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1.0 SUMMARY AND INTRODUCTION

Conventional numerical analyses of fluid dynamic systems
variously use finite element or finite difference analogs
to satisfy the governing equations of motion. To date,
numerical solutions are more of an art than a science.

In this report it is proposed that the second law of.
thermodynamics, a neglected principle of vhysics, is of
paramount importance to a successful solution to the
governing equations of motion. The second law is not new,
nor is the post priori use of the second law in ascertain-
ing the physical correctness of the solution. What is

new is the incorporation of the second law as a fundamental
statement of motion which is of equal importance to the
solution as are the familiar conservation equations. It
is hypothesized that the second law of thermodynamics is
actually a variational principle and, in point of fact, is
used as such in the subsequent discussion.

Many years of experience with the frustrations of numerical
modeling have convinced the author that something is miss-
ing in the conventional numerical approaches. Even if the
conservation equations are satisfied the solution may fail.
There must be other governing criterion that have hereto-
fore been lacking.

The ensuing discussion will use the second law of thermo-
dynamics as a variational statement to derive a numerical
procedure which provides insight to some fundamental
questions not previously resolved. The procedure, based
on numerical experimentation, appears to be stable pro-
vided the CFL condition is satisfied. This stability is
manifested no matter how severe the gradients (compression
or expansion) are in the flow field.

For reasons of simplicity only one-dimensional inviscid
compressible unsteady flow will be discussed here; however,
the concepts and techniques are not restricted to one
dimension nor are they restricted to inviscid non-reacting
flow. The solution here is explicit in time. Further
study is required to determine the impact of the varia-
tional principle on implicit algorithms.



2.0 DISCUSSION
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In the subsequent discussion vector notation will be used
rather than the more frequently used Einstein notation.
The equations of motion for compressible, inviscid,
unsteady flow of a perfect gas are;

)
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where T = (p,pu,pE); g = (pu,p+pu2,OUH)

2T +142;, g = g+R
(y-1) 2 o

and where p = pZT; E

so that p = (Y—l)(DE—%puz)

In text definitions will be used throughout. The symbols
introduced above are: p(density); u(axial velocity);

T (temperature) ; p(pressure); t(time); x(space coordinate);
Z (gas constant); y(ratio of specific heats); E(specific
internal + kinetic energy); H(total enthalpy).

The Second Law of Thermodynamics is written;

9ps apus
3¢ T ax 20 (2)

The integral of the above equation over the region of
interest and over an interval of time is;

t2 9ps apus
> 3
]tl [v (50— + 5 > dvdt > 0 (3)

Equation (3) may be further integrated to yield;

t

2 5 B
[.50 [y 5e2av + [ pUs*dE) dt 2 0 (4)
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Thus the Second Law states that the entropy generated
internal to the region under investigation must be station-
ary or increase. Another view of the Second Law results
when equation (3) is expanded;

f (Bps(Bp,apu),Bps(apu|3p+pu2)Laps(apEIBpuH))d
v ‘9p ‘3t 9x /THpu'dt 'ox T3pE ‘3t 'ox v

> 0 (5)

Equation (5) states that if the conservation equations are
satisfied exactly everywhere then the system entropy
generation is zero. In a numerical analysis, however, the
equations of motion are only satisfied approximately so
that in general the equality will not be satisfied. The
Second Law is therefore interpreted as stating that the
"numerical" entropy created by the inexact scheme must

be positive. There are many choices made during the con-
struction of a numerical analog. Whether by accident or
design, these choices must not (in the long run at least)
violate the Second Law.

The equations of motion which must be satisfied can be
viewed as constraints to the entropy formation. Therefore,
the constrained entropy function (8) can be written as;

t [ p—
2 ops — ,0f 3g
s = ftl( [« (G + X+ (5p+3%))dv + [ pus-dA)dt  (6)

where the 7=(Ap,x ’xpE) are the Lagrange multipliers.

pu
Note that the constraint term looks very much like the
familiar Method of Weighted Residuals (MWR). Now let the
time interval be small and let At=t,-t,. The one-dimen-
sional domain will consist of N nodes which, for simplicity,
will be subdivided into (N-1) elements of length Ax.

(See figure 1 below.)

e=1 e=2 e=N-1 X
/\V n=N-1 n=N__

Figure 1 Schematic of region



" The numbering system is such that the element (e) is
bounded by nodes (n) and (n+l) or that element (n) is
bounded by nodes (n) and (n+l).

We will first develop the constraint term (¢). Let t=AtT
and x-xn=Ax£. The constraint term is then;

(o34

E=l l £ -
T af , 1 39
At 3t * ax pg)dedr (7)

For the element shown in figure 2 below

£=0 E=1
n n+l

Figure 2 Schematic of element

the functions f and g are assumed to vary linearly. That is

£ = (1-8)E +£F .17 9 = (1-£)g,+Egy41- Then

5
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We will also assume a linear functional for A viz;

1n M T tont Pt (9)

=
=l

2=

In the above expression the superscript ( ) is used to
denote a dyad. Only diagonal dyads will occur during
this development so that a vector pre or post multiplying
the dyad will give the same result. There are also some
occasions when it is necessary to redefine a vector as a
dyvad. It is felt that no undue interpretation problems
to the reader should result.

Now Tln=ﬁln(g) and A2n=T2n(£). These functions are assoc-

iated with the element (e) (left node (n) and right node (n+l)).
The constraint term becomes;



By

N-1 &=1 . . = —
= A o +ha X F +0F n+1-9n
e=bxdt ] [ (AynAnthonAnsn) = ((1-8) £+E +3 Ax )dg

n=1 " £=0 n+l

where (the time integration has been performed),

£, = LR, Fhe = TRH-FRa
At At

and where the superscripts denote the time level.

Since the stated objective was to create an explicit
scheme (this has nothing to do with the wvariational state-
ment but is of great practical importance), the weight
functions (to use MWR terminology) are chosen such that;

1 1
A, EAE = 0; A, _(1-E)dE = 0.
£=0 1n £=0 2n
If Tln’ T2n are linear we find that;
T =3B (£-2y. T =3' (&1
Aln - bln(g 3)' A2n b2n(£ 3 (10)

=1
where bln’ b2 are arbitrary constants. Now;

n
£E=1 __ _ _ _ _ _ _ _
f€=0(Aln(l_£);AZnE;Aln’AZn)dE = (=by by P rPyy)
=1 = =1 J—
where bln = 6bln; b2n = 6b2n.

Since the b were arbitrary constants so are the b. The
constraint term is now written as;

e=AxAt (B (E+I290)) X 4 (T-By_p) + (Fy_+BE=1y) %,

Ax
T ((ToF 43 )-F 47 - (Fnt1=Tn) 4 (13 9n=9n-1y).%
;zz((l—en-l+8n).fn+8n.( 1-9n) +(1-8, _;)+ (Indn=ly).X )  (11)

where, in order to achiegve a more recognizable form a
substitution of b2n = (1—Bn); bln = —-B, was made.



The variational statement of equation (6) becomes

=1 5 =1
s = f 5%-S-dvdT + 0+ [

pus-+*dAAtdT (12)
=0 Vv =0 .

Differentiation of equation (12) with respect to the nodal
Lagrange multipliers yields the equations of constraint;

@
2]

~3 = 7 L] % =

3hy = Byt (B FTax ) = 0 (13a)
39S — — . _N-Eﬁ_]

ohyg = (-8B )= (Egt Ax ) =0 : (13b)
g—iz = (I-Bp-1+Bn) *En +Bp- (IBELZID) 4 (T-B,_p) - (D=L = 0 (130)

for 2<n<N-1

The above equations are an explicit numerical analog to the
governing, (or constraint) equations of motion. _To deter-

mine the f_, however, the arbitrary parameters § must be
found. Let, for example, B,=0 for all n. Then the interior
nodal analog becomes;

~  gn=9n-=1 3 3
fn+ AX = 0 (l4a)

while if §n=T we get;

% ,9n+1-9n _
Ep+ DE 20 = 0 (14b)

which are backward and forward differencing schemes
respectively. The B, therefore control the type_of
analog generated. It is also apparent that the B
control the portion of each element that is associated
with the node. Figure 3 illustrates the point.



n+l

l—— Bn-1 (l—Bn_l)T snj—<1—sn>1
n-1 n

Figure 3 Effective control volume

The control volume is seen to be Av_=Ax(1l- B +B ).
Returning to the constrained equation (12) ané performlng
the integration on the same control volume basis yields;

apsl 1 dpus;, .+ ,,9psy, dpusy, , 7
S=AxAt ((g -B1 5% 5 ) ‘1t (5% (I-By- 1)T2AX ~f ) "IN
N-1 3_— - — = -
+ 22 82 * (I-Bp-1+Bn) *fn) + @ + (pusy-pusi) At (15)

where the flux term was expanded first order in time and
integrated with respect to time. Differentiation of the

above functional with respect to the fh at each node vields;

08 aps1 = 1 3pusy ,% .7, _

3%,

38 _ dpsN. [T 1 gpusy T = Ty =

- At (SN (T-Byy_q) 455 289N 4 (T-By_1)-%y) = 0 (16b)
N

%%— = AxAt (T-Bp-1+By) - (3250 + %) = 0 2<n<N-1 (16c)
n

Equations (16) therefore define the Lagrange multipliers
so that, for an interior node;

~ _  97S
< = _378g (17)
n Y



Finally, using the above results, the constrained functional
is differentiated with respect to the B,. The result is;

38 oS 3ps = -
3o = Axbel (385n+1-208n) .« (g, 1-Gp)) (18)

Equation (18) indicates that for this low order analysis

it is not possible to find a stationary value of the
functional. This is of course due to the fact that the
functional is linear in B,. What can be done is to determine
the value of B which is in the direction of increasing
system entropy. If Bp is viewed as an interpolant then it
must have a value between zero and unity. The approach
taken for the purposes of the following computations is to
choose B, equal to unity if the term in equations (18) is
positive and equal to zero if the term is negative. In this
fashion the differences become one-sided in the direction

of maximum increase (or minimum decrease) of system entropy.
It is also interesting to note that the boundary conditions
naturally evolve from the analysis. Suppose that the left-
most node remains at a fixed condition for all variables.

In this case B- is not a variable and may not be determined
by equation (lé), rather it must be zero so that (13a) is
removed from the equation list. In the diaphragm burst
problem to be discussed later, the axial velocity must be
fixed (zero) while density and energy are variable.
Therefore the value of B8, for the momentum equation must be
zero while the other two are determined by equation (18).

It can be seen, therefore, that the analysis determines a
differencing scheme for each equation at each node for each
time step which simultaneously satisfies boundary conditions
and the condition of maximum entropy increase. As will be
seen, depending on the values of Bp any particular equation
at any particular node may be differenced forward or back-
ward or centered or unchanged.

Equations (13) may be solved for the f at each node. This
results in a nonconservative analog. If, however,
equations (13) are solved in the following fashion;

AxBy+Eq = -By* (93-97) (19a)
Ax (1-By_q1) *Fy = = (1-By_1) * (Gy=Iy-1) (19b)

A% (1-Bp_1+Bn) *En= ~Bn* (Gps1-Gn) - (1-Bpo1) * (Gp=9p-1) (19¢)



then the result is absolutely conservative. To illustrate
this, note that;

. N
fv fFav= § E AV, = -(gy-91) (20)
ns=

so that all the interior flux terms cancel and just the
entering and exiting flux terms remain.

To summarize the computational procedure, having known

values of f, at a given time level, then
(1) compute g,=g,(E,) for all nodes.
(2) compute 3ps/3f for all equations at all nodes.

(3) use equations (18) (and boundary conditions) to
determine the Bp for each element.

(4) solve equations (19) for (thVn) at all nodes.

(5) integrate for next time level;

k+1 k%
£, = Ept+(EpAVy) At/AV

(6) repeat (l)-(5).

2.2 Results

The one-dimensional equations restrict the problems which
can be solved to demonstrate the method. Two relatively
difficult problems may be investigated, however. These
are the shock tube and diaphragm burst. In the former
case the boundary conditions dictate that B1=(0,0,0) while
B; -1 are free. 1In the latter case B1=By-1= *,0,*) where
tEe (*) indicates a free parameter. In all cases y=1l.4
and Z=1.

Figure 4 illustrates the behavior of the method for the
shock tube conditions. The initial disturbance of the
square wave has not yet washed out. This impulsive start
typically gives rise to wavelets which migrate back and
forth between the inlet and the traveling primary wave.

If the solution domain were long enough a better descrip-
tion of the wave characteristics would result. In a higher
spatial dimension analysis, however, economics prohibit

the use of considerably more than the 40 points in a single
direction. The traveling wave description shown in figure 4



is therefore typical of what would occur in a two-dimen-
sional or three-dimensional analysis. The final velocity
and pressure distributions are, of course, correct.

Figure 5 illustrates typical results on a diaphragm burst
problem. The results shown occur just before the shock
wave impinges on the downstream wall and just before the
expansion wave reaches the upstream wall. Calculations
have been run for many thousands of time steps in which
the waves reflect many times from both ends. These results
are not particularly interesting and in the interest of
brevity are not shown here.

A typical time step is shown in figure 6. The rightmost
three columns contain the values of beta for each equation
at each node for this time step. These values of beta
correspond to differencing schemes which are identified in
the column headed by DIFF. The three letters at each node
identify the scheme constructed for the three equations of
motionn. U means unchanged, B means backward, F means for-
ward and C means centered. Time steps exceeding the CFL
condition, as well as negative pressures and/or densities,
are physically unrealistic. In the context of the varia-
tional approach they must be viewed as inequality constraints.
Due to the difficulty of formally entering an inequality
constraint into the functional definition, these constraints
were handled in the following fashion: The time step was
never allowed to exceed some predetermined fraction of the
least local CFL and should a violation of the pressure or
density inequality constraint occur then the time step was
halved. Subsequent time steps were increased by 10 percent
each step until the maximum time step is reached. It seems
reasonable to expect that, particularly during initial
transients, time steps may be attempted which would lead

to negative pressures or densities. This should only be a
temporary condition. Instability would be manifested by
repeated attempts to achieve unrealistic values; fortun-
ately this never occurred.

10
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SHOCK TUBE ANALYSIS

Initial Conditions: p=1,p=1,u=0 (field); p=5,p=2.5,u=2 (inlet)

Boundary Conditions: fixed inlet(left end); free outlet

7+
6 =
pressure
> , , . ,
final pressure distribution—”
final velocity distribution
4 Seomm e — S = e = —_—t e ——— 1
- @00 -0-~0-0-0 o.-_o-o-o‘""""".‘"'*o\‘_vo\
velocity - 3
3 7 \
2
l h 1
0 ) T PRI 1 e A : [ + 1 A L + [ }- g -
33 37 4

1 5 9 13 17 21 25 29

Axial node #

Figure 4 Typical shock tube solution

velocity




DIAPHRAGM BURST ANALYSIS

(AN

Initial Conditions: p=l,p=1l,u=0; x>20 p=5,0=2.5,u=0; x<20

Boundary Conditions: ends closed

>
4 ] initial pressure
distribution
o pressure
g 3 T —
5
0
[99]
g 2 +
C o
. P
velocity -
1 <4 - - &)
b o
anl 0
e
0 = >
| i — -0

1 5 9 13 17 21 25 29 33 37 4¢
Axial node ¢

Figure 5 Typical diaphragm burst solution
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3.0 CONCLUSIONS

In the preceding discussion it was proposed that the
Second Law of Thermodynamics is a variational principle
applicable to compressible gas dynamics. It was shown
that the principle states that the system entropy must
not decrease and that the equations of motion act as
constraints to the entropy formation. It was further
shown that, at least in an explicit formulation, arbi-
trary parameters exist which control or dictate the
type of differencing scheme. The analysis then discusses
how to select these arbitrary parameters such that the
variational principle is satisfied while maintaining

exact conservation.

The concept is demonstrated numerically for the shock

tube and diaphragm burst situations. The success of these
calculations demonstrates the validity of the original
proposition, i.e., that the Second Law is indeed an
applicable variational principle and furthermore demon-
strates the wvalidity of the calculational procedure
derived from the stated principle.

A fundamental advance in the state of the art of comp-

utational fluid mechanics can be expected as a result of
these findings.
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