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1. INTRODUCTION

This paper presents a general methodology for estimating a stratum's

(observable) crop acreage proportion for a specified season of a target year
from the crop's estimated acreage proportion for sample segments from within
the stratum. Sample segment data for several years and seasons are generally
used in conjunction with those for the target year and season. The proposed

- methodology is an application of estimation from a mixed Analysis of Variance
(AOV) model.

A 40 AR

The specific model proposed is described and developed in section 2 of this
document. A general discussion of estimation using the model is also presented
in this section. In section 3, the use of the model in crop acreage proportion i
estimation is described. The general applicability of the development is
illustrated by three examples. A documentation of the Statistical Analysis
System (SAS) implementation of the methodology and sample runs for the examples
of section 3 are presented in section 4.

In the following discussion, matrix notation is used extensively. In particu-
lar, capital letters (with or without subscripts) refer to matrices. Under-
scored small and greek letters (with or without subscripts) refer to column

| vectors. Small and greek letters that are used with subscripts and without
underscores refer to elements cf vectors and matrices. Constants are denoted as
small or greek letters with neither subscripts nor underscores. The transpose
of a matrix, say A, is denoted A'. The n-by-n identity matrix is indicated by

. I, If Ais a square matrix, A” denotes any matrix such that AA“A = A. For A,

: n-by-n nensingular, A~ denotes a matrix such that AA"l = A<lp = 1. The

l symbols Qn and lﬂ represent column vectors of length n composed entirely of

zero's and one's, respectively. When the dimensions of a matrix or vector are

not specifically noted, it is assumed that they are conformable with the

designated operations. Mathematical expectation is denoted E[ ] for both matrix

and scalar operands. Finally, if f( ) is a function and p is a vector the

elements of which are denoted p;, then f(p) denotes a vector such that f; =

f(Pi)-
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2. THE BASIC MODEL AND ITS USE IN ESTIMATION

The proposed methodology is an application of the mixed AOV model:
y*Xg+1Ir+e (2.1)

where

Y = an n-by-1 response vector

B = a t-by-1 vector of fixed-effects coefficients

X = an n-by-t matrix representing the fixed-effects design
r = an s-! -1 vector of random-effect coefficients

Z = an n-by-s matrix representing the random-effect design

e = an n-by-1 vector of unexplained errors

The usuai assumptions regarding this model are as follows:

a. r is a random vector with mean Qe‘ and variance covariance (V-C) matrix Vp.
b. e is a random vector with mean 0, and V-C matrix Vg.

c. r and e are independent.

The particular application considered in this document has the property that y
is a transformation of an observable vector p; that is, y = f(p) for some
function f(+). Hence, in the following paragraphs, p is referred to as the
response vector and y is referred to as the transformed-response vector. The
elements of the response vector p are assumed to have the following properties
for each i(i =1, 2, ve¢, n):

d. 0 < pi < 1‘
e. E[pi] = "1c
°)
f. Var[pi] = E[(p.; i wi)"] < n{l -

2-1

. Ry A —_— N e Y o .. @
et bl It B el = e T R 3. e He D




The

g.

ie

Je

The choice of a transformation function f(+) will also be restricted to one of

following additional properties are assumed also.
Ve is a diagonal matrix with the ith diagonal entry proportional to
°§ Var[f(p1)] for some °§ > 0,

.th 2

Vo is a diagonal matrix with the i~ diagonal entry equal to Yo, for some

y > 0,

X and Z are both of full column rank [although (X:Z) need not be of full

column rank].

n > rank (X:Z) + 1,

the three forms:

ke
].

m,

2.1

'identity', f(p;) = pj.
"Tog', f(pj) = 2n(pi).
Togit', f(py) = .5 x anlpi/(1 - py)I.

DEVELOPMENT OF THE cSTIMATION EQUATIONS

Under the conditions imposed above, the mean vector and V-C matrix,

respectively, for y are

and

Ely] = X8 =y

Var(yl = EC(y - w)(y - W'D =V, + OV 2"

12

By denoting Vo = W ol and V_ = Isoiy, equation (2.3) becomes

T T e

€

Var(yl = (W1 + yz2')ef = vl

Hence, the least squares estimator of g (given W and y) is

8= (x'vx)~lxwy

(2.2)

(2.3)

(2.4)

(2.5)




and its V-C matria 1s

- -12
\ - ' .
lar[g] (X*VX)" gl (2.6)
If C is a q-by-t matrix of e;timable contrasts, then an unbiased estimate of
lc-C_&is
Yo = C8 (2.7)
and
Var[‘ ] s C(x'vx)'lc'o:2 =V (2.8)
Y e = Ve |
Since the quanti*ti:s W, y, and oz are usually unknown, equations (2.7) and f é
(2.8) can on'y k. - -u for estimation from tre mixed model (2.1) after sub- §

stituti~. or thei, respe-tive estimates, ﬁ, }, and ;i. {For a discussion of
the «f.ect of thic subst :ution on the asymptotic properties of the least
squares estimator of y., shown in equation (2.7), see reference 1.)

2.1.1 ESTIMATION OF W, ai. AND

Note that W = V;lai where the ith diagonal entry of Ve is

ve11 = Var[f(p;)] = °$('i)°i (2.9) é

hence, W = [w1j] where

l/af('j) ifi=3

W (2.10)

3 fo ifiej

Since E[p] = x, an initial estimate of W can be obtained by replacing each LF
in equation (2.10) by its respective estimate p;.

e RN )1 Wi o o

2-3
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That is, take ﬁ = [;ij] where
/G (p1 ifi=
W (2.11)
EA PRI
\ ~1/2 - alf2.9
If equation (2.1) is premuliiplied by W where W = (W )©, the result fis
al/2 alf2 ~1/2 ~1/2 a1/2
u/y_-u/xa+u/z£_+u/g-u/(x:Z)(“;E:)+g" (e 12)

A1l the assumptions of model (2.1) hold for equation (2.12) so that now

YR iYL S (2.13)

Var[e ] =W o, n%

Therefore, an inttial estimate of oi is the residual mean square after fitting

B and r in equation (2.12)

~

2 " 2 - o
o = y'WIL - (D)I(X:2) W(X: )] (X:2) "W y/n - rank(x:2)] (2.14)
which is unbiased for °§ when ﬁ = W,

The estimates of W and 02 can be refined iteratively as follows. First, use

€
the estimates of g and r from equation (2.12) to determine an estimated
transformed-response vector y for the model, that is

y = (XsZ)[(X:2)"W(X:2)]7(X:2) Wy (2.15)
Then define é'a [61] where
py f‘1(§1) (2.16)

After replacing each p; in equation (2.11) with its corresponding 61 from
equation (2.16), the entire procedure can be repeated to produce refined
estimates of W and az. The iteration process can be continued unt!i W (and
hence ¢ ) “stabilizes. In the following paragraphs, W and GE denote the

final stable estimates of W and ai. respectively.,

i
s
i

e e a1 GE s - o ooEEh .a:i.ué:‘f;r.as_.asi ]
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After W and ;E are avatlable, y can be estimated via the variance component
analysis procedure known as Henderson's Method 3 (ref. 2). The resulting
estimator for y is

- (1‘a{(X:Z)[(X:Z)‘Q(X:Z)]-(X:Z)‘ - x(x'ﬁx)'lx'}il//éi) - rank (X:2) + s

trace{Z'&[}n - X(x‘ﬁx)'IX'Q]Z:

(2.17)

which is unbiased for y when Q = W,

The estimator Gi in equetion (2.14) has the property that ;i > 0 as required.
However, the estimator y in equation (2.17) may be either positive or nega-
tive. In the SAS implementation of this methodology, any ; < 0 results in the
termination of processing, since theoretically y > 0.

2.1.2 INVERSE ESTIMATION

Recall that y represents a transformation of an observable response vector, p.
Hence the primary interest in estimation may not be

Yo = C8 (2.18)

out

a~ fl(xc) (2.19)

A straightforward estimator of a which employs equation (2.7) is

a-= f‘(ic) (2.20)

Since f(+) may not be linear, the estimator‘i in equation (2.20) may be biased
for a and its exact matrix of mean squares (MMS) may be very difficult to
determine. However, reasonable estimates of the bias and MMS for é_can be
obtained as follows. [This development parallels that shown by Sielken and
Dahn (ref. 3)].




Consider the approximation of each 31 ] f'1(§c ) as a third order Taylor
1

series expanded about yc1 so that

- 1 - df-l(§°1) - 2 dzf-l(;° )
yc - { (yc ) + (yc - Ye )——r—'—" 1/2 (‘YC - Y. ) __TL.
i i i i dyc i i dyc

(2.21)
It E 9c1] - yci. taking the expectation of both sides of equation (2.21) yields

2,-1(*
-t (yci)

i

)

E a1] ~a, ¢ (1/2) Vari;c1]

(-2) (2
a2, + S xy f 2.22
" Yey4 (yci) (2.22)

i dy
<y
s0 that
PS . - -~ . . (_2) -
bias [ai] c[ai] 2, = .5 x ‘e (yci) (2.23)
The matrix representation is
K 0 ... 0o
o°11
-~ v ~
bias [g} - €22 : 11-2)(yc) (2.24)
0 o0 0 ’ vc
qQq

To determine an estimate of MMS for'i. drop the third term from equation (2.21)
50 that

df 1y ) |
' f-l(yci) ' (§°1 ) yci) d§£jil— e (§ ) yci)f(-l)(§°1) (2.25)

2-6
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2.1.3 RESPONSE TRANSFORMATION EQUATIONS

All equations presented thus far are valid regardless of the transformation
employed to get frcm p to y provided all the quantities necessary for the
estimation are defined. For the crop acreage proportion estimation probiem,
three transformations are potentially useful: the “identity," the "log," and
the "logit." The formulas associated with these transformations and the
peculiarities assocfated with their use are presented in sections 2.1.3.1,
2.1.3.2, and 2.1.3.3. For a more complete treatment of the development of
these transformations, see reference 3.

2.1.3.1 The ldentity Transformation

The identity transformation is:

flpy) = p \2.27)
from the previous development, it follows that the W matrix atso:fated wi:h
equation (2.27) has diagonal elements

Wy ® 1/:1 (1 - 11) {2.28)

In order to avoid numerical problems in the computation of Q, the SAS implemen-

tation replaces any py < ¢2 by €2 and any pj > 1 - ¢2 by 1 - ¢p when evaluating
equation (2.11). The parameter ¢y is specified by the user., (The substitution
is also performed, if necessary, during each reweighting itcration.)

2-7
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Since equation (2.27) is a linear function, it also follows that

-~ LY

R

bias [a] =0 (2.29)
=i =
MMS [3] = Var [ﬁ] = VC

2.1.3.2 The Log Transformation

For the log transformation
f(p;) = an(p;) (2.30)
This implies the associated W matrix has diagonal entries

Wii "i/(l - "i) (2.31)

Also, since equation (2.30) is not linear, its application to equations (2.24)

and (2.26) yields
a- [31‘} i [""yci]

- 0 "
bias [g] = (1/2) Y22 . [eyci] (2.32)

O e
L]
*
L]
<

- .
eyc1 0 . 0 [ -
- eC; e 0
3 y
MMS [g} =10 e'c, . Vel . . .
: . " 0 ess  €°C
q
0 cee elc ~ -
| q_
2-8
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In the SAS implementation, several steps are taken to avoid numerical
problems. First, the calculation of Q is handled as it is in the case of the
identity transformation. Second, since zn(pi) is not defined for p; = 0, a
"working 109" transformation is used which defines the elements of y as

‘zn(pi) ifpy > g
(2.33)

Yy .
(el) AT
an—- +*E-i- ‘pi‘el
The effect of this working log transformation is illustrated in figure 2-1.

(The parameter €1 ust ve specified by the user.) Third, to counteract the
effect of using equation (2.33) rather than equation (2.27), the elements of

-~

a are taken to be

ele. if_; > x‘.n(el)
3 s (2.34)

€
. 1) - _
[yc. - zn(a—-]sl if Yo ¢ xn(;l)

1 1

which is the inverse of equation (2.23).

2.1.3.3 The Logit Transformation

For the logit transformation

p.
f(pi) = (UZ)R.H(ﬁ) (2.35)
i
and the associated W matrix has diagonal entries
Wiy ® “1(1 - "i) (2.36)

2-9
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-v 0 0 7
Sy . .
R 0 vc22 Zeyci(l-e ci)
bias[_a_]= . . g (2.37)
* ‘. (1+e2yci)
0 LI vc
L qq_
[ m B ]
dl [ X I ) 0 dl -0 0
. 0 . 0 .
ws[a]=, ¢ . Pfw|. ¢,
0 e d 0 .. d

- ~\2
d, = Zezyc.//(l + ezyc.)
1 1 ’

As before, the SAS implementation avoids difficulties in computing W by
replacing values of p; less than ep with e; (greater than 1 - e with 1 - &5).
Also, since equation (2.35) is not defined for Pie{o. 1}, a working logit is
used which defines the elements of y as

1 P .
‘ " ) + e 51) if 0 < Py €€
Iel + (1 - el) exp[kl - el) ]’

P
(IIZ)In(? -1p1) if 2 < Py < 1 - € (2.38)

- (p, - 1)
1 .

l ST 9 1fl-¢ <pycl
iel + (1 - el) exp[(l - el) ]‘

2-11
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The effect of this working transformation is illustrated in figure 2-2. In
order to counteract the effect of using equatior (2.38), the elements of a are
taken to be

- € - €
Je, 7 : 7 et it < /2 =
EREEEN e 0 - <)) ]‘

— if (1/2)1ﬂr—_—-€T < yci < (1/2) an ‘1
o+ )
1+e7¢
i
. € 1 - € "
1+ yc1 + I Zel(l - cl) if (1[2)9.n( o <_yci

;el + (1 - sl) exp [(1 - el)-l]‘

(2.39)

2-12




R R g s e ey e

A L PAGE IS |
T ©UR QUALITY I
| . :
!
Y, * ‘

<

1 . p1 .
R e (1 - ¢;)
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Figure 2-2.- Working logit function.
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3. CROP ACREAGE PROPORTION ESTIMATION USING THE MIXED AOV MODEL

The development of the proposed methodology has been of a very general nature,
Consequently, it has very broad applicability; and, as will be seen in the
following paragraphs, the interpretation of the estimation results can vary
widely depending on the data used and the design matrices (X,2) specified.

The remainder of this section will be devoted to presenting the analyses of
specific models and data. All of the examples will be derived using subsets
of the data shown in table 3-1.

Example 1: Suppose an estimate of the stratum's at-harvest crop acreage
proportion is desired for each year having representative segment data in
table 1. The model to be used is

Y., = &n(p

ik ) = o+ §j trote. (3.1)

1jk 13k

Yijk ® the transformed crop acreage proportion estimate for segment k at
growth stage j in year i

ay = the stratum's transformed crop acreage proportion in year i

§; = an adjustment for the tendency of the crop acreage proportion estimate
for growth stage j to be different from the stratum's at-harvest crop
acreage proportion

Fy = an adjustment for the tendency of the crop acreage proportion estimate
for segment k to be different from the stratum's crop acreage
proportion

&k = all other unexplained effects

The year and growth stage effects are fixed; the segment effect is random,




TABLE 3-1.- UATA FOR CRUP ACREAGE PRUPQRTION ESTIMATION EXAMPLES
Segment crop Icentification of —
. acreage proportion N
Observation Growth | .
1 aumber * estimate Crop year stage Segment | Substratum
- a
f’"\\ ( ) (b)
. 1 0.279 1 2 1 1
2 .154 2 2 2 1
3 .149 3 2 2 1
4 .074 1 2 3 2
5 .073 2 2 3 2
6 .229 2 2 4 2
7 212 3 2 4 2
8 .275 )\ 1 )\ 1
9 152 2 1 2 )\
‘ 10 .073 1 1 3 2
! 11 .069 2 1 3 2
12 210 3 1 4 2
aAs estimated from Landsat multispectral data
b

| 1 = Midseason; 2 = at-harvest

Rl ol b oA

3-2




N . P i

The matrix representation of equation (3.1) using the data shown in table 2-1
is

g L o -y P - p— -
an(.279) 1 000 1 000 €121
in(.154) 0100 0100 €222
n(.149) 0 010 010 €322
n(.074) 1 000 0010 123
an(.073) 010 o] 001 0| €223
an(.229) 0100 a 0001 r2 €224

a + + (3.2)
tn(.212) 0010 a3 00 01 r3 €324
£n(.275) Loo1|le] |1 ooo]lr| |eay
an(.152) 010 1 0100 €212
1n(.073) 1 0 01 00110 2113
£n(.069) 0101 0 010 €213
L en{.210) ) [0 0 1 1 [0 0 0 1] | 314 |

Let C be defined as

1 000
0 1 00

C=|0 010 (3.3)
1 -1 00
[0 0 1 1

Then é_is a 5-by-1 vector, and its elements are interpreted as follows:

~

a. 3 = an estimate of the stratun's at-harvest crop acreage proportion for
year 1.

-

b. a, = an estimate of the stratun's at-harvest crop acreage proportion for
year 2,

C. 33 = an estimate of the stratun's at-harvest crop acreage rroportion for
year 3.




O

—

d. 34 = an estimate of the ratio of the stratum's at-harvest crop acreage
proportions for years 1 and 2.

e. 55 = an estimate of the stratum's observable crop acreage proportion
during growth stage 1 of year 3.

Note also that

'Y

a. 2y - 32 is an estimate of the change in the stratum's at-harvest crop
acreage proportion from year 2 to year 3.

Y

b. ay - 35 is an estimate of the change in the stratum's observable crnp
acreage proportion from growth stage 1 to growth stage 2.

Since the SAS implemertation provides the entire matrix of mean squared errors
for a, m2asures of dispersion can be calculated for all the estimators listed.

Example 2: Suppose the model is now

Yijke = $(Pyjeg) = a5+ 85 + oy * S0y +rp ey, (3.4)

wnere all terms are as defined for equation (3.1), with

a. py = anadjustment for the tendency of crop acreage proportion estimates
in substratum £ to be different from the stratum's crop acreage
proportion.

b. épj, = an adjustment due to the interaction of §5 and o,.

3-4
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Since X must be a full rank, a reasonable matrix representation of equation
(3.4) using the data of table 3-1 is

Cn279)] [
an(.154) 0
en(.149) 0
en(.074) 1
2n(.073) 0
an(.229) 0
an(.212) ) 0
en(.275) 1
en(.152) 0
2n(.073) 1
en{.069) 0

LG(.ZlO)_ | 0

Let C be defined as

then é is interpreted as follows:

a.

b.

Ce

4

0

— s O O

o O

0
0

-0 0o ©9©

o ©O o

0

o O o O o

C =

o'ﬁ
0
0
0fa T
0] ap
01| o3
01l 8
]
1 _6911_
-1
-1
-1]
1 000
0100
0 010

ot

o o o O o o

00
1 0
-1 0

o © o o © —

o

o o

— o O o

o o o o

61

0

0

0

0 Pr{q
1ijr

11irm

0 1Lra
0

0

0

1—4

e1211T

€2221
3221
1231
2232
€2242
€3242
e111l
€121
€1132
2132

| en4z]
(3.5)

(3.6)

= an estimate of the stratum's at-harvest crop acreage proportion for

year 1.

32 = an estimate of the at-harvest crop acreage proportion for substratum

a3

1 in year 2.

= an estimate of the at-harvest crop acreage proportion for substratum

2 in year 3.

3-5
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Example 3: Suppose an estimate of the stratum's at-harvest crop acreage
proportion for year 2 which uses only data from growth stage 2 in year 2 is
desired,

An appropriate mixed AQOV model 1is

Py
ye * (1/2)an T—:'E; sutrote (3.7)
The corresponding matrix representation of the data is
J 154 1 [] [ NN
(1/2)lﬂ<m) 1 1 00 ?‘1 el
(1/2)m('°73) “l1fuelo 1 of|r,|¢]e (3.8)
927 . 2 2 '
(1/2)an\—=5+ 1 0 0 1ffr e
This representation, however, does not satisfy the requirement that
n > rank(r:Z) + 1. The requirements for estimation can be met if the
fixed-effect model
'yk = 4y o+ ek (3.9)

is considered instead.

The removai of the random effect from the model causes no computational diffi-
culty — the estimation of y need only be bypassed. In addition, if the true
{unknown) value of y is small relative to oi (also unknown), the models (3.7)
and (3.9) are roughly equivalent in their effect. In the SAS implementation
of the methodology, specification of a random effect matrix Z is optional.

The only appropriate matrix C for model (3.9) is C = [1]; hence é.- 51. where

31 fs an estimate of the stratum's at-harvest crop acreage proportion for
year 2.
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4. DOCUMENTATION OF THE SAS IMPLEMENTATION

The implementation of the methodolegy proposed in this paper has been
developed using the PROC MATRIX feature of SAS (release 79.1) as implemented
on the Earth Observations Division Laburatory System (EODLS) AS/3000 computer.
It currently resides in accounts JSC1740 and DS40 under the program identifier
GMYP, ¢2A:. The designation of variable names within the program corresponds 2s
closely as possible to the names and symbols used in this document. In
addition, the program has a thorough internal documentation.

4.1 REQUIRED INPUTS

The GMYP/SAS program requires the following matrices as inputs: PARM, P, X,
Z, and C.

The PARM matrix is a l-by-4 array vector containing the values of operating
parameters used by the algorithm. Specifically,

a. PARM(1,1) = the number of reweighting iterations that should be performed
in arriving at the final estimate of W (usually 2 is a sufficient value.)

b. PARM(1,2) = a numerical designator indicating the transformation that
should be employed (0, identity; 1, log; 2, logit).
c. PARM(1,3) = a specification for the value of ¢; (usually .0C1).

d. PARM(1,4) = a specification for the value of e, (usually .01).

The definitions of matrices P (i.e., p), X, Z, and C are the same as those
given in this document.

The current version of the prcgram requires that the user initialize the
matrices using the SAS assignment declarations within the program. Hence, the
user must be familiar with the procedure for assigning values to matrices in
PROC MATRIX. The code, however, may easily be modified to accept input at the
time of execution.
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If a model with no random effect is to be fitted, Z should be a column vector
of zero's (i.e., Z = 0n.) Also, the program verifies that the specified
designs satisfy assumptions 1 and § of sectfon 2. If not, processing
terminates. If the specified design satisfies assumptions i and j, processing
will continue even if the resulting model and estimates have no reasonable
intcroretation.

4.2 PROGRAM OUTPUTS

The GMYP/SAS program provides the user with a number of outputs, including the
input data, intermediate parameter estimates, and final results. All outputs
are generated using the PRINT option of PROC MATRIA. Hence, all numeric quan-
tities are output in matrix format and are labeled by their interval variable
names. Table 4-1 shows the variables for which values are outpul and the
interpretation of these variables.

4.3 EXAMPLE RUNS

A sample input for examples 1, 2, and 3 of section 3 is shown in figure 3-1.
Sample outputs for examples 1, 2, and 3 are givea in figures 4-2, 4-3, and 4-4.
The lines of code shown in figure 4-1 should be inserted into the SAS program
at the location indicated on the program listing given in figure 4-5. A flow
chart showing the functional flow of GYMP/SAS is shown in figure 4-6.
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TABLE 4-1.- VARIABLES OUTPUT IN THE GMYP/SAS PROGRAM

Variable Interpretation
PARM Row vector of parameters
f, P n-by-1 Vector of observed responses
A X n-by-t Fixed-effect design matrix
Z Z n-by-s Random-effect design matrix
- Y Transformrd-response vector
W Final iteratively refined estimate of W
SIMAE  Estimate of o
SIGMADE  Degrees of freedom upon which the estimate of oi is based
GAMMA Estimate of y
B Estimate of §_=‘é
BVAR Estimated V-C matrix for‘é
i C c-by-t contrast matrix
YA Estimate of (g = ic
YAVAR  Estimated V-C matrix for y_
A Estimated value of a =.é
]
AB1AS Estimated bias of‘é
AMSE Estimated MMS for a
PDIF Vector of prediction residuals between p and its corresponding

mixed model estimate. (PDIF can be used to calculate measures
of "goodness of fit" for the model and transformation used.)
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Figure 4-1.- Sample input for examples 1, 2, and 3 of section 3.
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Figure 4-3.- Continued.
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Figure 4-5.- Continued.
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Initialize PARM, P, X, 2, C

Assumptions___ >
violated Stop

Check design assumptions

Compute y
Compute W iteratively
Compute ;e and ;

l

Compute B, BVAR, YA,

YAVAR

Invert the transformation
on YA:
Calculate A, ABIAS, AMSE .

1

Calculate residuals

Figure 4-6.- Functional flow chart for program GMYP/SAS.
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