 22)
provides for the automatic generation of a general
coordinate system with coordinate lines coincident
with all the boundaries of an arbitary shaped duct.
This coordinate mapping procedure could be extended
to the case of the external impedance condition
shown in figure 11(a). An initial effort has re-
sulted in the development of .ne appropriate trans-
formed acoustic equations for a variable-area duct
(ref. 23) for which theory and e4Qerimental data are
n good agreement.

Another approach to establishing the impedance
boundary condition is shown in figure 11(b). In
this case a simple cylindrical geometry is used to
enclose the exit of the duct. This has the advan-
tage of allowing the use of the same rectangular
array of grid points used in the interior of the
duct. as shown in figure 1. Converting the radia-
tion boundary condition for a sphere to a cylindri-
cal ooundary is discussed in reference 24. The
authors also discuss a version of the exit impedance
that could satisfy the no-reflection condition for
more than one mode in a duct. In addition. refer-
ence l4 contains a comprehensive literature summary
of recent work on the external radiation boundary
condition.

CONCLUSIONS

The cutoff mode instability problem associated
with a transient finite difference solution to the
wave equation has been explained. The commonly used
"steady state" impedance ooundary condition was
found to produce acoustic reflections during the
initial transient. These reflections caused finite
instabilities in the cutoff modes. Extending the
duct length to prevent transient reflections re-
solved this stability problem. In addition. exit



impedance models are presented for use in the
practical design of turaofan inlets.

with the resolution of the cutoff mode in-
stability problem, the time-dependent analysis
appears to be ideally suited to madle all aspects
of numerical acoustic analysis. Recall that the
time-dependent analysis does not !Moire i:rge
matrix storage as do the steady-state finite differ-
we and finite element techniques. Also, because
manipulation of matrices is omitted, the time-
dependent approach is relatively easy to program and
debug.
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