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ABSTRACT
An analysis of Synchronous Time Division Multiplexing is presented.

Packets
of information arrive at the system as a compound Poisson process, and can

be transmitted only during individual periodic intervals. Packet arrivals

may be blocked (lost) if the system has a finite capacity and is congested.
Using the theory of semi-regenerative processes, the distribution of the

number of packets in the system (system size) is found. This nonstationary

distribution is used to determine the complete system tehavior, including

the delay distributions, the blocking probability, and the density of the

system size at arrival instants. Numerical examples illustrate applications

of the results given.
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1. __INTRODUCTION

Spacecraft data is collected by means of a variety of sensors which typically

operate simultaneously. The data from the various sensors must be funneled
through a common telemetry channé,. The current method of combining the

data is by Synchronous Time Division Multiplexing (STDM).

This paper represents the initial phase of research in the study of Deep
Space packet telemetry techniques [1]. This study, which is part of the
NEEDS (NASA End-to-End Data System) program, will identify and compare

various strategies for managing, packetizing and multiplexing spacecraft

data. The baseline technique defined in [1] is STDM.

A unified approach to analyze the performance of STDM is given hereiii.
Using this approiach, several new results are obtained for a large cliss of

arrival streams, particularly for the finite buffer capacity case.

The design engineer may use these results to completely predict system
behavior, including channel utf]ization, probability of data loss due to
buffer overflow, and queueing delay. By varying the design parameters of
the model, the apprepriate cﬁénnei allocation and buffer sizing can be
determined such that the performance will meet the prescribed criteria for
each source. In addition, sensitivity analyses can be done by exploiting

the generality of the arrival process model.

In STDM, each source is assigned a fixed sequence of time intervals during
which it may transmit information. The assignment is predetermined and
does not adapt to fluctuations in the traffic load, In the definition of

STDM in this study, a structure is imposed on the time intervals assigned
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to the sources, and is defined as follows. Time is divided into equal
length frames, Each source is allotted a fixed contiguous portion of

each frame, defined as a slot, which remains in a fixed ordered position
from frame to frame, While the slot sizes are constant for a given source,
they may vary between sources. The amount of information transmitted in

a slot is called a packet (for that source),

It is clear that STDM provides excellent performance if the data arrival
times are deterministic, one packet per frame. In the past, spacecraft

data were collected in a predetermined fashion so that STDM was well suited

for the environment. However, future missions will use source encoders
as well as sensors that are triggered by random-time events. These will

cause the information packets to arrive at random times, in which case

STDM may not be as efficient as other alternatives. This paper investi-

gates the performance of STDM with random time-of-arrival input streams.

In any multiplexing scheme the source data are colocated at the concentrator.
This allows the possibility of sharing another finite resource: buffer |
space. However, in this paper we will assume each source has its own

individual buffer. This important assumption implies that the queueing

behavior of any source is independent of all other sources, and only one
source needs to be considered. Since the STDM scheme considered here does
not utilize any of the advantages due to the colocation of the sources, it

is also referred to as Time Division Multiple Access (TDMA).

The analysis of the STDM queueing process presented here is based on the §
theory of semi-regenerative processes, assuming a Poisson message arrival A

stream. Messages will consist of groups of packets, where the distribution
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of the group size is arbitrary (i.e. a compound Poisson packet arrival stream
is assumed). The quantities of interest are: the number of packets or
messages in the system ("system size"), the total time spent in the system
("delay"”), and in the case of a finite capacity system, the probability of
being blocked.

In this paper we give new results describing STDM/TDMA behavior, including

the actual delay distributions and a complete characterization of intraframe
system behavior for finite packet capacity systems. A list of previous work

on STDM/TDMA is given by [2]-[8] and [13]-[17]. Birdsall et al. [13] and Dor
[2] found the system size distribution at framing instants as well as

the blocking probability for a finite capacity system. Chu [14] extended

these results to the case of compound Poisson arrivals. Konheim [3], Hayes
[4], Lam [5] and Rubin [6,7] all concentrated on the infinite buffer capacity
case. Konheim [3] derived the packet system size distribution at framing
instants and the mean virtual packet waiting time. Hayes [4] describes intra-
frame behavior, and gives the actual waiting time distribution as well as the
packet system size distribution. The first work to consider the packet trans-
mission time within the frame was Lam's [5]; his paper gives the message system
size distribution and mean message delay. Yan [8] extended Lam's work to allow
a finite message capacity. Rubin [6,7] used a discrete-time model (with infi~
nite buffer capacity) to obtain the system size and delay distributions. His
model is more general than the one used here in that a source is allowed multi-
ple contiguous slots in each frame. In addition, Rubin points out that the
interarrival times may be correlated within the discrete time unit, so that a

more general arrival process is allowed. Generalizations in other directions

are given by [15]-[17].
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The STDM model will be defined in the next section. Section III will
present the fundamental analysis leadirg to the key result (28)-(29), the
steady state packet system size density. This is used to find the packet
system size at arrival instants (a non-Markov chain), as well as the
blocking and truncation probabilities. Section IV contains the deriva-
tion of the packet and message delay distributions. Transform relations
are given in Section V for the infinite capacity case, Numerical examples
are then given in Section VI, followed by a concluding summary. The
appendix contains an analysis of the message system size for a possibly

finite message capacity system; this extends the works of Yan [8] and Lam [5].
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I1. DEFINITION OF THE STDM MODEL

In STDM, time is divided into equal length frames. Each frame is further

divided into ordered slots, and one slot is assigned to each source. Let

T = frame duration
M = number of sources being multiplexed

S = proportion of frame assigned to sourcem, m=1, 2, .,,, M

so that

5mT = slot duration for the mth source, m=1, 2, ..., M

The STDM structure is illustrated in Figure 1. Frequently, STDM {or TDMA)

is used with all the sources waving the same slot size, so that & = 1/M.

As was previously mentioned, the queueing behavior for a given source is
independent of all the other sources, so that only one needs to be con-
sidered. Define the time origin as though a slot for the source under
consideration has just ended. Thus, the source may use the cross-hatched

slots of duration SMT illustrated in Figure 1.

A11 subsequent definitions will refer only to the individual source under
consideration. For example, the "packet system size" is the total number
of packets in the system belonging to that source, In addition, the

subscript on Sy will be dropped, so that

§ = proportion of frame assigned to the source
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Messages enter the system as a Poisson arrival process. Thus, letting

A, = time of th: nth message arrival

A = message arrival rate, messages/time unit

we have that the interarrival times are independent and have the distribution

At

P(An+]-An_<_t)-1-e' , t>0,anyn

Messages are assumed to consist of a positive integer number of packets.
Let

G, = number of packets in the nth message

Then {Gn} is a sequence of independent and identically distributed random

variables with finite mean and an otherwise arbitrary density given by
gz=P(Gn=z) y 221,20, n=1,2, ...

A packet is transmitted whenever the system is not empty at the beginning
of a slot. If a packet arrives to an empty system during a slot interval,
it must wait for the next slot before it can begin being transmitted (i.e.

a complete slot is required for transmission).

The "system size" can be counted either in packets or in messages, and is
defined to include both those in the buffer and that "in service" (i.e.
being transmitted). Figure 2a jllustrates a packet system size sample
path, while Figure 2b shows the message system size for the same arrival
stream. The sequences {R } and {Rn} represent the departure instants of
packets and messages respectively. Each of the systems illustrated has a

finite capacity. Packets or messages that are blocked are assumed to be
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irretrievably lost. From Figure 2 it is clear that placing a finite
constraint on the packet state space implies a different blocking procedure

for the system than placing a finite constraint on the message state space.

The primary concern of this paper is the determination of the packet system
size distribution (although the message system size distribution is derived
in the appendix), Therefore we define for the body of this paper

Xt = packet system size at time t
N = capacity of the system in packets (possibly infinite)

For N < = the implicit blocking procedure is as follows: 1if a message of
G packets arrives to a.system containing N-L packets, and L is less than
G, then L packets will be accepted and the remaining G-L will be blocked
(1ost), Thus message integrity is not maintained, and several partial
messages could be in the buffer at the same time. (The term "message"
seems to imply an underlying mutual information between packets in the
same arrival group, which may not be the case. The packets may actually
contain independent information, with multipacket "messages" being used

solely to model the burstiness of the arrival process.)

The next section begins by defining processes which are "embedded" within
the {X,} process. These processes are then characterized, and provide the

means for determining the distribution of X,.
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IT11. PACKET SYSTEM SIZE ANALYSIS

In this section we utilize the theory of semi-regenerative processes to find
the distribution of the packet system size X.. We will identify the proc-

esses and functions necessary for the development of the theory, and outline
the approach leading to the main result ((28), (29)). Some immediate
applications are then provided, including computation of the blocking

probability.

The following processes are embedded within the process {Xt}: Let

R, = time of the nth packet departure
Yn = XR* = packet system size just after the nth departure
and define

Zt = Yn for Rn-l <ts< Rn

Since the arrival process is Poisson, {Yn} is a (time-homogeneous) Markov
Chain (MC), {(Y_, R )} is a Markov Renewal Process (MRP), and {Z,} is the
minimal Semi-Markov Process (SMP) associated with {(Yn, Rn)}. {Xg} is

a Semi-Regenerative Process (SRP) with respect to the MRP {(Yn, Rn)}.

These facts can be easily checked. For definitions of the above terms

see [9].

An illustrative example showing the various processes defined above is

given in Figure 3.
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Before proceeding further, let us first define a convenient rnstation for

convolutions of the density {95} of the number of packets per message: let

g:jnp‘sl-fez-‘-.no'{-Gjlz) » !,‘]p 29 oint\i:‘]! 2’ see

and let
w (1 ife=0
9 .
0 ifa#0

Now consider the MC {Yn}. Let the transition probabilities for (Yn} be

denoted
yij = P(Yn+1 = jlYn =i) 0<i, j<N-1 (1)

Then for 0 < § <N -1,0<j<N-1

J=i+1 k
Yij = P{k messages arrive in [0, T] and G, = j-1i+1

k=0 n=1

j".i""] k
ZE-AT AT)D *k ifj-i+1>0
, T By-in1 (2)
k=0

0 otherwise

For i =0, 0 <j<N-1we have

= E [P(Yy = 3|y = 0, A}y Gy)]

.Voj

Jt1 °
- Sy = B} oy aa-At
0
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k=0

T J-r+l k
+f Z -A(ZT-T) [r(2T - 1)] g;kﬂ- )\e-k(HmT)dT
T .

-8T k=0
oA RS *'-(r»« k+1 1 [ AT k+1
Z Z’l’é’l‘r (A1) +r_";‘.‘ﬁ'(e [AT(145)]
- (xTc)k+‘)} (3)
The case j = N - 1 is found using
N-2
Yinay = V- :E::'yij (8)
j=0

or by summing (2) or (3) from j = N - 1 to infinity.
Define
= AGT (5)

to be the traffic intensity, where
= £(6G,)

is the mean number of packets in a message. By assumption G < .

The MC {Yn} is itreducible and aperiodic, and is positive recurrent if and

only if either N < » or p < 1. In this case the stationary distribution

=lmP(Y =3[V, =4) §=0,1, ..., N1
j e n 0 ’ ’

1
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for the chain exists independent of i, is unique, and satisfies

. N-1
|, “J= ; ﬂ-iy-'j 1 J=0’ .l’o'o,N'l‘ (6)
oy i=0
N
» N-1

| PR (7)

If N < », Yan [8] gives an efficient method for evaluating {nj}.
Now consider the MRP {(Y, Rn)}. Let

L be the Semi-Markov Kernel (SMK) for (Y, R). Also, for i, j fixed let
{Rn(i, J)} be the sequence of times at which a departure occurs and j are

in the system immediately thereafter, given that we start with i in the

system. This is a delayed renewal process for each i, j. Let

Ni.(t) = sup {n: R.(i, J) <t} (9)

be the associated counting process to the process {Rn(i, j)l. Let

my(t) = E(N;;(t) | (10)

12
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be the average number of visits to state j by time t, given we start in
state i, Then {mij} is the Markov Renewal Kernel (MRK) for the MRP (Y, R).
The MRK can be written in terms of the SMK (useful for transient results):

mys(t) = 9 (e : (1)

n=0
where
QF5(8) = P(Youn = 95 Ryup Ry < t[ ¥y = 1)
is the n-stage transition distribution, which satisfies

N-1 t

QM(t) = f Q".(t - s)da,,(s) (12)

i K ik
k=0+0

For each 1, j the process {R (i, j}} is periodic, so that each state of
(Y, R) is periodic with period T.

R1(j, j) 1is the recurrence time for state j. Note that we are speaking of
the state space of (Y, R), which is easiest to visualize in terms of {z,}.

Thus R1(j, j) is the time Z, spends between two successive visits to

state j.
Let

ny = {EIR Gy DI gm0, 0, N - (13)

be the mean recurrence rate for state j.

13
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Let

my = E[P]IYO = 3] §=0,1, ..., N =1 (14)

be the mean sojourn time in state j, i.e. the mean time Zt spends in
state j before going to any other state. Then ([9], p. 329)

EIL‘?

"

where

is the mean steady state sojourn time (for {Z,1).

(It can be shown that the steady state probability density of (7} is

J
in our examination of the SRP {Xt}. however, we will find that the

given by {mjn-}, independent of t, even though the SMP {Zt} is periodic.
periodicity of {X} is evidenced by the periodicity of its steady state
distribution.)

Having established the necessary machinery, we may finally investigate the
SRP {Xt}. Denoting

Pyle) = PLel¥g = 1)

we have

PylXy = 3) = Py(Xy = 3, Ry > t) + Py(Xy = 3, Ry < t)

14

20,1, ..., N= (15)
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Now

N-1

t
Pi(xt = J’ R] it) '2]; pi(xt = jly] = k’ R] = 5) dP1(Y~' = k’ R] < S)

k=0

k=0

N-1 pt
Zfo P(X_g = 3) 40y, (s)

since {Xt} is semiregenerative. Thus {Xt} satisfies a Markov Renewal
Equation (MRE):

N-1 ot
PyX, = ) = Py(X, = . Ry > t) +Zf P(Xe_g = ) dQ(s) (17
k=00

The solution (which can be shown is unique) to this MRE is ([9], p. 324)
N-1 4t
k=0J0

We are interested in the steady state behavior of {Xt}. If either N < »
or p < 1 then the (periodic) MRP (Y, R) is irreducible and recurrent, so

we may apply the Key Renewal Theorem ([9], p. 334) to obtain

N-1 o
k=0 m=0
where 0 <t <Tandi, j=0,1, ..., N-1. Using (15) and defining

;12 Pi(xr+mT =j) = xj(r) sy O0<t<T,3=0,1,...,N (20)

15
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we have: if N<woorp <1, then for 0 <t <T

=T -
xj('f) "% "k Pk(XT+mT =j , R] > T+ mT)

and

while for k =0, j < N

PoXemr = 35 Ry > T + M)

2=0 1-e

For j > 0 the mean sojourn time is simply

16

J
-AT(1-8)
_ * ) -at (AT)R' e~ s
-ZQJ‘ %e T o €

(21)

(22)

* ) ,
gj'k ifm=0, j-k 3_0

(23)

otherwise

-A(c+8T) [A(TZ?T)]R'} (24)

(25)

e e
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while

my =T+ P (at least 1 arrival in [0, T - &T))

0

+:E:: (m+ 1)T « P (none arrive in [0, mT - 6T) and at least

m=1 1 arrives in [mT - 8T, (m + 1)T - GT))
-AT(I-G)
=T {1+ "“""‘T' (26)
Thus
_ -AT(]-G)
m = 1+ o ;‘"—"-—_—ﬁ“ (27)

Combining (21)-(24) we obtain the primary result: if N <= or p < 1 then

the steady state probability density of xr+mT exists, m integer, 0 <1t < T,
and is given by

xole) = I e T(1-6) *y a(r+sT) [A(z + sT) T
.j T)] = ﬁ' T, 5 g e o1
o

0 ] - e"'}\T

j-k

+2nk g e 520,71, coiy N =1 (28)
K om0 J-k

=0
N-1
XN(T) = Z (29)
j=0

where m is given by (27).

17
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The formulas (28), (29) provide the basis for the determination of the
various quantities that describe STDM queueing behavior at steady state,
Having found the "virtual" packet system size distribution, we next find
the "virtual" truncation and blocking probabilities. We then complete
the section by investigating these same quantities from the perspective

of an "actual” arrival.

If a message arrives at a time t = mT + ¢ and finds X = N - J packets in
the system (N = capacity), then the message will be truncated if it contains
more than J packets. Our definition of truncation includes the possibility
of J =0, i.e,, the probability of being truncated includes the probability
xN(r) that the entire message is lost. The steady state virtual message

truncation density is given by

N

Pr(t) =ZXN_J-(T) Zgz 0<t< T (30)

3=0 k=3

where the term "virtual" is used to indicate that this event is conditioned

on the arrival occurring at a tine = + mT, m integer.

Consider the probability that a packet is blocked, where the packet is
chosen uniformly from all packets which attempt to enter the system.
Suppose the packet arrives within a message of length L packets, which
arrives at time t = t + mT and finds N-J in the system. The packet will
be blocked if L > J and the packet is one of the L-J packets which are
not accepted. Since the packet is randomly chosen,

L9
P (packet arrives in a message of size 2) = ﬁ:£ (31)
G

18
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and

P (packet is one of the (%-j) not accepted out of 2) = &~i—i (32)

Therefore, the steady state virtual packet blocking probability is

N

N o
L
j=0 p=j+1 "

This represents an "average" virtual blocking probability, with no prior

knowledge relating to a bias in the selection procedure. If an ordering f?

exists on the packets within a message, and if the selection of which are §%
blocked or not is based on the ordering, then the appropriate (nonuniform) !
distributions may be used to determina the blocking probabilities for each

packet position. !

In Appendix B it is shown that for large n, the arrival time within the

frame t = An mod T tends to be uniformly distributed over [0,T). Since ‘

f
the arrival process is memoryless, the unconditional density J
X, = Vim P(X,~ = J§)
J e An

P (arrival at steady state ¥inds j packets in system)

j=0’]. ini’N

can be obtained by averaging (28) and (29) over t, t uniform on [0, T).

i Thus the "actual” stoady state packet system size density is

19
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Am =20 =241
J ~K . » i
+ e"‘Tan 95k 2 M-t G200, e (38)
k=0 250 i=p4)
h-1
CERE I (35)
=0

where m 1s given by (27),
By averaging (30) and (33) over r we obtain the actual steady state

message truncation and packet blocking probabilities respectfully:

y
Py ZYN-j IR (36)

u

P = (8) Z”N 5 21 (1 - i)a, (37)
L=j+

The throughput s for the system is then
= (] - —p'B)P (38)

The throughput s represents the average number of packet departures (or

unblocked arrivals) per frame.

At equilibrium, the average unblocked packet arrival rate, (1 - ?ﬁ) AG,
equals the average packet departure rate, 1/m. Thus simpler expressions

for the packet blocking probability and throughput are

20
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¢ =1 (40)
m

Before concluding this section, let us consider the "actual" packet system
size when the messages consist of single packets. Evaluating (34) for this
case we find: 1f“g1 = 1, then

Mes
XJ"”%, j“O,],...,N-1
' am
and
- 1
x»-=F =] = —
N B T

This result couid have been deduced from the following theorem [10]: for
any stochastic system size process which changes only in unit steps, if
either of

oy = lim P (unblocked arrival at t finds j in system)
]

73 = 1im P (departure at t leaves j in system)
I e

exists, then so dogs the other and they are equal. Note that the message
system size process satisfies the conditions of the theorem (recall

Figure 2b) even in the case of multipacket message arrivals.

In the next section further utilization is made of equations (28) and (29).
Both the packet and message steady state delay distributions are obtained

by a straightforward application of these results,

21
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IV. DELAY ANALYSIS

The packet delay is defined to be the total time the packet spends in the
system, and similarly, the message delay is the time firom 1€s arrival unti}
its last packet has completed transmission. This section presents results
for the steady state packet and message delay distributions. Both the
"virtual" and "actual" delay distributions are given. The term "virtual"
signifies that the probabilities are conditioned on the arrival occurring

at a time t = v mod T, while the "actual" distribution is unconditional.

The results of this section require that an additional assumption be made
on the STDM model defined in section II: the messages are transmitted in
the same order that they are received in. That is, we assume a First-Come-

First-Serve (FCFS) queueing discipline is used.

Packet Delay:

We will first find the steady state density of the virtual packet delay,
This density will be representative of an "average" packet in exactly the
same sense as discussed for the packet hlocking probability. Thus, the
order of service of packets in the same message can be assumed to be

randem (uniform).

Let D(t) be the virtual packet delay for a packet which is contained in a
message that arrives at a tim A=ztmod 7, 0 <t <T. We set D(r) = +w
if the packet is blocked; the probability of this event is PB(T)

(eqn. (33)).
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The distribution of D(x) is discrete with atoms at the points D(t) = 0T - «,

n=1,2, ..., N+ 1, and +=, We look foi

- P(D(r) = nT - v, Ofr) < =)

P(D('t) =nT - 7|0(r) < ") - P(D(x) < =)

where

P(D(r) < =) =1 - Pg(r)

First consider the case 0 < 1 < T - &T:

For1 <nz<N

(41)

(42)

n-1
Z P(XT = j, L > n-j, (n-j)th served)
J=0

P(D(t) = nT - 1|D(r) < =) = T PB(T)

where

(43)

L = size of the message that the randomly chosen packet arrived in

The density of L is given by (31). The probability that the packet will be

served at a particular point in order ((n-j)th) within a group of L is 1/L.

Since the indicated events are independent,

n-1

P(Dte) = T - <[D(x) < =) = [1 - Ry(e)]T ) xjkr) Zf%&.}

j=0 2=n=-j

O<tr<T-8T , 1<ns<N

%
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t Now consider the case T - 6T <t < T. In this case the delay now depends
. on whether the packets already in the system all arrived since the beginning
) of tie current slot. If at least one arrived before the slot began, then
K
5 a departure will occur at the end of the slot; otherwise a departure will
o
# not occur until a frame later. Thus we have for T - 6T <t < T
[ P((x) = nT - <|D(x) < =)
| §
i’ 1) S th
| = [1 - Pglr)] Z P(XT = J» X_gr = 0» L 2 n-§-1, (n-j-1) served)
. j=0
s

n-1 "

s . ot

\ +z; P()(T = J, XT-GT >0, L >n-j, (n-j) served) (45)
; j':

for2<n<N , while {n=N+1)

P(D(x) = (N + DT = 2]D(x) < =)

N-1
= [1 - Pg(n)]! :E:: P(X = ds Xrpp =0 L2 N3 (N-3)*" served)
—~

f ’ (46)

Since the arrival process is Poisson, it possesses the property of stationary

independent increments, so that
P(X. = 3» Xq_g7 = 0) = %o(T - §T) P(j packet arrivals in [0, v - (T = 5'[)))

i=0,1, ..., N , T=-8T<t<T (47)
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where from (28)

e~ M(1-8)
X(T = §T) = ——0 (48)
"0 1 - oAl 4 ﬂoe-AT(l-c)
Separating ‘independent events we may proceed as in the previous case,
yielding:
For T - 6T <t <T
y ,
P{D(x) = nT - «[D(x) < m)
n-2 )
S RNEI ) DETIEE I SR IR Y-
= B T T J? T_a'r > {4 -(—\-
j=0 g=n-j-1"
n-1 o
P Y B
+ [Xj('t') - P(XT N Y XT-ST = O)] '(';: (49)
j=1 g=n-j
for 2<n<N , while
P(D(T) = (N + 1)T - t|D(1) < oo)
N-1 = g
= 01 - Ry(0)T D P(X, = 3 Kygp = O) = (50)
j=0 2=N-J

where

i .
PIX, = dy Xp_gp = 0) = xp(T = 61) Y _ e Ae=(T-6M)) (ol = (T - )

i=0
{51)
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and xo(T - &T) is given by (48),

Together, (44), (49) and (50} give the steady state virtual packet delay
density.

Next we investigate the actual packet delay, which will be denoted simply
D. As pefore we set D = +» if the packet is blocked. We wish to find
the distribution

P(D < tOID < )

for all t,;. For each fixed t;, define (uniquely) ng and t, so that

tg = Mgl -ty » N integer , 0<ty<T (52)

Let A be the time of arrival of the packet, and define t so that A = t mod T,.

0 <t <T. Conditioning on t we find that

>
for 1 > T

P(D < tylt, D < =) P@h)i%wh)<ﬁ

iIa

- p(n(w) noT = t]B{r) < «) (53)

while for 1t < Tg

P(D < tyle, D < =)

A

P(D(r) (ng = 1T = t|d(x) < m) (54)
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Since t is uniform on [0, T), unconditioning on t gives
T

P(D < ty|D < ©) = }f P(D('c) <ngl - 7|D(7) < m)dt
T
0

T

T
0
+lj p(p(e) < (g - DT - <o) <=)dr (55
0

or changing variables

to
P(D ito'D < ao) = -..-:-.-J‘ P(D(nOT - t) < t|D(n0T - 1') < oo)dt
(no-l)T

naT
0
+ %J~ P(D(nOT -t) <T - t|D(nOT - 1) < m)dt (56)
,to
This is the desired distribution function, and can be shown to be continuous

even at the points ty = ngls Ny integer. It is differentiable except when

to = nOT; using Leibniz' rule we obtain
d =1 -
ats PID<tylD<=) =7 P(D(To) = tolDiry) < m) (57)

for tO/T # integer ,

where 74 is given by (52).
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f 2 Summarizing, the actual packet delay, conditioned on the packet not being
% blocked, has a steady state distribution given by (56). This distribution 1
: is atomless, and has a density given simply by (57).

Message Delay:

}’ E The message delay analysis is similar to the packet delay analysis, and is
: actually simpler since the order in which the packets are served is not a .
concern. Therefore only the definitions and final results are presented

here,

Let D{tr) be the virtual message delay for a message which arrives at time

1

AztmodT, 0<t<T., Set B(r) = +« if the message is completely blocked,

thus,

I e el

P(Blr) = +=)= xy(r) (58)

The steady state conditional density of D(r) is given by (59)-(63):

r If0<t<T- 4T,
n-1 2
| P(f)(r) =nT - ©|D(t) < w) = [1 - XN(T)]-]E Xj(T) gn-j (59) f
or §
; for 1 <n <N -1, while é}
i' N-1 @ j
. _‘| o
P(D(T) = NT - 7|D{r) < w) = [1 - XN(T).] Z xj('r) Z 9, (60) ‘ %
3=0 2oN-j -
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f IfT-6T<t<T,
; . P(ﬁ(r) = nT - t|B(r) < w)
::
’r
|
| n-1
w! 2 D) = PX =0, Xy = )] g, (61)
| =
:, for 2<n <N -1, while «1
]
P(B(x) = NT - <[B(x) < =)
: (e o
| = 0= (T P = 0, Xy gp = 0) IN-4-1 ]
50 -
N-1 )
| + QD) - PUK =0, X =00 D g (62)
B £=N-j ’
%
and |
i
; “ P(ﬁ(r) = (N + 1)T - |D(7) < oo)
f S »
=0 -1 DR =5 X = 0) g, (63)
j=0 2=N-J

where P( XT

3 X1 = 0) is given by (51).
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Let D be the actual message delay. The steady state distribution of D,

conditioned on D < =, is atomless and has the density
p(D < t4lB < =) = L p(Blrg) = tolBlry) < ") (64)
dat; U= "o T 0 0'"\To

for t,/T # integer, where t, is given by (52).

In this section we determined the virtual packet and message delay distribu-~
tions, expressed in terms of the virtual packet system size probabilities
(28). The actual delay distributicns were then given in terms of the

virtual delay densities.

If we were only interested in the mean actual packet delay E(D|D < =), it

could be easily computed using Little's Result [11]:
SE(D|D < =) = T E(X) (65)

where s is the throughput (38) and E(X) is the mean of the actual packet
system size density (34), (35). This simple result does not depend on any
assumptions on the capacity N. Unfortunately, if N < «, any higher moments
of the actual packet delay must be computed by a numerical inteqration
involving the density (57). In addition, a finite capacity constraint
imposes a similar numerical burden in obtaining any of the actual message

delay moments. These numerical difficulties are alleviated in case N = =,
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The next section concentrates on the infinite capacity system. Transform
expressions are found for the steady state system size and delay distribu-
tions. These transforms are useful for determining moments; in particular,
moments'of the virtual delay distributions can be expressed in terms of those

of the virtual packet system size distribution,
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V. TRANSFORM EXPRESSIONS FOR THE CASE N = «

Further analysis is possible when the STDM system has an infinite buffer
capacity. In this case simplifications occur in the transfornt representa-
tions of the various probability distributions of interest. The transforms

can be used to obtain moments; some results are given in this section,

First consider the stationary distribution of the MC {Yn}. Define for
12| <1

G*(2) =Z 9229‘ (66)
2=1

to be the Z-transform of the number of packets per message. Also define for

1z] <1

. .
Vi) = ) yosl? (67)
§=0

and for i > 0

. :
j=i-1 3=0

The latter equality holds because Y4 is a function only of j-i (see (2)) for
i>0. Using a straightforward generalization of Welch's result [12] to the
case of compound Poisson arrivals, we find that the stationary distiribution

{wj} exists uniquely if p < 1. In this case the Z-transform of {wj} is

given by (|z] 31}
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*2) =Y nd
Jj=0
» *
v z) - 2v*(2)
b e
= ~ 69
where
(-0 (1 -eM
o " Byl (70)

Using (2) and (3) we find

h(2) = 7l TO-eMD) |y TN [1 . en1t-ex2n)]

) ). oM |
(71)
and
Y;(Z) = e'}\T“'G*(Z)) (72}
so that
v (1= ) &M TE0-652)) [ | aT1-62))]
viz) = [T ] ' (73)

Now define the Z-transform of the steady state packet system size density
at time t = v + mT (large integer m) to be (|Z| <1, 0< 1t < T)

x*(z, 1) -‘~2Xj('r) 73 (74)
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The mean steady state sojourn time is from (27) and (70)
m=T/p (75)
Using this and (28) we find for p <1, |Z] <1, 0<t < T

X*(Z, 1) = (1 - p)e”MTHTI(1-GX(Z)) | yw(7)g-At(1-6%(2))

_ U= 0) (1 - 7)eMrHT)(1-64(2))
) e MO-6HZ)) 7 | (76)

Equation (76) provides a transform expression for the "virtual® packet
system size probabilities at any time (during steady state conditions),

and is primary to all subsequent developments in this section.

Note that X*(Z, T-s6T) is the Pollaczek-Khinchen transform equation for the

system size at departure instants of a bulk arrival M/D/1 queueing system.

If we let § = 0, the Z-transforms of the packet system size just before and
Just after framing instants, X*(Z, T ) and X*(Z, 0), agree with the results
given by Konheim [3] and Hayes [4] respectively.

Differentiating (76) with respect to Z and evaluating at Z = 1 shows that the

mean packet system size is the linear function of «

ECX ) = (1 - p)os + oV + MG (77)

where

1

V=g - g+ &l (78)

2] lm’\’l

=

where G and G are the first and second moments of the group size G.
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The Z-transform of the packet system size density as viewed by an actual

arrival at steady state is defined as

@

* o
T(2) -»;‘6 Rz (79)

and is found using either (34) or by averaging (76) over t to be (p < 1,
1z} < 1)

_ _=AT(1-6%(2)) ATE (1 Gk
X'(2) =1 K‘ffl = 6*(Z)) [” - p)en¥Te01-6HZ) "Y*(Z)]

0 -0) (1 - Z)e'm(ﬁﬁ*f:):gl i e-xi‘(l-e*(znl (o0}
ATO - 6%(2)) [~V 1-6%Z)) _ 73

The mean (actual) packet system size is found to be

al
- & .
E(X) = p& + = Tre—_—p-;' (81)

We now determine the transforms of the delay distributions (assuming FCFS),

using the results of section IV, Define for 0 <t < T, Re(s) > 0

D*(s, 1) = E[e"SP\T)] (82)

to be the Laplace-Stieltjes Transform (LST) of the virtual packet delay
steady state distribution. From (45)-(50) and (70) we find that

ifO<t< T-4T

_-s(T-t) 1 - 6*(e™ST) u( -sT
o¥(s, <) = o1 S Ele Lo, o (83)
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while 1f T - 6T <1< T

—5(T-7) 1 = G¥(e”ST -sT
pH(s, ) = e *(T-7) q .Gé:r)% {X*(e 5T, 1)

-1 -1 - e-ST)éxlk-(T-ST)][l-G*(e'sT)j} (84)
Rubin [7] pointed out that

G*(z) = 1 - 8*(2) (85)
(W-12)6
is the Z-transform of the Backward Renewal Time (BRT) G of the renewa) process
with inter-renewal-times {Gn}. For an arbitrarily chosen packet, this BRT
simply represents the number of packets in the same message that are served

in front of the chosen packet.

Equations (83) - (85) allow moments of the virtual packet delay to be

evaluated from moments of its components. For example, using

2 -
6 -8 (86)

and (77), we find

T P4 0 ifr<T - 6T
E{D(T)]"‘?'T*'ME-%-O»T 4 oTs 4
2(1 - o)G (1-p)T if > 7T - oT
(87)

Now consider the LST of the actual packet delay, defined as

D*(s) = E[e”SD] (88)
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This can be determined from (83) and (84) by unconditioning on «:

| _ (- 0)(1 - e8T) Gr(e™ST) 7597
D*(s) = 89
(s) sT - AT [1 - G*(e'ST)] (89)

The mean actual packet delay is

0 -3 (50)

E(D) = 6T+ T

Unfortunately. a simple relationship between D*(s) and X*(s) does not occur,
except in the case of single packet messages. If gy = 1, we obtain the usual

M/G/1 result
D*(x - AZ) = X*(Z) (91)
("generalized Little's Result").

Next define the LST of the virtual message delay as

D*(s, 1) = E[e'Sﬁ(T)] , 0<t<T {92)

From (59)-(63) we find

1 ifr<T- 6T
D*(s,t) = 5" G*(e'ST) X*(e'ST.r) . "
o~STATL1-G*(e™%T)]

ifr>T- 6T
(93)

Define the LST of the actual message delay to Be
B*(s) = E[e"5D] (94)
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Averaging (93) over t we find

Br(s) - (Lo 0)1 = &) a6 ) kil (95)
ST - AT [1 - G*(e™5')]
The mean actual message delay is
~ = T T, EE
E(D) = 6T + 16 - 5 + —&2F—— (96)
= 201 -p) G

This concludes the analysis of the STDM/TDMA system. In the next section the

various results presented will be illustrated by numerical examples.
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VI. NUMERICAL EXAMPLES

In this section several examples are presented in order to illustrate
applications of tihe preceding theory. A1l cases refer to packet behavior
at steady state. Examples of message behavior are contained in Yan [8]

and Lam [5].

Figure 4 gives an example of the steady state packet system size probabilities
versus time for each possible state, computed from (28) and (29). A vertical
slice taken at a particular time t = mT + v will yield the complete density
{xj(r)} for that time. Also included on the graph is the virtual packet
blocking probability PB(T), represented as a dashed line. The nonstationary
(periodic) nature of the system size process is clearly evident. The
example used for Figure 4 is a source allotted 6 = .5 of each frame, with
traffic intensity p = .85 and a capacity constraint of N = & packets. The
message length is fixed at 2 packets, so that g, = 1, Note that this causes
ii < X, < §6.

Figure 5 shows the mean system size versus traffic intensity for the simple
case of single packet messages and an infinite capacity. The curves are
parameterized by the slot-to-frame ratio §, which determines the degree

of "funneling”" in the system. This figure indicates that as & is decreased,

its incremental impact on the system behavior decreases rapidly.

Figures 6, 7 and 8 were generated for a source allotted § = .01, with
either dg = 1 or 9o = 1 (i.e. packets arrive in either groups of 8 or in
groups of 2 respectively). For each of these configurations the:system

capacity is either 10, 20, 40, or an infinite number of packets.
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Figure 6, like Figure 5, illustrates the mean ("actual") system size as a
function of the traffic intensity p. We see that more congestion occurs

for the more bursty input stream (gg = 1). The two cases cross over (same
N) for large p values due to the relatively larger number of packets blocked

in the case gg = 1 (see next figure),

The packet blocking probabilities Pb are given in Figure 7 as a function of
p. Notice that the dg = 1, N =40 and 9, = 1, N = 10 cases coincide, con-
firming the intuitive notion that a system with traffic four times as bursty

requires four times the capacity to obtain the same Fé.

Figure 8 shows the mean packet delays versus p. These curves were generated
by dividing the mean system size (Figure 5) by the unblocked arrival rate

(Little's Result); i.e., the mean is conditioned on D < =,

In the next example we consider two input streams with the same mean number
of packets/message G, but which differ in higher moments. Specifically, in
one case g, = 1, while in the other we have gy = 1/2 and 9q = 9g = 1/4. The
mean (unblocked) packet delay versus the throughput s is given by Figure 9.
A smaller delay is attained by the zero variance case, gy = 1. Note that

no crossover occurs for fixed N as it did in Figures 6 and 8, because s is

used instead of p for the abscissa.

Figure 10 presents the actual packet and méssage delay densities for the
same example as was used for Figure 4. Because of (57), this graph can

also be used to determine the virtual delay densities.
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V. SUMMARY

An exact analysis of the STDM/TDMA system with Fdisson message arrivals

has been given. The results were cbtained by rigorously defining the under-
lying processes involved and then applying the theory of semi-regenerative
processes. Steady state packet and message queueing behavior is predicted

for possibly capacity-limited systems.

The embedded chain is defined as the system size at departure instants.
The transition probability matrix is given, from which the stationary
distribution can be obtained using either Yan's [8] method (N < =) or
transform methods (N = =), The steady state system size at all times is
then determined, and is shown to be time-periodic. By averaging over the
period, we obtain the system size density as viewed by a typical message

or packet arrival.

The system size densities are used to obtain the hlocking and truncation
probabilities (if appropriate). In addition, the delay distributions are

expressed in terms of the packet system size density.

Numerical examples illustrate the probabilistic behavior of the STDM/TDMA
system. The periodic nature of the queueing process is exemplified, and
its effect on the delay density. Other examples present the mean system
sizes, mean delays and blocking probabilities for various system parameter

values.

The results of this paper will enable a performance prediction of the
STDM/TDMA system. Considerable flexibility is allowed in modelling the

packet arrival process. The design engineer can determine what buffer
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size and allowable traffic load is required to maintain given blocking

and delay constraints.

Acknowledgement

The author wishes to express his gratitude to Izhak Rubin and Tsun-Yee Yan

for the many helpful discussions in connection with this work.

42

PR e - S e e e
A ST SO s N PR I




1.

REFERENCES

Clare, L. P., "Initial Progress Report: Packet Telemetry Executive

Control Study," JPL IOM 331-81-024, March 29, 1981 (an internal document).

Dor. N. M., "Guide to the Length of Buffer Storage Required for
Random (Poisson) Input and Constant Output Rates," IEEE Trans.
Electronic Computers (Short Notes), vol. EC-16, pp. 683-684,
October 1967.

Konheim, A. G., "Service Epochs in a Loop System," MRI Symp. Proc.,
Vol. 22, Computer-Communications Networks and Teletraffic, Poly.
Inst. Brooklyn, April 1972, pp. 125-143.

Hayes, J.F., "Performance Models of an Experimental Computer
Communication Network," Bell Systems Tech. Journal #53, February
1974, pp. 225-259.

Lam, S. S., "Delay Analysis of a Time Division Multiple Access
(TDMA) Channel," IEEE Trans. on Communications, COM-25, pp. 1489-
1494, December 1977.

Rubin, I., "Message Delays in FDMA and TDMA Communication Channels,"

IEEE Trans. on Communications, COM-27, pp. 769-777, May 1979.

Rubin, I., "Access-Control Disciplines for Multi-Access Communication
Channels: Reservation and TDMA Schemes," IEEE Trans. on Information
Theory, IT-25, pp. 516-536, September 1979.

Yan, T. Y., "Queueing Analysis of Time Division Multiple Access
Channel with Finite Buffer Capacity," JPL IOM 331-81-044A,

February 12, 1981 (an internal document).

43




Bl R

9.

10.

11.

12,

13.

14.

15.

16.

17.

18.

Cinlar, E., Introduction to Stochac:ic Processes, Prentice-Hall, Inc.,

Englewood Cliffs, New Jersey, 1975.
Kleinrock, L., Queueing Systems Vol. I: Theory, Wiley-Interscience,
New York, 1975, p. 176.

Little, J. D. C,, "A Proof of the Queueing Formula L = Aw," Operations
Res., Vol. 9, pp. 383-387, 1961.

Welch, P. D., "On a Generalized M/G/1 Queueing Process in which the

First Customer of Each Busy Period Receives Exceptional Service," Op-
erations Res., Vol. 12, 1964, pp. 736-752.

Birdsall, Ristenbatt, and Weinstein, "Analysis of Asynchronous Time Multi-
plexing of Speech Sources," IRE Trans. on Comm. Sys., Vol. CS-10, pp. 390-
397, Dec. 1962.

Chu, W. W., "Buffer Behavior for Batch Poisson Arrivals and Single Con-

stant Output," IEEE Trans. Comm. Tech., Vol. COM-18, pp. 613-618, Oct. 1970.

Chu, W. W., "Buffer Behavior for Poisson Arrivals and Multiple Synchronous

Constant Outputs," IEEE Trans. Computers, Vol. C-19, pp. 530-534, June 1970.

Kekre and Saxena, "Analysis of Buffer Behaviour for Multiplexing of Data
with Burst-Poisson Arrivals in Analog Speech Signals," J. Instn. Elect.

and Telecom. Engrs., Vol. 25, pp. 407-414, 1979,

Shathikumar, J. G., "On the Buffer Behavior with Poisson Arrivals, Priority
Service, and Random Server Interruptions," IEEE Trans. on Computers, Vol.
C-30, Oct. 1981.

Revuz, D., Markov Chains, North Holland Publishing Co., Amsterdam, 1975.

44

i sk e i

PP LI S oy S N I TR T

L T o i P PP ST R SIS o PO IO

vhr Sil



A

AFPENDIX A: MESSAGE SYSTEM SIZE ANALYSIS

The STDM/TDMA model is essentially the same as for the packet system size
analysis. The parameters T, &, A, {gz} and p are defined as before. The
remaining parameters are defined similarly except that they are measured in

messages rather than packets., For example,

N = capacity of the system in messages
Xt = system size in messages at time t
R, = time of nth message departure

etc. It is hoped that this duplication of notation does not cause

confusion,

Note that for N < = the system inherently operates in a different manner
than in the packet capacity-limited case. Messages that arrive to a full
system are completely blocked, so that messages which are accepted into the
system are transmitted in their entirety. If N = = the system operation is
identical to that of the previous model, except now messages are counted

instead of packets,

The discrete process {Y }, Yn = Xpt is a MC with transition probabilities
n
(see Yan [8]):

50,4 <N-0:
- J=i+1
Zgz MT T -t 20

0 otherwise

(A.7)
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Tm———— ne g

T e e o ———— -

J<N-1:

= A I | .
Yoy * D%y GFTIT {‘*”)M t oy (™ Dirtueg) 9%
=1 B

- [AT(&-I-!-G)]jH)‘
and for any i
N-2
Yin1 =1 'Zoyij
J=

(A.2)

(A.3)

The MC {Yn} will possess a stationary distribution {my} if either N < « or

g < 1, and will satisfy equations (6) and (7).

The mean sojourn times are

_ =AT(1-8)
mo =TIG + -]-—-—e—_—AT—-

and for j > 0
mj =G6GT
so that

Since Xt is semi-regenerative, (21) and (22) will remain true.

have for 0 < t < T:

46

R DU PRSP rrS LR s ks e

(A.4)

(A.5)

(A.6)

We now

P 2%




. J
PolX. = d» Ry > 1) = e M%‘—}'l— (A.7)

while for m > 0 (m integer)

3
PolX, = 3. Ry > 7 + mT) = P(Gy > m) e~ M) [Ale +oaT)]

+z°°: g, AT (Lla = DT+ ot ¢ <) (A.8)

and for k >0, m>0

o~AT#mT) [MT s "'IH P(G] >m) j-k>0

Pklfeapr = 35 Ry > v+ T =
0 otherwise

(A.9)

Combining (21), (22), (A.6)-(A.9) we find that the steady state message size P

density at time t =t +ml, 0 <t <Tis

-AT(1-6) o AL(-1)T46T+e] (A[(r - )T + 6T + J
x;(t) __"; ™o _______T__Z YT+6T+c] (al(s )j! t])
%=1
-AnT+1) [A(mT + 1)K .
S:WKZO P(Gy > me MMTT TJ 1 (A.10)
=0 m=
0<j<N, and
N-1 '
xy(x) = 1 -ij(r) (A.11)
30
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Of course, there is no message truncatfon, and xN(r) represents the virtual

message blocking probability.

Averaging (A.10) over t (uniform) we find after simplification

B

c 2]
X ?g nkam 0<j<N (A.12)

But it can be easily shown that

i Nl
Z "kZm = (R.13)
k=0 i=]

so that the steady state message system size density as viewed by arrivals

is simply

e
xj=—l__ 0<j<N (A.14)
An

with the actual message blocking probability

(A.15)

pod
21
n
et
'
x|
.

L
Am

The system throughput is

s = (1-X)e =5 (A.16)
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The Case N = ¢

If the system has an infinite buffer capacity, Lam [6] showed that (|Z]| < 1)

Sp(r - 22) - 2550 - 22)

Y¥,, = x A7)
(z) ~ "o spir - a2) - 2 (
where
(=) (1 - ey

ﬂo AT e"AT(‘"é) (A-]B)
and where

stu) = 6*(e™T) (A.19)

wy =UT ~(A-u)(T-6T) .. -uT
s - 280 [ 00 - ) 20
1 -e

are the Laplace-Stieltjes transforms of the message "service times",

conditioned on whether the message arrives to a busy or an empty system.
Combining (A.17)-(A.20) yields

(] - p) G*(e'AT(]"Z)) 1 - e‘AT(]-Z)

* =
e ATe M O=8JTRT) ™ ok =AT(-T)) " (A.21)

Using (A.10) we find (|Z| < 1)

x*(z, ) = (1 - p,e-A(r-T+6T)(l-Z) G*(e-AT(I-Z))

AT-2) oy 1 - 62T (1-2)y
+ ATe Y (Z) 1 -e ’AT(I”Z) (A'22)
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The mean steady state message system size at time t = 1 + mr,

m integer, |
| 0<t<Tis %
2 (o2 ’
Fcamr) = Mo = T4 aT) 4 0IT 41 - 42701 - )] + WL - )

i )
where

T=p- 3L+ *%TL‘T (A.24)

By summing (A.14) over all j we find that i = ] and that

!
:
:
|
|
|

xj = " for al1 j ,

or

X'(2) = Y*(z) (A.25) |
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APPENDIX B: DISTRIBUTION OF ARRIVAL TIME MOD T

It is intuitively clear that the limiting distribution of the arrival time
within a frame is uniform when the arrival process is Poisson. A formal

proof of this fact is given here.
As before we let
A, = time of the n*M arrival
and assume that arrivals form a Poisson process of rate A. Let

In = Ay = Apy

be the interarrival times, and let

Ty = Ay - TLAn/TJ

be the time from the last frame instant to An' where T is the frame duration

and notationally
Lx] = greatest integer less than or equal to x

It is clear that the sequence of random variables {rn}, defined on the state

space [0,T), forms a Markov Chain (MC). We compute the transition probabilities
by considering two separate cases.

i) t > t,
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T e

el

Pty St | 1y = t) = PO < Iy s & = t)
+ E - P(mT - tg S Iy T =t + ty)
‘el
=] e'A(t] - to)
eto - t) 1y - 7MYy
] - e“AT
tst
Plrgey sty | 7= tp) = P(MT -t < Typ cmT = £+ ty)
m:

_ e'A(T - to) [] - e'At]J
-AT

1 -e

Given the distribution of Tn? the distribution ot T+l can be found via

Suppose T

P(t

n

t
1 - - dt
P(Tnﬂ < t'l) = -/; [1-e A(ty to)] __T_O_

1-e M
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n+l S t.l) = /P(Tn_H <t ' T = t‘o) dP(r

=T - -
. e Al to) [‘-L_ e At"] -d_'.t2
T
t

n S t)

is uniformiy distributed on [0,T). Then for t) e [0,T)

ki b bl s e e b A b - " P Y PV P

e e e
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T o —— e g S R~ " e ool |
r’ 4
' T

so that Tntl is also uniform on [0,T). Thus the uniform distribution is
| stationary for the MC. By Proposition 3.2.10 of [18] we know the stationary
) distripution is unigue, and by Orey's Theorem (Theorem 6.2.8 of [18]) we know
'b the distribution of the MC converges to it.
|
l
l
|
|
\
.
'
;
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Figure 7. Packet Blocking Probability vs, Traffic Intensity
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