NOTICE

THIS DOCUMENT HAS BEEN REPRODUCED FROM
MICROFICHE. ALTHOUGH IT IS RECOGNIZED THAT
CERTAIN PORTIONS ARE ILLEGIBLE, IT IS BEING RELEASED
IN THE INTEREST OF MAKING AVAILABLE AS MUCH
INFORMATION AS POSSIBLE



NASA Technical Memorandum 82678

Application of ‘‘Steady’’ State Finite Element
and Transient Finite Difference Theory to Sound
Propagation in a Variable Area Duct: A
Comparison with Experiment

‘NAJ"TH‘CJM/U) APPLICATICN CF STEADY SIATE
l'l[‘lvll'. ELEMENT AND TRANSLENT FINITE ‘
DIFFEGENCE THEOKY 1 :

VARIABLE ABKLA DUCT:
EXPERIMENT (NASA)

NBZ2=15047

SOUND i'.‘(,i'\‘ll'\;“ b IN A
A CCEFARLISON LS

14 i ot [us/ﬁl‘ AO1 G377 \)C‘rl"

Kenneth J. Baumeister
Lewis Research Center
C.eveland, Ohio

and

W. Eversman and R. J. Astley
University of Missouri
Rolla, Missouri

and
J. W, White

University of Tennessee
Knoxuville, Tennessee

Prepared for ihe

Seventh Aeroacoustics Conference

sponsored by the American Institute of Aeronautics and Astronautics
Palo Alto, California, October 5-7, 1581

NASA



E-960

APPLICATION OF “STEADY" “TATE FINITE ELEMENT AND TRANSIENT FINITE
DIFFERENCE THEORY TO SOUND PROPAGATION IN A VARIABLE OUCT:
A CC!PARISON WITH EXPERIMENT

Kenneth J, Baumeister
National Aeronautics and Space Administration
Lewis Research Center
Cleveland, Dhio

W, Eversman and R, J. Astley
University o Missouri
Rolla, Missouri

and

J. W. White
University of Tennessee
Knoxviile, Tennessee

Abstract

Sound propagation without flow in a rectan-
gular duct with a converging-diverging area varia-
tion is studied experimentally and theoretically,
The area variation was of sufficient magnitude to
produce large reflections and induce modal scatter-
ing. The rais (root-mean-squared) pressure and
phase angie on both the flat and curved surface
were measui'ed and tabulated., The "steady" state
finite elenient theory of Astley and Eversman and
the transient finite difference theory of White are
in good agreement with the data. It is concluded
that numerical finite difference and finite element
theories appear ideally suited for handling duct
propagation problems wnich encounter large area
variations.

List of Symbols

o speed of sound, m/s

£ frequency, Hz

¥ duct height ahead of area change, m

H* maximum height of area change, m

J function of x and y, Ref, 12

K dimensionless reduced frequency,
m*n*/cS

L* length of area variation, m

P time dependent dimensionless pressure,
Pr(x*,y*,t*)/og c32

p Fourjer transform pressure,
p*(xv.V)/DS CB‘Z

Po mean pressure, ph(x,y)/ok ch2

S standing wave ratio

t dimensionless time, t*f¥

Uo mean axial velocity, Ug/c

u acoustic axial velocity, u*/cg

Vo mean transverse velocity, Vi/co

v acoustic transverse velocity, v*/ck

e 5 i ——— 4
T T P

X dimensionless axial coordinate, x*/h*
y dimensionless transverse coordinate, y¥/n*
! height of area variation, Eq. (1)
la exit acoustic impedance, kg/mésec
o sound power reflection coefficient,
Eq. (10)

function of x and y, Ref, 12

ayByyl
Oy T

¥ specific heat ratio

n transverse coordinate in transformed
plane, see Fig. §

E axial cooraipate in transformed plane,
see Fig. b

e reference density, kg/m3

w dimensioniess frequency h*f/ch

i angular frequency, rad/sec

Superscript:

* dimensionless quantity

Introduction

"Steady" state and transient finite difference
and finite element theories have been developed to
study sound propagation in complex ducts with axial
variations in cross-sectional area, wali liner
jmpedance (absorbers) and with gradients in flow
Mach number. Reference 1 contains a comprehensive
desuriotion of the techniques, advantages, and
Timitahions associated with the various numerical
solutions of the sound propagation equations. In
general, the literature is concerned primarily with
theoretical solutions of the sound propagation
equations., The present paper concentrates on the
experimental verification of the numerical theories
particularly for ducts with large area variations.

Only a linmited number of experimental studies
is available to verify the numerical as well as the
analytical sound propagation theories. For
straight soft wall ducts, measured transmission
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lo?ses and axial gressure ¥arj2t§ons are in yeason-
able agreement with analyticaic+” and finite
elementd theories. For acoustic filt.,s and
mufflers with abrupt area changes, finite element
predictions of transmission losses5+© are a}so in
good agreement with theory, Kagawa, et al.
recently developed a combination of the finite ele-
ment (in duct) and analytical methods (Greens-
Tneorem in the far field) to analyze sound propaga-
tion from a loud speaker. The measured far fiel
sound pressure and directivity characteristics were
predicted within a few decibels over a wide fre-
quency range. In a much simpler approach, Ref, 8
relates in duct finite element solutions to trends
in the radiated far field data.

Nayfeh, et al,9+10 experimentally studied
sound propagation in an annujar duct with a center-
body with a slowly varying cross sectional area.
Tnis experimental test section was designed to com-
ply with the assumption inherent in their multiple
scale perturbation analysis. The centerbody slope
was |imited to 0.2 to reduce reflections and
coupling among acoustic modes, both of which are
neglected in the analysis. The circumferential
variations of pressure amplitude and phase at
several axial positions were examined witnh hard
walls and lined sections with and without mean
flow. Reasonable agreement between the theoretical
and experimental results were found for the con-
verging portions of the duct.

The present study involves a similar experi-
ment with axial area variations buc 4, . hard wall
rectangular duct with no flow. In contrast to
Refs. v and 10, however, large slopes in the duct
wall will be introduced to enhance reflections and
modal scattering to obtain a severe test of the
theory. Also axial pressure measurements are made
in both the converging and diverging portion of the
duct,

In tne present paper, the experimental test
section, apparatus and procedure will first be dis-
cussed. The experimental data will be conveniently
tabulated for later use in the 1iteratY{e. Then,
one steady state finite element theory*! and one
transient finite difference theoryl? will pe com-
pared to the data and conciusions drawn,

Experimental Apparatus and Procedure

To verify thie numerical theories for hard
walls without mean f]ow, the general acoustic duct
system descrioed inld was modified into the sim-
ple no flow apparatus shown in Fig. 1. Tne system
shown in Fig, 1 was aadapted to simulate plane wave
propagation in an infinite duct. The following
paragraphs describe the acoustic system including
components and general operation,

Source

Sound was generated by a 120 watt, 300 Hz to
6 kHz driver. In the experiment reported herein,
the sine wave generator provides a 1560 Hz

(m - ”zg* - 0.172)

signal to the amplifier which in turn drives the

speaker shown in Fig. 1. The duct temperature was
at 27 centigrade. Since the first nonplane node
begins propagating at a frequency of 1701 Hz, the

choice of 1560 Hz for the driving frequency guaran-
tees that only plane waves will propagate in the
straight portion of the duct far from the area
variation,

Test Section

The sound travels through a 10 cm by 3.81 cm
(4 in. by 1.5 in.) rectangular test section. This
1.4 meter (56 in,) long section consists of 19 flat
detachahle plates (8 on top and 8 on the bottom),
The variable area test piece, to be described short-
ly, was inserted in place of the bottom piece at
Jocation 6. An exponential horn was attached to the
upstrean, end off the test section. For these experi-
ments, the horh was fitted with an acoustic foam
wedge to approximate a pgco termination, which
similates an infinitely ?ong duct,

Variable Area Test Piece

The variable area test piece shown in Fig., 2
was constructed from wood. The surface profile is
prescribed by a fourth degree polynominal of the
form:

2 3 /o \4
u%us(é;) -32(’[‘-“,-) +16(E-;-) (1)

where the length L* is 7.62 cm (3 in.) with a
height H* of 1.91 cm (0.75 in.) which is just half
the height of the duct. This curve has zero slope
at x*/L* equals 0, .5 and 1, and has a maximum
siope of 0,77 at x*/L* equals 0.21 and 0.79. The
symbols used here are defined in the iist of symbols,

This test piece has provision for measuring the
pressure along the curved surface at x*/L* equals
0., 0.3, 0.5, 0.7, and 1,0. The microphone holes
at x*/L* equals 0.3 and 0.7 correspond with fne
position of the peak component of the transverse
pressure profile, as displayed in Fig. 5 ol
Ref. 12, The holes were stopped with wooden plugs
when the microphones were not in place.

Microphone Installation

Two 0.64 centimeter (1/4 in.) diameter coufi
denser microphones were used to determine the acous-
tic field. The microphone designated A was used to
monitor tho source strength of the signal while
miicrophone B was used tc determine the pressure and
phase angle along both the variable area test piece
and along the flat surface above the variable area
test piece., The output of each microphone was
analyzed to give the rms {root-mean-squared) pres-
sure and phase angle. The flat microphone test
holder plate is shown in Fig. 3. This holder is
mounted above the variable area test piece in loca-
tion 6 of Fig. 1. This aluminum plate was fabri-
cated with 0.64 c¢m (1/4 in.) diameter nholes which
allowed one microphone (b) to be traversed in the
axial direction in increments of 0.953 cim
(3/8 in.). The test piece was fabricated with an
insulator in each hole, so that the microphones were
electrically insulated from the test plate. During
a measurement, each microphone's membrane was posi-
tioned flush with the surface of the test plate
(protactive shields were removed).

The response of these microphones was fiat to
25 kilohertz, A standard acoustic source was used
to check the system amplification. This source
generated a 114 decibel signal in 5 octave steps
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from 0,125 to 2,0 kilohertz, rhe microphone was
placed in the source and the resulting decibe) level
of the output was noted. In this way an absolute
scale was established for the SPL. In this experi-
ment, the SPL level was set at 100 dB at a position
0,953 cm (3/8 in.) in front of the start of the
variable area cross section. The microphone used to
m%nitox the source has been designated as micro-
phone A,

General Procedure

The equipment shown in Fig, 1 was turned on
approximately four hours before data were taken,
The rais pressure and phase angle were then deter-
mined by microphone B in sequence at each axial
location along both the flat and curved surfaces.
Three measurements were averaged to determine a data
set, As a further check on the repeatability of
the measuremerits, a second set of measurements was
recorded (data set II}), The data is displayed in
Tables [ and II,

Finally, the data in Table I have been arbi-
trarily normalized to an average value of 1.4. This
&sfcogrenient for comparison with the analysis of

e . L]

Theory

In this section, a brief review will be pre-
sented of a "steady" state finite element theory and
a transient finite difference theory. In the
following section of this report, these theories
will be compared to the experimental data,

Finite Element Theory

For the case of a sheared meaf flow in a rec-
nangular duct, Astley and Eversman 1 have devel-
nped a finite element method based on weighted
residuals using an eight node isoparametric element,
shown in Fig. 4.

The acoussic equations are described by the
Jinearized perturbed energy and momentum equations
for isentropic flow, The perturbed quantities are
assumed to vary with time as e1w*t™ and the
tgory thereby is called "steady" state theory.
Velocities and pressures are nondimensionalized
using reference ~cales, cg and pHcge,
respectively. 1 following vquat?ons rasult:

au au

. U 3u 0 0

- + e — oS- ) I———
{x=mom.) iku UD X V0 3y U v 5y

1 ap 1 P

+—..._..............'............p,,
Po 3x YRy ax

0 (2)

- 5 v v avo 3\‘0
(y-mom,) iku + U 5% * Yo .37-+ Ugpet v 7
p
1l p 1 0
+ -k — D
Py ¥ YPoRy WY p=0 (3)

ap ap
(energy) ikp + U &+ v, %%,+ Ut v ?39

au W
*V[PO%*PO%*PWQ*F’WQ]-O (4)

The complete details for transforming these equa-
tions into the finite element formulation can be
found in Ref, 11,

The speaker, see Fig. 1, sends acoustic pres-
sure waves into the duct which are either reflected
or transmitted by the variable area duct restric-
tion. Accurate source modelling and representation
of the duct termination requires special considera-
tion, Acoustic mode reflection at the inlet to the
duct nonuniformity and the transmission without
reflection at the outlet of the nonuniformity is
modelled by matching the finite element solution in
the interior of the nonuniformity to analytical or
finite element eigen function expansions in the uni-
form inlet and outlet ducts, This permits a multi-
modal representation accounting for reflection and
mode conversion by the nonuniformity. This approach
was first introduced in the afgustic problem by
Eversman, C | n action witl
a8 o2 S per con R SOINGEEL SN HIEh
nonuniform ducts without flow and was subsequently
used in a similar context in the presence of

flowll, b,

The boundary condition at the upper and lower
hard walls requires that the normal acoustic veloc-
ity be zero,

Transient Finite Difference Theory

nitel? has numerically mapped the variabje
area guct into the rectangu¥ara880metry shown ?n

Fig. b. The wave equation in the physical xy plane

2 .
Pip = Pex Pyy ()

(0]

was transformed to the §&,n plane
2 1 , .
w Pttusz- [L’!P\y";" 43}):“ "‘Ylpnr"" UPn”' TPE]

{6)
where J,a,8,v1,0 and 1 are functions of Xx,y,z

and n and are defined in Ref, 12, The mapging
from the physical to the transtformeéd &,n plané was

performed numerically using a technique developed
by Thompson (Refs. 16 and 17), Equation (6] was
tnen rewritten in finite difference form and solved.

The entrance and exit conditions used in the
transient finite difference theory were

p ) Qt w
Eloapt) o) (7)

e

and an exit impeaance value of

Ze|ajL w1 = 08ch (8)
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goth Eas. (7) and (8) represent approximations to the
entranse and exit conditions employed by Astley and
Eversman (Ref, 11) discussed earlier, At the entrance
and exjt of the variable area section, higher order
acoustic modes will generally yield a non-uniform
pressure profile and a non-uniform exit impedance,

The degree which Egs. (7) and (8) approximate the true
entrance conditions can be improved by adding both
straight entrance and exit sections., In these sec-
tions, the higher order modes will decay such that
Egs. (7) and ?8) will more closely approximate the
true boundary conditions,

Discussion of Results

In this section, experimental results are dis-
cussed in the following categories: rms axjal pres-
sur? profiles, transverse pressure profiles and phase
angle,

RMS Axjal Pressure Profiles

The normalized vins pressures from Table I are
plotted against axial distance in Fig, 6 and compared
to the theories of Refs, 1l and 12, As seen in
Fig. 6, the Astley-Eversman theory is in excellent
agreement with tne data. In their analysis, the
incident pressure wave had a value of 1; thus, the 1.4
value at x = 0 indicates a reflected wave of 0.4 in
magnitude.

The White transient finite aifference theory
snhown by the dashed line in Fig. 6 is also in reason-
ably good agreement with the data,  Some deviation of
the pressure at x*/L* equals 1.0 is seen,

Transverse Pressure Profile

Figure 7 shows a comparison between the measured
and calculated transverse pressure profiles, Both
theories predict very small differences in pressure
petween the flat (y = o) and the curved surface
(% = 1), The scatter in the data appear large because
the profile is nearly flat; thus the pressure differ-
ences in Fig, © are very small. Also, the pressure
at x = 0.3 on the flat surface nad to be estimated
from Fig. 6 because a microphone was not at this exact
location on the flat surface. Nevertheless, both
theories predict tne proper trends of the data and are
in reasonable agreement in magnitude with the test
data,

Phase Angle

Figure 8 shows a comparison between the measured
and calculated value of tne phase angle as a function
of axial distance. Again both theories are in reason-
able agreement with tne data. In tnis case, the
transient finite difference theory gives sligntly
better agreement at x*/L* of 1, Overall, consider-
ing Figs. 7 and 8, both theories appear to perform
equally well in correlating the data.

Standing Wave Pattern

The duct construction in the present experiment
produced a reflection which induced a significant
standing wave pattern ahead of the test section.

Also, any reflection from the duct termination will
generate standing waves downstream of the test sec-
tion. To determin~ this wave pattern, rms pressure
measurements were taken along the flat wall both up-
stream and downstream of the test section, These mea-
surements are recorded in Table III and plotted in
fig. Y. As seen in Fig. Y, the finite element theory

and tpe transient finite difference theory are in
excellent agreement with the data upstream of the test
section, Since the theory assumes that there is no
reflected energy at the exit, a downstream standing
wave pattern cannot, of course, arise,

The standing wave ratio S downstream of the
test section was

S g{-ggi- 1,09 (9)

Therefore, assuming the incident and reflected waves
react in normal incidence at the duct exit, the sound
power reflection coefficient 1s (Ref, 18, p., 301)

s = 1\, o.0018; 1
qr-m = U, i} (0)

This siight amount of reflected sound from the duct
exit probably accounts for part of the deviation be-
tween experiment and theory which assumes a non-
reflecting exit termination.

With the exception of the Astley-Eversman modal
coupling finite element formulation, all other numeri-
cal analyses specify an entrance pressure or velocity
and an approximate exit impedance. White's analysis,
which uses Eqs. (7) and (8) for the entrance and exit
conditions, is typical of these theories. ODirect pre-
diction of the transmitted and reflected energy is not
generally possible in these theories. For low fre-
quency plane wave propagation (Ref. 18, p. 300,

Ref. 19), however, an estimate of the reflection
coefficient can be found by adding a straight section
of duct ahead of the area variations and measuring the
standing wave pattern in the region where higher order
modes have decayed, Higher order modes will be gen-
erated at the interface between the straight and vari-
able area portion of the duct,

In contrast, the Astley-Eversman finite element
formulation predicts the transmitted and reflected
energy by analytical including a straight entrance and
exit section; therefore, their analysis does not re-
guire elements in these sections. Application of the
Astley-Eversman theory to only the contracting portion
of the duct yielded a reflection coefficient of
0.264, Tnis coefficient can now be compared to the
reflection coefficient obtained from the measured and
predicted standing wave pattern shown in Fig. 9.

From Fig. Y, the standing wave ratio is

1.52
S = 5os = 3.120 (11)

Since only plane waves propagate in the straight por-
tion of the duct at w = 0.172, the power reflection
coefficient can be calculated directly (Ref. 18,

Eq. 8.49).
2
o = (3.102 = 1)” _ 4,263 (12)

(3.102 + 1)

which is in excellent agreement with the value pre-
dicted by the Astiey-Eversman modal coupling theory.
Therefore, in a general situation where it is desired
to estimate the reflected or transmitted acoustic
energy, the eigenvalue formulation of Astley and
Eversman for the duct entrance and exit condition
would be the appropriate algorithm to use. There
could be some difficulty, however, in estimating the
modal content of the incident wave if higher order
modes can propagate.
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Conclusion

Experimenta) data have been presented for sound
propagation yu a simulated infinite hard wall duct
with a large change in duct cross sectional area, The
data is conveniently tabulated for further use. The
"steady” state finite element theory of Astley and
Eversman and the transient finite difference theory of
White are in good agreement with the data for both the
axjal and transverse pressure profiles and the axial
phase angle. Therefore, numerical finite difference
and finite element theories appear to be ideally
suited for handling duct propagation problems which
encounter large axjal gradients in acoustic parameters.

The measured energy reflection coefficient agrees
with the values from the Astley-Eversman modal coupl-
ing model, Therefore, in a general multi-modal situa-
tion where it is desired to estimate the reflected or
transmitted acoustic energy, the eigenvalue formula-
tion of Astley and Eversman for the duct entrance and
exit conditions would be the approximate algorithm to
use, Definition of the mode content of the incident
wave might represent a problem, however,
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TABLE I, - AXIAL PRESSURE MEASUREMENT S
Straight wall

MIC ¢ Data Set I, Ppps Data Set I, Pppg
position ,
Xa/Lwn 1 2 3 JAveragel] 1 2 3 |Average
0.0 11.39511.,390)1.4181 1.40 }1.405]1.403}1,395 1.40
125 | 1,556 | 1.47311.508] 1,513 11.443] 1.468]1.493| 1.468
250 |1.490]1.508 |1.488] 1.495 |1.500]1.480]1.500 | 1.493
375 11,397 (1.385]1,387| 1.39C |1.405] 1.3 1.400 1 1,395
50 | 1.252]1.234 1,239 ] 1.242 214 11,217 11,237 | 1.222
625 | 1,066 |1,069]1.,046| 1,061 |1.049]1.066]1.061 | 1.059
+750 918 | 918} .916 .918 9411 L9331} .91 938
875 .835] ,8411 .868 .848 .8511 .851] .863 856
1.0 810 .825| .825 .820 805 .8151 .823 .815
Curved Wall

MIC ¢ Data Set I, Prms pata Set II, Prms

position

X*/L* 1 2 3 ]Average| 1 2 3 Average

~0,125 |1.405}1.44311.440] 1.43 1.387 11.38211.423 § 1.397
.3 1.57311.635|1.578] 1.536 }1.,490{1.55311.551 | 1.530
5 1.259 11,254 [1,227 | 1.247 |1.21911,239{1.295 | 1.2i9
7 956 ) 4938 1.006 .966 9361 9111 .951 .933

1.125 .876 { ,883 ] .B8s 881 .848 1 .8631 .891 .868

TABLE II. - PHASE ANGLE DATA
Straight Wall

MIC ¢ Data Set I, ¢ Data Set II, ¢

position

X*/L* 1 2 3 Average | 1 2 3 Average

0.0 0. 0. 0. 0. 0. 0. 0. 0.,
125 5,70 6.5 6.2 6.13 6.1 6.3 6.2 6.2
+250 12.6 13.0 12.9 12.83 13.0 13.0 13,0 13.0
.375 21.2 22.0 21.3 21.5 21.4 21.4 21.4 2L.4
.50 32.4 33.3 32.8 32.83 32.8 32.8 32.9 32.83
625 47.9 48.6 48.4 48,3 48.1 48,1 48,3 48,17
.750 66.0 66.6 66.6 66.4 66.6 66.7 66.7 66.67
875 86.4 86.9 86.1 86.47 86.4 86.5 86.5 86.47

1.0 105.6 | 106.6 |106.8 | 106.33 ]106.4 | 106.4 | 106.4 | 106.4

Curved Wall

MIC ¢ Data Set I, ¢ Data Set II, ¢

position

XxfL* 1 2 3 Average 1 2 3 Average

~0.125 4,47 | -4.27 | -4.87] ~4.54 -5,10| =5.30] -5.0 -5.13
.3 10.43| 10.931 10.43} 10.6 10.1 10.6 10.1 10.27
5 32,831 32.63| 32.43} 32.63 32.3 32.5 32.3 32,37
7 71,23} 72.13} 72.73}1 72.03 71.7 71.4 71.5 71.53
1,125 {119,731 119.83 } 120,13} [1Y.9 119.2 | 11,5 |119.4 | 119.37
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Figure 2, - Variable area test piece with 5 microphone locations
(microphone plugs not shown),

C-79-1058

Figure 3, - Microphone test holder plate mounted above the variable area
test piece,
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Figure 4, - Finite element discretization of variable ares duc’ using theory
of reference 11,
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;‘ Figure 5. - Mapping for a variable area duct.
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Figure 8, - Experimental and theoretical axial phase angles
(w=0,172),
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