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SECTION I,  

This report summarizes results fron d study which had 
the objective of developing a vector wind gust model that is 
suitable for orbital flight test 0perati~ns and trade studies. 
Detailed background information concerning earlier work can be 
found in References 1 and 2. In the work reported here, 
emphasis was given to verification of the hypothesis that gust 
component variables are gamma distributed, gust modulus is 
approximately Weibull distributed, and zonal and meridional 
gust components are bivariate gamma distributed. Section I1 
describes a method of testing for bivariate gamma distributed 
variables; in Section 111, two distributions for gust modulus 
are described, and the results of extensive hypothesis testing 
of one of the distributions are presented; Section IV establishes 
the validity of the gamma distribution for representation of 
gust component variables. Conclusions are presented in 
Section V. 



SECTION I I, TEST1 NG FOR B I VARI ATE GAMMA 
DISTRIBUTED VARIABLES 

The hypothesis  t h a t  abso lu te  component g u s t  and associ-  
a t ed  gus t  length are b i v a r i a t e  gamma d i s t r i b u t e d  can be t e s t e d  
according t o  t he  procedure described below. 

The p robab i l i t y  dens i ty  funct ion of b i v a r i a t e  gamma d i s -  
t r i b u t e d  va r i ab l e s  is  

where I,{} i s  t h e  modified Bessel funct ion of the f i r s t  kind 

of order  n; bx and By a r e  s c a l e  parameters: and yx and y 
Y 

a r e  shape parameters of t h e  gamma d i s t r i b u t i o n s  of x  and- y ,  
r espec t ive ly .  The parameter y is t h e  geometric mean of 
* and y 

Y' 
Estimation of yx ,  Yy, B x t  and By from sample 

s t a t i s t i c s  i s  discussed by Adelfang (Ref. 1)" 

Dimensionless va r i ab l e s  TI and T2 a r e  def ined by 

The va r i ab l e s  T1 and T2 can be expressed i n  a coordi- 

na te  system t h a t  i s  r o t a t e d  by 45'  ; t h e  transformed va r i ab l e s  
z1 and z2 a r e  given by 



The p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of t h e  t r a n s f o r m e d  v a r i -  
a b l e s  is  g i v e n  by 

The p r o b a b i l i t y  t h a t  b i v a r i a t e  d i s t r i b u t e d  v a r i a b l e s  zl 

and z2 w i l l  o c c u r  w i t h i n  t h e  a r e a  bounded by t h e  l i n e s  

z =z* z1=z2, and zl=-z 2  ( i l l u s t r a t e d  i n  F i g u r e  1) can  b e  

c a l c u l a t e d  by numedical  i n t e g r a t i o n  o f  t h e  e q u a t i o n  

where 
‘xl Wn+2k 

I n ( W )  = C 
k=O 2  n'2k k !  (n+k+l )  

A l t e r n a t i v e l y ,  PA c a n  b e  e s t i m a t e d  f rom t h e  series:  



Figure 1. Area, A (Shaded) , Which Bounds Bivariate Garma 
Distributed Variables zl and z2 for Which a 

Probability of Occurrence Can Be Calculated 
from Equation 7 



H ( a , X )  i s  t h e  i n c o m p l e t e  gamma f u n c t i o n  which  i s  g i v e n  
by t h e  series 

where a = 2 ( y + m )  

p = c o r r e l a t i o n  be tween  v a r i a b l e s  x a n d  y . 

A compute r  program f o r  c a l c u l a t i o n  of I , ,  a u s i n g  

E q u a t i o n  ( 7 ) ,  has been  d e v e l o p e d .  A sample  o f  t h e  c a l c u l a -  
t i o n s  of PA a s  a f u n c t i o n  o f  p f o r  y = 3 i s  l i s t ed  i n  T a b l e  1. 
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Standard r e s u l t s  f o r  checking the computer programs arc 
obtained from t h e  c losed-form s o l u t i o n  f o r  t h e  c a s e  y = l  which 
can be expressed  i n  t h e  form 

Values f o r  PA are  l i s t e d  i n  Table 2 f o r  s e l e c t e d  v a l u e s  

of zi and p .  

Table 2 .  P (7=1, p )  Calculated  from Equaticn ( 9 )  A 
-- -- 

Another useful s p e c i a l  c a s e  i s  for p=O and 2y equal  t o  an 
i n t e g e r .  

PA ( p = O ,  2y = an i n t e g e r )  



The v a r i a t i o n  o f  PA a s  a func t ion  of c o r r e l a t i o n  

c o e f f i c i e n t ,  p ,  ( f o r  y-2) and a s  a func t ion  o f  shape parameter ,  
y ,  ( f o r  p=0 .5 )  i s  i l l u s t r a t e d  i n  Figures  2 and 3, r e s p e c t i v e l y .  

A comparison of observed and expected PA i s  i l l u s t r a t e d  
i n  Figure 4 ;  t h e  l i n e  drawn a t  an ang le  o f  45' t o  t h e  a b s c i s s a  
r e p r e s e n t s  p e r f e c t  agreement between observed and exkected 
values .  Deviat ions o f  t h e  p l o t t e d  p o i n t s  from t h e  l i n e  repre -  
s e n t  d i f f e r e n c e s  between t h e  observed and expected  va lues .  The 
d a t a  p l o t t e d  i n  Figure  4 show a c o n s i s t e n t  p a t t e r n  a t  10 and 
12 km; f o r  PA < 0.3,  t h e  observed i s  l a r g e r  than  t h e  expected;  
f o r  in te rmedia te  va lues  (0.3 c PA c 0 . 8 ) ,  t h e  expected is  l a r g e r  

than  t h e  observed. These r e s u l t s  a r e  t h e  b a s i s  f o r  i n i t i a t i n g  
a more d e t a i l e d  a n a l y s i s  o f  the v a l i d i t y  of t h e  gamma d i s t r i b u t i o n  
hypothes is  f o r  t h e  marginal  d i s t r i b u t i o n s  tcomponent g u s t  and 
a s s o c i a t e d  g u s t  l e n g t h ) .  The r e s u l t s  o f  t h i s  a n a l y s i s  a r e  
descr ibed i n  t h e  n e x t  s e c t i o n .  







Figure 4 .  Observed and Expected PA at  10 and 1 2  km 
Calculated from u Component Gust and Gurt 
Length Data (Ac  = 2470 m) During February 
a t  Cape Kennedy 



SECTION I I I. THE DISTRIBUTION OF GU6T MODULUS 

Given t h a t  t h e  a b s o l u t e  g u s t  components a r e  u n c o r r e l a t e d  
b i v a r i a t e  gamma d i s t r i b u t e d ,  then  the p r o b a b i l i t y  d i s t r i b u t i o n  
of  gust modulus is ob ta ined  by numerical  i n t e g r a t i o n  of the 
j o i n t  d i s t r i b u t i o n  expressed  i n  p o l a r  coord ina tes .  

n/ 2  yl'l y 2 - 1  -R (B1cos9+B2sin8) 
I = 1 (cos0)  ( s i n e )  e d0 

0 

where  and B 2  a r e  t h e  s c a l e  parameters  and y 1 and y 2  a r e  t h e  
shape parameters  of t h e  u and v component gamma d i s t r i b u t i o n s ,  
r e s p e c t i v e l y .  

An express ion  t h a t  is  approximately e q u i v a l e n t  t o  
Equation 11 is 

where H(yI  + y 2 ,  AR*) i s  t h e  incomplete gamma f u n c t i o n  which can - 
be c a l c u l a t e d  a c c u r a t e l y  wi th  the series approximation g iven  i n  
Sec t ion  11. 



P r e l i m i n a r y  tests hnvc i n d i c a t e d  t h a t .  r ea sonab ly  a c c u r a t e  
estimates of t h e  p r o b a b i l i t y  d i s t r i b u t i o n  c a n  be o b t a i n e d  from 
e q u a t i o n  (12). However, it would be  advantageous  to d e t e r m i n e  
i f  a n  a l t e r n a t i v e  e x p r e s s i o n  can  be found which would n o t  re- 
q u i r e  as much computa t ion .  The Weibul l  d i s t r i b u t i o n ,  w ide ly  
used i n  wind ene rgy  s t u d i e s  (Re fe rence  3) was chosen  t o  r e p r e -  
sent gust nlodulus becatlse of i ts  r e l a t i v e  mathemat ica l  s i m p l i c i t y  
and t h e  a v a i l a b i l i t y  of data for pa rame te r  e s t i m a t i o n .  The cumu- 
l a t i v e  p r o b a b i l i t y  f u n c t i o n  for  t h e  Weibul l  d i s t r i b u t i o n  of 
g u s t  modulus i s  

The parilnwtt-rs k 1nc1 c at'e c a l c u l a t e d  a c c o r d i n g  t o  the 
approx ima t ion  qivcrl by J u s t u s  ( R e f .  3)  

I t  i s  n o t e d  t h a t  e q u a t i o n  (15)implies t h e  r e l a t i o n ,  



whereas  t h e  e x a c t  r e l a t i o n  f o r  a Weibul l  d i s t . r i b u t i o n  is 
g iven  l ~ y  

The accuracy  o f  t h e  approximat ion  h a s  been e v a l u a t e d  f o r  
va lues  o f  k from 0.5 to  10 by c a l c u l a t i n g  t h e  r a t i o ,  P ,  o f  
.the r j  j h t  s i d e  o f  e q u a t i o n  ( 1 8 )  to  t h e  r i g h t  s i d e  o f  e q u a t i o n  ( 1 7 ) .  
l'erftzc t agreement is i n d i c a t e d  when P= l .  A s  i l l u s t r a t e d  i n  
k'igurc! 5 ,  f o r  k 1 1, P i s  w i t h i n  a few p e r c e n t  o f  u n i t y ;  f o r  
k < 1, P approacfies a s  k approaches  0. T h e r e f o r e ,  it i s  con- 
cliidt?d t h a t  t h e  approximat ion  g i v e n  by e q u a t i o n  (15)  is  a c c u r a t e  
f o r  k -. 1. The c a l c u l a t e d  v a l u e s  o f  k f o r  g u s t  modulus a r e  
betwee,'; 2 and 3,which i s  w i t h i n  t h e  r ange  o f  a c c e p t a b l e  accuracy  
o f  e q u a t i o n  ( 1 5 ) .  

Parameters  K and C ,  c a l c u l a t e d  from Equat ions  (l5)and (161, 
r e : q x c t i v e l y ,  u t i l i z i n g  Cape Kennedy sample d a t a  are l i s t e d  
i n  Table 3. 

W comparison of t h e  Weibu l l ,  t h e  p r o b a b i l i t y  d i s t r i b u -  
tic.,n a s s o c i a t e d  wi th  t h e  modulus o f  a b i v a r i a t e  normal ,  and 
t h e  obse rved  ' r o b a b i l i t y  d i s t r i b u t i o n  i s  i l l u s t r a t e d  i n  
F ~ ~ U K D  6.  I t  is i n d i c a t e d  t h a t  t h e r e  i s  l i t t l e  d i f f e r e n c e  
bet.ween t h e  t h e o r e t i c a l  d i s t r i b u t i o n s  f o r  p e r c e n t i l e s  between 
20 and 98 ;  f o r  p e r c e n t i l e s  o u t s i d e  t h a t  r ange ,  the d i s t r i b u -  
t i o n s  d i v e r g e ;  f o r  t h i s  c a s e ,  t h e  observed  d i s t r i b u t i o n  f i t s  
+he Weibul l  s l i g h t l y  be t te r  t h a n  t h e  b i v a r i a t e  gamma modulus 
d i s t r i b u t i o n .  

T h e  h y p o . h z s i s  t h a t  g u s t  modulus a t  a  r e f e r e n c e  a l t i t u d e  
i s  drawn f r o n  a Weibul l  d i s t r i b u t e d  p o p u l a t i o n  was t e s t e d  f o r  
69 c a s e s .  Ti .e r e s u l t s  summarized i n  Tab le  4 i n d i c a t e  t h a t  t h e  
hypo thes i c  is a c c e p t e d  a t  t h e  0 .05 leve l  of s i g n i f i c a n c e  i n  a 
l a r g e  rn. j o r i t y  (65/69) o f  t h e  c a s e s .  
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Figure 5 .  Ratio 1' as a Funct . ion  o f  Shape Parameter, k 
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SECTION I V ,  DISTRIBUTION OF GUST COMPONENT VARIABLES 

Four v a r i a b l e s  a s s o c i a t e d  wi th  g u s t s  a t  a  r e f e r e n c e  h e i g h t ,  
Ho ' have been s t u d i e d  t o  e s t a b l i s h  t h e  v a l i d i t y  of  t h e  hypo thes i s  

t h a t  they a r e  samples from gamma d i s t r i b u t e d  p o p u l a t i o n s .  The 
f o u r  v a r i a b l e s  a r e  i l l u s t r a t e d  i n  Figure  7. The v a r i a b l e  ul is 

\ t h e  l a r g e s t  u component excurs ion  w i t h  l i g h  equal  t o  t h e  s i g n  o f  
u a t  Ho: u2 i s  t h e  l a r g e s t  u  component excursior .  of s i g n  o p p o s i t e  

D u1 found by scanning upward a f t e r  t h e  second ze ro  c r o s s i n g  a s s o c i -  
- 

a t e d  wi th  ul. The v e r t i c a l  d i s t a n c e  between ul and u2 i s  d e f i n e d  

a s  L Range: t h e  sum of t h e  a b s o l u t e  v a l u e s  of ul and u2 is  d e f i n e d  

a s  u  Range. The v a r i a b l e s  u  Range and L Range r e p r e s e n t  wind 
s h e a r  and wind s h e a r  a l t i t u d e  i n t e r v a l  a s s c  ' 3 t e d  w i t h  g u s t s  i n  
t h e  v i c i n i t y  of Ho. Each o f  t h e  f o u r  v a r i a b l e s  d e f i n e d  above have 

been c a l c u l a t e d  a t  s i x  r e f e r e n c e  a l t i t u d e s  from a  sample (150/ 
month) of February,  A p r i l ,  and J u l y  Jimsphere wind a r o f i l e  d a t a  
from Cape Kennedy. These d a t a  qets were t e s t e d  t o  e s t a b l i s h  t h e  
v e l i d i t y  of t h e  hypothes is  t h a t  each v a r i a b l e  i s  drawn from a  
gamma d i s t r i b u t e d  popula t ion .  Acceptance o r  r e j e c t i o n  o f  the 
hypo thes i s  i s  a t  t h e  0 .05level  of s i g n i f i c a n c e  f o r  a X *  v a r i a t e  
de f int:d by 

Oi = Observed frequency i n  the i t h  c l a s s  i n t e r v a l  

Ei = Expected frequency i n  t h e  i t h  c l a s s  i n t e r v a l  
(of  t h e  theoretical-gamma d i s t r i b u t i o n )  . 

The r e s u l t s  of  t h e  hypo thes i s  t e s t i n g  a r e  d e s c r i b e d  l a t e r .  

Gust ,  de f ined  a s  t h e  maximum excurs ion  between s u c c e s s i v e  
ze ro  c r o s s i n g s  i n  t h e  v i c i n i t y  of a r e f e r e n c e  a l t i t u d e ,  and 
a s s o c i a t e d  g u s t  l e n g t h ,  d e f i n e d  a s  t h e  d i s t a n c e  between ze ro  
c r o s s i n g s ,  a r e  each hypothes ized  t o  be drawn from a gamma1 
d i s t r i b u t e d  popula t ion .  The hypo thes i s  is  accepted  a t  t h e  

1. Sample e s t i m a t e s  f o r  t h e  parameters  of  t h e  gamma d i s t r i b u -  
t i o n  a r e  given i n  t h e  Appendix. 
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u Range = lull + I U , ~  

L Range = X = H 
2 - HUI 

Figure 7. Schematic D e f i n i t i o n  o f  u Range and L Range 



0 .05 leve l  o f  s i g n i f i c a n c e ,  i n  a l a r g e  m a j o r i t y  o f  c a s e s ,  f o r  
g u s t  component magni tude ( l u 8 ( ) ;  s p e c i f i c a l l y ,  t h e  a c c e p t /  
reject ra t io  i s  47/22 and  46/23 f o r  u  and v component magni- 
t u d e s ,  r e s p e c t i v e l y .  A s  i n d i c a t e d  i n  Tab le  5 ,  t h e  ra t io  i s  
s i g n i f i c a n t l y  s m a l l e r  f o r  g u s t  l e n g t h  (Lu and Lv) w i t h  rejec- 
t i o n s  exceed ing  a c c e p t a n c e s  ( f o r  method I ) .  The l a r g e  number o f  
r e j e c t i o n s  i s  a t t r i b u t e d  t o  l a r g e  d i f f e r e n c e s  between obse rved  
and expec ted  f requency  o f  o c c u r r e n c e  i n  t h e  f i r s t  few c l a s s  
i n t e r v a l s ;  t h e  obse rved  f r e q u e n c i e s  are always much l a r g e r  t h a n  
t h e  e x p e c t e d  f r e q u e n c i e s .  Smal l  g u s t  magni tudes  are a s s o c i -  
a t e d  w i t h  small g u s t  I c - g t h s  t h a t  are obse rved  a s  a consequence 
o f  the d e f i n i t i o n  o f  g u s t  used  i n  t h i s  s t u d y .  These small g u s t  
l e n g t h s  are n o t  measurab le  w i t h  t h e  J imsphere  sys tem;  t h e r e f o r e ,  
t h e y  are n o t  c o n s i d e r e d  to  be v a l i d  d a t a  f o r  h y p o t h e s i s  t e s t i n g .  
By n e g l e c t i n g  t h e s e  d a t a ,  w e  o b t a i n  t h e  r e s u l t s  summarized 
under  I1 i n  Table  5 which i n d i c a t e  a c c e p t a n c e  i n  a  much l a r g e r  
p r o p o r t i o n  of  t h e  c a s e s .  

A summary of  r e s u l t s  o f  t e s t i n g  t h e  h y p o t h e s i s  t h a t  the 
v a r i a b l e s ,  u Range and L Range, a r e  drawn from gamma u : s t r i b u t e d  
p o p u l a t i o n s  i s  g iven  i n  T a b l e  6 .  I t  is i n d i c a t e d  t h a t  the 
h y p o t h e s i s  f o r  u R a n ~ e  i s  a c c e p t e d  a t  t h e  0.05 l e v e l  o f  s i g n i f i -  
cance  i n  66  of t h e  7 2  c a s e s .  Acceptance is  n o t  a  f u n c t i o n  o f  
a l t i t u d e  e x c e p t  i n  J u l y  when t h e  number o f  samples  a c c e p t e d  a t  
1 4  km was less t h a n  a t  t h e  o t h e r  a l t i t u d e s .  Acceptance w a s  
n o t  r e l a t e d  t o  f i l t e r  c h o i c e  w i t h  on ly  s l i g h t  e x c e p t i o n s  
( f o r  h c  = 2470 d u r i n g  J u l y  and hc = 6000 m d u r i n g  February  

o n e - t h i r d  of  t h e  samples  were r e j e c t e d ) .  Based on t h e s e  r e s u l t s ,  
i t  is  concluded t h a t  u Range i s  gamma d i s t r i b u t e d .  

The r e s u l t s  f o r  L Range summarized i n  t h e  lower  h a l f  o f  
Table  6 i n d i c a t e  a c c e p t a n c e  o f  t h e  h y p o t h e s i s  (46 o f  t h e  72 
c a s e s )  wi t .h  n o t  a s  s t r o n g  a  tendency a s  t h a t  i n d i c a t e d  p r e v i o u s l y  
f o r  u Range. Acceptance i s  an i r r e g u l a r  f u n c t i o n  o f  a l t i t u d e  
which i s  a  minimum a t  1 2  km where 50 p e r c e n t  i s  a c c e p t e d  t o  
a maximum a t  8 km w h e r e  75  p e r c e n t  i s  accep ted .  Acceptance 
is  g r e a t e r  i n  J u l y  (75 p e r c e n t )  t h a n  i n  e i t h e r  A p r i l  or  
February  (58 p e r c e n t  f o r  b o t h   month^). Acceptance is  weak o r  
n o n - e x i s t e n t  f o r  A c  = 420 ic and is s t r o n g  f o r  Ac l a r g e  (2470 

and 6000 m ) .  



Table 5. Summary of Results of Testing the Hypothesir (1 ) 
that u and v Component Absolute Gust and Gust Length are 
Drawn from Gamma Distributed Populations 

A / R ( ~ )  

Fi1t . r  

Ac la) 

420 

997 

2470 

6000 

"'At th. .05 1-1 of mipn i f i euc r  for x2  mr1.t. with 6.g-r of f r e . d a r t  m - n-1-b, *t. 
n - n b r  of cham in to tva la ,  b - nubar of p a r u t a r m  of th 9 . u  dimtr ibut ion = 2. 

(')&/I La tho r e t l o  of th m r  of cmem accepted t o  tk. n W r  r.j.ct.d. 
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Table 6 .  Sununary of  Results of Testing the  Hypotnerris 
That the  Variables,  u Range and L Range, a t  a 

Reference Alt i tude ( 4 ,  6 ,  . . . 14 km) are 
Drawn from Gama Distributed Populations 

Accopt/R. joct 4/0 4/0 4/0 3/l 4/0 1 / 7  21 / 3 

L rang* 2 420 R R a R R R 0 6 
997 A A R A R R 3 3 

2470 A A A A A A 6 0 
6000 R A A A A A 5 1 

Accept/R ject 3/1 3/1 2/2 2/2 2/2 2/2 1 4 / 1 0  

--- 
* & ~ o p t  (A) or Reject (R) hypothesis a t  the .0!, l e v ~ :  of aaynificanco for X'  varirto 
with n m r o o s  of froodm, m - n-1-b, where n - nubor of claaa intorvala, b - ~ * r  
of prrrutorm of tho qama distr ibution - 2 .  



SECTION V, CONC LUS I 0% 

This  r e p o r t  has emphasized methods f o r  e s t a b l i s h i n g  t h e  
v a l i d i t y  o f  t h e  hypothes is  t h a t  observed g u s t  v a r i a b l e s ,  
inc lud ing  g u s t  component magnitude, g u s t  l e n g t h ,  u Range, and 
L Range, have been drawn from gamma d i s t r i b u t e d  popu la t ions  
and t h a t  observed g u s t  modulus h a s  been drawn from a b i v a r i a t e  
gamma d i s t r i b u t e d  popu la t ion  t h a t  can be approximated wi th  a 
Wei5ull d i s t r i b u t i o n .  An a n a l y t i c a l  procedure h a s  been pro- 
posed f o r  t e s t j r , g  f o r  t h e  b i v a r i a t e  gamma d i s t r i b u t i o n .  The 
procedure has  the advantage o f  n o t  r e q u i r i n g  frequency counts  
w i t h i n  na r rcd  c e l l s  de f ined  by t h e  i n t e r s e c t i o n  o f  i n t e r v a l s  
of  t n e  marginal d i s t r i b u t i o n ;  t h e s e  frequency counts  would be 
i m p r a c t i c a l  and u n r e l i a b l e  because o f  t h e  l imi ted  sample s i z e  
(150) o f  t h e  a v a i l a b l e  d a t a .  I n s t e a d ,  t h e  new method r e q u i r e s  
t h e o r e t i c a l  and observed frequency count ing  over  l a r g e r  a r e a s  
a s s o c i a t e d  with non-dimensionalized and transformed v a r i a b l e s .  
Prel iminary r e s u l t s  u t i l i z i n g  t h i s  method have i n d i c a t e d  l a r g e r  
observed than  expected  f requenc ies  f o r  s m a l l  g u s t  l e n g t h s  and 
a s s o c i a t e d  smal l  g u s t  magnitudes; t h i s  is a t t r i b u t a b l e  to  t h e  
d e f i n i t i o n  of  g u s t  used i n  t h i s  s tudy .  These s m a l l  g u s t  l e n g t h s  
a r e  n o t  measurable wi th  t h e  Jimsphere system and,as  i n d i c a t e d  
i n  Sec t ion  IV, t h e  r e s v l t s  o f  hypo thes i s  t e s t i n g  f o r  t h e  margi- 
n a l  d i s t r i b u t i o n s  are improved g r e a t l y  by e l i m i n a t i n g  them from 
t h e  d a t ~  sample. The hypothes is  t h a t  g u s t  component ( u  and v)  
magnitudes a r e  drawn from a g m s a  d i s t r i b u t e d  popu la t ion  is 
accepted a t  t h e  0.05 l e v e l  o f  s i g n i f i c a n c e  i n  122 of  t h e  136 
cases  t e s t e d ;  f o r  g u s t  l e n g t h  (Lu and Lv) ,  102 o f  t h e  136 c a s e s  
were accepted.  

The v a r i a b l e s  u RangeandL Range have been used t o  r epre -  
s e n t  component wind s h e a r  and s h e a r  i n t e r v a l  a s s o c i a t e d  w i t h  
g u s t s .  The hypo thes i s  t h a t  u Range o b s e r v a t i o n s  were drawn 
from a gamma d i s t r i b u t e d  popu la t ion  w a s  accepted  a t  the0.05 
l e v e l  i n  66 o f  t h e  72 cases  t e s t e d ;  t h e  acceptance  r a t i o  was 
somewhat s m a l l e r  f o r  L Range wi th  acceptance  i n  46 of  t h e  72 
cases  t e s t e d .  

Tes t ing  of t h e  hypothes is  t h a t  g u s t  modulus is  drawn from 
a Weibull d i s t r i b u t e d  popu la t ion  has  y i e l d e d  h i g h l y  f a v o r a b l e  
r e s u l t s  wi th  acceptance of t h e  hypo thes i s  a t  t h e  0.05 l e v e l  i n  
65 o f  t h e  69 cases  t e s t e d .  
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Parameters  Y and 6 ( c a l c u l a t e d  from sample moments) for 
h y p o t h e t i c a l  gamruc d i s t r i b u t i o n s  of g u s t  component variables 
) u 8 1 ,  I v ' ~ ,  Lu,  Lv ,  u Range, and L Rangd d e f i n e d  i n  Section I V  
are l i s t e d  i n  Tab les  A-1  through A-6. 

The parameters  i n  t h e  t a b l e s  can  be used t o  d e r i v e  
t h e  gamma p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of  t h e  form 

Equat ion (A-1)can be expressed  i n  terms of  a nondimensianal 

v a r i a b l e  y , X 

i * e - *  = B '  such t h a t  

The p r o b a b i l i t y  t h a t  y does n o t  exceed a s p e c i f i e d  value, 
Y ,  i s  g iven  by 

IYyy-' EXP ( - y )  dy . (A-3) 
m-'j- 0 

The i n t e g r a l  on  t h e  r i g h t  s i d e  of Equat ion (A-3) is t h e  incom- 
p l e t e  gamma f u n c t i o n ,  H ( y  , Y )  , which can  be approximated w i t h  
t h e  series summation g iven  by Equat ion 4 i n  S e c t i o n  XI w i t h  
t h e  s u b s t i t u t i o n  
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