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INTRODUCTION 

Because o f  the e f f e c t s  o f  mater ia l  proper t ies,  s t ruc tures  

constructed from o r tho t rop i c  mater ia ls  o f ten  requ i re  extensive analysis,  

even when they are geometr ical ly simple. These analyses are corrmonly 

done using f i n i t e  elements, boundary col locat ion,  and Four ier  analys is .  

The f i n i t e  element method i s  well-documented i n  books such as 

Gallagher [I] and Zienkiewicz [2] and w i l l  be d e a l t  w i t h  here on ly  

b r i e f l y .  F i n i t e  element methods requ i re  the d i v i s i o n  o f  the region t a  

be analyzed i n t o  smal ler regions, o r  "elements." Within each o f  these 

regions, the form o f  an approximate s o l u t i o n  f o r  a  s t ress f i e l d  i s  

assumed. Enforcement o f  boundary condi t ions and i n t e r e l  ement c o n t i n u i t y  

of displacement then gives a  piecewise continuous so lu t i on  fo r  the  

stresses over the region. 

S imi la r  t o  the f i n i t e  element method i s  boundary co l loca t ion ,  o r  

"po in t  matching," which i s  described i n  the papers by S l o t  and Yalch [3] 

and Hooke [4]. For t h i s  method, an "exact" so lu t i on  f o r  the stresses i n  

a  region o f  mater ia ls  i s  developed by requ i r i ng  the st ress f i e l d  t o  

match known values a t  given po in ts  on the boundaries. Unl ike the 

f i n i t e  element method, however, the st ress f i e l d  so lu t i on  i s  good over 

the e n t i r e  region being analyzed, no t  merely on one small po r t i on  o f  the 

region. 

S t i l l  another way t o  handle boundary value problems i s  t o  specify 

a  so lu t i on  form t h a t  al lows the boundary condi t ions t o  be met exact ly ,  

ra ther  than merely from p o i n t  t o  point .  This can be done w i t h  i n f i n i t e  

ser ies o f  polynomials, bu t  i s  more o f ten  done w i t h  Four ier  ser ies. I t  



i s  t o  a  form of Fou r i e r  se r ies  s o l u t i o n  t h a t  t h i s  r e p o r t  i s  devoted. 

Timoshenko and Goodier [ 5 ]  descr ibe a f a i r l y  standard procedure f o r  

s t ress  ana l ys i s  us ing  Four ie r  se r ies .  A Fou r i e r  se r i es  s t r ess  f u n c t i o n  

i s  s p e c i f i e d  so as t o  match the  cond i t ions  on two opposing boundaries 

and s t resses a re  found from t h i s  func t ion .  A s i m i l a r  s o l u t i o n  can be 

performed f o r  the  o the r  two boundaries o f  the rec tangu la r  s lab  and, due 

t o  l i n e a r i t y ,  t he  s t resses from the  two so lu t i ons  can be added together .  

A problem a r i ses  w i t h  t h i s  method, however. Since the two supposedly 

s t ress - f ree  boundaries f requent l y  acqu i re  " r es i dua l "  s t resses from the  

so lu t i on ,  a  new se r i es  s o l u t i o n  must be formulated t o  cancel these 

stresses, i .e. ,  t o  r e s t o r e  the  s t r ess - f r ee  cond i t i on  on the ad jacent  

boundaries. These ser ies,  i n  tu rn ,  w i l l  leave res idua l s  on the  o r i g i n a l  

boundaries, and must i n  t u r n  he cancel led. The process czn be repeated 

as many t imes as necessary t o  reduce the  res idua l s  t o  acceptable magni- 

tudes. I n  1944, P i c k e t t  [6 ]  proposed a method t o  e f f e c t i v e l y  "automate" 

t h i s  procedure. By t a k i n g  a ser ies  expansion o f  the s t r ess  f u n c t i o n  i n  

two dimensions, a1 1 boundar~ cond i t ions  can be met s imultaneously.  

D e t a i l s  o f  the method used a re  descr ibed i n  L i t t l e  [7]. Theocaris and 

Dafenos  [8] have used P i c k e t t ' s  method t o  analyze a t h i n  s t r i p  o f  

i s o t r o p i c  ma te r i a i  subjected t o  d is- lacement  a long a s i n g l e  boundary. 

I n  t h i s  repor t ,  a  s o l u t i o n  f o r  the general plane s t r ess  problem i n  

a  rec tangu la r  s lab  o f  o r t n o t r o p i  c  ma te r i a l  i s  presented. The p r i n c i p a l  

axes o f  the ma te r i a l  a re  a l iqned  p a r a l l e l  w i t h  the s ides of t he  slab. 

Only s t ress  boundary cond i t ions  are t reated.  However, the  i n c l u s i o n  of 

displacement boundary cond i t ions  i n  the ana lys is  i s  discussed b r i e f l y  



in Appendix D. The solution is valid for general boundary stresses, as 

long as they can be represented by Fourier series. The solution method 

is an extension and generalization of Pickett's method [6] tc allow the 

consideration of special ly orthotropic materials and general stress 

boundary condi tions. The expansion of the capabi 1 i ti es of Pickett ' s 

method is made feasible by the existence of high speed computers which 

can quickly and easily handle large matrices and complicated algebraic 

expressions. 

When this solution is used, no redefinition of a finite element 

mesh is required to change loading conditions. Also (and probably of 

the most practical use in the long run), if regions over which solutions 

of this form are valid can be joined together to form more complicated 

shapes, they become "exact" elements in a new sort of finite element 

solution. Accurate results can then be obtained with far fewer elements. 

The solution generated is used to work two problems similar to 

tests used for material property evaluation. The stress fields found 

are examined for the effects of orthotropy, and possibilities for future 

use of the solution are discussed. 

1.1 Method of Solution 

1.1.1 Development of Governing Equations 

The equation governing the plane stress distrioution in an aniso- 

tropic slab is given by Lekhnitskii [9] as 



where the  s t ress  func t ion  @ i s  defined by the fo l l ow ing  re la t i ons :  

The e l a s t i c  compl iances Si are def ined i n  Jones [ l o ]  and occur i n  the 

c o n s t i t u t i v e  r e l a t i o n s  as 

Pos i t i ve  values o f  the stresses a,, a ,  and r are shown i n  Fig. 1. 
Y XY 

I f  the problem i s  specia l ized t o  descrit,- i  the st ress d i s t r i b u t i o n  

i n  a rectangular  s lab o f  o r tho top ic  mater ia l  where p r i n c i p a l  mater ia l  

axes coincide w i t h  the s lab boundaries, the compliances Sl6 and Sz6 

vanish and the governing equation (1)  reduces t o  

Using the standard engineering constants, t h i s  equation i s  



F iq .  1 Sign  Convention for Stresses 



For the  special  case o f  i s o t r o p i c  mater ia l  such t h a t  

El = €2 and 

the governing equation reduces t o  the we1 1  -known b i  harmonic equation fo r  

determining the st ress funct ion I n  plane s t ress :  

The development of a  so lu t i on  t o  the o r tho t rop i c  s lab w i l l  be 

r e s t r i c t e d  t o  those problems where known st ress d i s t r i b u t i o n s  are appl ied 

on the boundaries x  = +& and y  = +t, where 1 and t are the ha l f - lengths  

of the s lab i n  the x  and y -d i rec t ions ,  respect ive ly  (see Fig. 2 ) .  Thj: 

r e s t r i c t i o n  leads t o  the fo l lowing boundary condi t ions:  

ox(e9y) = r 1 ( y )  r ( L Y )  = r 5 ( y )  
XY  

o,(-e,y) = r 2 ( y )  r (-2.y) = r s ( y )  
XY 

oy(x,t) r 3 ( x )  r XY ( x9 t )  = r,(x) 

oy(x,-t) r 4 ( x )  r (x . - t )  = rg (x )  
XY 

where ri are the given boundary st ress d i s t r i b u t i o n s .  These funct ions 

are no t  independent bu t  from considerat ion of ove ra l l  equ i l i b r i um o f  

forces and moments are re la ted  as fo l lows:  





Furthermore, the boundary stress d is t r ibut ions  ri must be expressible as 

Fourier series.  

Equation 4 and the boundary c ~ n d i t i o n s  o f  Eqn. ( 6 )  f u l l y  describe 

the governing set  o f  equations t o  determine the d i s t r i b u t i o n  o f  stress 

i n  a rectanaular slab o f  dimensions L by t subject to  any stress d i s t r i -  

bution on the boundary. 



2. SOLUTION TECHNIQUE 

A general so lu t i on  o f  Eqn. (4) and ( 6 )  can be expressed as the 

t r iaonometr i  c expansion 

where the  polynomial terms are necessary i n  the so lu t i on  procedure t h a t  

fo l lows t o  assure a general so lu t i on  set,  and where 

and 

The funct ions fn (x ) .  gn(y), hn(x).  and k,(y) can be determined from the 

se t  o f  equations found upon s u b s t i t u t i o n  o f  the so lu t i on  o f  Eqn. (8) 

i n t o  Eqn. (4) .  The r e s u l t  i s  a se t  o f  fourth-order ord inary d i f f e r e n -  

t i a l  equations w i t h  constant c o e f f i c i e n t s  i n  x f o r  f n ( x )  and hn(x) and a 

corresponding se t  o f  equations i n  y f o r  gn(y) and kn(y). These equa- 

t i ons  admit 3 f  so lu t ions  o f  the form 

which upon subs t i t u t i on  i n  the ord inary d i f f e r e n t i a l  equations a1 1 g ive 

the c h a r a c t e r i s t i c  equation 



where 

1 2v1 2, and E2 
A = E 2 [ 5 -  T;- B = ~ *  

The roo ts  t o  the c h a r a c t e r i s t i c  equation are funct ions o f  mater ia l  

proper t ies only. There are  t t r e e  possib le so1ut:on forms; these are 

1)  roo ts  are real ,  i n  pa i r s  --- s = tu, +v (u,v > 0, u # v) 

2) roo ts  are r e a l  and equal i n  pa i r s  --- s = t u  (u > 0) 

3 )  roo ts  are complex --- s = +U t i v  (U,V > 0; i = 4-T) . 

These cases are now explored separately. 

CASE 1 

When the roo ts  are r e a l  i n  pa i rs ,  case 1, the funct ions f,(x), 

gn(y), hn(x),  and kn(y)  have the form 

To take advantage o f  symmetries which might occur i n  the formulat ion of 

spec i f i c  problems, the so lu t i on  form o f  Eqn. (1 1 ) i s  recast  i n  terms of 

even and odd funct ions t o  y i e l d  



kn ( y )  = [SAZ, cosh(utlny) + AAZ, s i n h ( u 1 3 ~ y ) ] / c o s h ( u d ~ t )  

+ [SA4, cosh(v8,y) + AAJn sinh(vBny)]/cosh(vRnt) . 

The terms cosh(us,~). cosh(van<), cosh(u$,t), and cosh (v l n t )  a re  

i nse r ted  t o  avo id numerical i n s t a b i  1  i t y  i n  c o m p u t a t i o ~  f o r  l a r g e  values 

of n. and the c o e f f i c i e n t s  (SSl,, ASZ,, e t c . )  a re  named i n  such a  way as 

t o  denote s ta tes  of symnetry i n  x and y .  The f i r s t  l e t t e r  i n  eacrt c o e f f i  - 
c i e n t  descr ibes the symnetry w i t h  respect  t o  the x-ax is  w h i l e  the  second 

l e t t e r  denotes symnetry w i t h  respect  t o  the y -ax is  ( " S "  denotes symmetry, 

whi l e  " A "  denotes a n t i  -symmetry). Roots corresponding t o  case (1  ) occur 

i n  the ana lys is  o f  h i g h l y  u n i d i r e c t i o n a l  ma te r i a l s  such as f i b e r -  

r e i n fo r ced  composites. I n  f a c t ,  any o r t ho t rop f  c  ma te r i a l  i n  which e i t h e r  

o f  the  normal m d u l  i El and E2 i s  s i g n i f i c a n t l y  l a r g e r  than the shear 

modulus G12 w i l l  f a l l  i n t o  t h i s  c lass .  

CASE ( 2 )  

When the  roo t s  are r e a l  and equal i n  pa i r s ,  as occurs f o r  i s o t r o p i c  

mater ia ls .  the funct ions f n ( x ) .  gn(y) ,  hn(x) .  and kn(y )  s i m i l a r l y  have 

the forms 



As wi th  the previous case, the coef f ic ients  denote symnetry conditions. 

CASE 3 

When the roots are  complex, case ( 3 ) .  the functions f n ( x ) ,  gn(y ) ,  

h,,(x), and k,(y) have the forms 



As w i t h  the previous two cases, the c o e f f i c i e n t s  denote symnetry condi- 

t ions.  While case (3)  i s  no t  f u l l y  developed i n  t h i s  repor t ,  i t  i s  

n e v e r t k l e s s  q u i t e  s ign i f i can t .  Any mater ia l  w i t h  l a rge  shear modulus 

G1 2 (as compared t o  the normal moduli El and E2) f i t s  i n t o  t h i s  case. 

For instance, graphite/epoxy i n  un id i rec t i ona l  form has mater ia l  proper- 

t i e s  [ I 11  

6 El = 19.2 x 10 p x i  

6 Et = 1.56 x 10 ps i  

G1 2 = 0.82 x l o 6  ps i  

vlZ = 0.238 

and f a l l s .  i n t o  case (1). However, using t h i s  mater ia l  i n  angle-ply 

1 aminates having the stack ing sequence [tO]symetri ra ises  the shear 

modulus wh i le  lowering the maximum normal modulus, and gives proper t ies  

corresponding t o  case (3)  when 8 l i e s  i n  the range 

Since laminates o f  t h i s  form are used frequently i n  composite s t ructures,  

t h i s  l a t t e r  case obviously i s  important. The purpose o f  t h i s  paper i s  

t o  describe a general technique fo r  so lu t i on  and the general development 

o f  equations w i l l  be 1 im i ted  t o  cases (1 ) and (2 ) .  The procedure f o r  

incorporat ion o f  mater ia l  systems requ i r i ng  case ( 3 )  so lu t ions  fol lows 

d i r e c t l y  using the same development as described for the f i r s t  two cases. 



Reformulation o f  the Stress Function 

The equation f o r  the s t ress  func t ion  9, Eqn. (8),  can be recast  t o  

take advantage o f  even and odd funct ions as fo l lows:  

= ' R x s +  1 XnSa s in(any) + 1 Ynsacos(t$,)O %A T vsa 

I n  these expressions, the terms Xnss, Xnsa, XnaS, and Xnaa are funct ions 

o f  X, wh i le  the  terms Ynss, Yns,, Y,,,, and Ynaa are funct ions of y. 

The forms of these funct ions depend on the roo ts  t o  the governing 

d i f f e r e n t i a l  Eqn. ( 4 ) .  as discussed prev iously ,  and are presented l a t e r .  

The terms Rxss,  R y ~ ~ 9  Rysa' R x a ~ *  and R,, are a r b i t r a r y  constants. 

Using the d e f i n i t i o n  o f  the st ress func t ion  (Eqn. ( 2 ) ) ,  stresses 

are derived from the st ress func t ion  by d i f f e r e n t i a t i o n .  These stresses 

are given i n  terms o f  the st ress funct ion i n  Appendix A. 



For Case ( 1  ), roots real and in pairs, the functions X n s S .  Y,,,, etc.  

are given by 

For case ( 2 ) .  roots real and equal in pairs, these functions are given by 

Finally, for case ( 3 ) ,  complex roots, these functions are given by 



Formulation of Boundary Condit ions 

The s t ress  func t ion  4 as expressed by Eqn. (15)-(18) i s  composed of 

three types o f  funct ions which contain unknown coe f f i c i en ts .  These are 

1 2 the polynomials (7 Rxssy , etc.), the even ser ies funct ions (XnSS, XnSa, 

'nss* 'nas ). and the odd ser ies functions (XnaS, Xnaa, Ynsr, Ynaa). 

Each o f  the ser ies funct ions contains two unknown coe f f i c i en ts ,  so the 

even ser ies funct ions contain e igh t  (SS1,. $53,. ---- , ASZ,, AS4,) f o r  

each value of n, and t h r  odd ser ies funct ions conta in e i g h t  (ASl,, AS3,, 

---- , AAZ,, AA4,) fo r  each value of n. Thus, 16 unknown coe f f i c i en ts  

must be found f o r  each value o f  n i n  the series, and another f i v e  must 

be found t o  account fo r  the polynomial terms (RXSs, RyiSy Ryra, RXaS, 

Raa). 

To obta in  the so lu t i on  fo r  the coe f f i c i en ts  i n  Eqns. (15)-(18),  the 

boundary condi t ions (Eqn. (6 )  ) are expanded i n  general Four ier  ser ies, 

w i t h  the form 

where 



Sim i la r  expansions ho ld  f o r  the o ther  appl ied boundary stresses. See 

Appendix 8 fo r  these expansions and t h e i r  Four ier  coef f i c ien ts .  

To take advantage o f  possib le symnetries which might occur w i t h  the 

stresses appl i e d  on the boundaries, boundary condi t ions are obtained by 

equating the sums and differences of the appl ied stresses (g iven i n  

Appendix B )  a t  the boundaries t o  the corresponding sums and di f ferences 

o f  the general expressions f o r  s t ress  (see Appendix A) evaluated a t  the 

boundaries. The r e s u l t i n g  equations are then manipulated t o  e x t r a c t  

expressions f o r  the a r b i t r a r y  coe f f i c i en ts  i n  the f o l  lowing fashion. 

For example, on the boundaries x = k t ,  

Subs t i t u t i nq  f o r  r l (y )  and r 2 ( y )  expanded i n  Four ier  ser ies (as g i v m  i n  

Appendix B)  and f o r  ox as given i n  Appendix A and evaluated a t  the 

boundaries , t h i  s equation becomes 

1 - 2 t  c 1-2(, +1 t " [ c  1-2, cos(any) + S1 -2  s in (any ) l  
n 



where terms o f  the form C1-2 are a shorthand no ta t i on  f o r  (C1 -C2 ) .  
P P P 

Recall t h a t  terms o f  the form XnaS(i) are funct ions i nvo l v ing  unknown 

c o e f f i c i e n t s  such as ASl,, evaluated a t  i. To r e l a t e  the unknown 

c o e f f i c i e n t s  t o  the known Four ier  c o e f f i c i e n t s  o f  the appl i e d  stresses, 

both sides o f  the equation are m u l t i p l  fed by e i t h e r  sin(any) o r  c o s ( a y )  

and in tegra ted  along the boundary from -t t o  t ( f o r  stresses on the 

adjacent boundaries, the boundary cond i t ion  equation i s  mu1 t i p 1  i e d  by 

sin(Bnx) o r  cos(~,x) and in tegra ted  from -P t o  L). Continuing t h i s  

process f o r  the remaining boundary cond i t ion  re la t i ons ,  

the fo l lowing se t  o f  equations r e s u l t  f o r  the unknown c o e f f i c i e n t s  w i th  

a l l  mater ia l  cases: 



Furthermore, equations of the fol lowing type also result (these examples 

are for Case 1 material): 



For a complete d e f i n i t i o n  o f  the terms i n  Eqn. ( 2 3 ) ,  as we1 1 as f o r  the  

Case 2  express ions corresponding t o  Eqn. ( 2 4 ) ,  see Appendix C. 

The Eqns. (23) can be pa i red  i n  mat r ix  form according t o  symnetry 

condi t ions as, f o r  example, 

where, a f t e r  p a r t i t i o n i n g ,  [ I ]  i s  the i d e n t i t y  matr ix,  [E l ]  and [ F l ]  are 

square matr ices dependent on mater ia l  p roper t ies  and s lab geometry; 

{PIA}, and { P I  €31, are column vectors dependent on mater ia l  proper t ies,  

s lab geometry, and boundary condit ions; and {SS1ln and {SS21n are column 

vectors conta in ing the unknown constant coe f f i c i en ts  of the ser ies 

s t ress  funct ion. Similar11 , 

I E2 
I 

S A l  

n 



Each se t  of Eqn, (24) may be solved independently; f o r  example, so lv ing  

fo r  (SSl l ,  and {SS21n gives 

Using the unknown coe f f i c i en ts  determined from the above mat r ix  so lut ions,  

the remaining unknown c o e f f i c i e n t s  can be found from Eqn. (24) f o r  C,?se 

1 o r  from the corresponding equations f o r  Case 2 mater ia l .  

The only  terms which are s t i l l  unknown a t  t h i s  p o i n t  are the 

c o e f f i c i e n t s  o f  the polynomial t e n s  i n  the e x ~ r e s s i o n  f o r  the s t r t s s  

func t ion  (Eqn. (15)).  These are found i n  s i m i l a r  fashion t o  the above 

using the brlundary re la t i onsh ips  of Eqns. (20) and (22) and n = 0. 

The polynomial t e n s  RySa and RxaS are then given by 



f o r  both materials (1) and (2). The polynomials Pxss, RySS, and Raa are 

dependent, not  only on material properties, but also on the solut ions for 

the coef f ic ients  SSl,, SW,, etc. For material case 1, roots rea l  and 

i n  pairs, these terms are given by 

For material Case 2, roots real  an3 equal i n  pairs, these polynomials are 

g i ven by 

Using Eqns. (23)  through ) and Appecdix C a1 1 of the unknown 

coeff ic ients can be solved. Then, using the equations given i n  Appendix 

A, the stresses a t  any point  i n  the material can be found. 



3. COMPUTER IMPLEMENTATION 

To solve the equations described previously, a computer program was 

w r i t t e n  and programned on a Control Data Corporation Cyber 173 computer 

a t  the Langley Research Center o f  the National Aeronautics and Space 

Administrat ion. A b r i e f  descr ip t ion  o f  t h f  s program fol lows. 

A f t e r  rece iv ing  i npu t  of mater ia l  propert ies and the Four ier  ser ies 

c o e f f i c i e n t s  f o r  the  boundary stresses, the program calculates the roots  

o f  the cha rac te r i s t i c  equation from the mater ia l  propert ies and decides 

which so lu t ion  form t o  use. The subroutine corresponding t o  t h a t  form 

i s  then c a l l e d  t o  solve f o r  the unknown coe f f i c i en ts .  The various 

symmetry cases are solved one a t  a time by computing the elements of 

matrices E and F as required w i t h  the values indicated i n  Appendix C. 

A mat r ix  manipulat ion subroutine i s  then ca l l ed  t o  perform a se t  of 

operations c m n  t o  a1 1 symnetry cases. A t  the end of these operations, 

the c o e f f i c i e n t s  fo r  the s-vmmetry cases i n  question are put  i n t o  the 

proper storage locat ions and the mat r ix  rou t ine  returns cont ro l  t o  the 

rou t ine  which f i l l s  the matrices. The next symmetry case i s  then solved 

i n  the same fashion, u n t i l  a1 1 symnetry cases are done. Any s ing le  type 

o f  symmetry can be considered ( t o  the exclusion o f  a l l  otners),  o r  the 

program can solve a1 1 f ou r  types i n  turn, thus so lv ing  a general 

(asymetric) loading case. A check on the accuracy o f  the so lu t i on  i s  

given by p r i n t i n g  out  the input  boundary condit ions (found by sumning 

the i npu t  Four ier  ser ies)  i n  columns beside the corresponding output 

boundary condit ions (found by summing the "exact" so Iu t ion  on the 

boundaries). This feature can a lso be used t o  check f o r  e r rors  i n  input.  



Fina l ly ,  the loca t ions  f o r  which st ress values are  desi red are checked, 

stresses are ca lcu la ted  a t  these locat ions,  and a subroutine i s  c a l l e d  

t o  p r i n t  o r  p l o t  these stresses i n  usefu l  form. 

Several problems a r i s e  i n  implementing the computer code. It has 

already been pointed out  t h a t  terms based on the maximum values of x and 

y and on the  value o f  n are included i n  the so lu t ion .  These terms are 

included t o  prevent te rns  i nvo l v ing  hyperbol i c  funct ions from becoming 

too l a rge  and destroying the accuracy of the ser ies  (by requ i r i ng  the 

d i f ferences o f  l a rge  numbers t o  be much smal ler than the numbers them- 

selves). For p la tes  w i t h  h igh o r  low aspect r a t i o s  ( ~ l t  greater  than 

about 4 o r  less  than about 0.25), the arguments o f  terms such as 

cosh (uan2) become too l a rge  f o r  the computer t o  handle when n becomes 

la rge  (n approximately equal t o  50). Thus, the so lu t ions  f o r  these 

p la tes  requ i re  t h a t  fewer terms o f  the ser ies so lu t i on  be taken. I t  i s  

possible t h a t  t h i s  may lead t o  unacceptable accuracy i f  the loading i s  

such as t o  requ i re  a la rge  number o f  t e n s  f o r  convergence of i t s  

Fourier ser ies representat ion. 

Because o f  the nature o f  Four ier  ser ies expansions, convergence 

problems might occur for  some types o f  loadings a t  the corners of the 

slab. 

3.1 Sample Problem Solut ions 

Two p r a c t i c a l  sample cases were chosen as example; o f  po ten t i a l  

sppl i ca t i ons  o f  t h i s  so lu t ion  procedure. The sample cases presented 

were selected f o r  t h e i r  s i m i l a r i t y  t o  actual  problems encountered i n  

mater ia ls  t e s t i n g  and t o  demonstrate the ~ i d e  appl i c a b i l  i t y  o f  the 



program devel oped. 

Solut ions were generated us ing 35 and 50 terms i n  the ser ies  formu- 

l a t i ons .  P lo ts  were generated tak ing cuts a t  constant x / t  equal t o  0.0, 

0.2, 0.4, 0.6, and 0.8 w i t h  -t < - y  c - t. I n  a l l  cases, t = 1.0, wh i le  

a = 1.0, 2.0, 4.0 and 6.0. Thus the slabs analyzed had aspect r a t i o s  

A.R.  = t / t  = 1.0, 2.0, 4.0 and 6.0. 

The analys is  a lso involved two d i f f e r e n t  mater ia ls .  One o f  these 

was i s o t r o p i c  w i t h  the proper t ies  o f  s tee l :  

- 6 El - E2 = 30.0 x  10 ps i  

6  
G12 = 12.0 x  10 ps i  

v1 2  = 0.25 . 

The other  mater ia l  was or tho t rop ic ,  having the proper t ies o f  un i -  

d i rec t i ona l  graphi te/epoxy from [I 11 : 

6  El = 10.2 x  10 ps i  

6 E2 = 1.56 x 10 ps i  

6 
G12 = 0.82 x 10 ps i  

v12 = 0.238 . 

The loadings, t o  be re fe r red  t o  subsequently as the " t e n s i l e  coupon" 

and " r a i l  shear" cases, are described as fol lows. 



3.1.1 "Tensi le Coupon: Load Case 

The " t e n s i l e  couponb- t e s t  has the fo l l ow ing  boundary condi t ions:  

T (x,+t) = 0 fo r  -a  < x < -(0.95)a 
XY - - 

-(0.90)a 5 x 2 ( 0 . 0 9 ) ~  

(0.95)a < - x < - a 

= +(20) t /a  fo r  -(G.':Sj 1 2 x < -(0.90)1 

= + ( 2 0 ) t l t  for  ( 0 . 9 0 ) ~  < - x < - (0.9512 

r (=?,y) = 0 
XY 

oX(?n,y) = 0 

0 ( L k t )  = 0 . 
Y 

These boundary condi t ions (see Fig. 3)  are chosen t o  g ive a very crude 

approximation o f  the stresses on a rectangular  coupon clamped i n  a t e s t  

r i g  and being pu l l ed  f o r  the determinat ion o f  t e n s i l e  strength. i he non- 

zero values o f  boundary shear are selected t o  g ive  an average normal 

s t ress 3, o f  magnitude 1.0 when the appl ied stresses have d i f f used  

completely. 

3.1.2 "Rai l  Shear" Load Case 

The " r a i l  shear- t e s t  has the boundary condi t ions 

T (x,+t)  = 1.0 f o r  - ( 0 . 8 0 ) ~  < x < ( 0 . 8 0 ) ~  
XY - - 

= 0 f o r  -t < - x < - -(0.80)t, ( 0 . 8 0 ) ~  5 x 2 2 

3 t 
o (x ,?t )  = --T x for  -(0.80)e 5 x j (0.80)t  

Y (0 .64) i  

= 0 f o r  - e  < x < -(0.80)&, ( 0 . 8 0 ) ~  5 x 2 t - - 
T (+c,Y) 0 

X Y  

gx(2 i .y)  = 0 



Fig. 12 P l o t  of ax f o r  Or tho t rop ic  "Ra i l  Shear Specimen" of A.R. = 6 



--+ x ia  = 0.80 
X I &  = 0.60 * X/g = 0.40 - 

1.75 - 

3 
i- 

-. 50 1 I I I 1 I I I 
-1.0 -.8 -,6 -.4 - .2  0 . 2  . 4  .6 .8 1 .O 

Y 

F ig .  13 P l o t  o f  T f o r  I s o t r o p i c  "Rai l  Shehr Specimen" o f  A.R. = 1 
XY 



F i g .  14 P l o t  o f  T f o r  I s o t r o p i c  "Rdi l  Shear Specimen" o f  A . R .  = 6 
XY 



Fig.  15 Plot of -r for Orthotropic " R a i l  Shear Specir.,enU of A . R .  = 1 
x Y 



" r a i l  shear" specimen. A l l  specimens showed e s s e n t i a l l y  i d e n t i c a l  

behavior, w i t h  o n l y  t he  magnitude o f  t he  s t r e s s  changing. Th is  i s  an 

aspect r a t i o  e f f e c t ,  s ince h igher  magnitudes o f  u a re  requ i red  t o  
Y  

s a t i s f y  moment e q u i l  i b r i u m  f o r  lower  aspect r a t i o  specimens. 

Aspect r a t i o  provides most o f  the  v a r i a t i o n  i n  normal s t r ess  ox 

d i s t r i b u t i o n  f o r  the  " r a i l  shear" t es t s .  The d i s t r i b u t i o n s  of ox i n  

o r t h o t r o p i c  and i so t rop l c  p l a t e s  have nea r l y  i d e n t i c a l  forms and magni- 

tudes f o r  a  g iven aspect r a t i o ,  though the  maximum magnitude of cx i s  

s l i g h t l y  lower f o r  o r t h o t r o p i c  ma te r i a l s  a t  low aspect r a t i o s .  A t  

h igh aspect r a t i o s ,  t he  d i f fe rence  i n  magnitudes due t o  ma te r i a l  

p rope r t i es  i s  n e g l i g i b l e .  See Figs. 11 and 12 f o r  ax p l o t s  f o r  an 

i s o t r o p i c  p l a t e  o f  aspect r a t i o  of 1.0 and an o r t h o t r o p i c  p l a t e  of aspect 

r a t i o  6.0, respec t i ve ly .  

Figures 13 and 14 show the  shear d i s t r i b u t i o n  i n  i s o t r o p i c  p l a t e s  of 

aspect r a t i o s  1.0 and 6.0, r espec t i ve l y .  A comparison of these p l o t s  

serves t o  i l l u s t r a t e  t he  smoothing o f  t he  curves f o r  T as aspect r a t i o  
XY 

increases i n  both i s o t r o p i c  and o r t h o t r o p i c  p l a tes .  O r tho t r cp i c  p l a tes  

o f  low aspect r a t i o ,  however, tended t o  d i s p l a y  T behavior s i m i l a r  
XY 

t o  i s o t r o p i c  p l a t e s  o f  s l i g h t l y  h igher  aspect r a t i o  (see Fig.  15). The 

ma te r i a l  p rope r t i es  were of 1  i t t l e  consequence t o  the shear s t r ess  f i e l d  

a t  h igher  aspect r a t i o s .  A t  t he  edge o f  t he  s t r ess  boundary ( X / L  = 0.8), 

the behavior o f  y  = tt shows a  value o f  T = 0.5 ins tead  of the  
XY 

a n t i c i p a t e d  value o f  1.0. Th is  i s  a  r e s u l t  o f  the f a c t  t h a t  Four ie r  

se r ies  g i ve  average values a t  d i s c o n t i n u i t i e s ,  so the  appl i e d  boundary 

s t ress  i n p u t  a t  t h i s  p o i n t  i s ,  i n  f ac t ,  r = 0.5, r a t h e r  than 1.0. 
XY 



3.3 Conclusions and Recommendations 

A method for solving exactly the stress field in a slab of ortho- 

tropic material was developed. Tests were run to determine the useful- 

ness of the method. The procedure suggested by Pickett [ 6 ~  shows consi- 

derable promise for use in the analysis of both isotropic and ortho- 

tropic materials. Accurate results were obtained with fairly low run 

times. 

One of the expected benefits of the method proved to be nonexistent. 

It was original ly anticipated that a1 1 rectangular membranes could be 

analyzed with similar accuracy, but this was found not to be true. The 

inability of the computer to handle large arguments of hyperbolic sine 

and cosine functjons limits the number of terms which can be taken in 

the series solution. For plates with very high aspect ratios, this 

limitation can become critically small and destroy the accuracy of the 

solution. 

The first and most important task for future researchers using 

Pickett's method is to develop the solution for Case 3, involving complex 

eigenvalues for the governing differential equation (Eq. (4)). Due to 

the significance of materials which fall into this case (for example a 

['4501smetri c 1 aminate of graphi te/epoxy) the inclusion of this 

solution is important. Once this is done, a thorough study of convergence, 

accuracy, and computing cost for Pickett's method needs to be undertaken. 

These parameters should be compared to similar parameters for one or 

more finite element programs. 



Assuming that the suggested research proceeds with no major 

difficulties, a displacement solution should be formulated following 

the approach suggested in Appendix D. This would allow the solution of 

more general problems by allowing completely general boundary formu- 

lations. 

Once a displacement solution has been developed, a method for 

joining one of these rectangular slabs to another needs to be developed. 

The slab for which the displacement solution holds could then be turned 

into a finite element, capable of deforming compatibly with its neighbors 

at every point of their c m n  boundaries. For the time being, this 

joining of solutions must necessarily involve a minimal number of 

elements, due to computer 1 imitations, However, more powerful computers 

already being developed make the concept of "exact" finite elements 

appear feasible in the very near future, and the technology required 

for them needs to be developed now. 

An attractive feature of using Pickett's method for finite elements 

is that only a few elements may be required even when high local stess 

gradients exist. Presently, large numbers of elements are required for 

accurate solutions in such regions. 
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APPENDIX A 

STRESSES I N  TERMS OF THE STSESS FUNCTION 

Using Equation 15 and the d e f i n i t i o n  o f  the st ress func t ion  (Equation 

2 ) ,  the fo l l ow ing  r e l a t i o n s  f o r  stresses can be defined: 

u 0 + u  + I  + '  y yss yaa yas yaa 

= r x y ~ ~  + Txysa + 'xyas + 'xyaa ' XY 

where 

T - d -  - - -  
xyas axay mas , etc. 

With these ter-s defined, the fo l lowing component stresses for ox 

r e s u l t :  

2 
0 - xss - R~,, - n=O f an~nsacos(any)  + n=O ? YnsSco~( " 6,~) 



Simi lar ly ,  for o 
Y '  

Fina l ly ,  for T 
XY'  

T - 
xyaa - a - n=l fP S,XI;~~COS (any) - n=l ~ ~ ~ i ~ ~ c o s  ( s ,x) .  

I n  a l l  o f  the above expressions, 

The X and Y Terms are dependent on material  properties and are defined 

i n  Equations 16-18. 



APPENDIX B 

FOUR1 ER EXPANS IONS OF BOUNDARY CONDITIONS 

T h e  boundary conditions of Equation 6 can be expanded i n  general 

Fourier series.  T h e s e  expansions are given below. 





Due to 1 inearity, expressions of the form 

and 

ox(2.y)  - ox(-L.Y) 



are valid. These forms are also useful in the solution technique of this 

paper, so the fol lowing shorthand expressions are introduced: 

Using these, 

D ~ ( ~ , Y )  + ax ( - i . r )  



and so forth.  



APPENDIX C 

EXPRESSIONS FOR SOLUTION TERMS 

The mat r ix  expressions given by Equations 23 and 25, along w i t h  

the expl i c i t  expressions f o r  so lu t i on  terms as i n  Equation 24, are the 

backbone o f  the so lu t i on  technique presented i n  t h i s  paper. Each of 

the  three mater ia l  cases provides a d i s t i n c t  se t  o f  terms fo r  Equation 

23 as we l l  as d i s t i n c t  sets o f  equations w i t h  the forms of Equations 

24. 27, 28 and 29. The terms and equations corresponding t o  mater ia l  

cases (1) and ( 2 )  are given below: 

Case 1: Roots Real and I n  Pa i rs  (+u, kv; u,v>O; u f v )  

Symmetric x, symmetric y (SS) :  

where 

1 E I A p  = 
'l utanh (ua,~)l 

E I C p  = - [* vtanh va Q + C1+2p] 

kt- 
* 5 



utan (UB t 

FIAp = ~3&q$] 

Then, using these coefficients, 

SS3,, = vtanhiva [2 - SSlputanh(ua 1 )  
P P P I 

SS4p = - SSZputanh(u% t) 
P 

P 

- 1 B n n 

I 
R~~~ - ifT c1+20 - t (-1 ) $SSZnutanh(uBnt) + SS4,vtanh(vBnt)] nu1 

1 - e ( - 1 )  n $SSlnutanh(uant) 'n + SS3,vtanh(vanl)] . 
RySS ' n=l 

Symetric x ,  antisymnetric y (SA): 

SAlp ( EZAp) !? (E2Bpn)SAZn = (E2Ap) {(EZC,,) + f (EZD,,,) 1 
n= 1 n= 1 



where 

Further SA re la t ions  are 



A n t i s m e t r i c  x ,  Symmetric y (AS): 

where 

utan u6 t )  

F3Ap = ?q2&] 



A1 so, 

Antisymmetric x,  antisymmetric y (AA): 

where 

tanh ua a )  
tanh(va L) 



tanh uB t " = -1 

A1 so, 

Case 2 ;  Roots Real and Equal i n  P a i r s  (+u, v > 0 )  

Symnetric  x ,  symnetr ic  y ( S S ) ;  



where 

Ell , 
Bpn [tanh(~B,,t)~+ uBnt] -11 

(ue,) 
3 

p+n 
Ell , 

EIDpn 21-11 2 
[(uB,)~ + a:] uB,L[tanh(uB,t) + uB,,t] '7-8n 

( ua" ) 
3 

FIBpn = 4(-l)p+n tanh(ua n R) [ tanh uant + uanL - I ]  



A1 so, 

Sjwnetric x ,  antisymmetric y ( S A ) :  



where 



Also, 

Antisymnetric x,  symmetric y (AS): 

where 



A1 so, 



Antisymnetric x ,  antisymnetric y (AA): 

where 

v 

F4Ap = . I 

2 [I + uB t tanh(uf3 t)] 7 

2uBPk 1 - ugpt tanh(uapt) 
A 





APPENDIX D 

IidCLUSION OF DISPLACEMENT BOUNDARY CONDITIONS IN THE ANALYSIS 

To inc lude displacement boundary condi t ions i n  the exact so lu t i on  

analysis,  the problem i s  reformulated using the displacements u ( f o r  

the x -d i rec t ion)  and v ( f o r  the y -d i rec t i on )  as the var iables o f  i n te res t .  

A l l  o f  the assert ions made e a r l i e r  as t o  the character of the problem 

(plane stress, rectangular slab, etc.)  are s t i l l  c ~ n s i d e r e d  t o  hold 

true. 

A t  t h i s  point,  the normal and shear s t r a i n s  are def ined by the 

re la t i ons  

- - U,X , E = V, 9 Yxy 
Y Y 

= U, + VIX . 
Y 

Also, the s t i f f n e s s  version o f  Hooke's Law i s  given as 

- 
Ox - 1 'x Q1 2~~ + Ql 6 ~ x ~  

Uy = Q12Ex + 922cy + Q 2 6 ~ x y  

Txy  = Ql6\ * Q266Sy + 9 6 6 ~ x y  9 

where the s t i f fnesses  Qi are as def ined i n  Jones [ lo ] .  Spec ia l i r ' "?  

the problem t o  o r tho t rop i c  mater ia ls  having t h e i r  p r i n c i p a l  axes a l igned 

w i th  the x- and y- d i rec t i ons  o f  the s lab makes 

QI6 ' QZ6 ' 0 

The equi 1 i b r i  urn equations then become 



D i f f e r e n t i a t i n g  equation 0-3 wi th  respect t o  x gives 

D i f f e r e n t i a t i n g  equation 0-4 wi th  rerpect  t o  y gives 

Combining equations 0-5 and 0-6 gives 

D i f f e r e n t i a t i n g  equation 0-3 twice with respect t o  y and rearranging 

gives 

This can be combined wi th  equation 0-7 and manipulated t o  give 

+ A u, + B U, = 0 ,  (0-9 ' XXXX XXYY YYYY 

where 



922 - E2 B = ~ - q *  
Similar manipulations also yield 

with A and B defined as above. 

At this point, the equations D-9 and D-10 have the same form as 

equation 4, with u and v, respectively, in place of $. 

With suitably complete solution forms for u and v, equations 0-3 

and D-4 can be used to relate the coefficients of one of the solution 

forms to the coefficients of the other. This done, the solution 

becomes a problem in u or v alone. Next, any stress boundary conditions 

must be expressed in terms of displacements. Following the same basic 

path as the development for stress boundary conditions then leads to 

the displacement form of the solution. 
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