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During the 6th quarter of this project, we reported
an attempt to invert the equation for the magnetic potential

in two dimensions:

(1)

v = J {(g)n[hn cos (no) + B, sin (nbﬂ + (g)n+l

nlo [Cn cos (ng) + Dnsin(ne)-j}

= Vexternal + vinternal

Tests with simulated data showed that, for satellite
orbits approximating that of MAGSAT, the resultant matrices
were unstable; i.e., extremely small variations in the
measured data led to wild excursions in the computed

values for the coefficients in equation (1).

Work done during the quarter has focused on the components
of the magnetic field, The expressions for the components

are obtained by differentiating equation (1).
The radial component is:
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and the tangential component is:
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From equation (2) and (3), it can be seen that if

72 and H are known on a circular boundary, r = a = 1 and the
Fourier coefficients are computed for each component as:

N
z2 = I |E, cos(nb) + Fn sin(né)
n=1 .
and
. N ) )
H = . Gp cos(nf) + h sin(nv)
n=1 n 4 1

then the coefficients for the internal and external
parts of the potential can be computed from the relations

Eq = nAp - (n+l)C, Fp = nBp - (n+l)Dp
and
(4)
| = -pAp -nC G, = nB, + ,D_

Note that we have ignored the zero order term, assuming
it will be subtracted from the measurements as part of the

reference field.

A somewhat similar relation is given in Chapman and
Bartels for separating internal and external field effects

given the vertical component and the potential.

For satellite measurements, however, the data is not
obtained on a circular boundary, but rathcer on an orbit of
varying altitude. In this case, the terms involving a
‘radius of the circular boundary which is arbitrary) and

r (altitude of the satellite) must be included.

A solution for the coeviicient of the internal and
external terms in the potential can be cktiained by invert-

ing tha matrix equation



L

where

- T T
y = Z]’ H], Zz, Hz'c . . . Zm, Hm]

are the measured data values of H and 2

= T
X = Al, B], Cl, Dl't . » . AN, BN’ CN’ DN]

are the coefficients for the potential
and the matrix to be inverted are

L \ 1 e 2 a2 an+l . 0
, L osi -2 = - +« . . =(n+1)"—
4 coshy 5 sind, 7 €OS0, (n )rn+251n(n 1)
. -a‘ _.
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a a n+?
r
~232 an+ 1
Lcost, ising, “—~ces80; -~ . . . «=(n+1)=—-sin(nd,)
a a ret n+:
r
2 n+1
-dsino 1 - &.sino a (

-

To test this method, a set of random numbers were used
as coefficients for the internal and external parts of the
potential. Using thesc coefficients,values of 2 and H were

computed along a simulated orbit path given by:
ALT = 68000 + 100sin (6) km
512 values were computed around the circle
Two different least;squares procedures were used to

solve equation (4). The first, a recursive least-squares

solution was obtained by updating the equation.
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-~ ~ - T A - ~ .
n+l” xn+ Pn+1 Mn+1 (Yn+1 —Mn+l xn)

In these equations P+l is the updated symmetric covariance
matrix xn+1 is the updated coefficient vector estimate and Mn+l
is the row vector of function values for each new observation.
For the examples included here, P, = cI, where I is the unity
matrix and C ) 10®. cConsiderable errors can result if the
start-up values of Po are too small.

The second set of compui--ions use the standard least-
squares solution obtained from

X = (MTM)"l MT y

In Table 1, values for the coefficients of the first 6
harmonics were assumed in generating both the internal and external
terms. Both the recursive and standard least squares methods
were able to recover the generating coefficients quite well, but
the recursive least squares is slightly less accurate.

In Table 2, while coefficients of only the first harmonic
were used in generating the external part of the field, the
least~squares routines solved for coefficients of all 6 harmonics
in both parts. Again the recovery was fairly accurate and the
computed value for harmonics 2-6 in the external part were relative-
ly small. It should be noted that these coefficients have th«
dimension of gamma-kilometers, and the actual gamma computed from
their value would be very small,

The results in Table 3 show that, although 9 harmonics were
used to generate the internal and external fields, a solution
which looks for only 6 harmonics is not thrown off a great deal
by the presence of the higher harmonics.

Finally, in Table 4, to more closely approximate the real

case, the internal terms are made very large and the external




small. Here the recursive least-squares was significantly worse
than the standard least-squares in accurate recovery of the
external field coefficients.

During the remaining term of the contract, we will apply
this technique to removal of external field variations from
actual MAGSAT data.
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PAGE 13
ORIGINAL Q ALITY

oF POOR
INTERNAL EXTERNAL

cos SIN cos SIN

~0. 238B&E+Q6 0. 1499E+06 ~-0. 1989E+4 09 -3801.
! 0 1D13E+06 0. 3021E+0d 0. 124BE409 ~0. 3726E+0D
; -0 1%&60E+06 0. 1828E+06 Q. 1397E409 0. 7991E+09
| Q. 1283E+06 1336. =0.1777E403 -0O. S24BE+0D
: 0 3343E+0D 0 1839E+06 0. 1182E+09 0. 4D43E+0D

-4718. . 1224E+06 -0. 1019E+00 -4181.

COEFFICIENTS USED TO GENERATE DATA

+

INTERNAL EXTERNAL.

cos SIN cas SIn

~3. 2372E+06 0. 1493E+06 -0. 1963E+03 -4093.
0 1316E406 0. 3020E+09 0. 1233E+409 -0. 3718E+0D
-3, 1337E+06 0. 1827E+06 0. 1338BE+03 0. 7381E+03
0. 1284E+4 0646 1343. -=0. 1792E+03 -0. d266E+0)
O D33BE+0S 0. 1838E+06& 0. 1170E+03 0. 4340E+02

~4406. 0. 1223E+06 -0. 1029E+03 -4179%.

COQEFFICIENTS RECOVERED USIr ., RECURSIVE LEAST SQUARES

INTERNAL EXTERNAL

cas SIN cas SIN

-0 2384LE+064 0. 1497E+06 ~0. 1963E409 -3801.
0 13513SE406 0. 3021E+09 0. 1268€+403 ~0. I3726E+03
-0 1540E+06 0. 1828E+0Q6 0. 1337E+0Y 0. 7991E+0D
J 1283E+404 1336. ~0. 1777E403 -0. D24B8E+09
0345E+03 O 1859E+06 0. 1182E409 0. 4343E+0D

4719 . 1224E+06 -0. 1019E+03 -4181.

COEFFICIENTS RECOVERED USING STANDARD LEAST SGUARES

TABLE 1
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INTERNAL EXTERNAL
€as SIN cos SIN
-0 23BLE+OS 0. 1499E+06 -0. 1983%E+4 09 -3801.
O 1919%E+06 Q. 3021E+09 0. 0000 0. 0000
-0 13&0E+06& 0. 1828E+06 0. 0000 0. 0000
QO 1283E+06 1336, 0. 0000 0. 0000
QO 5345E+0D 0. 1839E+06 0. 0000 0. 0000
-4718 0. 1224E+046 0. 0000 0. 0000

COEFF.CIENTS USED TO GENERATE DATA

INTERNAL EXTERNAL
COs SIN cQs SIN
-0 2.78E+406 0. 1493E+06 ~-0. 1962E409 -4094 .
0O 151¢E+406 0 3019E+09 -321.8 -12. 99
=0 1597E+Ch 0. 1827E+4+06 -172. 7 -29. 07
O 1.84E+4Q6 1340 -194. & -2 972
O 5398%E405 0 1858F+06 -123. 7 -8. &14
~44507. . 1223E+06 -102. 2 4 4461

COEFFICIENTS RECOVERED USING RECURSIVE LEAST SQUARES

INTERNAL. EXTERNAL

coy SIN cos SIN
-G 258412406 0 1499E+06 -0. 1983E+40D -3801
C 1313E+06 0. 3021E+03 0. 1430 -0. 1904
-0 1L6QE+086 0 1828E+06 0. 232BE-01 -0 1910
0 1a83E+06 1336. -0 4964E-01 ~0 B3&6E—-01
O 534TE+09 0 1859E+06 -0. 1638E-01 -0. 94632E-01
-4719 0 1224E+06 0. 4698E-01 -0. 3742E-01

COEFFICIENTS RECOVERED USING STANDARU LEAST SQUARES

TABLE 2
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INTERNAL EXTERNAL.
cas SIN cas SIN
-0 £23B4E+04 Q. 149%E+Q6 -0. 19839E+05 -3801.
C. 1912E+04 Q. 3021E+C2 Q. 126BE+09 0. 372&4E+0Y
-0 13&CGE+0Q4& 0. 1828E+0a 0. 199%7E+409 0. 7391E+03
0. 12B3E+Q¢ 1336. ~0. 1777E+403 0. S268E+0>
0. S343E+0O" 0. 1839E+406 0.1182E403 0. 49543E+09
~-4718 Q. 1224E+06 -0. 1019E4Q9 -4181.
-G, B3ANBBE+OH 0. 3428E+09 =-38C64. -772. 1
8016 1019. 88%8. 3 -2082.
-2178. 2094. 234. 9 ?19. 9
COEFFICIENTS USED TO GFNERATE DATA
INTERNAL EXTERNAL
ci S cos SIN
=i E3ELE DN Q1471 9b -0. 1973E4GY ~-4286.
1A IENOSH 0O SO E+0H Q. 1227E4+Q3 ~0. 3726E+0D9
- 19%ZE+04 0. 18238E406 Q. 1334E+QY O. 73981E+0D
G 12EBCE+CL 1724. -=0Q. 179BE+03 -—-0. 2264E+0Y%
O BISZEXCH 0. 1866408 0. 1164E+4Q3 0O 493939E+0QY
?759 0. 1149E+06 -Q. 1076E403 ~4322.

COCFFICIENTS RECOVERED USING RECURSIVE LEAST SQUARES

INTERNAL EXTER\IAL

Cus SIN cos SIN

C L DRAZE O O 13%27E+06 —0. 1330E+403 993. 6
o 14B3EAGEH 0 3189E+0D 0 1683E+409 -0. 3922E+09
-G 13EB2E4Qs 0. 1B41E+06& 0. 1871E+0) 0. 7710E+0D
G 12&67E406 2374. -0 1917E+QD -0. 5190E+093
OTITIEON O 1B71E+06 0. 1410E+403 0. 4396E+03

10ES1E 423 0 115Z2E+40é -8319. —-4133.
COEFFICIENTS RECOVERED USING STANDARD LEAST SGUARES

TABLE 3
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A ———

INTERNAL EXTERNAL
cos GIN <05 8IN
-0 3509E+09 0. 2204E+09 -271%9 ~-339%. 0
G <2KBE+Q? 0. 4443E+08 1843 =-D479%.
~0. 2295E+09 0. 2689E+09 2289 0. 1116E+03
O 1887E+Q% 0. 196%F+Q7 -2614 -7748.
0. 7840E+QB 0. 2734L+09 1739, 6480,
-0 &939E+07 0. 1799€+09 -1498. -614. 8
COEFFICIENTS USED TO GENERATE DATA
INTERNAL EXTERNAL
cas SIN cos SIN
-0 3L42E4+09 0 213%8E+0Q9 0. 9893E41 07 0. 4277E+07
O 2CBHE+Q9 C 4744E+Q8 Q. 9269E+Q7 0. 3360E+07
-0 2170E+0% 0. 2779E+09 0. 6473E+07 0. BOOOE+07
C 1992E+09 0. 1400E+08 0. 1880E+Q7 0. 7360E+07
0 75a29E+08 0. 2B44E+09 ~0. 1771E+407 Q. 79939E+07
-0 10614E+08 0. 1873E+0%9 -0. 3244E+407 0. 3646E+Q7
COEFFICIENTS RECOVERED USING RECURSIVE LEAST BQUARES
INTERNAL EXTERNAL
cas SIN cas SIN
-3 3S07E+Q9 0. 2204E+09 -2711. -639.7
0 2228E+09 0. 44435+08 2103, =-974&2.
=0 ZT9BVE+QF 0 2689E+09 2309. 0. 1092E+0D
S 1EB7E+Q9 0 1965E+07 -2674. ~7688%.
o 7B&OE+ 0B 0. 2734E+09 1707. é618.
=% L937E+Q7 0 1799E+09 -1423. -661.2

CCEFFICIENTS RECOVERED USING STANDARD LEAST SQUARES

TABLE 4
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