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A b s t r a c t  

T h i s  paper  ana lyzes  t h e  asympto t i c  p r o p e r t i e s  f o r  smal l  Bond number B of t h e  e q u i l i b -  
rium c a p i l l a r y  i n t e r f a c e  i n t e r i o r  t o  a  c i r c u l a r  c y l i n d r i c a l  t u b e  v e r t i c a l l y  dipped i n  an 
i n f i n i t e  r e s e r v o i r  of l i q u i d .  (The Bond number B is a  d imens ion le r s  p a r a n e t e r  which i s  
t h e  r a t i o  of g r a v i t a t i o n a l  t o  c a p i l l a r y  f o r c e s . )  .The formal  expafieion i n  powers of  B of 
t h e  s o l u t i o n  t o  t h e  d i f f e r e n t i a l  e q u a t i o n  d e s c r i b i n g  t-ilibrium s u r f a r ?  (as can  be ob- 
t a i n e d  Ly s tandard  p e r t u r b a t i o n  methods) i s  proved t o  he  t r u l y  asymptotic-to a l l  o r d e r s  
alld uniformly i n  t h e  v a r i a b l e  and parameter  y, t h e  c o n t a c t  ang le .  

Sequences of g e n e r a l  e s t i m a t e s ,  i n  c losed  form, f r o  above and from below, a r e  a l s o  
t R given f o r  t h e  s o l u t i o n  and r e l a t e d  func t ions .  The m- term i n  t h e a e  sequences a r e  asymp- 

t o t i c a l l y  e x a c t  t o  o r d e r  m. An id iosyncrasy  of t h e  problem, c r u c i a l  i n  o b t a i n i n g  t h e s e  
e s t i m a t e s ,  i s  t h e  a b s o l u t e  monotonici ty  of t h e  s t r u c t u r a l  f u n c t i o n  of  t h e  system i n  i n t e g r a l  
form. 

F igure  1. 

\le c o n s i d e r  t h e  c l a s s i c a l  c a p i l l a r y  problem of d e s c r i b i n r j  t h e  e q u i l i b r i u m  f l u i d  i n t e r -  
f a c e  J i n t e r i o r  t o  n c i r c u l a r  c y l i n d r i c a l  tube  ve r t i ca1 l .y  dipped i n t o  an i n f i n i t e  r e s e r -  
v o i r  of l i q u i d  (Fig .  1).  Let  u ( r )  be t h e  h e i g h t  (above t h e  l e v e l  i n  t h e  o u t e r  r e s e r v o i r )  
of  t h e  s u r f a c e  J a s  a  f u n c t i o n  o f  t h e  d i s t a n c e  r t o  t!le a x i s  of  t h e  tuhe.  Then u ( r )  
is a  s o l u t i o a  of  t h e  f o l l m ~ i n g  boundary va lue  problem 

u r ( l - )  = tan(; - y). 

I n  t h i s  fo rmula t ion ,  t h e  q u a n t i t i e s  r ,  u ,  y ,  and B a r e  d imens ion less ;  y  is t h e  con- 

t a c t  ang le  o f  J with  t h e  boundary c y l i n d e r  ( 0  s y s n) ,  and B = p g ~ ~ / ~  > 0 is  t h e  Bond 
number wi th  p t h e  d e n s i t y  d i f f e r e n c e  a c r o s s  , g t h e  q r a v i e a t i o n a l  a c c e l e r a t i o n ,  R 
t h e  r a d i u s  of  t h e  c y l i n d e r ,  and T t h e  s u r f a c e  t e n s i o n .  We r e f e r  f o r  background t o  p r e v i -  
ous  p a p e r s 3 ~ 4 r 5 , 6 , 1 0  and, i n  p a r t i c u l a r  t o 1  t 2 ,  f o r  d e t a i l e d  p r o o f s  o f  most o f  t h e  t : leorem.  

Boundary v a l u e  problem ( 1 , 2 , 3 )  has  a  unique s o l u t i o n ;  t h i r  s o l u t i o n  w i l l  be s t u d i e d  i n d i -  
r e c t l y  by t h e  shoo t ing  method. S e t  v ( r , h , B )  t o  be  t h e  unique s o l u t i o n  of  t h e  fo l lowing  
i n i t i a l  v a l u e  problern 



vr(O,h,B) = 0. 

vr S e t  a l s o  o ( r , h , F )  = - n ( r , h  ,B) and s = s i n ( r  - y) . (The parameter  h  i r  t h e  m a n  

q 
c u r v a t u r e  a t  t h e  apex of t h e  cor responding  s u r f a c e  of  r e v o l u t i o n  and a is t h e  s i n e  of  t h e  
s l o p c  a n g l e  of  v  Then t h e r e  e x i s t s  a  unique h  * h ( B , s )  much t h a t  O( l ,h ,B)  = st t h i r  
i s  a l r o  t h e  unique h  such t h a t  t h e  f u n c t i o n  2h/B + v ( -  ,h,B) i r  t h e  s o l u t i o n  of ( 1 , 2 , 3 ) .  
Consequently,  s e t  

For t h e  above e x i s t e n c e  and uniqueners  r e s u l t s ,  s e e ,  =or example, 161 or [Z]. 

I n s t e a d  o f  t h e  i n i t i a l  v a l u e  problem ( 4 , 5 , 6 ) ,  we a h a l l  use  an e q u i v a l e n t  i n t e g r a l  System 
f o r  t h e  p a i r  ( o , v ) ,  namely, 

where t h e  s t r u c t u r a l  f u n c t i o n  g is g iven  by 

, f o r  l y 1 < 1 .  

Note t h a t  g  is a b s o l u t e 1  monotonic on t h e  i n t e r v a l  0 , l  i . e . ,  h a s  nonnegat ive  d e r i v a -  
t i v e s  on a11  o r d e m f l ) .  Th i s  f a c t  is e s s e n t i a l  i n  o b t a i n i n g  t h e  e s t i m a t e s  below. 

The approach w i l l  c o n s i s t  i n  f i r s t  obtaining asymptot ic  r e s u l t s  ( r e a p .  e s t i m a t e s )  f o r  t h e  
s o l u t i o n  o r , h , B  , v , l , B  of t h e  i n i t i a l  va lue  problem ( i n  i n t e g r a l  form) , then  d e r i v i n g  
from t h e s e  r e s u l t s  s i m i l a r  ones  f o r  h ( B , s )  and t h e n  u ( r , B , s )  . 

Absolute monotonici ty  and a n a l y t i c i t y  of  a and v  

S ince  ( 4 )  is s i n g u l a r  a t  r = 0 ,  we need t o  show t h a t  t h e  p a i r  I a ,v )  i n  l o c a l l y  ana- 
l y t i c  a t  r = 0 and depends a n a l y t i c a l l y  on t h e  parameters  h  and B. T h i s  can be done i n  
a  number o f  ways ( c f . ,  f o r  example, wentell  ; a l t e r n a t i v e l y  l ,  it can be observed t h a t  tlre 
,'one dimensional  s o l u t i o n n  (8,i i )  f i .e .  , t h e  p r o f i l e  curve of  t h e  c a p i l l a r y  s u r f a c e  between 
two v e r t i c a l  pa! ' l l e l  p l a t e s )  is a r a j o r a n t  f o r  ( 0 , ~ ) .  S ince  (?J, j )  is s o l u t i o n  of  a  
r e g u l a r  i n i t i a l  ~ # a l u e  problem, w e  conc lude ,  by t h e  method of majoran t s ,  t h a t  

P r o p o s i t i o n  1: For every q, 6 > 0 ,  t h e r e  e x i s t s  p > 0 such t h a t  t h e  f u n c t i o n s  
o ( r , h , B )  and v ( r , h , B )  a r e  a n a l y t i c  i n  t h e  dcmain Irl * p ,  lh l  * TI, I B ~  * b i n  c3. 

Now t h e  a b s o l u t e  monotonici ty  of  g  on ( O , l \  y i e l d s  t h a t  o ( r , h , B )  and v ( r , h , B )  are 
a b s o l u t e l v  monotonic i n  a l l  t h r e e  v a r i a b l e s  f o r  p o s i t i v e  v a l u e s  of r ,  h ,  and B. T h i s  can 
5e checked by p w e r  s e r i e s  s u b s t i t u t i o n  i n t o  system ( 8 , 9 ) .  Thus t h e  t r i p l e  p w e r  series 
expansion of a and v  a t  (0,O ,0 )  has  nonnegat ive  c o e f f i c i e n t s .  Th i s  l a s t  f a c t  t o g e t h e r  
w i t h  Pr ingsheim's  Theorem below impl ies  t h a t  t h i r  expansion i r  convergent  on t h e  maximal 
i n t e r v a l  0 r < p . p(h,B) where a ( . , h , B )  and v ( . , h , B )  can be  con t inued  as a s o l u t i o n  
of i n t e g r a l  syr tem ( 8 , 9 ) .  S i n c e  o( .h ,R)  and v ( * , h , B )  a r e  monotonic and bconded, we ob- 
t a i n  convergence up t o  t h e  boundary o f  t h e  d i s c  of convergence. 

P ro  o s i t i o n  2 :  The power series expansions  of  o ( . ,h ,B)  and v ( . , h , B )  a t  r = 0 con- 
verge + a so U t e  y  and uniformly i n  t h e  c l o s e d  convex d i s c  Irl s o(h,R; .  Moreover 
0  < p(h,B) < - and,  a t  r = p ( h , E ) ,  o ( r , h , B )  = 1. 

The t r i p l e  p w e r  a e r i e s  e x ~ a n s i o n s  o f  a and v  a t  ( r , h , B )  = (0,O.O) 
c o n M ~ t e l y  and uniformly i n  t h e  c l o s e d  domain 

D = ( ( r , h , ~ )  € c3: Irl s ~ ( l h l ,  1 ~ 1 ) .  
Pr ingsheim's  Theorem: Let 



an2 R t h e  r a d i u s  o f  converoence o f  paver  series (12) .  Suppose cn 2 0 ,  f o r a l l  n z 0 .  
Then z = R is a s i n g u l a r  p o l n t  o f  f .  

Asymptotic expansions 

Theorem 4: For each m r 0 ,  t h e  series e x p a n s i ~ n s  i n  powers o f  B o f  t h e  f u n c t i o n s  
h ( B , s ) ,  o ( r , h ( B , s )  ,B) , v ( r , h ( B , s )  ,B) , and u ( r , B , s )  a r e  asymptot ic  t o  o r d e r  m uniform- 
l y  i n  r and s over  t h e  e n t i r e  range 0 r r s 1, -1 s s s 1, a s  B + 0. 

Proof ( o u t l i n e )  : By symmetry, we way r e s t r i c t  o u r s e l v e s  t o  s 0. R e c a l l  t h a t  h(B,s)  
is t h e  unique s o l u t i o n  of 

Now a ( l , h , O )  = h a-"(l,.,.) is a n a l y t i c  a t  each p o l n t  (h,O) where h is i n  t h e  com- 
p l e x  d i s c  1 hl < 1. Since  ah( l ,h ,O)  = 1, t h e  i m p l i c i t  f u n c t i o n  theorem i m p l i e s  t h a t  

. - 

h(B,s)  is a n a l y t i c  a t  each p o i n t  ( 0 , s )  where s is i n  t h e  complex d i s c  Is1 < 1. A com- 
pac tness  argument shows t h a t ,  f o r  each so w i t h  0 < so < 1, t h e r e  e x i s t s  Bo > 0 such 

t h a t  h (B,s )  is a n a l y t i c  i n  \ B !  Bo, (sl SO and 

m 

h(B,s)  = 1 B " s ~ ( s )  where S,(s) = -(0 ,s) .  
n=O an 

This  y i e l d s  t h e  asymptot ic  s ta tement  f o r  h(B,s! away from s = 1, i - e . ,  c o n t a c t  a n g l e  
y = 0. 

The neighborhood of s = 1 r e q u i r e s  a s p e c i a l  t r e a t m e n t  and t h e  use  o f  t h e  paramet r ic  
system f o r  t h e  p r o f i l e  curve (parametr ized by a r c l e n g t h ) .  The corresponding f u n c t i o n  - TI n h(B,a)  where a = 7 - y is shown t o  be a n a l y t i c  i n  a neighborhood o f  (0,$ by t h e  i m -  - - 
p l i c i t  func t ion  theorem. Thus h(B,s)  = E ( ~ , a r c s i n  s ) .  W e  conclude,  s i n c e  t h e  f u n c t i o n  
a r c s i n e  is cont inuous a t  s = 1. 

The o t h e r  t h r e e  func t ions  a r e  handled i n  a s i m i l a r  way. QED. 

In  p a r t i c u l a r ,  S n ( l i  = l i m  5, e x i s t s .  Th is  settles i n  t h e  n e g a t i v e  t h e  problem of  
s +l- 

p o s s i b l e  n o n u n i f o m i t y  a s  s a l  ( c f .  [I])  . 
I n  Tables  1, 2 ,  3,  and 4 below, w e  g ive  t h e  f i r s t  few c o e f f i c i e n t - f u n c t i o n s  o f  each ex- 

pansion a s  can be obtained by s t a n d a r d  p e r t c r b a t i o n  t echn iques .  P rev ious ly  ~ a ~ l a c e ' ,  
~ o i s s o n ~ ,  ~ a y l e i g h ~ ,  and concus3 computed formal ly  t h e s e  asymptot ic  expansions t o  v a r i o u s  
o rders .  We should a l s o  mention t h a t  s i e g e l l o  had proved r e c e n t l y  t h e  f i r s t  term of t h o s e  
expansions t o  be t r u l y  asymptotic.  

F i r s t  w e  need 

(where t h e  s e r i e s  converge i n  D) and recur rence  formulas f o r  t h e  f u n c t i o n s  An and vn 
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Table 4. Expansions for the BVP 

2 2 2 1 3 2  + B [r Xl (s) X;(s) pA(sr) - r A2(s)p; (sr) - r l1(s)~i(sr) 

Estimate? 

The coefficient-functions An and pn are odd, analytic in the unit disc, and abso- 

lutely monotonic in the interval 0 , l  This yields the following lower estimates by 
truncation of the series (15) and (161, for each m 2 0, 

3 for (r,h,~) € D+ = D tl [o,-1 . 
Using the fact that the right hand s ~ d e  of (20) is increasing in h and setting 

h = h(B,s) and r = 1 in (20), we get the upper estimate 

. 
where hm(B,s) is the unique nonnegative solution of equation 

Estimates on the other side are obtained by induction on m from integral system ( 6 , 9 ) ,  
using Picard's method of successive approximations and a careful estimation of each iterate. 
The proof uses strongly the absolute monotonicity of the function g. For each m 2 0, we 
get the upper estimates 

for (r,h,B) € D+. Using the fact that the right hand side of (24) is increasing in h and 
setting h = h(B,s) and r = 1 in (24) , we get, for m 1, the lower estimate 

h(B,s) 2 Cm(B,s) (26) 

where hm(B,s) is 

(i) 0, if B~ a s/~~(s), 

(Fi) the unique nonnegative solution of equation 

348 



Now, s e t t i n y  h = h ( B , s )  i n  (20) and (21! and u s i n j  ( 2 b ) ,  

S i r t ~ i l a r l y ,  s e t t l n y  h = h ( B , s )  i n  ( 2 4 )  and ( 2 5 )  and u s i n g  ( 2 2 ) ,  

E s t i m a t e s  (22 ,26 ,28 ,29 ,30 ,31 )  a r e  v a l i d  f o r  m  L 1, B 2 0 0 i s 3 1,  and 0  s r i 1; 
t h e y  a r e  a l l  a s y m p t o t r c a l l y  es ,~c t  t o  o r d e l  m ,  a s  B  ---. 0.  
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