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PREFACE

The Agriculture and Resources Inventory Surveys Through Aerospace Remote
Sensing is a multiyear program of research, development, evaluation, and appli-
cation of aerospace remote sensing for agricultural resources, which began in
fiscal year 1980. This program is a cooperative effort of the U.S. Department
of Agriculture, the National Aeronautics and Space Administration, the National
Oceanic and Atmospheric Administration (U.S. Department of Commerce), the
Agency for International Development (U.S. Department of State), and the

U.S. Department of the Interijor.

The work which is the subject of this document was performed by the Earth
Resources Applications Division, Space and Life Sciences Directorate, Lyndon B.
Johnson Space Center, National Aeronautics and Space Administration and
Lockheed Engineering and Management Services Company, Inc. The task performed
by Lockheed Engineering and Management Services Company, Inc., were
accomplished under Contract NAS 9-15800. A major portion of this task was
performed at Texas A&M University in partial fulfillment of requirements for

a doctorate degree in statistics under professor H. 0. Hartley (supported on
contr.ict NAS9-13894).
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1. INTRODUCTION

1,1 THE AGRICULTURE AND RESOURCES INVENTORY THROUGH AEROSPACE REMOTE SENSING
PROGRAM (AGRISTARS) ‘

1.1,1 DESCRIPTION AND OBJECTIVE OF THE AgRISTARS PROGRAM

The AgRISTARS program officially started in fiscal year 1980 after a success~
ful completion of the Large Area Crop Inventory Experiment (LACIE). The LACIE
was a project to test the technology that would be ustd in 2 satellite-aided
crop production estimating system utilizing remote sensing. Instruments
onboard Earth-observing satellites (i.e., Landsat) were used to obtain infor-
mation about the Earth by scanning its surface from the orbiting satellite.

Over the past two decades, many developments led to the technologies used in
LACIE. Some notable developments were:

(1) Multispectral scanners capable of scanning the Earth's surface and
producing a quantitative raliometric map at visible, near-infrared, and
thermal infrared wave-lengtiis; (2) pattern recognition techniques permit-
ting agriculture crops to be identified on the basis of differences in
spectral response during the year; (3) high-speed digital computers;
§4) the 1972 launch by the National Aeronautics and Space Administration
NASA) of the first of the Land Satellite (Landsat) series of polar-
orbiting satellites, making it possible to monitor each point on the
globe every 18 days with multispectral scanners; (5) the development of a
global weather-reporting network by the World Meteorological QOrganization
(WMO) 5 &6) the development of models capable of relating weather to crop
yields (refs. 1 and 25; and (7) the development of many custom-made
statistical methodologies.

The LACIE completion proved that Earth-observing satellites used to gather
data on agricultural and other resources can provide foreign agricultural
production information with accuracy and timeliness.

The successes of LACIE have stimulated an effort to "develop and evaluate

aerospace remote sensing technology for other major commodities and global
crop regions” (ref. 1, pp. 13-15) through its new program named AgRISTARS.
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"The specific objectives of AgRISTARS include development, testing, and
evaluation of procedures for adapting space remote sensing technolagy to
improve the U.S. Department of Agriculture (USDA) capabilities to provide
early warning and timely assessment of changes in crop conditions; to pro-
vide more objective gnd reliable crop production forecasts; to assist in
inventory and assessitént of land, water, and other renewable resources;
and to develop a cost base to permit the USDA to assess feasibility of
integrating space remote sensing technology with existing data systems."
()"Ef. 1’ pp. 13“"15)

1.1.2 GENERAL APPROACH OF THE PROJECT

The project develops %echnology for use in processing Landsat data primarily

to inventory the amount and geographic distribution of crop acreage available

for harvest. It uses meteorological data in agricultural-meteorological

models to forecast yield par harvested acre (production).
"This general approach requires that each crop region be stratified with
relatively homogeneous subregions and randomly selected samples of Landsat
data be machine processed to identify and measure the areal extend of the
crop types of interest. Yield models developed over subregions by the
Yield Model Development Project in AgRISTARS will be exercised to forecast
yield, The estimates of area and yield will be combined to estimate area,
yield, and production at the regional levels." (ref. 2, p. I.4)

Symbolically, the production estimation approach is presented as follows. The

crop region 1s stratified into L strata: 1, 2, e«s, h, see, L; and

(CROP ACRFAGE)stratum x (CROP YIELD) (CROP PRODUCTION)

stratum ~ stratun’

(CROP PRODUCTION) oqion = Ig (CROP PRODUCTION) ¢4 st h

1

or (CROP PRODUCTIUN) = (CROP ACREAGE) x (CROP YIELD)

region region region®

1,1.3 SCOPE OF THE PROJECT

The project involves many different crops such as wheat, barley, rice, corn,
soybeans, cotton, sorghum, and sunflowers, over many selected regions within
the United States, Canada, India, U.S.S.R., China, Australia, Argentina, and
Brazil.
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1.1.4 SAMPLE DESIGN USED IN THE PROJECT
1.1.4.1 Description of the Basic Sample Design

The objective of a sample design for the project 1s to estimate the crop
acreage for each of J crops in a particular region of a specific country. The
basic sample design of the project is the stratified simple random sample
design., At Teast, this basic design is used in a 'Group I' situation*. Let
Aj be the crop acreage for crop j, J = 1, 2, +++, J in a designated crop

region of a specific country.

The cror region 15 divided into | subregions called strata which are relatively
homogeneous in terms of the crop density (hence, the crop acreage, yield, and
prodiction),

The sampling units are the acrexges of the 5-by-6 nautical mile area. These
units are called 'segments’.

For h = 1, 2, «e, L, Tet Ny be the total number of segments made up of the
hth stratum and n, be the number of segments randomly selected by the simple
random sampling (SRS) from the Ny, segments of stratum h.

R be the crop acreage fpr crop J in the stratum h of the crop region
under consideration and Anji be the total crop acreage far crop j in the

segment {1 randomly selected in the stratum h.

It is suppotied to have the mean acreage per segment as

N
Phge = 12:1 Png1 /My (1)

*The “Group I situation js one in which the stratum sampTe size n, 1s greater
than 1, h =1, 2, ees, L,

1-3



but the SRS plan gives only n, segments, i.e., n, crop acreages Angis
t=1,2, eo+, n,. However, the SRS design gives an unbiased estimate of ﬁbj‘
which is

~

n
Rogo = i:l Angi/Mn = Ty (2)

which is the mean acreage of crop j per segment in the n, segments sampleﬂ in
stratum h.

The stratified unbiased estimator of Aj is
ﬁ L "

The unbiased estimator RJ has variance

(Ry) = hzl;jl V2L = ) (s ) (4)

where Sﬁj is the variance within the hth stratum of the segment acreage of

crop j; 1.e.,

sZ, = N§: A = B2/ - 1) (5)
hi = & (g1 hg) /M
where

N

the mean acreage of crop j ner segment in the N, segments of stratum h.
Then, the estimate of the production of crop j in the region will be

(Production of crop j)region = Ay x Y& (7)
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where

~

73 is the estimate of the average yield of crop j in the region under

consideration.

1.1.4.2 Flow Chart of a General Approach of Estimation

A general approach used in estimation procedures can be seen in ti.e flow chart
shown in figure 1-1.

1.1.4.3 Some Drawbacks of the Stratified Simple Random Sample Design

One important drawback of the stratified simple random sample design is that
it does not utilize the fact of the existence of a significant positive
correlation between the crop segment acreages observed in the current and
previous years in order to yield more accurate estimates.

Another shortcoming is that the stratified simple random samble design cannot
overcome the problem of missing data. The stratified estimate

~

" L
A, = NA ..
= 2 .

which is shown as equation 3, will be badly effected when, for any reason, one
stratum acreage estimate cannot be obtained.

Moreover, it is supposed to choose each ny segment, h = 1, 2, «-o, L, out of
Np segments of the hth stratum randomly according to the simple random
sampling plan. A Tist of all N, segments in each stratum h has to be created
first, then a random procedure will help to choose ny of Ny Ny is known in
advance and N s predetermined. If, for some reason, the randomness of the
selection of sample segments cannot be preserved, the stratified simple random
sample design may lead to some tragic results.

Furthermore, the implementation cost of the stratified simple random sample
design can be reduced by using the "rotation sample design" which is
introduced in this paper.
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1.2 THE ROTATION SAMPLE DESIGN

The rotation sample design which is presented in this paper was developed to
(1) improve the accuracy of the crop acreage estimation procedures and
(2) reduce the cost of the implementation.

The objects of this design are not restricted to any particular crops but, for
the sake of practical illustration and testing, wheat has been selected as the
crop on which attantion will be focused in this paper.

1.2.1 OBJECTIVE OF THE ROTATION SAMPLE DESIGN

The objective of the development of the rotation sample designs for the esti-
mation of wheat acreages is to provide multiyear estimates of wheat acreages

- which are more accurate than stratified simple random sample estimators. The
underlying assumption is that the variation of the wheat acreages of a partic-
ular sample unit (named parcel or segment) from year to year is usually less
than the variation of wheat acreages between segments within a particular
year.

1.2.2 GENERAL APPROACH

The wheat acreage estimafion in the design uses the available estimates of
"matched" segments, i.e., segments for which estimates are avaijlable for two
ar more years.

Instead of following strictly the simple random sampling plan to obtain N out
of N, segments of stratum h, h =1, 2, «++, L, for each year of estimation,
the rotation design will retain each year a fraction of the sample segments
and replace the remaining sample segments with new segments in accordance with
a rotation pattern of those defined in section 3.2.2.

The estimation theory is based on an additive-mixed analysis-of-variance model
with years as fixed effects and parcels as a variable factor.

1-7
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1.2.3 OBJECTIVE OF THE ROTATION SAMPLE DESIGN TASK

The objective of this effort is to develop a rotation sample design, survey -
many rotation patterns, and highlight those rotation patterns for which the
wheat acreage estimates for the current year have a minimum varjance-reduction

ratio.
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2. STATUS

Because of the specialized nature of this development item, the literature is
very limited. Even if the term 'rotation design' is familiar to many statis-
ticians in the field of sample surveys, especially to those who are familiar
with the Current Population Survey (CPS) of the Bureau of the Census (ref. 3),
the methodology of this particular rotation design is different from that of
the CPS rotation design. For instance, the objectives for the AgRISTARS/FCPF
project are considerably different from those of the CPS.

2.1 THE BUREAU OF THE CENSUS CPS
2.1.1 DESCRIPTION

Of concern in the CPS is the estimation of social characteristics of the U.S.
population and the provision of monthly estimates for these characteristics
(i.e., employment, unemployment, income distribution, family characteristics,
marital status, migration, education, etc.). The estimates are made from a
sample of segments of households which are arranged in "rotation groups"
according to the CPS rotation design. There are eight rotation'groups (eight
systematic subsamples) of segments in each sample. A given rotation group is
interviewed over an 8-month period which is divided into two 4-month periods.
The segments in the selected rotatien group are interviewed during the four
consecutive months of the first year, then omitted from the survey during the
following eight months, then interviewed again for the same four calendar
months of the next year, and, finally, dropped from the survey.

2.1.2 OBJECTIVES

The basic reason for rotating part of the sample each month is to invalidate
the problem of uncooperation of respondents.

The other objective in using the CPS rotation design is to provide estimates
which take advantage of accumulated information from earlier samples as well
as the information from the current sample, which results in smaller variances
of estimates.

2-1



pe

. T RN T S R T L R R

SRy

2.1.3 PROCEDURE

The estimator of a characteristit, for example y, the so-called composite
estimator, 1s a weighted average of the following two estimator components.

a. The first component is the regular ratio estimate, for example y%, based
on the entire sample for the month under current consideraticn time, t.

b. The second component is the addition of the composite estimate for the
preceding month t - 1, for example y%_l, and the estimate of the change in
each item from the preceding month to the current month. The estimates
used to compute the change are the regular ratio estimates y%,t-i and
y%-l,t {i.e., the segments that are in the sample in both month t - 1 and
month t). The second estimate is then

1] ] ]
Yer PVt T Yee1t (8)

Then, the two estimates are combined as a weighted average, with weights

summing to one.

In summary, the CPS rotation design composite estimator is

Vi = W0gy ¥ ¥g gy = Y)Wy (9)
where
y% = the composite estimator for month t,
y% = the regular ratio estimator based on the earlier sample for month t,
y%,t-l = the regular ratio estimate: for month t but is made only from the
matched segments which are in month t,
y%—l,t = the regular ratio .<timate for month t - 1, but is made only from the

matched segments wh'ch are in month t - 1.

2-2
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When there is a positive correlation between y values in two consecutive
months, the variances of the changes (y%,t_1 - y%—l,t) will be small, since

VI¥g,e-1 @ Yia1,8) = Vg pa1) * V(viay,e) = 2 cov(yg go1a¥Ee1,t)

< V(Y£,t_1) + v(yé—l,t) (10)

Hence, this rotation design with its composite estimator does utilize effec-
tively the information from the earlier and current samples and results in
smaller variances due to consideration of the estimates of change.

2.2 A ROTATION SAMPLE DESIGN FOR THE AgRISTARS FCPF PROJECT

The effectiveness of the composite estimator in a rotation design depends upon
the year-to-year correlation between crop acreages. Indeed, there is usually
a strong positive correlation between the wheat acreages of segments observed
in consecutive years, and this similarity seems to imply that the experience
gathered in the CPS possibly can be transferred for use in the AgRISTARS FCPF
project. Such a transfer, however, is not pogsible because of the differences
in the objectives, the differences in segment construction (the “segment" in
the CPS is a geographic segment comprising a number of households), and the
s.hstantial differences Tisted as follows.

a. The AgRISTARS FCPF time series is yearly and extremely short (two or three
years). The CPS time series is monthly.

b. The FCPF rotation sample design to be developed will have to be suitable
to the peculiar trait whereby a considerable number of matched segments
(i.e., segments in the sample for two consecutive years) will be lost
through cloud cover or other reasons. S$o, the FCPF rotation design, in
this case, has to provide estimators which are capable of dealing with
unbalanced segment patterns over a moderate number of years.

Henceforce, the CPS composite estimator is not suitable for use in the
AgRISTARS FCPF project. The mixed analysis of variance (ANOVA) models and the
associated estimators provided by proper rotation designs were selected and
combined to create a nzw sample design which is custom-made for the AgRISTARS
FCPF project.
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This sample design will deal suitably with the completely unbalanced matching
patterns and will utilize the fact that the variation of the wheat acreages of
a particular segment from year to year is usually less than the variation of
the wheat acreages of different segments within a particular year.
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3, PROCEDURE

Before the main features of the procedure are introduced, it is worthwhile to
review some basic background information.

3.1 TARGET POPULATION AND SAMPLING FRAME
3.1.1 POPULATION AND ITS OBJECTS

Agricultural acreages over many selected regions within the United States,
Canada, India, U.S.S.R., China, Australia, Argentina, and Brazil is the target
population. Wheat is the crop of interest in this paper. However, any other
crop such as barley, corn, or soybeans can take the place of wheat provided
the crop characteristics satisty the requirements of the procedure for wheat.
One of the requirements is that the variation of the wheat acreages for a
particular segment from year to year is usually less than the variation of the
wheat acreages of different segments within a particular year,

==

3.1.2 SAMPLING UNITS AND SAMPLING FRAME

Elementary units are 'pixels' of the earth's surface. Each pixel is a picture
element of the imagery provided by the multispectral scanner (MSS) used by
Landsat. It corresponds to an area of about 1 acre on the earth's surface.

' Sampling units are areal parcels which are clusters of pixels. The sampling

unit used for the current AgRISTARS FCPF project is made up of 6- by 3.5-mile
segments, the imagery of which comprises approximately 22 932 pixels.

The sampling unit size may be smaller than the 6- by 3.5-mile area as long as
it supports the requirement of the procedure mentioned in section 3.1.1 and
helps to reduce errors caused by classification, labeling, and calculation of
the proportion of wheat within each segment. To explain more fully, classifi-
cation, in automated analysis of remotely sensed data, is the process of
assigning data points to feature classifications by a testing process in which
an automated electronic system scans a total image (data set) pixel by pixel
and determines whether the spectral properties of each pixel correlate with

3-1

5

e e



S S S P - . oy o mmre . 2

those of the subject being classified. Labeling is the process of determining
characters which identify an item of data, an area of memory, a record, or a
file,

Each crop (wheat) region 1s stratified into a number of subregions, called
strata, which are homogeneous in terms of the crop (wheat) density. This
means crop (wheat) densities vary 1ittle within a stratum but may vary
considerably from stratum to stratum. There is a known number of strata, for
example H, within a crop (wheat) region under consideration. Each stratum is
comprised of a known number, for example Ny for stratum h, h =1, 2, «ee, H,
of sampling uUnits, e.g., 6- by 3.5-mile segments.

The sampling frame is constructed by first covering a crop-growing region of a
country by a large grid of segments that are either 6-by-3.5 miles or smaller,
then excluding those segments which appeared to show less than 5§ percent agri-

culture. The actual sampling segments (sampling units) are chosen from this
sampling frame.

3.2 ROTATION SAMPLE DESIGN

The sample design presented in this paper is named the rotation sample desigr.
3.2.1 SAMPLING PLAN

After a crop (wheat) region is stratified into L strata and suppose stratum h
is comprised of Ny, segments, a well-defined allocation procedure will deter-
mine the n, value, number of segments in stratum h to be in the sample. The
Ny number will be the same for each year of study, but the segments will be
chosen by a specified rotation pattern.

3.2.2 ALLOCATIONS BY ROTATION PATTERNS

With the present one-year-only design, the number of segments n, allocated to
stratum h varies from 1 to a sizable number such as 30 depending on the
country of interest. (The number ny is a number selected from Ny segments
through a simple random sampling plan.) In the United States, the number is
small; it is one, two, or three when counties are treated as strata.

-
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The rotation sampling plan of this research is confined in the situation in
which ny = 1, 2, or 3 segments to be in the samnle under consideration in each
year. In the situation named Group I, the stratified simple random sample
design is taken as the current sample design of the AgRISTARS FCHF project.

The allocation will be in a rotation pattern, as shown in figures 3-1 to 3-7.

In figures 3-1 through 3-4, the notation $ is the number n, of segments per
stratum in each year and the notation r 1s the number of years elapsing befere
a segment returns to the sample. Thus, figure 3-~1 presents S = 2 segments per
stratum, and each segment returns to the sample after r = 2 years.

In figures 3-5, 3-6, and 3-7, the notation r = «» is used to indicate that a
segment will never return to the sample. The expression inside the [ ] shows
the type of pattern, for example [2 retained 1] means that of the § = 2
segments, one is retained in the next year.

3.2.3" SPECIAL CASES

One special case occurs when some strata have oniy one segment included in the

sample. In this case, the following principles of collapsing can be applied
to match one of the specified patterns, i.e., one of those shown in
figures 3-1 through 3-7.

One stratum having only one segment included in the sample is collapsed with
the other stratum having one of the following:

a. one sample segment
b. two sample segments

c. three sample segments

The collapsibility will be based on the relation of the stratum itself to the
other strata which are alike.
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Year number

sk1]2]3
Segment 1 X X
number
XX
3 X | X

Figure 3-1.~ (S = 2, r = 2) Patterns,

Year number

SN 1]2]3]4
i s X1 R
Segment 2 X1 X X
number
. "3 X1 XX
4 X1 X1X

Figure 3-2.~ (S = 3, r = 2) Patterns.

Year number

NEEERERE:
1 X X
Segment 2 X1 X
number
3 X | X
4 X ] X

Figure 3-3.~ (S = 2, r = 3) Patterns.
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Year number

| N

112131415
1 X X1 X
! 2 X1 % X
{ Segment
i number 3 X1 X1 X
4 X1 X1 X
r 5 X1 X1 X

Figure 3-4.- (S = 3, v = 3) Patterns.

Year number

N1 2]3]4
1 X
2 X1 X

Segment

number 3 X1 X
4 X 1 X
5 X

Figure 3-5.- (S = 2, r = =) Patterns [2 retained 1].
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Year number

Nli1l2(3]4

1 X

2 X1 X
Segment 3 X1 X1 X ’
number

4 X1 XX

5 X | X

6 X

Figure 3-6.- (S =3, r

= o) Patterns [3 retained 2].

Year number

':?QL\ 112 {314
1 X
2 X | X
Segment 3 X1 XX
number
4 XXX | X
5 XX | X
6 1 X
7 X

Figure 3-7.- (S =4, r

= ) Patterns [4 retained 3].
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3.3 SPECIFIC APPROACH

The mixed analysis of variance model is assumed in this rotation sample design
in order to obtain estimators from the completely unbalanced matching
patterns, The patterns are 1ikeTy to arise through losses of segments (due to
cloud cover or other reasons), and they differ considerably from any balanced
rotation designs,

This paper presents only the basic, simple model which will apply to many
different rotation patterns. For each pattern, the variance of the stratum
crop acreage estimate for the current year is derived, and an optimal design,
which gives a minimum variance of the estimate, is obtained empirically.

3.4 RESOLUTION
3.4.1 MIXED ANALYSIS OF VARIANCE MODEL
3.4.1.1 BRasic Model

The estimate of the average wheat acreage per segment is obtained from an
infinite analysis of variance model for A;g, the "observed" wheat acreage of
segment s in stratum h for year t. The model is written as

for t = 1, 2, e+, T years and s = 1, 2, ¢e+, s, segments

where

average true wheat acreage per segment in year t; ot values are fixed
year constants,

ot

true segment variables applicable to all years with the assumption
2

o
v
H

= composite segment error variable of segment s in year t with the assump-
tion g ™ N 0,02 . This error variable contains two components which
are the deviations of the true wheat acreage of segment s of stratum h
in year t from the additive formula oy + bg and the classification error

in Ats'

[0
t
172}

1
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3.4.1.2 Estimation
3.4.1.2,1 Approach of Estimation for Average Wheat Acreage Per Segment
The development of the basic model (11) to obtain the estimates &t and its

variances is based on the assumption of a known constant vy = ag//cg which can
be estimated from pilot data. Therefore, the Aitken weighted least-squares
est{mation wi]l be applicable and utilized to obtain the estimators &t and its
variances Var oy | -

The model shown in equation (11) can be written in the following matrix form:
a=Xg+ Up+ Ig (12)

where X and U are the design matrices of equation (11) and are to be defined

according to each rotation design in the coming sections, and a is the

vector of the observed wheat acreages of segments s in years t. In the model,
the following values are held.

(Arps Bops =oos Aups Apgs wons Apps oons Apgs ooy Argp)!

g = (al, qz, oob’ at, o.o’ C‘T)‘

8

] e [ 12
b = (bl’ bza **y bss *tey bsh)‘ ) ,l?, NSh('Q” IUb)

I = the identity matrix

I

2
g (ell’ e21, soe, ets, e],Z’ LN etZ’ see, ets’ LICE N eTSh)' ;g ~ NTSh (,Q,’ IGE)

Since (g) is a vector of fixed-year constants, equation (12) gives

Var(Ub + Ie)

Var(a)

U Var(b)u' + Var(e)

y 2 2
uu % + Ice

2
g

I+ uw'| o (13)
%




or,
2

Var(a) = Ho, (14)
where
.2 /2
vy & Ob//oe (15)
H=z1l+ yuu' (16)

with vy being regarded as a known constant. H is supposed to be invertible.
Being multiplied both sides by H'l/z, equation (12) gives

VLY S VRS VN (17)
Put

H-l/zi
HL/2x = xx
n‘l/zﬁ = ¥
W12, -

then equation (17) can be written as
a* = X¥g + U + ¥ (18)

where

Var(a*)

Var(H'llzg)

1/2 -1/2

= H /% var(a)H

- H-l/ZHH~1/2°§

Ioz (19)
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and

H-l/z

Var( U + H'l/zg)

Var(U*h + g*)

o

SV

_ H-1/2(H 2 Idz)H-l/z . H-1/2°§H-1/2

% e

because equations (13) and (14) imply

U Var(p)u' = U’ o
.2 .2
= Hoe - Ice

Hence, equations (20) and (21) imply

Var(Us + ) = W20 - DHL/2GE 4 /2 2yr1 /2

= o2 gy 12 E

. H-1/2HH-1/20§

_ .2
= Ice

Equations (19) and (22) give the following conclusion.

Var(a*) = Var(U*h + e*)

So, the model shown in equation (18),

a*

~

X*g + Ukh + ex

has the following property

Var(a*)

3-10

U Var(b)U'H 2 4 {2 vap(e)y /2

Var(U*p + e*) = Ioi

(21)

(22)

(23)

(24)

(25)




It is well-known linear model with Known formulae which are deduced as
follows. The normal equation of model (24) is

XK'gh = (X¥'X¥)g (26)
That means
(L2 012 = (w20 (w20 g
i.e.,
Xx'Hta = x'ulxg (27)
The solution is
[_é = xho el (28)

which is the best linear unbiased estimator (BLUE) of g by the Gauss-Markoff
theorem and is also the maximum 1ikelihood estimator. From pilot data, y can
be estimated as ; = ;g//ag which is substituted in equations (27) and (28).
If a consistent estimator of y is employed, it can be shown (see ref. 4) that
equation (28) is still consistent and the variance of the estimator, which
will be given below in equation (29}, sEi]] aap1ies asymptotically with ; >y
as an error of order for magnitude Var{a)Var(y). Equation (28) gives

Var(é)

Var[}x'H'lx)'lx'H‘lg]

R "R var ()R (e H ) L

-12

= erho Tt b et o

- (x'H‘1X)“1a§

that is,

Var<§) = (x'Hx) A (29)
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3.4.1.2.2 Approach of Estimation for Stratum Wheat Acreage

From equations (28) and (29), the estimate of average wheat acreage per
segment within stratum h at the current year indexed t = T and its variance
G and Var(“Th) are obtained.

Then the estimate of stratum h wheat acreage at the year T will be
with its varianca formula

Var(ﬁTh) = NﬁVar(&Th) (31)

where Var(&Th> is deduced from equation (29).

3.4.1.2.3 Flow Chart of a General Approach of Estimation

As ‘a general summary, the flow chart shown as figure 3-8 presents a general
approach of crop acreagc estimation and production.

3.4.2 RESOLUTION FOR (S = 2, r = 2) ROTATION PATTERNS

The rotation pattern (S = 2, r = 2) is presented in figure 3-1, which is
repeated as follows.

Year number

ANIERERE
Segment 1 X X
number

2 X1 X

3 X | X

(S =2, r=2) Patterns
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H=(14+Y)

Y/(1 +7v),

or, with a



Then,
[ 1 -a 0 0 0]
-2 1 0 0 O
(1 ++)(1 -~ a") 0 0 -2 1 0 0O
0O 0 0 0 1 -a
| 0 0 0 0 -a 1_
(1 4y -y 0 0 0 0o ]
. - 1+y 0 0 0 0
-1 0 0 1+y -y 0 0
T¥& | 4 0 =y 14y 0 0
0 0 0 0 14y -y
i 0 0 0 0 =Y 1+ Y
. 2(1 + v) -y -y ]
KU = | v 20l k) oy (37)
-y -y 2(1 + Y)J
and
2(1 + v) -y - 1%
| (xh0 = (14 29) 2L+ ) -y (38)
f -y -y 2(1 + v)

_ . , The inverse matrix in the second member of the above equation is found by
, applying the result given in appendix B where

? [a b eee b

§ b a

1 ML

&, .b es e a-
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where, in this case,

a=2(1+y)
b= ~y
n=3
and
— -1 _ i
(aij) (a'¥)
hence,
1 - at (n-=-2)b
La + (n~ 1)bl(a - b)
that is,
A1 2(1 + y) + (~y)
= T Ll A y) A+ gleyyaletl + y) o+ v
. _2+xy
22 F 37
and
aij - -b
[a+ (n-"1)bl(a -~ b)
aij - Y
2(2 + 3¥)
So,

2+ y
1+ 2y

(X'H-]'X)-l = 5T F 37 Y 2 + v

-
For this rotation pattern, the basic model

a = Xa+ Ub + Ig

can be written as

A, = a

ts t * bs te

ts
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where

t=1,2,3
s=1,2,3
g = (ogs o, ag)’
b = (by, by, byl
That is, '
M1
. A3l
AL2
A2z
A23
Az3
where

(10 0] 10 0] [ eqq |
00 1| o] 10 0] [by es1
10 0 010/ |b e
2|, 2| .| 1t2 (46)
01 0| | 01 0| |b, en
01 0 0 0 1 es3
0 0 1] 0 0 1] e33
- ]
3= (Aygs Agps Apgs Agps Apzs Agy) (47)

By step 4 of the acreage estimation in figure 3-8, the estimates of the Ats's
are known as Kts; hence, the estimates of the “t's are daduced from
equation (28) which is now

where

and where

H=1+yUU', with

~ - - -10
o= (o enla (48)

0 ~ ~ ~ ~. ~ ~
wa ]
g (All’ A31s Aras Rops Pogzs Asa) (49)

~ ~ ~

Y =9/ g estimated from the pilot data,

U is given by equation (33),

(vt s given by equation (44),

A
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X 1s givew by equation (32), and

H™} 1s given by equation (34) with ;.

The variances of the estimates are deduced from equation (29) which is now

e
var(g) = (xR = £ L2 | g
2(2 + 3y)

, Y
where ; = Sb//ée, as estimated from the pilot data.
This means

et (122 ey 2
var at = ,. Oe
2(2 + 3y)
for t =1, 2, 3, with T = 3.
. Emphatically, at the last year indexed t = T,
Var(;t) = {Lr2y)i2 + ) Og
2(2 + 3y)

With respect to this, note the following:

<> <2

(50)

(61)

(52)

a. The datum T represents the total number of years utilized for the
multiyear estimator ar. In the case of rotation with "return"
(.., r < @), the maximum value of T is r + 1 since this corresponds to a

complete cycle of the rotation.

b. Remarkably, in the case of T = 3, if the rotation pattern cannot be as
shown in figure 3-1, but instead will be shown in figure 3-9.
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P

Year number

Nl1l2]3
1 X ] X
Segment
number 2 X1 X
3 X X

Figure 3-9.- (S = 2, r = 2) Patterns, showing inverse
of pattern given figure 3-1.

Then, the design matrices X and U will be as follows.

(1 0 0]
010
=010 (53)
001
00 1
1.0 0
1 0 0]
100
010
U=1o0 1 0 (54)
00 1
00 1]
therefore,
(1 +y v 0 0 0 0 |
Y 14y 0 0 0 0
i s 0 0 14y y 0 0 (55)
0 0 Y 1+ v 0 0
0 0 0 1+~ Y
0 0 0 YLy

3-19



(1 4y -y 0 0 0 0

-y 1+ vy 0 0 0 0

-1 . 1 0 0 l+y -y 0 0
H™ = (56)

TF2r | o 0 -y l+y O 0

0 0 0 C 1+y -y

0 0 0 0 -y 1+ v
2(1 +v) -y -y
KU =g | v 2041 ey) (57)
-~y -y 2(1 + v)
Ahich 1s the same as equation (36). Hence, equation (52} is obtained.
2(2 + 3y)

However, the components of 30, which are given in equation (48), will be
different in the case of figure 3-9, in which
0 ~ ~ [ ~e ~e ~ '
- i
3 = (A11’ Ao1s Pops Agas Aags AIB) (59)

Components AlZ’ A23, A31 are no longer needed, and A13, A21, and A32 are
needed instead.

3.4.3 RESOLUTION FOR (S = 3, r = 2) ROTATION PATTERNS

The rotation pattern (S = 3, r = 2) is presented in figure 3-2, which is
repeated as follows.

Year number

N l1]2]3]34
1 X X ] X
Segment
number 2 X 1 X X
3 X1 XX
4 X1 X | X

(S =3, r=2) Patterns

3-20
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"

The design matrices of the model shown as equation (12) are as follows.

(60)

(61)

0

0

0

1

Then,

»

(62)

oo Cc o oo o0 oC

oo oo oo T OO0

o0 o000 o0 oo

>

-
>

>
+
—

1+y

>

oo oo > -+ 0 OO0

>

—

OO0 0000 X+ O Qo

>

—

cC o o000 4+ > X0 oC

—

>

ocoCc O ** * + 0000 CO

-

—

o0 O X + >0 0 00 O o

P

—

o0 00 + > X0 000 0o

-

—

> -+ OO0 OO C O OO0 OO

-

—

-+ OO0 00000 o0 Qo

>

—

4+ - >0 C 0O Cc O O OO

—‘.

Hoe 14y s
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o Lv‘r‘;w-" TSR ”"‘1

and
142y =y -y ] 0 0 0 0 0 0 0 0
-y 1+2y =y 0 0 0 0 [} 0 0 0 0
-y -y t+2r O 0 0 0 0 0 0 0 0
0 0 0 142y =~y Y 0 0 0 0 0 0
0 0 0 =~ . 142y =y 0 0 0 0 0 0
.1 0 0 0 -y -y 1+2y 0 0 0 0 0 0
H T o o 0 o0 0 L42y -y = o 0 0
0 0 0 0 0 0 -y 142y -y 0 0 0
¢ 0 0 0 0 0 0 -y -y 14+2y 0 0 0
0 0 0 0 0 0 0 0 0 142 -y -Y
0 0 0 0 0 0 0 0 Q 1 1+2%y =
0 0 d 0 0 0 0 0 0 -y -y 142

(63)

since, by the result given by appendix B, the inverses of the 3-by-3 matrices
in equation (62) have their components

aii - (1 +4) + (3 - 2)y 1+ 2y (64)
T+ + (3 -1yI[{T +y) -y 1+ 3y
and
iJ o=y
R 3y (65)
So,
3{1 + 2y) -2 -2 -2y
imly = L -2y 3(1 + 2y) -2y -2y
X'HTX = % 3 ‘ (66)
-2y -2y 3(1 + 2y) -2y
-2y -2y -2y 3(1 + 2y)

which is of the form shown in appendix A. In addition, its inverse will be

3+ 2y 2y 2y 2y
“luv=1 _ 1+ 3y 2 3+ 2 2 2y
(x'Hix)t = Y Yo% (67)
BT |, 2y 3+2y 2y
2y 2y 2y 3+ 2y

Vector a in the basic model, as shown in equation (12), for this rotation
pattern is

= ; Ty
2= (A Agps Aggs Apps ggs Aggs Apgs Apgs Aggs Apgs Aggs Agg)' (F3)
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With the ﬁts's being the estimates of the Ayg's of the above components, the
a,'s of the estimates are deduced from

o= (X' txntao (69)

where
3 (A11’ A3ps Paps Pas Aogs Pgps Aygs Aogs Aggs Aogs Agys A44) (70)

And, the variances of the estimates are deduced from the variance-covariance
matrix

var(z) = w0 Lo

[~ ~ -
3+ 2y 2y 2y 2y
2 1+ 3Y 2y 3+ 2y 2Y 2y (1)
ea e n— ~ ~ ~ A
€ 3(3 + 8y) 2y 2y 3+ 2y 2y
2y 2y 2y 3+ 2y
where v = Ag ;2, as estimated from the pilot data.
That means
3(3 + 8y)

fort=1,2, 3, 4, and T = 4, or

(1 .+ 3Y)(3 * ZY)
v (73)
arGﬁ) 3(3 + 8Y)

3.4.4 RESOLUTION FOR (S = 2, r = 3) ROTATION PATTERNS

The rotation pattern (S = 2, r = 3) is presented in figure 3-3, which is
repeated as follows.
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RS T T

g, w0 T

Year number

2

3

Segment

number

(S =2, r=3) Patterns

The design matrices related to the model shown in equation (12) are

1

0

O O O O O + O =
O O O ~» = O O

and

O O O O O O = =
O O O O = = O O

3-24

0

O = = O O O O

O O = = O O O O

0

= 0O O O O O

= = O O O O O O

(74)

(75)



Then, with a = v/(1 +y), and (1 = a2)(1 + y) = (1 + 2y)/{1 + v),

1 a 0 0 0 0 0 O
a 1 0 0 0 0 0'0
0 0 1 a 0 0 0 0
H=(1+'Y) 0 0 a 1 0 0 0 0
0 0 0 0 1 a 0 O
0O 0 0 0 a 1 0 O
0O 0 0 0 0 0 1 a
0 000 0 0 0 a 1]
1 a2 0 0 0 0 0 o0
. 1 0 0 0 0 0 0
o 0 1 =-a 0 0 0 O
wlolty o 0 -a 1 0 0 0 0
I+2r | 6 o o0 o0 1 -2 0 0
0O 0 0 0 -a 1 0 0
o 0 0 0 0 0 1 -a
o o ¢ 0 0 0 -a 1
and
[ 2 -a 0 —aT
- 1+y -a 2 -a 0
X'H™1x =
L+2y | g 2 2 -a
| -a 0 -a 2_
= %—;—%;-Circ(z,-a,o,-a)

_ 1 ,
*TF oy Circ(2(1 + v),-v,0,-v)

Appendix C shows the elements of the inverse of the circulant

for T = 4, deduces

1 . 2 ) 2

Var ar ) (1 + T

e

+ 2y 1+ o
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(77)

(78)

in X'H"1X, which

(79)



where ; = Qg//ag, as estimated from the pilot data.

3.4.5 RESOLUTION FOR (S = 3, r = 3) ROTATION PATTERNS

The rotation pattern (S = 3, r = 2) is presented in figure 3-4, which is
repeated as follows.

Year number

SN l1l2]3]4]s

1 X X1 X
Segment 2 X [ X X
number

3 XX X

4 X1 XX

5 X1 XX

(S = 3, r = 3) Pattern

The design matrices related to the model shown in equation (12) are as follows.

1 0 0 0 0

0 0 0 1 0

0 0 0 0 1

1 0 0 0 0

0 1 0 0 0

0 0 0 0 1

1 0 0 0 0 :
X=|l0 1 0 0 o0 (80)

0 0 1 0 0

U 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 1 0 0

0 0 0 1 0

(000 0 0 1|
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o
| =
<

(81)

1
(1 - a)(l +2a) = (1 + 3y)/(1 + y)2

n

Then, with a = y/(1 +v) and U =

(82)

0

0

0

0

H=(1+y)

T L AR SRR TR
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and

000000000000.%

oo oo o0 %

-a
1+

1+
a

t

L3

000100000000°+dﬂ

oo CcOoOC o0
cooocooCco o o0 o

o
cooc oo Ccoc +
-

1+ -2
-2 1+a
0 0
0 0
0 f

-2
a
Q
0
0

<3
0000001&%*000000
-

0000003*\-0000000

oo o0

L1}

1+

0
-3
-a

0
8
{+a

L-3
nv.o.\m.
—

oo

1+a

T o o
3

Q o O
T

l+3
=

Anuﬂvooooo

OO0 00000 oc

1+

.anoooonvouo

PN - T~ B~ -~ R — Y — I - i =
%

ocCcC o O oo o0 o0o

o000 000 C oo

OO0 00 0000 o0Q

Hol e
H + Y)U

g

(83)

Additionally,

— 1
—_
<

® ™ oo o
o Ny
1 1
La24
——
L]
o o o 4+ ©
| B N o | o
I = 1
S
)
-
<
S o 4+ © O
oo o~ 3
| SR S |
S
o
-
[1-1
© 4+ o © o
N [N S S |
I o~ !
g
(32}
E e
[1+]
+ © o & o
[N A SR S o
- 1 I
e
o
1
Y
>
+ |+
v j—t
"
>
pu—
1
-
>

<
[o0]
-
o
o - —i N +
1 ¥ ' ]
—
;>
-
Y!
o
— — o + N
1 ¥ 1 1
-
S
1Rk
—
Vl.
o
~t o + [\ —,
1 1 1 t
—i
(v2) Ras
P )
Y
o
o + o ~— —
1 t 1 1
—
ol=
—
VI.
[\
+ (WY - — o~
1 1 1 )
—t
o>

(85)

(1 + 2Y),-2,“1,"1,-2>

3
2

Circ(

3y

that is

By appendix C,

(86]

T=5 e-iy(k—l)Zn/S
A

L
bed

A1yl _ 1
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where A

Hence, with

then

Ap = all) + al2)e” 12178

u

+ 6,382

~12X2n/5

Ao = a(l) + al2)e

3
3

3

3
= -4 8,
Y 8.618

Similarly,

and
Then,
o« 3o 94

s%{¢+3);Y+

+ a(3)e

+ a(3)e

+ 6 - 4(,309) + 2(.809)

= ?-+ 6 + 4(.809) - 2(.309)

~-12x%2n/5

~14x2n/5

=3
1+ 2y) =46
= -2 = a(5)
= -1 = a(4)

+ a(3)e

+ a(4)e

-13x2n/5

~-15x2n/5

+ a(5)e

+ a(5)e

~-14x2n/5

+6 - 2(.,309 ~ ,9511) - (-.809 - .5881) - (-.809 + 5881) ~ 2(.309 + 9511)

~18x2n/5

= §-+ 6 - 2(-.809 - .5881) - (,309 + .9511) - (.309 - .9511) - 2(-.809 + .5881%)

A, =2k =
4 = Y 8.618 A3

Ao =+ 6,382 = )

5 ¥ 2
(1Bx2n/S  -i16x2n/5  -i24x2n/5  -132%20/5

+ + ¥

Ao ) M A
000 + 561, 300 - 5L, 309 ¢ 95L1 , 2809 - 5881 )
2+ 6.382 %+ 8.618 %:« 8.618 kA Z+6.382 |
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That is, '

“lo=l 1 /1 ¥ 1.618 .618
(' izl - (-+ 3) - v o 0u618 ) (94)
55 5 \¥ (? 34 6.382 -§:+ 8.618 |
and
1ol U1 1 0.618 1.618 |
(X'H "X)gg = 51 + 3v) g’ﬂ 3+ 8,018y - 3 ¥ 6.3877 | (95)
Then, for T = 5,
Var &T = %{1 + 3;) %-+ 0.618 - - 1.618 ~> 02 (96)
3 + 8,618y 3 + 6,382y

where ; = Sg,/éﬁ, as estimated from the pilot data.

3.4.6 PRESOLUTION FOR (S = 2, r = ») ROTATION PATTERNS
3.4.,6.1 Case of T = 2
The rotation pattern (S = 2, r = wj T'= 2) is presented below in figure 3-10,

Year number

) t 112
1 X
Segment
number 2 X | X
3 X

Figure 3-10.- (S = 2, r = =) Patterns [2 retained 1; T = 2].

The design matrices related to the model shown in equation (12) are

(97)

O O ¥ =
[ Sl i = T
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and

1 0 0
y=|(0 1 0 (98)
0 1 0
0 0 1
Then, ‘
1+ y 0 0 0
H=T4you' = | O Ly ¥ 0 (99)
0 Y 1+y 0
0 0 1 +y
and
1+ 2y 0 0 0
. . 2
Wyl - - i = 0 (1 +y) ~y(1 + ¥) 0 (100)
0 (1 +y)  (1+ )2 0
B 0 0 0 1+ 2y
and
(1+2y) + (1+ 292 Lty |
-1y _ 1 1+ 2y) +(1+ 2y -y{l + ¥
XTHX = T+ Y1+ 2y) (1 + v) ? (101)
JARIRN (L+2y) + (1 +7y)
So,
2 “
(x'uixy = (1 +y)(1 + 2y) ez + (L) v+ (102)
[+ 29) + (1 +)%1% - 4501 - 1)° (1 +7) (1420 + (1 +y)?

Vector a in the basic model shown in equation (12) for this rotation pattern

is

- [}

With the Kts's being the estimates of

the Aps's of the above components the

a.'s of the estimates are deduced from

t
o= (X'H

by Ixryta0 (104)
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rm——r

where,
0 o ~ ~ ~ o, & \
2 = (Riys By Fpps Rg) (108)

Additionally, the variances of the estimates are deduced from the variance-
covariance matrix
Var(é) = (X'H'lx)'lag

(1 + )1 + 27)

= ”» ~ N ”~ x
L1+ 27) + (1 + NP1% - (1 + P
(L +2y) + (14 7)2 H o+ y) -
Y1+ ) (1+21) + (1 + 2
(106)
where ; = Gg//;e, as estimated from the pilot data.
That means
~\ _ (1 + L+ 2;)[(1 b 2y) + (1 + §)2] 2
Varia g T, T e
LA+ 2y) + (1 + ¥)%]° - ¥°(1 + ¥)
fort=1,2,T=2, or
” ~N ~ ~ 02 ,
Va,(aT) Sl r ol £ 2n) £ 04y ] 2 (107)
L1+ 2y) + (1 + )71 - (1 + )
where v = ;g//;e, as estimated from the pilot data. ‘ |
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3,4,6.,2 Case of T = 3
The rotation pattern (S = 2, r = 3) 1s presented below in figure 3-11.

Year number

SNl1)2]3
1 X
Segment 2 X1 X
number
3 Xt X
4 X

w

Figure 3-11.- (S = 2, r = =) Patterns [2 retained 1; T = 3]

The design matrices related to the model shown as equaticn (12) are

porest ——

0 0

(108)

O O = = O
o 0O G

1

1

0

0

0
| 0
and

(109)

O = = O O O
ll—'OOOOOI

O O O O O =
O O O = = O
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+

o e
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1+ 2y) + (1 + y)z, then

d
it = 1+ 2y) [

-

or, with A

d/(1 + v

-y

2(1 + vy)
=Y

/(1 + ¥)
-y
0

3-34



Y/ R PEEE A s AR P T

[y

which can be written as

-1

') = (1 o+ 2y) A (114)

| 2 d(d - 1)
where |A] = ""_T"$_7x_~ ' (115)

and
™ I
2d -+ IlﬁﬁL; Yz
2
-1 1+ y y d d y d
A -m 1 +y (1 + Y)Z | 1+ y (116)
Y2 1nﬂy 2 d _YZ
That means
P 2 Y 2 T
2d-y T+ d Y
Z
. Y d Y
iyt = U *113‘1 *)g*’ Y ¢ T rEy Y @
2 did - v " : ~
2 2
. v Tty d 2d- Y._

Vector a in the basic model shown in equation (12) for this rotation pattern
is

- ]
3= (Aygs Pyns Agps Aggs Aggs Agg) (118)

With the Kts's being the estimates of the Ats‘s of the above components (by

step 4 of the flow chart in figure 3-10), the at's of the estimate are derived
from

o= (X'H ) L lao (119)
where a (All, Rips s Kygs Ao, A34) (120)

And the variances of the estimates are deduced from the variance-covariance
matrix as follrws.
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(X'H

Var(é)

-IX)—log

2 (1 + ;)(1 + 27)
e ~ o)
z u\d - Y )

—-h 0\2 ° ~ A2 -1
2d-vy T d Y
1+ vy
» ~ ‘2 ° ~
= d e =X g
ty (1 + v) 1+ v
Y Y 4 2d-7
L 1+ v _ (121)
where y = ab//c , as estimated from the pilot data, and
d=(1+2y) +(1+7)7° (122)
That means, for T = 3,
var(s,) - §(1+y)(1+zy)(2d-§2) (123)
2 d(d - ¥°)
where d s (1 + 2;) + (1 + ;)2

~ ~

and y = oﬁ//éi, as estimated from the pilot data.

3.4.6.3 Case of T = 4

it
8

The rotation pattern (S =2, r : T =4) is presented in figure 3-5, which
is repeated as follows.
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Year number

N1t 2l 3]s
1 X
2 X1 X

Segment

number 3 Xi X
4 X1 X
5 X

(S = 2, r = ») Patterns [2 retained 1; T = 4]

The design matrices related to the model, shown in equation (12) ar-:

1 0 0 0
1 0 0 0
0 1 0 0
x=(0 1 00 (124)
0 0 1 0
0 0 1 0
0 0 o 1
0 0 0 1]
and
1 0 0 0 0]
0 1 0 0 0
0 1 0 0 0
y- |0 0 1 0 0 (125)
0 0 1 0 0
0 0 0 1 0
0 0 0 1 0
0 0 0 0 1]
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Then, with a = v/(1 +y), equation (125) can be written as

(126)

-

O O O O O O O
O O O O O ©® ~ O
O O O O O «w @© O
O O O ©w + O O O
O O O «—«= @ O O O
O © ~ O O O C O
O — © O O O O O
”10000000_

-~

-

+

i

"

x

hence,

(127)

1-a% 1-a°

-a

ey
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and
B 1 -a
1+ - 0 0
1- ét"2 1- az
- 2 -a
0
. . 1 -2 1-a? 1-a°
X'H™*X =
T+ 0 ~a 2 ~-a
1-2a% 1-a° 1-a2
0 0 -—’-a—?u__l_z
N l1-a 1-a
K g 0 0
1 g 2h g 0
L+Y 1o ¢ . 2n g
0 O g f_
where
Felt—to=(L+2y) + (14 120+ 2y)
1-a".
g = -a/(1 + a%) = =y(1 + y)/(1 + 2y)
- 2y . 2
h=1/(1-a%) = (1+y)%/(1 + 2y)
By the Cramer rule in solving the system of equapions,
(fxl + g, = Q
<}gxl + 2hxy + gXy =0
’ ‘gxz + 2hx3 + gxy = 0
\ gxg3 + fx, =1
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which, by being applied to the calculation of the determinant of a partitioned

(xR = (1

clfF g 0 o
g 2h g : 0
0 g 2n!o0
0 0 g ’ 1
+ )
f g 0 0
g 2h g 0
0 g 2h. g
_________ l.......i
0 0 g f

matrix, is
f ( f g 0 -1
; (X‘H‘lx)zi =(1+v){f-(00g)|g 2n g
; 0 g 2h
: -1
A 2. 4
| =14y {f. 2N -9
i 4fk - fg ~ 2g9"h
; ) 4fh - fg° - 2g°h
" =1 +y) ——— !
; +4f"h - f°¢° - 4fg"h + ¢

j.e., for T =4,

)-1

i

u O D

~ ) 00 00 000 00
Var(xr) = o%(1 + y)(afh - fg° - 2g%h)/(4F%h - £%g

02 02

where,
. 2 ~2
; Y =0y /0g, 2s estimated from the pilot data
|
i 0 ~ ~ 2 A
f=0(1+2y) + (1+y)71/(1+ 2y)
0 »~ »~ A
g==y(l +y)/(1+ 2y)
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h= (1+7)%(1+ 27

3.4.7 RESOLUTION FOR (S = 3, r = =) ROTATION PATTERNS

3.4.7.1 Case of T = 3

The rotation pattern (S =

Figure 3-12 - (S = 3, r = «) Ratterns [3 retained 2; T = 3.
While this pattern shows the notation for only three years,
the related pattern given in figure 3-6 shows it for four.

3, r=

Segment
number

@y T = 3) is presented below in figure 3-12.

Year number

N1 2
1| X

2 | x| x
3 x| x
4 X
5

The design matrices related to the basic model, shown in equation 12, are

1 0
1 0
0 1
1 0
0 1
0 0
0 1
0 0
0 O

3-41
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and

(131)

Then, with a =vy(1 +v), U= (1 - a)(1 + 2a) = (1 + 3y)/(1 + 7)2

(132)

s

0

0

0

1

0

H=(1+7)
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So,

1 1l +a - a ~a
1+ ¥ R =
1 - at u Y 1-a .
gLy = oL 4 __.a P | L Lta -a __a
Ty Uiroaf T1.a2 U
-a =-a a 1 1+ a
= 4. 1+ +
i u Wy aZ 1 - aZ u i
(134)
which can be written
A B D
-1, . __1
XWX =3 |8 C B (135)
D B
where .
2 2
1 1 1+ 2y)(1 + 3 1 1+3 1 142
Azle——g + ta. (L+ 2y)(1 + 3y) + gl u Zi)21 * 35% t (1+ (12907 (136)
. 2 a_ _=y{l + y)[(1+2y) + {1+ 3y)]
i (L7 271 % V) (137)
I’
- 1 1+a_(1+ 201 + y)(3 + 3y) + {1+ 2y)7]
Cz2m gty " T+ 20T+ 3] (138)
and
o= ol F )1+ 2y)
T I L s o (139)

In applying the definition of the inversion of a matrix, the three diagonal
elements of the inverse of X'H™1X will be

2
(whogp = g = e ) AC -8 > (140)
7 (A - D)[(A + D)C - 2B°]
and
(5 = (1 ) AED (141)

A+D-8B
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That means

Var &T = (1 4+ ?)

0
? o2 (142)

(
(A - D)

for T = 3, where

y = °2//Ae’ as estimated from pilot data

o {1+ 27)(1 + 3y) + (1 + 1)2(1 + 37) + (1 + x)(l + 27)

(143)

(1 + 2)(1 + 37)
8L L DO 2 ¢ (1 e 3 (140)

(1 + 2y)(1 + 3y)
0 (1 )20+ 301+ 39) + (1 + 29)%] (145)

(1 + 2y)(1 + 3y)

and

8 . -yl + V)L + 2y) (146)

(1 + 2y)(1 + 3y)

Note: In applying the Cramer approach to directly solve for x3 in the system of
three equations

Axl + sz + Dx3 = 0

1
o

Bx; + Cx, + By = (147)

1
P2

Dxl + sz + AX3 =

the value of the element (x'H"1x>;§ will be as follows.
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(W55 = (1)

and by calculating the determinant of a matrix that is partitioned,

ABIO
B clo
D B 11
AB 1D
B C 1B
D B A

that 1s gz = (10 {a - om(3 87|
(X' = (1 y) A - 8 ’
% IA(AC = B%) - D°C + 2B°D - AB%|
2
s . AC - B
= {1 +y) =
AC - 2AB% - DC + 2B°D
2
AC - B
= (1 +'y)
(A% - D?)C - 28%(A - D)
2
= (1 +¥y) AC - B 7
(A - D)L(A + D)C ~ 2B“]

which is the same as equation (140),

3.4.7.2 Case of T = 4

(148)

(149)

(150)

The rotation pattern (S = 3, r = »; T = 4) is presented in figure 3-6, which is

repeated as follows.
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Year number

S 1121314
1 X
2 X 1 X
Segment 3 X1 XX
number
4 X1 XX
5 X1 X
6 X

(S = 3, r = «) Patterns [3 retained 2; T = 4]

The design matrices related to the basic model, as shown on equation (12), are

—

|

1 0 0 0
1 0 0 0
01 0 0
1 0 0 0
01 0 0
y=10 0 10 (151)
0 1 0 0
0 0 1 0
0 0 0 1
0 0 1 0
0 0 0 1
0 0 0 1
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(152)

7

xy/(L ), u= (1 =a)(l+2a) = (1+3y)/(1+ )2,

Then, with

——~—

™

w0

—

e
—000000000001m
O O O O O O O O C o c— O
O O O O O O O o O ~4 W O
O O O OO 0 O © @~ O O O
O O O O O O @ 4 © O O O
O O O OO0 O« a0 & O O C
O C O © = O O OO OO0 0 o
O O O © <« T O O O O OO O
O O O 1 10 © O O O O O o
O T~ O O O O O O 0o o o
O = o O O O O O O o O o
_.iOQnUnUOnu...UOOnUﬂvN

_~

Y

+

—t

o

i

x
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1 0 0 0 0 0 0 0 0 0 0
o~--1_--72.----‘£_2~ O 0, 0 0o o 4 0 o
l1-a% 1.3
o_.:a_...._,zl 0 0 0 0 0 0 0 0 0
1 -a2 1-a
l+a -3 -a
0 o 0 - G 2 0 U 0 0 0 0
-3 + a -3
0 o 0 T 2 2 0 0 0 0 0 0
;o o o T F L, 5 4, 0 0
Bl——rf-
l1+a a3 -3
0 0 0 0 0 0o :a S 0 0 0
-3 l+a .
0 o 0 0 0 0 T e 2 0 0 0
-3 -3 1l +a
0 o 0 0 0 0 T T R o 0 0
1 -3
0 o0 0 0 0 0 0 0 0 L _ —2 0
1- az l1-a
0 o 0 0 0 0 0 0 0 =2 ._L_§ 0
1-2a° 1.3,
0 o0 0 0 0 0 0 0 0 0 0 1J
and,
1 1+a a a a 7
E TRt T 1-2°°T U °
a a 1 l+a a a
e ——+2ita -23 -2
X'H"1X=1—}_Y— 1-a2¢ U 1 -a u u
a a 1 1l +a a a
-2 il -2l |
u u 1-a u 11zazlu
a a a + a
0 - = TS s 1l b LA
- u 1-a2 U 1- a2 u_}
A B D o
.1 B E 20 p
T Vo w ¢ g
0 D B A

where A, B, D are defined in equations (137), (138), and (139), and

21ba_ (14 0+ )15 3 5 201 4 2v)%]

o1
b Al S T+ 27T + 3y)
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8]

Therefore,

A B D :o
B E 2010
D 20 E :0
]
(o) = e D B
. A B D :o
B E 20D
D 20 E|B
—— — -;-—‘-——
0 D BJA
_ A 8 o7t ro)t
" {1+y){A-(0DB)|B E2D D
D20 E B

Hence, for T = 4,

- A {0 00210 -1
Var Sy = (1 +v) %A - b'M 12; . oi

where

m= (1 +37)/(L + )
21

0 _ D01+ 20)(1 +37) + (1 + )21 +37) + (1+ 1)(1 +27)
(1 + 2y)(1 + 3v)

(1 + 2y)(1 + 3y)

8.yl + )+ 2y)
(1 + 2y)(1 + 3v)

0 _ (1+ )L+ )1 +39) +2(1 + 29)%]
(1+ 27)(1 + 37)
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C[re s
e lg 2 o8 (162)
0 0 0
D 20 E
and
0 0 0 0
b' = [0 0 B] (163)

3.4.8 RESOLUTION FOR (S = 4, r = «) ROTATION PATTERNS
3-4-8-1 Case Of T = 3

The rotation pattern (S = 4, r = »; T = 3} is presented below in figure 3-13.

Year number

Nli1l2]3

Segment
number

>x< | >X | >

X P >X I > ] x

YO W G
X X P X ] =

Figure 3-13.- (5 = 4, r = ») Pattern [4 retained 3; T = 3].
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(164)

i 1
O C O C O 4 O O = O e

C O — O « O O = O - O O

.~110100100000
1}

i
>

The design matrices related to the basic equation (12) are

and

(165)
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Then, with a = v/(1 +7¥),

(166)

and by applying the results given in appendix A with

u=(1-a)(l + 2a)

= 1+ 30/ + )

then

Camn
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_\00 o o o © o Q o o 01_
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o o o ....._un._*u+u0000 o o
Ll
<
o o Oa_u+ua_u0000 o o
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o o 0+u.m_u.w_u0000 o o
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© 1 al © o 0o © o o o o o
Ll -t
(o o
aah
o~ Il © © o o o o o o o
-t -4
—10 o ©o o o o o o o 00-
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and

— 1 1+ -
eea Al - " f 7" ¢ & 2§
X'H1x = - -22 ot _sltay __a o2
T——? 1-40 0 1-a° Y 1-a u
28 . .22 1 1 21 + a
- u 1. al u +1_32 |
, F G 20
Ty |G H 6 (168)
20 6 F
where ‘

. 1 1+a (ESLIEELENE. )2( 3 + 20+ 1+ 20
Felt gt 2oy v 2y - 2T e ol (169)
I S _o=vil+ 2y)[2(1 + 2y) + (1 + 3y)]

@ = 1 - a° 2N l +Z2a) (1 + 2y)(1 + 3v) (170)
e oL 1+ a _2(1+Y)[(1+Y)("'3Y)+(11'2'Y)]
= 1 - P F 2 (1 + 2y1(1 + 3y)
(171)
D= - §-= - ¥i1++2¥;§i I gzg as in equation (140). (172)
Therefore,
FGlo
G HI O
b
Izt = (14 ) 2 8 1
3 Y Felw
_‘i,.’i}.f.
2 Gl F
-1 {20y, -1]
= hie -0 (55)7 ()
(FH - G2)
a (1
SR F(FH - 62) - 40%H + 4p6% - Fa?
2
i FH - 6 (173)
1
SRRt (F - 2D)[(F + 2D)H - 26°]
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T ———— T

In fact,

Hence, for T = 3,

ra=loyv=l _ pyig=lyy =1
(X H X)ll = (X H X)33

Var ap = (1 +v)

Mo

U

(F - 20

)

TidXo

+

nN o

where

; = 0/ 9gs @S estimated from the pilot data

9\2 ~

0 _ L1+ 29)(1 +3y) + (1+ 1)+ 39) + 201 + 1)1 + 21)?]

G

(1 + 29)(1 + 37)

o'= (1 + 29)[2(1 + 29) + (1 + 39)]

(1 + 29)(1 + 3y)

0 _ 201+ L+ Y1 +39) + (1 + 297

(1 + 29)(1 + 37)

8. oyl + 1+ 2y)
(1 + 29)(1 + 39)

3.4.8,2 Caseof T =4

(174)

(175)

(176)

(177)

(178)

The rotation pattern (S =4, r = »; T = 4) is presented in figure 3-7, which

is repeated below.

Figure 37.- (S =

4!

Year number

¢

23

RS R T B A B

x| > | > | >

> | > | > | >

>x > | o> | >

s
1
2
3
4
5
6
7
ro=

=) Patterns [4 ratafned 31,
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through (184)

(182)

}

(1 - a)(1 + 3a) = (1+4y)/(1 + y)?

(1 -a)(1+2a) = (1l+3y '1+ Y)z

n s
u s

where

1+ 4y

(1 + y)(1 + 3v)

1l + v
1+ 3y

+

-1+ ALt ?
1+ 2y

1+ 2a _

(&)

(185)

1+ 4y

(1l + vy)
1+ 3y

y(l + v)
TTE T T

U
ofc

K:- a _E-
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d
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(189)

o1 1+a,1+2a _(1+y)° 200+ )1+ 2y)  (1+y)(1+ 3y)
P 1 - az t2ET Ty S * L+ 3y T Ay
(190)
Therefora,
J K L : 0
K P Q10
LQPlo
o RL KL
(X'H X)44 = (1 +y) l (191)
J K L | R
K P QL
|
LARLr
R L K!J
0K L -1 -1
=(1L+y)dd-(RLK[K P Q
.C Q P
Hence, for T = 4,
~ Ao fo 0, 0p 07l g
Var ar = (L+y) [d -y N7 V) o (192)
where '
; = 35 32, as estimated from the pilot data
02 ~ A -~
Jop by iy (1 + (14 3y) (193)

1+ 2y 1+ 3y 1+ 4y
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0. xl+y) ey 50+
1+ 2y -1+ 3y 1 + 4y

R = —v(1 + )/(1 + 49)

s s0(1 + 7)/(1 + 39) - 3(1 + $/(L + 47)

Q= -23(1 + T)/(L + 39) = 31+ ML+ 47

(194)

(195)
(196)

(197)

Doa (1 WIENL #2Y) 4200 1)L+ 29)/0L 4 37) 4 (14 7)1+ 3N/ + 4v)

0 000
: v = (RLK)
and

0 0 o
J K L

0 0 0 4

N= K P Q
0 0 0
L Q P

3.4.9 RESOLUTIONS FOR OTHER SPECIFIED ROTATION PATTERNS

(198)

(199)

(200)

Following are some other specified rotation patterns of S = 4 segments per
year, the results of which are to be presented and applied in the cases of

necessary collapsions mentioned in section 3.3.2,

3.4.9.1 Resolution for (S = 4, r = 3) Rotation Patterns

The rotation patférn (S =4, r =3; [4 retained 3]) is presented in

figure 3-14.
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Year number

Noli1l2]3]a]s]s

1 X X1 X1 X

2 X | X XX
Segment 3 X1 X [ X X
number

4 X1 X | X | X

5 X X | X |X

6 X [ XXX

Figure 3-14.- (S = 4, r = 3) Patterns [4 retained 3].

KX = g Circld(L + 3y), -3y, <2y, -2y, -2v, -] (201)
-l L4 8y (L, 1 3 /3
(x'Hhosl < Lk by ( . - - ) (202)
66 TOERIEY gy 14y - /3y 4 + 10y + 5 /3y

and, for T = 6,

Var (;T) = l—%—ﬁl (%-+ 1 - - /g - /g 5 )°2e (203)
4 + 16y 4+ 16y - /Iy 4 + 10y + 5 VIy
where ; = Sg 32, as estimated from the pilot data.

3.4,9.2 Resolution for (S =4, r = 4) Rotation Patterns

The rotation pattern (S = 4, r = 4; [4 retained 3]) is presented in
figure 3-15.
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Year number

| Ni1l2|3|alsle]7
f K x | x| x
i 2 X | X X1 X
é Segment
1 number 3 X | X | X X
4 X1 X1 XX
5 X1 X1 XX
| 6 X1 XXX
7 X[ X | X]X

Figure 3-15.- (S = 4, r = 4) Patterns [4 retained 3].

Some results are

KX = g Civeld(L + 3Y), = 3y, =2y, =Y, =1, =2v,. -2y, -3v] (204)

(X' H-lx) =1+ 4y(l 1.470 1.802 _ 0.445 ) (205)
7 T 77 Tt TFI5. 357y ~ %+ 15.602y & + 10.951y

and, for T = 7,

4 + 15,357y 4 + 15.602y 4 + 10.951y

where Y = °§ ;g, as estimated from the pilot data.

3.4.9.3 Resolution for (S = 4, r = 2) Rotation Patterns

The rotation pattern (S = 4, r = 2; [4 retained 2]) is presented in
figure 3-16.
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Some results are

and, for T = 3,

Year number

N2 3

g X X

2 X X
Segment 3 X | X
number

4 X I X

5 X1 X

6 X1 X

Figure 3-16.- (S = 4, r = 2) Patterns [4 retained 2].

) 2(1 + v) -y -y
KW = | v 21w
-y -y 2(1 + Y)
_ -1
= 2(X'H x)Fig. 3.1
w0t = Sewz 5
~N oLy [ _ {1+ +y) 2
Var (s7) = 7 Var (sr)pyq. 1 - aio s 5y e

3.4.9.4 Resolution for (S = 4, r = 3) [4 retained 2] Rotation Patterns

The rotation pattern (S =

figure 3-17.

4, r = 3; [4 retained 2]) is presented in
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n e i Rt i
N )

Year number

N J1]2]3]4
1 X X
2 X X
3 X | X

Segment 4 ’X X

number- '
5 X1 X
6 X | X
7 X | X
8 X1 X

Figure 3-17.- (S = 4, r = 3) Pattern [4 retained 2].

Some results are

KHIX = B Cirel2(1 + 1), -y, 0, =]

iyl
= 2(X'H " Xp4g, 3 (210)
1

] "1 "'l = 1 ] "1 -

(211)

and, for T = 4,

1+2y l+y

I\ 1 ~ BN YA 2 2
Var(aT> = Z'Var(“T)Fig. 3 = —"TE""(I + - )oe (212)

3.4.9.5 Resolution for (S = 4, r = «) Rotation Patterns [4 Retained 2]

The rotation pattern (S = 4, r = «; T = 3, [4 retained 2]) is presented in
figure 3-18.
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Year number

Nj1]2]3
1 X
2 X
3 X 1 X

Segment

number 4 X 1 X

| 5 X | X

6 X1 X
7 X
8 X

Figure 3-18.- (S = 4, r = =) Patterns [4 retained 2; T = 3].

Some results are .

1+ 1/(1 - a%) = [(L + 2y) + (1 + v)21/(1 + 2y)
2

f

g=-a/(l -a%) = -y(1 +y)/(1+ 2y)

h =1/(1 - a2) = (1 + Y)Z/(l + 2y}, as in equation (128)

f g 0
1, . 2
0 g f
loi-1 _ 1 1 2 - o -of d
(X'Htx)y~t = )X 2 (214)
2 oflfh - g&) | 9F f -9f
g2 ~gf  2fh - g°
and, for T = 3,
~ - 00. O 0 00 0
Var(aq) = o2 (1 + D)2 - Pr/afin - &) (215)
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where

Foraeoy) + 1+ 120 + 29
g = -3(1 + Y)/(1 +2y) (216)
h=(1+92/(1 + 2y)

3.5 EMPIRICAL OPTIMIZATION,.WITH PRECISION ACHIEVABLE BY ROTATION SAMPLE
DESIGN ESTIMATION

As frequently mentioned in previous sections, the estimated values Q of y are
obtained from Lapdsat (pilot) data. In all numerical evaluations of the
variance formulas, these estimated values v are to be substituted.

In addition, as discussed in section 1.5.1, the objective of rotation sample
designs is to utilize the "consistency" of the wheat acreage of a particular
segment from year to year in order to improve the accuracy of the current
year's wheat acreage estimate. This accuracy may be seen from the gain in

.precision which is attainable compared with the aggregation based only on the

current year's estimates.

The statistic presenting the gain in precision is named the variance reduction
ratio R.

3.5.1 VARIANCE-REDUCTION RATIO R

3.5.1.1 Variance V(Y}) of Estimators Based Only on Current Year Acquisitions

For any value of T, for example T = 3, the estimator Y} can be shown as
follows.
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Y. %(o...o|o...0|1...1|o...olp...0) A

Ars
=1
=sha
S
= 20 Ayy/s
- §=1 J
(217)
So, | Var(YT) . ?n' Var(a)h (218)
By equation (13), Var(a) = Iog + o‘gUU', equation (218) can be written as
- = 1 ! 2 1 [ [ 2
Var(YT) I R AR ST (219)
where U is any design matrix related to equation (218) and
h'h = S
(220)
h'W'h =§
That means
_ 2/ '2/
/
= Ug(l + ag/og)/s (221)
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' and with v = og//og, then

Var(YT) = cg(l'-f- v)/S (222)

3.5.1.2 Definition of the Variance-Reduction Ratio R

In order to compare the variance Var(aT) of the rotation sample current-year
estimator o to the variance Var y} of the only~based current-year estimator

Yy

That is,

, the variance~reduction ratio R is introduced as follows.

R = VarG%)/Vartﬁa

R = Var(&T) {(1 + 7)02/5} -1 (223)

This ratio R, then, represents the gain »f precision achijevable by the
rotation sample design estimation; and, R; is the variance reduction ratio for
the rotation pattern according to any figure i, i = 1, 2, «ce, 12, X

3,5.1.3 Analytic Formulae for R

f Based on the formulae of Var ;T given in section 3.5, the formulae shown as

' ejuation (223) provides the following various analytic formulae for R
according to different specified rotation patterns which are noted for
figures 5-9 through 5-18 as follows.

a. Figure 3-1. (S =

by equation (52).

2, r

i

2; T =3, [2 retained 1])

G2(1 + 2Y)(2 + 7)/2(2 + 3y)
o2(1 + )/2

]

That is,

(1 + 2¢){2 + y)/(1 + v)(2 + 3y) (224)
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b. Figure 3-2. (S =3, r=2; T =4, (3 retained in 2])

R o2(1 + 37)(3 + 27)/3(3 + 8Y)
2 o5(1 + 7)/3

by equation (74).
That is,

Ry = (1+3y)(3 + 2y)/(1 + (3 + 8y)  (225)

c. Figure 3-3, (S =2, r=3; T =4, [2 retained 1]).

o2[1 + 1/(1 + 2y) = 2/(1 + YL +27)/8
a2l + 1)/2

R3=

by equation (79).
That is,

Ry = [L+ 1/(1 +2y) - 2/(1 + VUL + 29)/4(1 + Y) | (226)

d. Figure 3-4. (S =3, r=3; T =5, [3 retained 21).

s2[1/3 + .618/(3 + 8.618Y) - 1.618/(3 + 6.382y)1(1 + 3y)/5
02(1 + ;)/3

Ry

by equation (96). '
That is,

Rq = 3[1/3 + .618/(3 + 8.618;) - 1.618/(3 + 6.382;)](1 + 3;)/5(1 + ;)

(227)
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e. Figure 3-10. (S =2, r=w; T =2, [2 retained 1]). ¢

By equation (107),

L 201+ 200+ 29) + (1 + 912 (228)
58 [(1 4 2v) + (1 + 7)1 = y2(1 + y)?

f. Figure 3-11, (S =2, r=w; T =3, [2 retained 1]).

By equation (123),

o e (1429 L +2y) + (1+ 9% - P (229}
Sb ) ) 2 "~ ~ 2 02
L+ 2y) + (1 +y)I0(L + 2¢y) + (1 +¥)7] - ¥}

e .

g. Figure 3-5. (S =2, r=w; T =4, [2 retained 1])

By equation (129),
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00 002 020
Rs = 2(4fh - fg - 29 h) (230)
4f2h - fzg2 - 4fth + g|
where
0 A~ ~ 2 ~
fal(l+2y)+ (1+y)°]/(1+ 2y)
0 A - ‘A
g = -y(l+y)/(1+ 2y)
0 n n
h=(1+9%1+ 2y)
h. Figure 3-12. (§ =3, r =w; T =3 [3 retained 2]).
By equation (142),
00 0
Rga = =1 u3(A% - %2?) T’ (231)
63 (A - D)[(A + D)C - 28
. Figure 3-6. (S =3, r=w; T =4, [3 retained 2]).
By equation (157),
0 0 0.1 0).
Rg = 3R - gt gl (232)
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P
5
E
j. Figure 3-13, (S =4, r =3 T =3, [4 retained 3])
By equation (174),
00 0
4{FH - ez)
Ryq = 0 o (233)
| (F - 2D)L(F + ZD) - 26°]
¢ 0 0 0 0
{ where F, G, H, and D are defined in equation (175) through (178).
i k. Figure 3-7. (S =4, r=w; T =4, [4 retained 3].
i By equation (192),
. 0 0 .
7 R, = 413 - v Nt 19l (234)
: ‘
0 0
t where J, v, N are defined in equations (194) through (201}.
; 1. Figure 3-14, (S =4, r=3; T =6, [4 retained 3]).
? By equation (203),
s
.
| pg = 2Lt 2(1 + 49) ( 73 73 ) (235)
; 3(1 + y) 4 + 167 4 + 14y - /3 y 4 + lOy + 5 V3 y
J m. Figure 3-15. (S = r = = 7, [4 retained 3]).
: By equation (206),
: %, - 41 + 4y) (g_+ 1.470  _ _ 1.802 ____ 0.445 .) (236)
; 7(1 + v) 4 + 15,357y 4 + 15,602y 4 + 10,951y
g n. Figure 3-16. (S =4, r=2; T =3, [4 retained 2]).
By equation (209),
Rip = (L + 2Y)(2 + Y)/(1 + ¥)(2 + 3y) = R (237)
0. Figure 3-17. (S =4, r=3; T =4, [4 retained 2]).
By equation (212),
(238)

G
<

_ 1 +2y (1 N ‘) - &,

Rll A
4(1 + y) 1+2y 1+y
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p. Figure 3-18, (S =4, r = w; T = 3, [4 retained 2]).

By eauation (215),

0 0 0
where f, h, and g are defined in equation (230),

3.5.2 VALUES OF VAR(&T) AND R FOR A SPECIFIED VALUE OF v

Table 3-1 provides a summary of the rotation pattern figures given in

(239)

section 3 of this document. In addition, tables 3-2, 3-3, 3-4, and 3-5 show
the values of Var(aT and R correspondinq to the first seven rotation designs

for two specified values of y, y = 2,01 and y 3.38.

Based on a limited data bank, the estimation of y was performed in two cases

as follows.

a. Casel

A 4-year set of data in wh1ch all acquisitions for all years were used; for

"this case, the estimate was y = 2,01,
b. Case 2

A situation such as in Case 1, but one in which the first acquisition estimates
in the fourth year were used; for this case, the estimate was y = 3.38.

At this point, it is necessary to note that the estimate of y computed is not

strictly a ratio of Gg and &2 which is computed for a single stratum.

The

data are not adequate for such an analysis. Instead, the available data for

2

all strata were pooled and a simulation of 9 and 02 was computed by fitting

the model

Yese = @ * Yot av)yo # be * e¢gc

wkere the subscript ¢ denotes the stratum (CRD) of the segment, the «

(240)

t’ ‘Yc’

and (ay)¢. are year, stratum (CRD), and interaction constants, respectively,

and the bg, and etgc are, as before, segment and error variables.

3-72

PR e AT



T e TR RS T R,

} § X X S
12e'9 + £ Agrotg + ¢ e\ L+ 15 M E v
BI9'T ~ 8190 *1)Te+1e Y ) Xprix] €. e
- X Ll N v-€ 614
1
o (feEE9 e Mgwsee ) o L
[+ B I-- - = +D ,
CNTET TR T e | g s g | BT
L+1 Xz+71 X+ 1)¢ x| x v .
g T 1 YUYy L R
~ XX < 1w S
- g €-¢ “bid
L+ 1 *z2+71 — ;
wn ¢N - = i +1 »Nm,nu...ua.g ([T pauteisa 2] FREL RN /
-~ ¥ fv =1 mm = nN = Wu J3qunu 2e3) :
Aww + Mvﬂw + Mv XfPXix 1 n
f2+etke+p - ¥ nxmm M“W.ﬁ &
. . JONHE e "B
{48 + £)¢ :
9 - .wd ylelzijr s
0 = -7 ([ pauLejaux g} 3 a
A Al :
4 ﬂ(N + MVA(M + .: e Pv =1 mN = & .M = Wv Jagenu avay m
e+ 2)(t + 1) )
Csntz+n - 8
3 XX £
BleD I0PLi4 wWOU) PAIPWLISE SV .Nm \mm = m - X H M e 1~ 614
(L +2)2
9 . .wu elzir s
D = 4P guipjad
PA c‘r + Nuthw + 1} -~ A nmrﬂ ._':mnw W L.nw - Mw_ Jaque Jvag
4 pue 1y Jde) Jo sepnuaol o3 euy utaljed uorjejoy | iy

SFUNOTS NYFLIYd NOILYLIOY 40 A¥YWHNS -°T-€ Jiavl




IR S

[2 - 4w + D@ -
- Awe - uwwe
Uz+0+ e+ 02+ DIt + D2 = Hke + ke + D
[(*e + 1) + (f2 + D)2](*2 + DA~ = We+uttz+ 1) - ;
g+t +MR+ e+, 0+ +Per VAT = Ve + N2 + 1) ” “ i ”
aaaym S| ¥[x| ¢ wees £1-€ 614
—.— xXix rd
[,92 - ..:cN 3 ua ) ] 1
< o %ﬂr» 2. 4o Aeg {[€ paurezaa ] RS
2 oo - - ‘€=1i==4a"=5) spra 12,
] -
pa* Hood? = B - Widv y
s =
numaw 200 3 %SN
X X =
e+ + 1) = m .
(2 + /X = - = w
S
(R2+1)/p = 3 ; *
rix £ S3quIRs
S19um s ™ s B4
6+ y biy - melz-v x|
- 9, ko o Zon a a hu RS
2 5z - b3 - x JBA ([t EEEE 21 3
AN:N ¢ m. i f.v»A N )c e, 1t = = S) Jagna 1233
(;* - plpe x v )
A - » xix £
GA-pale + 1) e T
% n. o Etw =1 tlz ” “
= x Jep [T pautelsu gj 3
N n ﬁNunPN * Hwﬂ * Mw ~ nm =1 o= & nN = Mv Jagenu. Jeay
¥ pue 1o aep yo sepnuoy onakteuy | suseqzed uorgesoy aunbig

‘psnuijuol -"1-g IgyL

3-74



gt
Plc+ 0z 8
dtrui+stlzenzp
x £
3a3yM
) x 2 smms
AL UL T ore b
) i L R B
2 Bz + (K SRR L, WU pemimad gy §
( : +1) 7 2=1tm=z2"'=5%) 3w st
§ wd-vlie=u
-Yo I-g "o ov
nw m ) = -“
3 @ a
@ o o
@3 ¢)-y
2 g R HERRE
W e+ D2+ e+ Dt + DIA + 1) =30 + DUZ + D e e
MW . BRI .
EYCIN Py o 9-g 614
-3 02 ;
A 0 3 - - i X T
z3 Pefleg §oger ot | e e g | FIERS
MN o. T = == mu Sagony 323y
Z5
LR-geeong -y
awm wwum
. e+t + DA =gke + NUZ + 1)
) L+ N+ e+ N+ 234+ D =2+ D2+ D)
(2 + 1) + 12 + Ttk + DA~ =3tk + MR + 1)
S
Jeles DA+ e+ A4+ Re+ A2 T) = e+ ntlz+ 1) T '
rixtx L I i oind
ESETT wix] 2 21-¢ bty
[32 - e + Y)llg - ¥) e
3, 2a n a 1, ezl
- r = JBA :N pautezau £3 ™
Z nmw %unt + .z - ‘=l Sw=ua ‘c = w_ ey seap
Y puk hw JdBA 30 3pmuiol d11Areuy uxayzed uopjeioy aunbyry
“psnuLjuo) -°1-g I749vL )

3-75




E IS
ORIGINAL PAGE )

D

d O 1
0 N 0
0 d Xl=n
0 0 0 0
T30
0 0 0

Moo+ T e+ 1 A7 &1

Cex N+ 0"+ 0 r 02 * 0L+ 1~ ¢

Ay + 1 Ae 4+ 1
T DT Xy T )
A+ 1 g+ 1

T+ DX "Dk~ ]
A+ 1
*+Di-~§

Av + 1 i+ 1 iz + 1

4
K+ Ly k- Xy i = ¢ - K
) i i i l N x|xfx s
Ay o+ e ¢ 1 A2+ 1 o
l i i v Xix 2
J43YM T
3, - 1 ([e pautelas 4] PN
N.O.th” Mlu -” - %J.AW + .: = M LM> ©=J n@ = mv Jaguni aeay
U pue 1o Jep JO selnudoy 3p3fjeuy uaajjed uorjeioy aunbLy

"papnjduo) -~ 1-¢ 19Vl

3-76

e, v



TABLE 3-2.- VALUES OF o4 VAR(a) FOR y = 2,01

Values for figures Values for figures
?2'r3€a{?§:s with return without return
H
T 3-1 |3-2 |35 |34 |35 |36 | 3-7
2 1.3210,9011,32} 4,901 1.32 | 0.90 | 0.69
3 1,25 871 1.29 ,831 1.29 .83 .64
4 86| 1.17 801 1.285 .82 .61
5 .78 1.284 | .81 .5h9

TABLE 3-3.- VALUES OF o“g VAR(a)FOR v = 3.38

No. of years
in rotation,

Values for figures
with return

Values for figures
without return

' 3-1 | 3-2 | 3-3 | 3-4 3-5 | 3-6 3-7

2 1.81] 1.25| 1.81| 1.25 |1.81. | 1.25 | 0.97
3 1.72| 1.22] 1.73} 1.13 {1.73 | 1.13 .88
4 1.21] 1.54| 1.0826 | 1.71 | 1.0833| .817
5 1.056 |1.70 | 1.060 | .787

f
i
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TABLE 3-4 VALUES OF R FOR v = 2.01

|

Values for figures Values for figures “

?3'r3€a¥?g§s with return without return 4
1

3-1 | 3-2 | 3-3 | 3-4 | 3-5 | 3-6 | 3-7 B
|

0.877 | 0.897 | 0.877 | 0.897 | 0.877 | 0.897 | 0.917

.831| .867| .857| .827| .856| .827| .850 |
857 | 777 .797| .854| .817| .811 * T
.777| .863| .807| .784

o oW N

TABLE 3-5.- VALUES OF R FOR y = 3.38

Values for figures Values for figures .
?g.rg€a¥$g;§ with return without return ]
T 3-1 | 3-2 | 3-3 | 3-4 | 3-5 | 3-6 | 3-7

0.826 | 0.856 | 0.826 | 0.856 | 0.826 | 0.856 | 0.886

.785( .836| .730( .774| .790| .774| .804 c
829 703 | .741| .781| .742| .746 o
723 .776 | L726 | 719 -

1t AW N

S
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In reviewing table 3-2 through 3-5, the following note is partinent. As
mentioned in section (3.5.1.2.2), in the case of rotation with return

(.., r < =), the maximum value of T is r + 1 since this corresponds to a
complete cycle of the rotation; T is the total number of years utilized for
the rotation sample (multiyear) estimator. No entry is shown for T = 1 since
this would be identical with the single-year estimator.

3.5.3 COMPARISONS BETWEEN ROTATION PATTERNS

Based on the values of R, instead of the values of Var ZT’ either table 3-4 or
table 3-5 will first reveal the difference between rotation patterns with
return and without return. In order to have a fair comparison, the values of
R in thése two tables will be presented in tables 3-6 and 3-7, the lines of
which show the patterns with the same number of observatians.

Once the rotation patterns with return (i.e. r < =) reach their cycles, their
variance reduction ratios have values which are less than those of the

rotation patterns without return (i.e., r = ).

In detail, tables 3-6 and 3-7 indicate the following in the case of v = 2.01.

Ry = 431 < Rz = .856 for T = 3, S = 2, 6 observations in total
Rz = JT77 < R6 = 854 for T =4, S = 2, 8 observations in total
Rqg = «777 < Rg = .807 for T = 5, S = 3, 15 observations in total

857 > Rg = 817 for T = 4, S = 3, 12 observations in total

. =
n
R’

<>
it

In the case of 3.38, tables 3-6 and 3-7 indicate the following.

Ry = .785 < Rg = .790, for T = 3, S = 2, 6 observations in total
R3 = ,703 < Rg = .781, for T =2, S=2,8 observations in total
Rg = 723 < Rg = 726, for T =5, S = 3, 15 observations in total
Rp = .829 > Rg = .742, for T = 4, S = 3, 12 observations in total
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Hence, when they reach full cycle, the rotation patterns with return are
better than those without return. Therefore, an optimal rotation design is
one which in most situations has the rotation pattern with ret/rn and with
minimum value of R.

3.5.4 THE OPTIMAL ROTATION PATTERN

The optimal rotation pattern will be a rotation pattern with return and with
minimum value of R over all situations.

3.5.4.1 Values of R for Rotation Patterns with Return for ; = 2,01 and 3.38

In the case of specified values ; = 2.01 and ; = 3,38, the values of R among
rotation patterns with return are presented in table 3-8.

TABLE 3-8.~ VALUES OF R IN ROTATION PATTERNS
WITH RETURN FOR v = 2,01 and 3.38

_No. of years R values Eer figure, R value; Eer figure,
in rotation, where y = 2,01 where vy = 3.38
T
3-1 3-2 3-3 3-4 3-1 3-2 3-3 3-4

2 0.377] 0.897 } 0,877 | 0.897 | 0.826] 0.856 | 0.826 | 0.856
3 .831| .867| .857| .827| .785| .836|( .790| .774
4 857 777 .797 .8291 .703} .74}
5 J77 .723

Based on these R values, figure 3-3 (S =2, r=3; T =4, [2 retained 1]) seems
to be an optimal rotation pattern since it yields the minimum R (R = .777 if

Y =2.01, R=.703 if v = 3.38). This indicates that, with this rotation
pattern, the cost of AGRISTARS could be reduced to about three-fourths.

3.5.4,2 Values of R for Rotation Patterns with Return for Various Values of ;

In a previous section, an optimal rotation pattern was chosen based on the
values of R confined in two specified values of ; (2.01 and 3.38). Now the
empirical optimization will take place based on values of R computed from
various values of ;. Table 3-9 presents those values.
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3.6,4,3 The Optimal Rotation Pattern '

The comparison of the values of R in table 3-10 indicates that the rotation
patterns in figures 3-3 and 3-4 are those better than figures 3-1 and 3-2.

Between figures 3-3 and 3-4, if the values of § are greater than 1.78, the
rotation pattern in figure 3-3, that is, (S =2, r= 3, T = 4, [2 retained 1]),
is the optimal rotation pattern.

This comparison can be figured by using the illustrations shown on the follow-
ing pages (figs. 3-19, 3-20, and 3-21) in which the minimum values of R shown
in figure 11 are compared with those of figures 3-1, 3-2, and 3-4.

Figure 3-19 shows the comparisons among four figures, figures 3-1 through 3-4,
in terms of R values. For T = 2, figure 3-1 is hetter than the others.

Figure 3-20 gives the comparisons among three figures, figures 3-2, 3-3,,and
3-4, for T = 2, 3, and 4 years. In figure 3-20, the R values in figure 3-2
are often higher than those of figures 3-3 and 3-4. So, figure 3-2 1is
eliminated to provide figure 3-21 which gives the comparisons between figure
3-3 and 3-4. (In fact, figure 3-4 needs one more year, T = 5, in order to
achieve its full cycle). For T = 4, except for the period around T = 3, most
of R values of figure 3-4 are higher than those of figure 3-3. Moreover,
figure 3-3 represents a full-cycle rotation pattern (S =2, r=3, T = 4,

[2 retained 1]).

The length of time (T = 4 years) to complete the full-cycle for the rotation
is shorter than that of figure 3-4 (T = 5 years). Therefore, figure 3-3 is

more favorable than figure 3-4.

Henceforth, figure 3-3 represents the optimal rotation pattern for T = 4.
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Figure 3-19.- R values in figures 3-1, 3-2, 3-3, and 3-4 by v and T = 2, 3.
For T = 3, figure 3-4 yields a smaller R value than do the other figures,

but of all four figures, figure 3-1 shows the smallest R value. For T = 2,
figure 3-1 shows the smallest R value.
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Figure 3-20.- R values in figures 3-2, 3-3, and 3-4 with respect to ; and T.
for T = 4, figure 3-3 shows a smaller R value than do the other figures.
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[::] Figure 34

~

gures 3-3 and 3-4 with respect to y and T.

i

For T = 4, figure 3-~3 shows a smaller R value than do the other figures.

Figure 3-21.~ R values in f
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4, CONCLUSION

4,1 THE SAMPLE DESIGN F(R FCPF
4.1.1 THE OPTIMAL ROTATION PATTERN FOR FCPF

In the case concerning the applicability of the rotation sample design for the
AGRISTARS FCPF project, this study indicates that the rotation pattern (S = 2,
r=3; T=4, [2 retained 1]) is the optimal rotation pattern.

It is worthwhile to recapture this optimal rotation sample design.

4,1.2 THE ROTATION SAMPLE DESIGN FOR FCPF

Average wheat acreage per sampling unit is the characteristic to be estimated
by the rotation sample design for each "turrent" year.

The elementary units sampled are "pixels" of the earth's surface for many
selected rejions of some countries such as the United States, Canada,
U.S.S.R., Australia, India, China, Argentina, and Brazil. '

The sampling units are "segments", which are clusters of pixels. The sampling
unit size is large enough that the variation of the wheat acreages of a
particular segment from year to year is usually less than the variation of the
wheat acreages of different segments within a particular year.

Each wheat region is stratified into L strata which are homogeneous in terms
of wheat density (i.e., wheat aensities vary little within a stratum but may
vary considerably from stratum to stratum).

Suppose a stratum h, h =1, 2, «es, L, is comprised of N, segments. Out of
Nh, a predetermined number of segments, for example n, = 1, 2, or 3, are
chosen to be in the whole sample of study.

The number np Will be the same for each year of study, but the segments will
be chosen by the rotation pattern (S = 2, r = 3; T = 4, [2 retained 1]), as
shown in figure 3-3 which is repeated as follows.

4-1

Sopres s

. I T A -




Year number

N {1]2(3]4
1 X X
Segment 2 X1 X
number
3 X1 X
4 X1 X

(S = 2, r = 3) Rotation Pattern [2 retained 1; T = 4].
The basic model is ’
Ats = oy + bS F e (241)

for
t

T

1, 2, 3, 4
4
1, 2,3, 4

L]

i

s
where

ay = average true wheat acreage per segment in year t; o are fixed-year
constants
bg = true segment variables app]icab]é to all years with the assumption
2
bs N(O, Ub
ers = composite-segment-error variable of segment s in year t, with the

. 2
assumption € ™ NLO, Iq

current year "direct" estimated (from satellite data) or "previous
estimated" wheat acreage of segment s of stratum h in year t

i

Ats

In matrix form, the basic model, which is shown in equation (241), can be
written as

a= Xg+ U+ Ie (242)




where

1
J

O O O O O = O
O O O - H O O G
O = = O O O O O
= 0 O O O O — O

1
J

O O O O O O = !
O = = O O O O

O O O O = = O O
- = 0 O O O O O

0

b -t

o = (al, Gys g a4)'; % is to be estimated as &4

] 2
e = (e, €415 €195 Sppr €93 G330 C340 Cg4)’ N18<9’ I°e)

A A )!

3= (Ayps Agps Rips Agps Rags Agzs Aggs Ay

Then, the estimate &4 is deduced from the vector
a= (o ta

which is the BLUE of a, with

A 142y 1 2 2
Var a4-——g—-_\1 + - ) o

4-3

(243)

(244)

(245)

(246)
(247)

(248)

(249)

(250)
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where
; = Gb//ae, as estimated from the pilot data (251)
H=1+ yUU' (252)
Tl by -y 0 0 0 0 0 0 ]
4 l+y 0 0 0 0 0 0
0 0 1+y -y 0 0 0 0
1. 1 0 0 -~ l4y O 0 0 0
ol = (253)
I+v2v | 0 0 0 14y -~y 0 0
0 0 0 0 "=y l+y 0 0
0 0 0 0 0 0 1+7y -y
0 0 0 0 0 0 -y 14y
-1, _ 1
X'H "X = T—m— Circ[2(1 + Y) , =Y, 0, -Y] (254)

Therefore, the estimate of the stratum h wheat acreage at the year T z 4 will
be

A4h Nha4 (255)

with the variance
A _ 2 ~

~

And, if ?hh is the current-year stratum-h average wheat yield estimate, the
estimate of the total wheat production in ths wheat region of interest will be

n L [ =
Pv'od4 = hz=:1 (A4h )'4h) (257)

From table 3-10, noté that when ; = 4,00, R = .68, That is, with this optimal
rotation sample design, the reduced variances of the rotation (multiyear)
design estimates go to 68 percent of the corresponding variances for the one
year estimates.

+ T T YR AR R ALK
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4.2 LIMITATIONS

The first limitation, as mentioned previously, is that the target population
must yield ny = 1, 2, or 3 sample segments per stratum h. This kind of target
population was named Group I.

The second restraint is that the sampling unit size needs to be large enough
so that the varjation of wheat acreages of a particular segment from year to

year is less than the variation of wheat acreages ¢f different segments within
a particular year.

Hartley et al. (ref. 4) have shown that if the estimate of o's (hence of y) is
consistent, a formula similar to equation (29) applies asymptotically. There-
fore, the third requirement is that the estimate of y needs to be consistent
so that the formula shown as equation (250) is valid. The estimate Y is
obtained from the pilot data. '
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THE INVERSE OF A SPECIAL MATRIX
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APPENDIX A
THE INVERSE OF A SPECIAL MATRIX

For a special matrix of the form

a b (XN b
(a"j) = b a s e

b b 280 nxn

it is easy to prove that

la.s] = (a - b)"L [a + (n - 1)P]

N

and that the inverse is also of the same form, but now

i1 _ a+ {n-2)b

a =
[a + (n - 1)b] (a - b)

and

RENS -b
fa+ (n-1)b] (a - b)

,» T#3

A-1

(A-2)

(A-3)
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THE INVERSE OF A SPECIAL TRIDIAGONAL MATRIX
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APPENDIX B
INVERSION OF A SPECIAL TRIDIAGONAL MATRIX

A special method which has been devised using finite difference calculus will
be utilized to inverse the following special tridiagonal matrix. This matrix
is of the form

-a c 0 0 « + o .~
' c b c 0 .
0 b ¢ ) (B-1)
: "+, c¢bco
K 0 c¢c a ¢
The Tast column of the inverse of matrix (B-1) will be denoted as
X1
*2
; (B=2)
X
LT

The equation of the definition of the matrix inverse

al o=

will give a system of T equations. Not considering the first and the last
equations, the (T - 2) middle equations are

Xj_1C * X3b + xg 00 =0 (Bf3)
which are
_=2c - b
denoted as
[ —




where
AE=(b+ 2c)/c

A solution is

Xy = p1 (B-6)
50, equation (B-4) becomes
o2 - (24 A)p 410 (B-7)
which has two roots P and Ppe
Hence, a general solution will be
Xy = api + Bp; ‘ (B-8)

where o and 8 are found from the first and last equations which are

él(czp1 + sz) + c(api + Bpg) = () (B-9)
c(ap?"]' + Bpgnl) + &‘i(a:p;.l + 393) =] (B=10)

With che condition
a o+ 225 0 (B-11)

which is the positive discriminant of equation (B~7), the two roots py and Py
will be

P1s Py = 1 +%‘-i%\‘4)\ + Az (B~12)

Two equations (B-9) and (B-10), hence, will give

{[c(cp?"l + pg'l)] + a[z;o? * pg]}_l (‘8_13;

B

it

B

Q
H

B-2

A



' where

[ ~(C;>g + apa)/(Cpf + apa) (B-14)
Therefore,

T T

Xp = apy + Bp, (B-15)

B-3
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APPENDIX C
THE IMVERSE OF A CIRCULANT MATRIX

The following presentation is provided by Dr. H. G. Mewton, professor,
Texas A&M University.

A circulant matrix 1s a matrix of the form

a(l) a(2) «ee a(T)
A s |2(T) all) eee a(T - 1) (C-1)

we - - -

af2) a(3) oo afl)
which is denoted as
A = CircLa(ll, +se, a(T)]

Equation (C~1) can be written as

A = PAP' (C-2)
where
P = (Pl’ o!c, BT)
A= diag (A, +++, M)
with
T _ dem(3-1)(k-1)
Ay E >, alkle T s o d=1, 2, eee, T (C-3)
k=1
S-i2m(-1)(1)/T
-i2n(3-1)(2)/T
1/2 _| e
L Tl S =1, 2, eee, T (C-4)
o-l2m(3-1)(T-1)/7

C-1



Since

thus,

=PA P
And, the (i, k) element of Al will be

th

i row of P times kth column of (A'1

(A 4 P)

.
-1
» ]§=:1 Pip(A7°P" )

1 h

T-\ th - t
=9 Pj1(1 row of A~ times k' row of P)
1=1

! -1
2 Py 74Py

T, _~i2nl(§-1)(1-1) + (k-1)(1-1)1/T

v}
TE M
1 gb om12n(1-1) (§=1 + k-1)/T
T3 M

T . R
_1 expl=i2n(1-1)2(j-1)/T)
i T'%gi N

C-2

(C-5)

(C-6)




hence

~1 -1
(A )JJ "'T‘ (0"7)

and
~i2n(1-1)2(7-1)/T

T

For example,

A = Circ(2(1 + v), -y, 0, =)
Ay = 2(l 4 y) -y +0-y=2

~i2n/4 -i6n/4

2(1 +y) + (-y) e + (=y)e

21+ ) S (c-10) L

-14"/4 + (_Y)e—1lzﬂ/4 ’

u

u

2(1 +v) + (~y)e

2 + 4y

n

2(1 + y) + (=y) e'is"/4.+ (y) o~ T187/4

=2+ 2y

-i3r  -16m  _-i9%w :
-1y .11 el e e ] ﬁ
(A )44 --‘T%A + 3 + X + }‘4 5 ”

{1 TR T (c-11)

T
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