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APPENDIX A
FELLCLETT'S ADVANTAGE (MULTIPLEX ADVANTAGE) i
A.l  LHEORY '

Fellgett's Advantage is the name of a factor which shows the improvement
obtained when the spectrum of thermal wadiatilion is mensurced by a Fourler trans-
form spectrometer, rather than by a scanning filer spectrometer.,

This difference in performance only occurs when there is no amplifier
ahecad of the spoctrometer. Then Fellgett's Advantage is a measure of spec-
trometer performance when all of the input power is applied to a single
detector in the autocorrelator compared to the performance obtained when a
narrow, bandpass filter scans the spectrum. Such a filter vastes the spec-
trum power outside the filter passband.

Y 1..;» 3
N Fellgett's Advantage is found as follows. Let

B = total system bandwidtﬁ

TSYS = gystem noise temperature (A-1)
N = k TSYSB = noise power (A-2)
T = total observation time

H = number of frequency bins resolved

Then in the casc¢ of the scanning filter

b = B/M = radiometer bandwidth using a scanning filter

T = T/M = time available to mcasurerccnperature of each frequency bin

A-2
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591
KT MKToyg ()
AT, - —V-?ir‘ ® ——— = temperature resolution A=~3,
FILTER (__) (_) \/—B-;
M/ \M
In the correlator case - , .
b = B

T = % = time available for measurement of each correlation sample.
Since ¢(t) is complex, a real and an imaginary sample are
taken. ‘The spectrum gencerated by lFourier transformation has
the same number of samples. However, the samples are real.
Therefore, the variance of spectrum bin is the sum of the
variances of the ranl and imaginary samples.

VZ K Tgye Vv M Kleye

AT o ] (A=4)
CORR SRS ;
\/B(-L) \/-M
| T\M
»  Fellgett's Advantage, F, relates TFILTER and TCOR M follows
At w2y (A-5)
CORR M “FILTER ‘ ‘

. Lquation (A-5) states that if we cannot increase the powar at our dis-
posal by amplification, the noise level of a scanning filter spectrometer is
greater than that of a Fourier spectrometer.

H:o‘wever,‘ if amplification is available, power is available to feed a
channelizing f£ilter bank or a delay line with a set of taps. These devices
will .ave a temperature resolution which does not depend on M.

With no restriction on the number of taps, we can measure ¢(r) for both
positive and negative values of t. Now $(T)pnay 15 symmetric and ¢(T)imaginary
is antisymmetric. So the corresponding positive and negative real correlation
samples, ¢(2t;) can be added together, The imaginary samples paired with the
real samples can be added after reversal of the sign of one sample. In both

¥

x
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cases the noise adds noncoherently and the signal coherently. This reduces
the temperature resolution by 2-1/2, This compensates for the 2 increase in
the Fourier spectrometer case caused by the fact that ¢(7) is complex, but
the power~density spectrum is real.

The v = 0 tap is a special case. The $(0)ipaginary Sample must be zero.
So it is not used in computing the transform. This produces a two-to-one
noise reduction consistent with the noise reduction obtained with the pairs
of taps where the delays are Ly (t 4 0).

A.2 PERFORMANCE CALCULATIONS

As exauples of the relative performance of these devices let us consider
three correlator/spectrometers operating between the water vapor line and the
02 line complex, say 23-53 GHz.

One device will be a2 crystal video system using a Hughes Electron
Dynamics GaAs diode,” a second system uses an evacuated barretter, a third sys-

tem uses a TRC mixer and a Narda GaAs FET IF amplifier. The amplifier has an
8=18 CUz passband,

T?is amplifier has a noise figure of about 9 db according to the NARDA
ads. ¢ e The TRG mixer appears to have a single sideband noisc figure of about
0 db. ) This superhet must operate In a single sideband mode. The double

sideband mode would put a 16 GHz hole in the middle of the reception band.
The total noise figure is then about 15 db.

A 1SS of 6 x lO-ll watts will be used for the evacuated barre:ter.(a)

Figure A=1 shows that o IS8 of =55 dbm or 3. 16 % 107 =9 wittn is o pood
numwber Lor the dlode perlormuance.

Performance calculations for the three cases follow.- A radiometric per-
formance parameter of K = 1, and an integration time of one second will be
used in all three cases. The result is a representative temperature resolu-
tion which is useful for comparison purposes. It also will be assumed that

1024 frequency bins are desired. It then takes 17.07 minutes to measure the
spectrum.

(1)Microwaves, p. 7, April 1980.
(2)

A, Cardiasmencs, "Planar Devices Make Production Practical,'" Microwave
Systems News, April 1979, pp. 15-2l.

(S)Long and Butterworth, "New Technique for Microwave Radiometry," IEEE
TRANS MTT, Sept 1963, PP- 389-396.

A-4
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FIGURE A-1, TSS VS FREQUENCY

suprerier

BW = 16 GHz

¢ NF = 15 db
Too. = 10%°2 x 290°K = 9170.61°K
sYs ; 70.
' TSYS
FILTER BANK OR TAPPED DELAY LINE AT' = —SiS = 0.070°K
Bt '
SCANNING DELAY AT = V3048 x AT' = 3.28°K
SCANNING FILTER AT = 1024 x AT' = 71.68°K
BARRETTER
) 11
Teys 6 "f%g W y5 = 218.98°K, AT' = 0.00173°K
1?~..37x10 x 2 x 107
FILTER BANK OR TAPPED LINE NOT POSSIBLE
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SCANNING DELAY AT = /2048 x 1.73 x 1070 = 0.08°K
SCANNING FILTER AT = 1024 x 1.73 x 1070 = 1.77°K

CRYSTAL VIDEO

» -9 .
Toys = J"m--):ésw ! = 11,533°K, AT' = 0.0815°K
1.37 x 10727 x 2 x 10

FILTER BANK OR TAPPED DELAY LINE NOT POSSIBLE

SCANNING DELAY AT = V3048 x 8.15 x 107° = 3.69°K

SCANNLNG FLITER AT = L1024 x 8.15 x 107% = 83.46°K

It may be seen that the scanning filter mechanization is a very poor per-
tormer, llowever, tiie Fourler truanslorm system with a scanning delay is a
reasonable system mechanization, if simplicity and cost are important. 1In
cases where the ultimate in performance is not needed, it is a viable candidate.

- A=6
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APPENDIX B
GENLRALLZED INTERFEROMETER MAPPING BEHAVIOR

‘The basic properties of correlating interferomiters as wappers should be
addressed. The fact that the system is linear in its response to power or
intensity will be used in several key derivations. To show under what condi-
tions such lincar response 1s obtained, a caleulation of the mupping response
of a correlation radiometer in the general case follows.

¥

The interferometer system is indicated below,

Let F(x, t) be the electric field distribution across the source.
Assume it to be a stationary random process. Truncate this process to form
F(T, x, t) so that a function with a Fourier transform is produced. This
ficld is complex and analytic. 'The sccond property arlses because the real
and imaginary components of F are ussumed to be Hilbert transforms. This
guarantees that F is a causui oignal.

The Fourler transform of V(x, t) ls

)

f?'('rl. X, v) = f F(T, X, t) e2Vivt | (B-1)

e O%

ToS-ShEOLR

CORRELATORN

\
———
A

172
*0 ~ INTERFPEROMETER PATTERN ORIGIN

FIGURE B-1, CORRELATING INTERFEROMETER

B-2
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where v » frequenty, ¢ = tlme, X = source coordinate and hat symbol indicates
transform function.

In order to characterize the antennas, lat G;(x) and G(x) be the aapli-
tude diffraction patterns of Ay and Ap. Both pattarns arc in a polar coordi-

nate systen with ociyin at 0 Ln Pigure B=l. 'Then the output of the first
antenna is

"71('”! Xy V) = (:L(x?' \’)*\7("1" Xy L)
Sinilarly
VAT, %, V) = Gh(x, WIMOR(T, x, £) (n-2)

The product of these two signal produces the video signal output with
the Lorm

A I R AT L O R A0

P

g (8-3)

where ** indicates a two-dimensional convolution (¥ = one-dimensional
convolution).

Divide both sides of Equation (B-3) by 2T. Since Gi and 62 do not depend '
on T, the statistics are stationary. In the limit ‘ : '

P(x, v) 1;m [él(xl. V) Gz(xz, \Q]**P(xl, Xp» V) (B=4)

THe

where P(x, v) is the complex spectral demnsity of the output and‘r(xl, X9y V)
is the mutual spectral density of the radiation in the plane of the antennas.
(The Van Cittert-Zernike theorem describes how these coherence functions
propagate from the object scene to the antenna plane.) By definition

V(xl, v) V(xz, V)

DX,y X,y V) = ,
1’ *2 1im 2T
T

(B-5)
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EQUItiDn‘(B-Q) is the genereltloiucion for the interferometer response
to an extended, partially coksrent, polychromatic source.

For the quasi-monochromatic case, which holds for most practical sys-
tems, there are two conditions. These are

AV € ¥

C

|x] « -:—v- and 4 € 7= (B-6)

That is, the spectral width, Av, must be small compared to the mean fre-
quency, V; also all system path differences must be small compared to c/Av.

Tor this case che mutual coherence function becomes

Pl Xp0 1) = T, Xy 0) o~ 2rivy (3-7)

and the mutual power cross-spactral density is
P("lv xz) T) - r(x.,ln xz) 0) &6(v = 9) . (B-8)

Substituting (B-8) into (B-4) and evaluating at v = 0

P(x) = [Gl(x) Gz(x>] **r(xl’ x,'Z' 0) . (8-9)

G1(x) and Gy (x) have become antenna patterns of A and A, at frejuency v.
This la the sulucicn for the cutput response to a partially coherant, quasi-
monochromatic, extended source distribution.

Let us look at the limiting cases of coherent and noncoherent extended
sourcas. For a coherent source

Plxys % 0) = V(x) W) ¢ 1)

(l)u Beran and G. Parrent, Theor of Partial Coherence. Wiley & Sons, 1964,
Sec. 4.3 and 4.4, pp. 54 a . ‘

B=4




e e

JOENVIEIDt

ST

A

S £ 19
ORIGINAL PAGE
OF ngMR4QUAAIr'

Then'(B-Q) becomes o
3

B(x) = [G; (x)MV(x,)] [G,(x))#V*(x,)] (B-11) *

This equation shows that for mapping extended objects which are
coherently illuminated (or radiate coherently across their surface) the sys-
tem i essentilally nonlineur. Unscrambling such a nonlinear signal to, form
an image appears to be a hopeless undertaking.

In the Timit, where V(x) = ‘ci(x -,xl) for o point source (B=1l) reduces
to

P(x) = c2 Cl(x) Gz(x) (B-12)

Thus, for point sources, the systum sees a power diffraction pattern
which 1s the preoduct of the patterns of the two antennas. This appears
intuitively to be correct.

For scllf=Laminous sources which are essentlally noacoherent

2

Po(xl, X, 0) ; 3 Po(x) é(x1 - xz)(j) . . (B-13)

The subscript "0" denotes that this is the distribution at the object
.. SOuTCe. '

Substituting (B~-13) in (B-9) and integrating over the source, we get

o P(x) = J/. E'Po(x') [Gl(x -x') G;(x -x")] dx' (B=14)
| < SOURCE

‘Where Po(x') is the discribution of power over thoe surface of the source.

Lguatlon (U-14) describes a system which is linear in power and wiiich has a
complex impulse response K(x) given by

K(x) = Gl(x) G;(xz) o : ‘ (B=-15)
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Then (B=14) can be wrltien

P(x) = E‘rg(x)*x(x) (B-16)

Thus the system under consideration, although nonlinear for mapping
extended coherent r.urces, is certainly linear for mapping extended incohnren:
sources such as the radio-sky or radiometric-earth. .

Since Gj and Gy are defined relative to the origin 0, we can set the
antenna phase centers at that point. Then

‘Gl(x) - Gi(x) e-iEx

(B-17)
;Gz(x) - G%(x) e+i§x

where G} (x) and Gy(x) are the radiation patterns of Aj and A; relative to

their own phase centers and £ is the sepavation betwean these phaso centers.

Theratore, the hmpudae rosponse can be written bn the form

K = Gi(x) ey Gé(x) eTiex (B-18)

et Ay and Ay have ceal, symmetele welghting Lunctions, Ayj(n) and Ag(n),

where n ls the antenna aperture coordinate. Then Gy and G will also be real
and symmetric, For this special case. - '

Ksymme:ric(x) = ZGl(x) Gz(x) cos &£x : (B~19)

In this special case the interferometer impulse response is simply the

product of the amplitude patterns of the two antennas and the interference
. factor vesulting from the phase center separation.

By the convolutloh theorum the Fourler>::nnsform of (B-16) is

P(x) = Pg(x) * K(x)

I 11

S(F) = O(F) » MIF(F) - L S (B-20)

B-6
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where 0(F) and S(F) are the complei spatial frequency spectrums of image and
object. WMIF(r) is the modulation transfer function of the interferomcter.

Taking the Fourier transform of (B-15)

K(x) = Gl(x) . Gg(x)

11 -

WIE(D) = A (n) * &, (n) (s-21)

The second two transforms are the Fraunhoffer diffraction relation
between aperture excitation and the resulting vadiated field. '

Bracewell gets rid of the characteristic folding inversion due to the
convolution by using the mirror image of K(x). Call it K(x). Then the bottom
relation in (B-21) becomes an autocorrelation. Thus

HIF(E) = Aj(n) * Ay(n) | (B-22)
where
K(x) = El(x) . Ez(x) (B=-23)

It should be obvious that K(x) is the antenna power pattern of the
interferometer.

B=-7
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APPENDIX C
MICROWAVE RADIOMETER IMAGE STATISTICS

C.l SPLECTRUM SELECTION USING RESULTS DUE IO MANDELBROT

Mandelbrot's computer generated Brownian landscapes on pp. 210-215 of his
book show how changing and image parameter, H, changes the appearance of the
terrain images. They show how the correct value of H is needed in order to
produce the subjective impression that one is looking at an "image" and not
noise. Unfortunately, these figures will not xerox. However, the computer
generated Brownian trails shown below could be reproduced. These trails show
the change Iin long range coherence due to changing the parameter, H.

Mandelbrot concludes that in order for his Brownian landscapes to have
the properiios of roead Tandseapoes the redundancy pacameter, l, should lhave a
value of 3/4. 'Phis corresponds to a spectrum of the form,

-' - -r *
G(E) = sE R . Sf J/Z.

The transform-mate aulocorrcelation expression is glven In Pigure C-2 along
with a plot of this function.

C.2 CALCULATION OF REDUNDANCY PARAMETER FROM IMAGE COMPRESSION DATA

In order to calculate the propetﬁies of the various imaging systems, we

need to use a power spectrum for the radiometer images which has the right
redundancy.

Assume that all images (visual, IR, or microwave) have about the same
statistical properties, because they originate from the same object scene.
Then we can estimate U from knowledge of properties of images in coripressed
format. Such compression is carried out in order to send images with reduced

)

B. Mandelbrot, Fractals — Form, Chance and Diméﬁkion,yw. Freeman & Co.
1977.
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The Figure 1o the lelt constituies an
ensmple of a statistically self similar
frsctal curve with the dimension O»
1/70,9000% 1, 1111, Uis coordinate fumes
tions are independent fractions] Brownis
on (unctions of exponent H={,3000,
which implies that sell intersections,
though not sidctly prohibitod, are greatly
discouraged by forcing the curve (o be
very psrsisient, Thinking of complicated
cwrves as the supcrimporitions uf large,
modluay, and smail convolutiony, it may
e said that in the case of high persisi
enee and dimantion close to 1, small
cuonvelulions are barely visibie,

-

€05 'SYEOLS

The Figure (o the right uses the same
generating program and (he same psewdo
tandom sesd but a dimension increased
10 D& 1/0,7000%1,4285, Withuut havs
ing 1o change the shape of the convolus
tions which pdd up 1o (orm this trall we
have increased the relative importance of
the small ones, and 10 2 lesser extent, of
the medium oncs, Previoisly invisbic
detalls beconie very upparent. The gen-
eral underlying shape, however, remaing
easily recognizably,

FIGURE C-1. FRACTIONAL BROWNIAN TRAILS
{DIMENSIONS D = 1,111, 0= 1.4208)

1.2 . Y

v v L] A g .
1 W2 32, w] ‘18
Q LK 1 -2 + -1 +
6 (W= [ln 2 -2 v e .._g
' | ALL) = 0, ALO) = 1 %
XY —
X t =00
0.6 \\ - ..
0.4 \ ———
0.2
0

02 04 08

08 10 12 1.4 1.6

H
Tramg ™ | 8¢l

FIGURE C-2. AUTO CORRELATION FUNCTION OF
GENERALIZED BROWNIAN MOTION FOR H = 3/4

¥
)
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bandwidth. Shannon's source coding theorem states that if the informafion
density of the code is greater than the information density of the source,
the source message can be sent without error. This is an existencé theorem.
In practice, all codes exhibit distortion which rises to high levels as the
code density approaches the source density. This distortion level can be
computed from rate distortion theory.

Now images can set sent with tolerable distortion at a c?gg density,
corresponding to an information density of one bit per pixel. Therefore,
we will assume this image information density in calculating our estimate
of H.

Let the signal spectrum be of the form postulated by Mandelbrot. Let the
noise be white. Then the signal and noise power spectrums are

=2l1-1.

G(e) = 8¢
| (c~1)
N(F) = N

Information rate as a function of the signal and noise spectrums is
plven by the relation 3)

s

£
2 o
r = e/ £n [A +§7<%§] df binits/second, log,e = 1,443 (c=2)
£
1

Integrate over G(f) and N(f) to obtain total powers.

.

£~2 f2 2
- . -2H-1 - S c-2H o S [e~2H _ -2H
Pg / G(f) df S/ £ df = - T f m(fl £, )
£, £, £
£, ,f2
| pN - / N(f) df = / Ndf = N(f2 - ‘fl) ' (c-3)

mw. Pratt, et. al., "Slant Transform Image Coding," pp. 191-209, Fig. 12,
_ Digital Image Processing (8. Andrews, Ed.), IEEE Press, 1978.

(3)8.. Goldman, Information Theory, Sec. 5.2, Eq. (43), Prentice-Hall, 1953.

C=4
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( : " Let,M be the ratio of highest to lowest image harmonic (number of pixels '
: per scan'line). That is M = f?/f], £,» £, and M>» 1,

4

2 ]
SOLVING FOR S AND N

r 21l , .
. . 2111 s ) zm*s ; zurs
f-za - f-zn £ 2H MZH f-za
1 2 ( _3) 1| g2 2
£, ] 2 :
1
=
’ (c-4)
)]
N = ' - PN - PN = -I:y-—
f2- 6 ( _f_;) ; a-uhe B
Iy 2
- 2
Therefore,
2HP 201
‘ 20 -2U e
o cey (M fp _ (2sEam) £ oowa (C-5)
™ N(£) PN/!:'2 Mzn f-zu-l ‘
M [y

where x is a normalized frequence and Ps/Pn = SNR.

Now for the cases we are interested in, G(f)/N(f) is a very large number
compared to one, except at the band edges near _,fz and fl' Therefore (C-2)
can be approximated by the relation

£ ~ X

2 2
Ir =g f !.n[%%%] df = ef2 / zn(ax-zu-l) dx

£, X

)

= lan a(x2 - xl) - (2H + 1) / n x dx efz (C~6)
‘ xl

C-5
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ﬁ The f9 factor appears because df = £5 (df/fp) = £, dx. Also when £ = £,
x = 1 and when £ = £;, x = (fllfz) = M=1," Carrying out the integration in
(C"6) »

. 1
r = ;fz (1 - M'l) ina - (2H + 1) (x n x = %) gc—7)
-1
M
Note that M* « 1. Also .
d &n y (i)
x i x = ), L (lﬁ - Sy, gy = 0
x>0 Y/ yoran y ey yie
dy
r = efz(zna +2H+ 1) = Zefp(zna + 2H + 1) (c-8)

. where £, = 2fp.

f Now £y is in cycles/sec (HZ). 1In order to meet the Nyquist sampling
ericerion Lt takes two plxels (a line pair) to define f£,. That is £9 = 2f,,
where fp is pixels scanned per second. This observation justifies the second
right-hand expression in (C-8).

Next we must convert information rate to information demsity, R. The

relation is

rdblnics/nee) N binits

fp(pixels/sec) pixel
( .0 - [ 3
f So dividing both sides of (C-8) by fp and using the value of a from (C-5)
i; ' R = 2:[}n (2 SEE‘H) + 2H + i] - 2:[}n(2§ﬁ§) 4+ 2nH - 2H 2n M + 2H + l]
g ; M

R
E

. ey sett M
-

c-6
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{’ Neglectihg the lnH term, which is small, and solving for H we get
o 1+ 2n(2 - R/2¢
H TR (c-10)

In the case of a typical visual image a representative set of parameters
could be

3

SNRMAX = 1000 (density range of 3)

M = 1000 lines (pixels)
R = 1 bit/pixel
R
Then
L= 0847 4 5 (2000) - \!
Ypuce * TZwa(oo0) - 13 " 070 (c-11)

f’ , .

The value of H for the image will be greater than for the object scene
because the imaging system decreases the high frequency spatial frequency
content. This increases redundancy.

Compensation of H for the imager modulation transfer function (MIF) will
be discussed in the next section where K is calculated from measured data.

C.3 DLETERMINAYLION OF H FROM MEASURED DATA

The only spectrum available were several measured by Charles Hawthorne
of China Lake. These spéctrums were measured near Famoso in the Central
valley of California. The terrain type is agricultural. Four fixed beams
produced resolvalble elements which were moved over the terrain by the forward
motion of the plane. The radiometer signals were digitized and the power
spectrums were computed, Figures C-3 and C~4 show results for two separate
runs. These spectrums were fitted to a power law curves using an HP-97 pro- .
gram. The calculated confidence level was 0.7. This is not too good a number.
However the dispersion in the data is great. In addition there is evidence
of saturation of the spectrometer channels at low frequencies.

At any rate, Table C-1 bslow gives the results of ths curve fitting calcu-

, 1ationg as well as the average parameters. The power law curve is of the form
f y = ax®. , .

- C=7
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FIGURE C-3. POWER SPECTRUM VS FREQUENCY
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FAEQUENCY IN CYCLES PER 200 FROT CELL

FIGURE C4., POWER SPECTRUM VS FREQUENCY

i

c-9



ORIGINAL PAGE 18
OF FOOR QUALITY

i+ TABLE C-1. POWER DENSITY SPECTRUM FIT TO POWER LAW CURVE

Run 1 2 3 4 5 6 Average
a 24.96 | 22,2 | 23,62 | 19.41 | 22,20 | 18.06 T 21.7
b -1.86 | -1.86 | =3.05 | -1.42 | -2.18 | =2.79 2,2

Couefflelent of 0.53 0.5 0.64 0.81 0.82 0.79 . 0.7
Detexmination

The H-value for the image is then

. b~-1 2,2 - 1 4
HIMGE - 2 ] - 2 -~ 0-60 (0-12>

This is even lower than the value of H computed from the image information
rate, namely 0.70.

bDue to the sparseness of the data it is felt that it is reasonable to
continue to use Mandelbrot value of H, nanelx 3/4, For the same of compact-
ness, we will set H+ 1 = h. Then G(F) = F-4,

C.4 SPECTRUM NORMALIZATION

In order Lo use C(LF) to rcuopresent the scene imuged by the radlometer, it
must be converted to normalized form. In Appendix B it is shown that the
system responds linearly to radiation intensity. Therefore, the RF power-
density spectrum becomes a vidco voltage spectrum proportional to the RIF
spectrum. ‘The scene spectrum we have been an&lyzing is given in terms of

this video power spectrum. Let 9p'5/2 be this normalized video power spec-
trum. That is

GIRIGH(E) = V_(F) V*(F) = S(B) = 6o/ (c-13)

The spectrum is two dimensional. The symbol p was chosen to emphasize
that (C-13) gives the radial component of the spectrum.

C-10
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Tho. Integral over this uguutrum must be the mean square variance of
scene radlant temperature, AT The rms fluctuations AT vary from 20°K for
rural areas to 40°K for urban aveas. Land-water and ice-water scenes exhibit
high contrast with a poasible rms values as high as 50°K.

The constont 0 ix found by Lntegruting the video power spectrum, setting
the result equal to AT? and then solving for 6.

21] 11} *
6 / / 520, ap ay) = 4me aF M2 (C-14)
0 AT
Since art - FOV
AT = 4me FoVL/2 (C-15)

Solving for ©

<,f Y, L
4n FEVJ/Z
and
By = ar? o512 o 7512 : . (c-16)
' 4m JFOV, ' ' R

c-11




C ¥ EIS
> ORIGINAL PAGE
¢ OF POOR QUALITY

APPENDIX D

; OPTIMIZING ANTENNA ILLUMINATION AND BANDWIDTH FOR -
MAXTMUM RADTOMETRTC TNFORMATTON TRANSVER

By Jack Gustincic (Aug 1966)
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JNTRODUCTION

The purpose of this technical report is to provide antenna design
criteria for an sirborre radiozetric maprping system. The analysis
employed in deteraining optimun antenna illuainetion and bendwidth
is considered somewhat novel in that communication theory concepts
have been used for establisning an objective mathematical evalua-
tion of system performence, A model of a radiometric mapping sys-
tem is forzulated and the emount of information (in the cormunice-
tions seme) availeble at the systez output is calculated as a func-

+ tion of various systea parameters. The inforzation content is then

maxinized to predict an optizum entenna configuration for a receivexr
having a given temperature resolving ability.

Using the inforzation theory aporoach, it is demonstrated that a
definite microvave bandwidth and illuminetiorn taper must be chosen
to provide maxirmua infornation at the system output. It is showm
that conventional design aprroaches which include severe tepering
of the antenra illumination for sideloce reduction and larze front:
end bandwidths for increazsed tezperature resoluticn do not lead to
paxirum information contant. The effcctz of taper and bondwidth on
tho opatiul frequcncies tuing scenved by the system are described
in this enalysis and for a tyvical system, cslculations indicate

~ that optimun information is achieved with :.llu'n:.nnt:.ons near wniform

(meximum monochromstic gain) and bendiridtns around 45 - 7',, derending
on the resolving czzabilities of the receiver and the verience of the
temperature profile being mapped,

The use of information ccntent es a measure of system performence
has severel definite advantzges. The system output, for exemple,
can be processed in many weys to yield a number of renresentat:.ons

of the profile teing mupped. A good information content at the out-
yput insures that most processing or coding schemes will have the most
amount of input data possible and that little data has been destroyed
inadvertently by the receiving systea before processing. Also, since
inforaztion is an objective quantity, it can be meximized without regard
to subjective quandaries such as how zuch of the main beam is actuslly
usefull s etce

s—.n

Clearly, it is impossible to analyse every rediometric mapping system.

The particulér antenna and receiving systen discussed in the following
was choscn because it was thought to be vhysically reelizable, In any

event the following analysis will serve es an ezazple of hov many simie-
lar systexs can be troated to provide maximu= information transfer,

i

20
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Section I begins with a basic description of how mlcrowave noise from
the eaxrth is yeccived by the mapping antenna. The concepts of emisaiv-
ity end temperature are introduced and an expreasion for pover received
at the antenns is given. In Soction II, this formula is applied to a
partioular nopping system having on antenna with a separcble aperture
distribution. Tho antenna pattern is then written as the product of
pattorms longitudinal and transverse to the direction of flight of the
mapping vehiclee

It is then shoun in Soction IIT that the two dimensicmal mapping prob-
lom reduces to a series of one dimensional problems involving the trans-
verse or side-looking properties of the antenna alone. In keeping with

. the state of the art, the transverse antenna configuration is assumed

to be an array, elecironically scanned with ferrite phase shirlters,

Such an antonna choice allows good patterm control and @& fast data gathor-
ing capedbility. Also, in this section, the concent of spatinl frequencies
is introducod. The temperature profile is expanded in terms of its apatial
froquoncy cotponents and the wpatial frequency transfor charactoristics

of the antenna are discussed for the monochromatic case. Finally, the
offect of microwave bandwidth is calculated end it is demzonstrated that
increnned bandwidth desndan the antonna by tapering the spatinl fro-
quoney spoectrunm eand introducing unvanted noise.

In Section IV the offocts of the receiver are discussed. A partioulax
recoiver cmploying steuight through detection of the microvave signal
is aelected for the sake of argument, The noise at the outrut due to
inandequate tenperature resolution ia calculated, The mean sguers signal
to noise ratio at the nth spatial froouency

L)

(§)2

]

is then calculated in torms of both antenna and roceiver effects, The
total information at the roceiver outrut is then written as the sun of
tho information containcd in cach apatinl freouency

*

Ry 2
E S

I = -1n[1 +(n n]
n=l

and this quantity is used as an odbjective measurs of syastem pa:@fommw.

N

il
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In.fom.ation is plotted 23 & furstion of 'bmd.ﬂidth for various illumi-
nation tapers essuming a cosine-squared-on-a-pedestal femily of illumi-
pation functions. 3endwidih and tapers which provide maximum informa=-
tion are presented for a 51 elerment array,

In the last secticn, the loss of informetion due to antenna tapering
is discussed, It is shown that wwarranted antenna taper equivalently
dncreases the receiver noise temrerature or increases the microvave
bandwidth required to nroduce a-pgiven emount of irnformation at the
output. A quontity celled "resclution efficiency" is presented as

a function of tapere Tais fector gives e total system efficiency

end is analogous to aperture effic..e*e:,* in the case of a monochrom-
tic antennz, .
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{ I. BASIC CONSIDERATIONS ' " , )

The fundamental cquations describing the reception of ground mopping
radiometric information will now be developzd. For purposes of analysis,
it will be assuned the earth is flat and vositioned in the X-y plaone as
shown in Figure 1. A receiving aperture, sa o 13 located o height, h,
above the earth as shown. A spherical coordinate system described by the
f; and is also indicated. .

angles

] Figure 1.

0 Consider an elenent of the earth, dS, located et the point (x,y). This

/ element radiates microwave noise upward into the half spece z 3> 0. The

3; nolse is produced by thermal effects within the earth and by reflectica

i of noisc signals from other sources. It Is assumed that dS is taken

(¢ darge cnough so that the noise emitted from it is statistically indegendent
N of the noise enitted by any other similar element in the x-y plane, The
i element of dS'is completely described by two additicnal characteristics;
enigsivity and tenperature,

+

D=5
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The temperature of the point (x,:.') can be defined in terms of the density
of pover flowing up and out of dS. In particular, if dS radiates a total
average pouer dP, then the temperature of (x,y) is defined as:

BASIC CONSTIDERATIONS (Cont'd)

5 v
™x,y) = A° dp oK’ ) (1)
2kB 4as ‘ )
vhere ' .
k Boltzmann's constant

=
B = bandwidth under consideration, Hz
Ao = cenler frequency vevelength

Thus, temperature defined in “his manner is a measure of the time a.vernge
z component of the Poynting vector nvcraucd over the arca dS.

" [
s

The emissivity of the element describes any directional radiation charac-
teristics it might have, The emissivity of dS can be defined as simply

the antennn gain function of the apzrture which dS represents In generul
the emissivity function will be different for the differeat frequencies
contained in the spectrum of noise emitted by dS. 1In particuler the follow=
ing definition for the emissivity of the point {x,y) can be made:

e(e (p tysU) =

pover radieted in the direction 9 ,¢) at frequencies
between [/ and (/) + 4 (J

pover radiated in the direction 9 Cb st frequencies

between (J and LJ + alJif dS radiated is otropically
into hnlf space z >0.

(2)

" Recognizing that Equation (2) is simply the gain of the aperture dS, the

noise power reenived by the antennu wperture cun casily be written. Mach
spectral component of noise which leaves dS may be treated as a monochro-
matic signal transmitted with a gein given by Equation (2). The power, dPU'
carried awsy from dS by spectral componencts of the noise having frequen-

cies between [/ and [/ + dli/ can be calculated assumning the noise follows
the Rayleighe=Jeans law:

de = CLJ‘?' du ' ‘ (3)
vhere C is a constant. The constent C can be determined by requiring

that the total power contained in all freq_uencies ’oe éP, the tota.l tize
lverage pover .emitted by 03. Thus »

00 LJ+TZ'B
dpk- . ayu = C fuaduﬁ-uozzﬂ‘sc : (L)
o %-—TTB‘
' =2 : s
D=6 ’
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Solving Equation (4) for the constant € the spectral pover leaving dS can
be written in terms of the Lemperature as given by Equation (1).

s

ap, , w 8B L2 . k() dls (5)
W T W2 I SF <o | |

Nov if the power given by Equation (5) leaves 4aS with a gain given by Eque-
tion (2), the power received by the antenna, S,, in the froquency rangel/,
(J+ dal/is simply:

-

ar »
877(.:2}-2 Aa e ( 9.¢,x.'Y.U) 6(9 O¢))U) | (6)
' R

[

where G( 9 ,¢.(.J) is the pover gain of the antenna, Substituting for 4P
its volue given by Equation (5) and integrating over all frequencics,

the total time average power received by the antenna from the element dS
is then: ’ :

()
k T(x\y) . - - - ] ) + )
3.2 < 9.¢7,x.y,w) G( 6 )QI)nU)dw das (7)
(270 k"
. 4 ‘ ‘
Finally, since dS is statistically independent of position, the time average

pover rccecived by the antenna from all possible elements of earth is simply
the integrolof Equation (7) over dS and is given by:

+ OO0 - 00
k (x,y) ‘
Prcc - K §ff -—é-‘-[ e( e !¢oz ’y‘pU) c( e .¢.L/) *
(2 70) "l (8
al/ axdy i . .

in which R2 = h° +x° + y2 and cos 9 = h/R, cos(b = x/R sin 9.

Equation (8) describes the manner in vhich the aatcnna receives noise pover
from the carth and is fundamental to the analysis of a ground mapping
radiometer, .

AN_AIRRORNE MAPPING SYSTEM

Since the width of aany airborne antenna is J_.im:‘.tea by the width of the under-

~ side of the aircraft, it seems rcasonable to design a rediometric mopping

system with the idea of enhanecing the aperture limited side-lecoking capability.
Thus, in order to provide pattern control end rapid scan ebility, it will be
assuned that the ontenna is chosen to be an electronically scanned array in
the planc transverse to the directien of the mapping vehicle. Furthermore,

D-7 ’ =3
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g II. AN AIRBORME MAPPING GYGTEM (Cont'd)

in order to facilitate the initial formulation of the problem, it will be

assuncd that the emissivity of the ground is independent of lock-angle
* and position.

For the situaticn under consideraticn, scanning effects are best described
in terns of the coordinate system shown in Figure 2. A general point (x,¥y)
on the earth is located in terms of the direction cosine, u, of the distance
vector and the longitudinal distance, y, from the airplane., The*coordinates
(u,y) ere related to the coordinates (x,y) as follows:

¥y = v
usx'/'\[;x?-‘-xa-byz . | - (9)

The Jocobian of the transformation (Equation (9)) can be calculated directly
as: '

.
r

-4
g
:
3
|
:
4
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AN ATRBORNE MAPPING SYSTEM (Cont'd)
:

2 ¥
XY RS
80 that the elenment of arca becomes:

B ey | " (10)
h2 + y2

dx dy

At any sinrlec frequency, it is assumed that antenna patteyn is scparable
und can be written os:

G(u, 9,¢ )t = Gt (u - us) GL (u.Y) --g-— ' (11)

The function G, is the transverse gain function of the antenna where u
is the scan produced by an electronic phese shift, Gy, is the longitu-

dinal gain of the antenna and is in genersl a function of both u and y.
The factor h/R represents the element factor of the array es it is the
eccsine of the angle the distance vector makes with the antenne normal.

Substituting Equaticn (10) and (11) into (8) and integrating over frequency

gives the following expression for the power received by the antenna:

»

. 00 41 + 00 i
= __k '
-] _1 -OO .

(12)
2 dy du al/ . :
h™ +y J )
The emiséivity has been taken es unity end T(u,y) is the temperatnfé et
the point (x,y) located by the coordinetes (u,y), i.e., T(u,y) is the
temperature at the point: A
2 L4
(x = —E—0[v® + %], y) , (23)
l-u . ) )

Finally, as the mapoing vehicle moves along, the temperature profile
appears to translate belew it in the y direction. Tnhus, when the airplane
moves a distance Vs fron the origin, the received power becomes?

-5
D=9
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(- II. AN AIRROKUE MAPPING SYSTEM (Cent'd)

Pre.c(“l'yi) = ‘211')3 f f t(u -\ ) f T(uly - y‘) ¢

Gy(u,y) --2—-3’-— au al/

h© + y

(1k)

The form of Equation (14) indicates that thc received power as a functioen
of ug,y, is related to the eartn temperature by & linear transformaticn.
Informnnon about the temperature cen be obtained from the received power
by investigating the manner in which the spaciel frequencies of the
temperature are affected by convolution with the antenna pattern, This
vill Le done in the following scction. .

*

L 3L

b=-10
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ECEPTION OF SPATIAL FREGUENCISS

Tho form of Equetion (14) indicates that at any given position of
the aircraft, yg, tho tranavorso gain function scans an effective
temperaturs . :
400 .
T(u) = =L f T (w ¥y - y5) cy (u 7)
277

=00

h ’
dy (15)
hz + ’2

wvhich is the actuel temperature integrated longitudinally with ‘the
longitudinal gain of the antenna. The objective now will be to
dosipgn a systen which reproduces T(u) as accurately as possible so
that Equation, (15) can be inverted to obtzin tke best possible
vepresentation of the actual temperature, In this way the total

_ tvo dimonsional probloa invelving u and y first requires the solution

to & onc dinensionnl prodlem involving u alone.

As a first step it will be assumed that "f(u) is independent of fro-
quency. The consequences of thiy assumjition will be discussed later.
l(‘ow)ut any given y, the roceived power is given by Fquations (14) and
15) an

o0  +1 ) :
Prec (uy) = '2;% f f Gy (u-u) T(u) du al/ (i6)
0 =i

Over the rangoe ‘-1_...4. v 1 the integrated tempsrature can be cxprassed
dn toras of & Fourior sorics of spautial froguoaciea

400 3 aTlu ,
-I-'(u) = Tn e , . (17)
a =00 ’ .
hero
e +1 4 allu
T =% j ) S du. ’ (18)
=

If the transverse array is mede up of N + 1 half-wave spaced* eclements
vith frequency indopendent phase ghifters, tho gain function is given
by

g

T O DUROME et S L LN

‘It can bto shown that at any particular frequoncy & half-iwave spaced array
receives all the resolution information which is practicably obteinable,
Closer or farther spacing produces ne additional resolving capability.

-7-
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RECEPTION OF SPATIAL FREQUSNCIES NeIES (Continued) ‘ .

o, (u-u‘.) - ZT:N cne'“”(b!é “'V“'.) (19)

nag=N

* ]

where LJ is tbe center frequency of the microwave band. Actually,

tho gain runction is only a-function u = ugq at the center frequency.
The fact that the spatial frequencies of G4 depend on W/ Wg will
be shown to give rise to output degradation. The amplitudes, G,
are determined by the excitation of the array. For an array with
progrecsive excitation, agx, K= 1, 2, + « « N+ i, the spatial
frequency power gain amplitudes are given by

N41e~n \
Z & 8¢ 4+ n

n-O,i....N ' (20)

I
' 3

As will be seen, the Cp will have the effect ofi weighting the spatial
frequencies of the temperature and will play an ijmportant role in
deternining the total system output. The Gp ther ropresents the
spatial frequency transfer charactoristics of the antenna at the
center frequency of the microwave band.

FPigure 3 shows how antenna illumination effects the G, for a 51 elenent
array. Since Gg is the averase value of tho power patiern
+1

'co;fct(u)aun ’ . (a1)
=1

(]

its value is unity regardless of tho illumination. For a unifora
array, ax = 1, tho amplitudes docay linearly with increasing n,

.

n-O.i.oooN (22>

B
Cn=t =%
e
D=12
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@’ 41X, RECEPTION OF SPANIAL FRZAUZMCIES (Continued) ‘

as shown by curve (a). Since nll the &k aro assumed to have the
~ same phase, the area under tho Gp curve %2 simply the maximum gain
: of the far field pattorn

+ N | :
+ Gy = Gg (0) = Gy | '(23)
nE= N ' ’

Since a uniform illuminption produces meximum gain, & tapering of
tho illuminntion will givé a curve having less area then (a)., .
Curve (b) iliustrates the effect of tapering. An illuminstion of
the form

ax = o1 + B':lnz x—-'s'?‘-}ﬂ'

was chosen for this case. This excitation produces & far field pattera
having a =41 db eide lobe level. As indicated, the taperirgz tends

to increase the low spatial froquency response at the expensc of the
high frenuoncies.

o Inverse tapering has the opposite effect as shovm by curve (c). In
. this casc the illumination was taken to be the inversely tapcred

Tunction .
' ' R K= ' : '
ap = - 1.143 + sin? [-—-;61-,77‘ '

which produces a 5 db side lobe level in the far field. For the
inversely tapered illuminetion the high spatial frequency response
is inc¢reesed at the expense of the lows, It is eprerent that by
selecting the array illumination properly, any part of the spatiel
frequency spectruw of G4 (u) can be emphasized but only at the cost
of lowering other parts of the spectrum. s :

g e B g AL

Substituting Equation (19) into (16) the expression for the received
pover becones

N +1 "Jo +(3 _jnTl' é‘—fo' a
Prec. (ug) '?;kT' Z x an‘ T(u) 4 7Tge T dl| au
b - W I { - -

nTlu |
| e’ | y ' (24)

D=-14
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{ III. RECEPTION OF SPATIAL FREGUENCIES (Continued)

If the bracketed exponential in BEquation (24) did nal have to be
dntegrated over the band then Equation (24) would become

N . N J n1Tu.
P“c (“8) = E%? Z Gn Tne
ne~-N

and the received power would sinply contain the spatial frequencies
of the tenperature weighted by the amplitudes Gn., However, this is
not the case, Integrating the exponential gives .

LJblérrB' 3 n/ éﬁL‘ un ' 3 nTlu ,
[ e O o€ sip oITALLY  (55)
Uo 'TrB ) .
vhereA is the percent bandwidth
A=2Tl8/L), | | ' ' (26)
\§~‘ The sin X/X factor in Equation (25) represenis an error caused by

the fact that tho element spacing is not exactly a half wavelength
over the ontire band., This error can be described mathematically
by expanding the sin X/X term in a Fourier series as follows

. A 400 Al 3 KTTu
Wx‘ ,113 ‘2' . = Z CK (‘E‘L'a ) e ’ ' (27)
o . 50 BN

wvhere

- Ho 7r/4 N -5 KTTu
cx (&.Z-A-) - ¥ f | %.(ﬁ,a_ 5’%—‘1 e - au
<1 '

N

e T;'%A" {51 (xTI‘f “7:‘\ ) - si (XT7- .erzﬁL\. )] (28)

{ " -11-
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III. RECHUPTION OF SPATIAL FRECUENCIZS (Continued)

"with x
si (x) = f -*4—2—-*- dt
)

[

The first three coofficients Cp, Cy and Cp are shown in Figure 4 ‘
for values of bandwidth o

A< 16/8TT

For a 50 element array this would correspond to bandwidths up to
about 10 percent. Over this range, the remaining coefficients Cz,

C4s» + « « are negligubly small. Using Equations (24) and (25) in
(24) the received power becomes

+ N
Ny , »TT
Proc (uy) = kb Z Gy Co (n “A"z-t)'.l‘nejn us
nme~N
N ‘
+ kB Z Gn[°1 (n %ﬂ)(i'n+1+'rn_‘)
nae-N '
- | -
+02(nAZI)(Tn*2+Tn-2)] 4 0TTug

(29)

where all the Cyx for K23 have been ncglected.

The cffects of system bandwidth are exhibited in two ways in Equation (29).
First of all, the spatial freguency components in the first sum and
weighted by the factor Co (nlA7(/2). It is seen from Figure 4 thet
thias weighting tends to reduce the amplitude of the higher spatial
freguencies. The larger the bandwidth the more pronounced ihe

tapering of' the spectrum of the Tn. Secondly the second sum in
Bquation (29) represents an nddition of noise. The nth frequency
cozponent of this sum is rolated to Tp 4 1y Tp = 4» Ty 4 2 20d Ty = 2.
Since these amplitudes are completely independent of T, they muy be
considered as noise. Figure 4 indicates that the weighting factors

C1, C2 and thus the noise, increase with increasing bandwidth., Antenna
bandwidth then corrupts the system output in two ways: tapering down
the spatisl {requencies of the temperature profile and introducing
unwantod noisg in the output. Further degredation of the received
signal by the¢ recciving system will now be discussed.

—12_
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RECEPTTON OF THE MICROWAVE SIGIAL

A true mecasurenent of average power reguires en indefinitely lorg
period of time over wnich instantancous power is averaged. Since
practicel meesuring tires are limited, radiometric receiving sys-
tems all have one factor in comzmen., The receiver output varies
with tine producing an inlication of received microwave power
which fluctuntes avout the true average level. In most caoses,
when gain inatnbility is negleeted, the verience of the received |
power, AP eca, and ths correspording variance in measured tez~
perature, >°CAT2, can be estimated by the formula

(Ae, /)P = AT o (k¥o)? - . (30)

in vhich

K = constant deperding on receiver type
(X == 1.8 for direct detection of microwave signnl)

3
]

ambient {temperature ‘ -
= receiver noise fipure

= post detection bandwidth

v o =

= predetection bandwidth

Receiver gain fluctuations also coniribute to a verience in the out-

put but these effects can be minimized independently by utilizing

high scan or switching rates, Cn the other hand, the fluctuaticns
described by (30) ere inversely sroportional to the micruwave tend-
width and thus represcnt an izporitant consideration in front end
systen designe The exuct manner in which the receiver outzut varie-
tions effect the radicmatric information under investizaticn is depen-
dent on the systea confipguratione A tyvical system involving direct
dotection of the microvave noise will now be discussed.

The system to be considered is illustrated in Figure 5. The antenns
is scanned in symeronisn with a storage or display unit at a rate of
scens per second, For the purposzes of this analysis it will be

b
~ aBsumed that the centire 160 degree range, =l<u_ < 1, is scanned

although this restriction is not rnccessary. s

v

1l
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Microvave Video' Data
Amplifier Deteoctor Anplifier Procossor !
3 B b !

Array ' Storage

D;zve : or

-] Disnley
Mgure 5

It is essuzed that £_ is high enough so that receiver gein fluctue~
tions only effect the d-c velue of the output, As shown, the micro-
wave noice from the antenna is amplified, detected, amplificd egain
and then passed through a processor before stora,ge or disrley. The
data precessor has beon included since it provides an immediate means
of reel time vrocessing at the scan rate’ f_. Por cxample, this stage
could simply be a filter whien would v:-.ra.otisly veight the spatiesl
frequencies of the input after the scan process coaverts them to time
frequenciecs,

When the antorna is scauned, the average pouer indiceted et the output
of the video detector begins to vary with tire. In particular, the
"ai.gaal" pert of (29) produces a video o.:.tput tenperature :

D-19
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RECSPTION OF THZ MICROYAVE STGHAL (Continued)

R .
| 27T £, 4
w(t)=z 6 co(l‘-ﬂ:aé—)mne:jn y (32)
+ =N B

In this way the spatial frequencies of the input are converted to
time freoauenciers which are multinles of the scan frecquency f e
Since th? video amplificr rust be capuble of passing all taese
frequencies, the bandwidth of tho amplifier must be chosen as

b= Nf, : (32)

Now if a total time T is available for transverse scanning there
will be T f_total scans. If in eddition, the receiver output is
averaged ovér these scens s the variance in the output is given by
(30) reduced by the factor Tfs. Making vee of (26) and (32) gives

2 2
he2 .o EIE o LEZRS w o
av 8 o A
Thus the output fluctuation becozes ir.dépendent of the scan rate, only
deternined by the total number of microwave cycles sampled; fo .

Ve are now in a position to examine the information passing through
the system. If the n th freguency compcnent of the "signal" given
by (51) is sumpled it will be fourd to have a varianco

2 ‘ '
Ta () = °n2 c, (»’l-";_’g-“-\‘-)2 a, Tz | (24)
n

where O—Tn 2 is the variance of the magnitude of the n th spetial
frequency of the temperature. If the n th frequency comwonent of
the noise part uf (29) is sampled the variance of the noise due to
antenna bandwidih cffects will be

%2(“): 2 o2 (n%YT‘) (0; -2+0_Tz )

n 1 . ne-1 n-1
. 2 ATl o2 o2 )
+ €5 (F5—) |“ +
| 2 V2 : S T, .ol (35)
=~ 2 an 071‘ 2 °1 [ (.!}.élﬂ:.) + 022 ( _"%T_T.)] :
. " ! ‘
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RECEPIION _OF ME MICROVAVER SIGNAL (Continued)

where 5t ras boon assumed that the vorience of the temporature
components does not very radically with spatial frequency, This
variance can ba entimated by assuming it is the same for all
spatinl fronucncios. Then, if all the spatial frequencies which
could be passed by the antenna produced a temrerature profile
wvhich deviated 7 degrces about the averaze, the variance in
the n th aspatinl frequency would be .

. 2 )

o, 2 J_T_ ‘
o= T , (36)

Finally, assuming the receiver noise is distributed uniformly

about the spatial fresucney cpectrum, when sampled at the n th
frequancy, the noise irill have a variance

(kF1) N .
| Tfo A - (1)

' - 2 . @
ONR = Aqav /n =

]

Now, if, for the srke of arpument, the values of the magnitudes
of cach of thre spatiel freguency comoonents ere distributed
normelly among all possible temperature profiles to be investi-
gated and if the roceiver noice is assumad purely rendom then

the veriances given by (34) (35) end (36) may be superimposed

to predict the variance of the receiver output at a given spetiel
froquoncy. Figure 6 illustrates the oxdected vaiue of the mami-
tude of the fresuency spectrun at the output of the video ampli-
fier, The signal vortion of the output spectrum is made up of
the original spzatial freguencies weighted by the gain and fre-
queney cffecta of the antonnae The noise portion of the speetrum
includes the effecis of antenna bandwidth and receiver temperature
resolution.

L3

«]l7~
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¢ IV. . RECEPOICH OF Tillt MICROJAVE SYGMAL (Continued)

Video Outout

T~ fe ~ia ? T -~ / a; (!'I) )
i e
0 | N,
Signed

¥
y
Iy

Meaure 6

The square signal to noise ratio at the n th spatial frequency is

given by .
s 9% %
Nz = (ﬁ)
S AR
=-]l8w
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RECVFTION OF T¥S NICROULVS SIGNAL (Continued)

In orxder to obiain an objectiva figure of merit for the system, the
classical idecs of information theory will be invoked end the total
information present at the output of the video enplifier will be
defired as

:2 ) ] (39)
n

The informstion contained in the n = 0, 4 - ¢, component of the out-
put hes been neglected because of receiver instability considerations.
For a given receiver and antenna illunination the inferantion is a
function of percentuze microwave bandwidth, /\ «  Substituting into
(39), the expression for informetion as & function of bandwidth becomes

. (A
1 (L) -z in [1+ h(0) ] (40)

N

IE«Z ,en-[l-;.

nel

nmy L 3, (8) + “zf";:
whore
2
A (D) [sz 2T / T, }
3, (L) (nﬂ?A 2 l-m (7 + ”ZA ) - si (- “7725
+ |si 7T+ YA )= si (;27%- aTTl) ) 2

L 2 2

KFPT !; ‘ -
T ) Tz, | L
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RECFETION OF THS MIGRCUAVE SIGNAL (Continued) '

which is valid for bandwidihs up to about 10 percent. The parameter .
R describes the temperature resolving ability of the system relative
to the temperature profile being investigated. It increases as the
square of the receiver noise teumperaturc and inversely as- the variance
of the temperature profile teing scannod end integration tine. Ior a
profile that might have a deviation of 4§ T = 60 degrees and radiozster
figurca vhich might be typicelly

X = 1.8

F o= 5 db

T = 1lnos .
T o = 10 gd

N = 50

one finds from (40) that
R =& .00

Such a system would be capable of about & 2 degrec temporature resolu-
tion with a bandwidth of about 10 percent.,

Pigure 7 shows information as given by (40) plotted for various velues
of the resolution facter R, in {h2 cuse of e wniforaly illuninated axrey
of 51 elements. The cuvrves show definite muxima vhere tho cozpremise
botueen conflicting entonna and receiver bandwidth effects occur,

In order to irvestigate the effects of tarering the illumination of the
array, a "cosincesjyuared-on-a-pedestal' distriovution function of the

form
a = H + Sinz L.M"_.llTL. (42)

n 50

was used to detvermine the spatial frecuency power gain amplitudes, G,

in (40). Curves of informetion as e function of bandwidth and reso-
dution were obtained sizmilar to those of Fizure 6 but for various
valuds of the pedestal height E. The velves of pedestal height and
bandvwidth which maxinized the information vwere obisined from these
curves and these rcsults are shcin in Figures 8 and 9.

-20-
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RECTFTION OF MHE MICROVAVE SIGMAL (Continuad)

PThe pedestal height for maximum information in indicated in Figure 8
in terms of the db taper from the center to the ends of the axrray.
When R is =01l and the system is capable of pood temperaturc rasolu-
tion (lov receivor noise temperatura, long integretion time, etc.)

the optirum bandwidih is marroir (Figuwre 9) and the optimum illuninetion
is slightly inversely tepered. In this ceze the high spatial frejuen-’
cious vasaed by the cntennn ore sufficiontly above tho receiver noise
so ‘that thoy ooy be caprasized et tho expanse of the low frequencies
to produce a simmificant increase in information. The emphesis is
achioved by the inverse antmune tuner (high frequency weighting) and
naarow bandiwidth (higa froyuency ant?nna noise roduction)s For largo
values of R, antenna effects are swemped out by poor noise integration

and inforzation is maximized by large bandwidth end positive taper (2o
spatial froquency omphania).

Ky

It is interesting to note thet over a wide zange of the resolution
parameter, R, the illuminetion for optimum inVormetion transfer does
not differ from unifora by more than a few db.  Thus, despite gside~
lobe considerations, saximum information transfer roughly corresponds
to maximun’'gain, (A discussion of this result will follow in the next
scction,) In any case, once the varisnce in the temverature profile
to bo invastignted hes boon estinuted, the curves of Figure 8 and 9

can bo usod to select tho optirum illuwnination taper and Landwidth
for the array.

2
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COMPARISON WITIH CONTRIPORARY DESIGH

The resulty of the provious analysis have indicated that maximum
information tranufer, in the classical sense, requires & particu=

1ar choice of microwove bandyidth and antenna teper, dependent upon
the receiver being uged and the temperature profile under investi-
gvtion. These design criteria are to bs contrasted with design cencepts
baved on goals which ere more subjective thon information transfer.
For exaaple, it seems intuitively vlausible thet a reduction in
sidelobe level automatically betters the informaticon gathering capa-
bilities of the antenna as it radvces the anowat of spurious power
received by the sysiem. Such 2 statement, howvever, tacitly assumes
that only energy received by the miin beam is of any value in diagnosing
the target nrofile, Actuclly,all ths encrgy at the cutnut of the
antenna could conceivably be used to describe the scanned profile.

In targot recogniticn, for example, the entire spatial freguency
spectrum al the sysiem output could be cross-correleted apmainst

& synthetic target spectrmia using all the aveilable information

to deduce the prescats;of the targzet, not merely that information
coaing from the main beun. ,

When ¢nly the mein beam at the antenna patiorn is considsred valuable,
the natural tendency is to choone the front ond handwidth as large

as poscible to wrovide maxin s temperature resolvition in the 1oceiveor.
liarge bendwidths, however, tend $o fill in the sidelobe veriations' in
toe pattern and destroy somz of the information which the antenna
could obtain with a narrow bandwidth.

The actual loss in information due to tazering is shoun in Figure 10
where the illumination given by (42) was used in (40) to caleulate
mexinum inforaution for vaxious pedestal heights. As previously
mentior - |, maximua information occurs near a wniform illumination
where /8 = O. A3 showmn, tapering in either direction vwhich both
increases and decreases the sidelove level, causes a reduction in
the maexirmum information which can be passedl by the system.

Although the numerical value of the information lost may be open to
sone subjective interpretation, the objective statexent of the infor-
mation at the systea output can o2 used {o compare one syatem against
another to predict levels of performance. This idea is illustrated

in Figure 11, Where sysileans transferring the saxe zmount of inforza-
tion but with different illvzination tapers are ¢oapared. This ficure
dramaticully demonctruates the cost of sidelobe reduction by illumina-
tion tapering, A resolution fector of R _ =004 was chosen which
roquires a pedestal height of E = 4, (1, e .25, =14 @b sidelobe lovel)
to preduce a rmaximum information of 55.7 nopits at a bandwidth of 5.5%.
Novw as H is increcsed and the illumination bacomes more tapered, the
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COMPARTSON WITH CONPMRMEORARY DISIGH (Continued) '

resolution faction of the systom muwt be .decrecased to léee‘p the mexi-
munm information at 55.7 nepilts. The ratio

B/ R

i8 shoim on curve (b) 2y & function of inverse poedental height end
is a measure of the resolution efTiciercy of the systems Thus, at
& podestal beight of I =.1, (1/3 =10, ~41 db sidolobe level) the
resolution efficiency is .65 which moans the inucarat:on time must
be incrcased by o foactor of 1/.65 = 1.54 o the recoiver noine figure
docrecsed by .94- db to meintein an output of 55.7 ncpits. For the
sake of comparison, curve (v) glves tae nonochrom»ic ayerture effi-

cliency and serves to illustrate the reduc»non in moncéchromatic gain
due to tonor.

Finally, curve (¢) illustretes tie reduction in bendwidth which cen
be mndo 3T the ophimer {nper dn used and the ontout kept at 55.7
nepitu. Au Snu:cvtcd, the zys tc: with the pedestal height of .1
recuives ebout 7 times the bhendiridih as the systen with & pedestel
heig*t of 4 4o preduce the sane informeticon at the systea oubput.
Tho curvesn of Figwre L)L sorve Lo chow that sevore tropering of the
arrey eguivalently produces a significant increase in receiver
noize figure or amowt of micrciave bandwidth nesded to prcsuce

a given amount of outrut information,

»
.
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THE VAN CITTERT-ZERNIKE THEOREM

From LHINCIPLES OF OPTICS, Born and Wolf
PERGAMON PRESS (1964)
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508 PRINOIPLES OF OPTIOS (104

uid: Pyin-the-wavodiold-in-sharmotorised-byLrrinther-than-by-linin) -w-bya-guantity
whioch-dependi-an-the-poaitioni-el-the-swe-peinte-but-not.on-the-time.difference—
It-follows-fren-{l0aithatymwithinbho-neouraowefsthis-olomentary theory,

!;’L%,)!*‘N %l"‘l?!’ \"‘8’

80 that |usl (0 |f11a] S L)-soprevontaihe-degree-of~eohoronce-of-the-vibrationsat

Py and Py;- aindawosspatoomsathb-Hini-tm v firr 06 jqyrropresents-theic-ollootive

Pl dlﬂ‘uwmm siphy g dibistenarelm)tofiriolivd ibrinetripovind-ouser-in-ususlly-ontled-th

complex. degres. of.cohersnconliomnetinass-tire-somplin-sohonencofacior)vand-Jyrie-vealled
thermuivairimienstiy .

10.4.2 Calculation of mutual intensity and degree of coherence for light from
an extended incolierent quasi-monochromatic source

(n) The Van Cittert-~Ziernike. theorem

Wo shall now dotermine the mutuasl intensity J,4 and the complex degree of coherence
s for pomts Py and P, on a screen o illuminated by an extended quul-mono-
chromatic primary source o. For simplicity o will be taken to be a portion of a
plano paralol o7, nd wo will wsumio that the modiumn betwoon tho sourco and tho
#ereen is homogonvous, Wo also assume that the linear dimensions of ¢ are small

N
Fig. 10.3. Tlustrating tho vaN Cirrenr-~ZxnnNikx thoorom.
compared Lo the distance O0' botwoeen the source and tho sereon (Fig. 10.3), and
; : that the angles botweon U0’ und the line joining a typical source point § to P, and P,
aro small.
Imagino tho source to bo divided into elements dg,, do, . . . centred on pomts
8y, Sy + + ., of linear dimensions smail compared to the mean wavelength 1.
Vea(t) and Vo4(f) are the complex disturbances at P, and P, dus to the elemont
" dgw, the total disturbances at these points are
a Vilt) = ZVNI(‘)U Va(t) = sza(‘)- (14)
SR Honco " '
J(Py,Py) = V() V*(¢)> - T("m(l)" W6 + ZZ<V.,(¢)V:.(t)> (16)
- E=2
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10.4] PARTIALLY CORERENT LIGHT . H0D

Now tho light vibeationn avining from difforont olossnts of the source muy bo wssumed
to be statistically indepondent (mutually incoherent), and of zero mean value, so

that*®
CVa(O)VE(D)D == (Vi () V%e(t)) m= O when m z£n, (16)
If Ry and R,y are tho distances of P, and P, from tho source clemoent da,,, then

R\ em2mii=Raifr) Rog) e~ 27t = Rale)
Vﬂl(‘) = AM (‘ - _';—) "'""ji':’%"" 4 Vm'(t) = A". (‘ - """"') !‘e-.-u-:l-t-;‘—z-“' '
(17)

where |4,,| charactorizes the strength and arg 4., the phase of the radiation from the
mth eloement,t and v is the volocity of light in the medium between the sourco and
tho screon. Honoo

Ve() V() = <A,,; (4 - R_:!) A% (‘ - %ﬂ)> e*"‘;::;::.)l-

R — eﬁﬂﬁ(n-g-’n-ﬂlv
Wl M LN D e s ;

If tho path difforonco R,y — 12,,, it mianll compurad Lo tho cohoronco lungth of the
light wo may nogloct tho roturdation (2, — R,,)/v in tho argumont of A%, and we

~ obtain from (15), (16), and (18)

6'“(“-["“-!)’"
yT (19)
mi " me

The quantity {d.,(£)A%(t)> charactorizes the intonsity of tho radiation from the
source elemont do,,. In any practical case the total number of the source elements
may be assumed to bo so large, that wo may rogard tho sourco to ho offoctively
continuous, Donoting by J(8) tho intensity por unit wos of thy sourew, i,
I(S, )00, = (A, ()A%(0)>, (19) becomes}

J(Py P = SCAWAK)

Q‘RR‘"’R')
PPy = [18) 7 as, 20

whare R, and R, denote tho distances botween a typical source point S and the points
:

P, and Py; and k = 275/v = 277/1 is the wave number in the medium: The complex
degree of coherence u(P,,P,) is, according to (20) and (0b), given by
(P.P 1 J‘I s Q“““'-l") a8 21
MH(Py,Py) = ‘\/HP-J'\/‘ITP—.; J (8) R 1t ' 21

whaere .
I(P,) = J(P,P) = !1“‘73 dS, I s (D1 v f 'l(“-? a8, (2a)
1 3

[
are tho intensities at P, and P,.

P e e e —t  pho St s o s -

¢ Tneohoronen always iinplios n finita (though siol nocinrily wido) sponteal enngo, nnd ooguation
(16) is, in faot, not valid for Lhn idoenlivax] cuno of strictly suonoslicomatio light. ¥or monochromatio
light one has Va,(f) w Ugs=8min, V_ (() w U,e=2%" whoro U,, and U,, ero indopondont of
time, 80 that {Ve;(¢)Va,(6)) = U, U2, and this quantity is in goneral different from zoro,

¢t In geosral A, also deponds on direction, but for simplicity we neglect this depsndence.

¢ From now on we ahall frequently use the notation dS, dP,, . . . for surface slsments centred
on the pointa 8, Py, . . . . ‘

E-3
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510 FRINOIFLES OF OPTION (10.4

We noto that the intogral (21) is tho samo as that which ocours in quite o different
connection; namely in the cnloult,s&ion, on the basis of the HuyoxNs-FRrEsNXL prin.
siplo, of tho complox dinturbmnce in tho diffruction pattorn arising from diffraction of n
sphinrion] wivn on an apartara in wn opagen soreon. Movoe procinoly, (21) implics that
the complex: degree of coherence, whick describas the correlation of vibrations at a fized
point Py and a variable poind P, in o plane illuminated by an extended quasi-mono-
chromalic primury sonres, iy cqual (o the normalized complex ampluudc at the corres:
ponding poind Iy in o corlain diffraclion pullern, centred on Py, t(’lm paldern wowld
be oblained on rcplacmg the source by a diffracting aperture of the same #ize and shape a2
the source, and on filling it with a spherical wave converging to Py, the amplntude distri-
bution over the wavasfromd i the aperinrs baing proporiional  the intenaity disiribution
acrosy the source, iy ronull wiy ficet establishod by van Citrerr* and later in &
simplor way by Zunxiks. We shall refer to it as the van Citlert-Zerniks theorem,

In most applications the intensity J(S) may bo assumed to be independent of the
position of § on tho surfaco (uniform intonsity), The corresponding diffrnotion
problom i then that of diffraclion of n sphorical wave of uniform amplitudoe by an
sporturo of the samo vize and shape es the souroe.

Lot (&,1) be the coordinates of a typical source point S, roferred to axes at 0, and
lot (X,,Y 1) and (X, Fy) be tho coordinatos of Py and P, referrod to parallel axes at
£ (Wige, 1O, Phon, ift 1 donetass the distancs O,

that Iyt = (X, "‘5 + (¥y =P+ B
%o tha
Ry~ R .! l "y 5)‘;*'((}'\ '))' )

Horo only the leuding terms in X,/R, Y,/R, §/R, and n/R have been mhined A

striotly similar expression is obtained for R,, so that

(N2 Yyd) - (X -] XyY) — (X, — Xg)¢ + (Y, — Yy .
2R ‘

In the donominator of the integrands in (20) and (21), R, and R, may to a good
spproximation be roplaced by R. We also sot

(23)

‘4\1 ; J\I) -1" Ll}; y’) - q' (2‘)

o B X — (X4 V) o

Thon (21) roducon Lo '
al'vffj(e‘ ﬂ)e~“(ﬂ+ﬂ) ded,,

e | f emden @

Henco if the linear dimensions of the source and the distance bebween P, mld Pyare amll
comparcd o the dislance of thess points from the source, the degree of eahmm |thye] S0
oqu‘:l‘ to the absolute value of the normalized Fouyrier transform of the intensily funciion
of the source.

* P, H. vax Civoxar, Physica, 1 (1034), 201,

L
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10.4) PARTIALLY CGONERERT LIONY 611

The quantity y defined by (26) has o simple intorprotation, According to (23) it
represents the phaso differonco 27(QP, — OP,)/, and may evidontly bo noglocted

when : ,
For o uniform oircular sourco of radius p with ita contro at O, (20) givos on integra-
tion (cf. § 8.5.2)
2J
Hhyy == (_;(_v).)e"’ (28)

whoro

L}

v VP TP = oV S (T = T,

) ae 27 [Ka2ok 300 = (KT VY
L § Y] T

J; being tho Bessxr function of the first kind and first order.,* According to § 8.5.2,
|2J,(v)/v| decronsos steadily from the value unity when v == 0 to the valuo zoro whon
v w= 3:83; thus as tho points I, and P, ure soparated moro and moroe, the dogreo of
coherenco steadily decreases and there is complete incoherence when P, and P, are
separated by the distance

(20)

»

. P L 17,2
Ptpa""/('ll"xa)"*‘(yx"‘Yz)"=—"'P * (30)

A further increase in v re-introduces a smali amount of coherenco, but the dogree of
eolioronoo romains smallor than O-3d, andd thoro in furthor comploby incoborones for

v e 702, Sinoo Jy(v) chungos sign ug v pusses through ouch zoro of /,(v), tho phaso

P1s = arg pu;4 changes there by o; in consequence the position of the bright and dark
fringes are interchanged after cach disappearanoe of the fringes,

Tho function |2/,(v)/v| docroanos stomlily from tho valuo 1 for v = 0 to 0-88 whon
v == ], ie. when RI

P xP g = 9"']'.',6;—" . (31)
Rogarding o doparture of 12 por cont from tho idenl value unity ns the maximum
pormissible departure, it follows that the diameter of the circular area that is illuminated
almost coherently by a quasi-monochromatic, uniform sourcc of angular radius
o == o/ R ist 0-164/a. This result is nsoful in ostimating tho sizo of a sourco neodod 7
oxperimonta on interforonco and dilfraction,

Ay oan examplo considoer tho sizo of the “‘arca of coherenco’” around an arbitrary
point on a screen illuminated directly by the sun. The angular diameter 2a which
the sun's disc s5btends on tho surface of the earth is about 0° 32’ ~~ 0:018 radian.
Henoe, if the variation of brightnoss acroas tho sun's dise is negloctod, the diamotor d
of the arcn of coheronoo is approximately 0-164/0:000 ~ 181, Taking tho mean
wavelength 1 a8 56 X 10~ cm this gives d ~ 0:01 mm.

—

* No oonfusion should arise frotn tho fust that tho nymbol J is nlso naud for tho mutusl intonsily,
48 the latter always sppoars with two suflixos or with sovoral argumeonta,

t As early as 1805, E. VERDET estimated that the diamater of the *‘circle of cohersnoe’ is
somewhat smaller than 0-8R1/p. (Ann. Scientif. ds I'Ecols Normals Supérieurs, 8 (1968), 291;
aleo his Legons d'Optigue Phyngus (Paris, L'Imprimerie Impériale), 1 (1860), 108.)

» . ’
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APPENDIX F

MAPPING GEOMETRY

System output paramcters arc ,defined in Table F-1, "Mapping Geometry

Formulas."
list below.

Inputs parameters and other symbols are defined in the symbol

- . - ¥

—

SYMBOL LIST .
0 = Earth center € = Angle betwsen tile diagonals and
P = Radiomster location velocity vector
QQ' = Location of pixel arc or edges of N. = ?::::bg: :iﬁ:hvidch and aaximun
impger FOV . s Jinal numb
G e« 1ntarscction of lines OF and QQ ® *1lc ordinal nusber ;
= Orbital path length traversed per % ° E;‘:.::g::::i of phenomenon cbserved
image buildup toed Lnvut only Lo
¢ = Nadir ongle of beam or of LOS to V.- :g::::ﬁgg{ ::.::)Ly.( npuc only For
edge of imager FOY
e = Maxi nadir angle 0 = ::i:u:h angle traversed by scanning
B, = Earth-conter angle subtonded by : . i by
T . Al % AUAY * Bolld ungle wubtonded by
tile width pixel at radiometer
H ‘= Radiometer altitude above flat '
sarth or orbital alt b - igcn:::n::::nna vid:h‘(input only
r, = Earth radius = 6,370 km g = Sconnor sntonnu hedghe (lnpuc only
V, = Orbital velocity at earth surface for scanners)
= 7.9 kn/sec k = Beam width parameter
A = Ares of a map tile K = Radiomster performance paramster .

INE(X) =

First integer leas

than X

A3
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iﬁ * F.1 TFLAP-®ARTH, PENCIL-BEAM SCANNER
. vl

Figure F=-1 shows the mapping geometry in plan and elavation for this
cagse (Case A).

From Figure F-l1 we see that

FOV = ¢ BY § (F-1)
R = H SEC ¢ (F=2)
r = HTAN ¢ ‘ (F=32)
v o= ¢ (F-4)
AL = RAg SECH = HAG SECZy (¥-5)
AL = RA$¢ = H SECH Ad (r-6)
4 ba = Ar AL = 1248 a4 SEC’s = K% AR SECTS (F-7)
2. -1 '
t = Ar/V = HA$ SEC¢ V (F-8)
r ' s
3
:
N\ | / N
' H

N

FIGURE F-1, FLAT-EARTH SCANNER MAPPING GEOMETRY
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M = 8/46 (F=9) °
L
) ’ 2
v = t/M = Hip 06 SEC’y o~% v7r - HORSEC , (F-10)

F.2 PENCIL-BEAM ORBITAL SCANNER
'he geometry for thls case (Case B) is presented in Figure F-2,

Using triangle OPQ and the law of sines

-1 (fe T H o=l '
v = sin = sin ¢] = sin “(y sin ¢) (F=-11)
e ;

where ¢ has an assigned value and y = 1 + H/r e’
From triangle PQT
'4, + (90° + n) + (Y0° - y) = 180O° (F-12)
Solving for n
N o= y=9¢ = sin (ysin ¢) - ¢ (F-13)

From the #ight triangle GPQ

R = [H+ (1L ~-cos n) re] émc¢ - te(y - cos n) SECé (F~14)

The ground range to the:pixel arc is the small circle NQ. Its length is

r = nr, (F-15)

-~ F=5



%;f‘

ORIGINAL PAGE I$
OF POOR QUALITY

r —
\ Ao
a
'.0“ v /
W+ (1.cosn)r, . .m;on
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FIGURE F-2, PENCIL.-BEAM ORBITAL SCANNER GEOMETRY '
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Ar L RA¢ SECYy = re(l - cos n) SEC¢ SECY (F-16)
AL = RAG = te(l ~ cos n) A8 SEC (F=17)
- 2 v 2 sl . )

Au = AL Ar = rﬁ(l - cos n)° Al SEC"¢ SECY (F~18)

J N4l r
t = Ar/V = Sﬁﬁijghﬁﬂl - 1% (1 - cos n) A¢ SECé SECZy (F-19)
M = 0/40 (F=20)
Fe 2 ,
T = t/M m= 76 (1 -~ cos 1) AQ SEC$ SEC™Y (F-21)

.3 FREQUENCY=PLANL, PFLAT-EARTH LIMAGLR

Frequency plane imagers (Case C) measure the two~dimensional spatial fre-
quency spectrum of the scene.  The image ls the two-dimenslonal LFourier trans-
form of this spectrum. The "snap shot" version measures the spectrum of a
FOV, forms the image and then repeats. The selected FQV must continue to be
observed as the interferometer moves forward one image width. This implies
the interferomcter antennas mugt track one OV during this movement and then
snap to the next FOV. The circular images must overlap to product a swath of
continuous width x as shown in Figure F-3.

We wisli to produce as great a mapped area per image buildup as possible.
This mapped arca is given by

A = (2r 8in £)(2r cos k) = 4:2 sin § cos £ = 2r2 sin(2¢) (r-22)

~

-t —————, i

We wish to muximlze A, so

:2. - 229_2%;&5_) - 4:2 cos(2E) = 0 , ; . (F=23)
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roVv, OV,

605-SYcol8

TILE ti+ 1)

2rcos

FIGURE F-3, OVERLAP GEOMETRY

In order fo: :he derivative to be zero, { must be 45°. Then sin £ times
cos £ is one helf. So the mapped tile is a square. 1Its area is

A = 2% (F-24)

Parameters given for Case A, the flat-earth scanner, in (F-1) to (F-8)
apply to Case C as well. However, when these equations are used to describe
a Fourier imager A6 and A¢ are nc longer beamwidths. They are orthogonal

angular resolutions for the final image generated by the Fourier transform
operation.

Equations (F-9) and (F-10) are replaced by expressions for the number of
spectrum samples which must be taken over the Fourier disk in order to preven:
aliasmng. From Appendix E, Equation (E-26), this number is

i
i

M - z p? FoV° | © (F=25)

where D is the diameter of the Fourier disk in wavelengths.
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The .time per image buildup is

c = 2&.%&22 (F-26)

So

t 8H TAN¢N__

T = = = - (F~-27)
Mo vy
also (F=24) becomes
A = 2m TAN2¢ - (F-28)
F.4 FOURIER-TRANSFORM ORBITAL IMAGER (SNAP-SHOT MODE)
From right triangle OPT in Figure TF-=4
. r
-1 e =1 .
buax Sin (re < H) sin (y) (r-29)
Let us finc the largest angle at earth center which is less than BMAX
and which divides 360° integrally. Half this angle is
s
L JY , ' (1=30)
LVEN INT i) +1
mAx

Then the angle at 0 subtended by a tile-square width is

BT

29
Zevey e-31)

Also, in order to find the field-of-view we need to know n, half the
angle at earth-center subtended by the circular image.

[}

F-9
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oiLs sveols

1 SINY

0
FIGURE F4, FOURIER-TRANSFORM ORBITAL IMAGER "

i #

It 1is
vZ ¢ |
no= VZg, = —EH - : (F-32)

The radius of théAimaged cap shown in cross section between Q and Q' is
e

r = pr | | (F-33)

The orbital distance made good during image buildup, is

pom Ar +E) 4y = x g | (F-34)
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I‘Ff!l" -,
| ( o The .time available to make an image is then
| 3/2 ,
i 5 21 r +H 21ry3/'2 r,
' N[Nt (1) + 1]\ Ve N:m-—-—)-o-.l e
' PMAx *uax

where the value of V comes from Section F.5.

Since 0G = r,cosn and GQ = r, sin n triangle GPQ gives

;; -1 rgLsin n -1 5

+ = TAN [H +r (1 = cos n)] - I (y - cos n) (F-36)

% and the slant range is

U ri = [H+ (1 ~-cosn) re]- SECé = re(y = ¢os 1) (F=37)
{ ‘ The remainder of the output parameters are casily derived. They are

given in Table F-1.

F.5 ORBITAL VELOCITY

i For circular orbits, the orbital velocity ratio of two orbits is inversely
J ~proportional to the square of the earth radii ratio. Thus:

S | E ‘
N (F-38)
: Iy )

i

s
i

As a special case let one orbit be at the earth surface. Then

vV o=V e = v /N S (F-39)

2}

+

w
o

where Ve = 7.9 km/sec and r, - 6,370 km.

34
S
H
i
{I
i
b
I
i
it
i
i
¥
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& o F.6 SPINRAD ORBITAL GEOMETRY ’

We see that An is given by (w, - wg)t, where 0, is the satellite orbital
rate and w, is the earth angular rate, so

V.t

An = Zw-y_i_--meg; - 27 = (F-40)
CIR 5
now
r +H
CIR = ———¢C, = yC, = orbit circunference (F-41)
C
CC
t, = 3y = % r, = carth-sccond pendulun period (F=42)
e
then |,
{
An = 2u —‘—7"v"‘t -w,t = ———7—2" -w \t (P-43)
y C.t LI
Let
n' = n+£\2—" ,
So from (7F-36)
tan™T n'
' - ; - ~ _4
¢ »+ e y - cos . (F=-44)
é
§“@f ’

F-12
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F.7 HP-97 MAPPING GEOMETRY PROGRAM

Table F-2, which follows, computes the pertinent geometrical parameters
for orbital mapping using aperture synthesis or SPINRAD. The effective inte-
gration time, tepg, for the SPINRAD case is also found. The first program,

-RIN/R/S, uses the orbital altitude H to f£ind orbital velocity and period. It

also finds the nadir angle of the LOS tangent to the earth's surface at the
horizon, ¢Mpx, and the corresponding zenith angle of the radius from earth
center to the LOS tangent polnt, nMAx

The next two programs, LBLA and LBLB, are a pair. Given the nadir angle
of the edge of the FOV, ¢, they .find the earth~center zenith angle or vice
versd,  They also £lnd the angle of Llncidence of the line-of-sight at the edge
of the FOV, y. If ¢ is known, LBLA enters it into the calculator.: Then when
LBLB is pressed, n and ¢ are found and printed out. Conversely, if n is known,
LBLB enters n after it is keyed in and "B" is pressed. Then pressing LBLA
causes ¢ and Y to be calculated and printed. .

LBLC explores the limits of integration time in the SPINRAD case. A
sequence of increasing integration times are sct up and a set of performance
parameters are printed for each value of t. First ¢max 1s printed, the ¢' is
outputted, This is the nadir angle of original FOV edge after satellite motion

for timt t. If ¢' > ¢Max, @ portion of the original terrain disk, whose spatial
frequency spectrum is being measured, has gone below the horizon.

The program assumes that the FOV of the linear array normal to its length
is increased to ensure that radiation from the total terrain disk continues to
be received after time t. This decreases sensor efficicncy, since the wider
beam receives less power from the disk and replaces it with power from the
surrounding area added to accommodate disk motion. This loss is expressed
as a decrease in integration time. This decreased time, BagE’ is computed.

The satellite motion causes new terrain to replace old terrain at the
edges of the original disk. These edge effects destroy a certain fraction of

the image, An/n. This is printed out just before the effective integration
time, t .
eff

Finally, the incidence angle of the LOS to the back and front edge of the
disk will change during measurement. The rearward incidence angle will
decrease and the forward angle increase. These angle changes, Ayt and Ay~,
are given. This permits the limitation of t, if these angle changes become
excessive.

- LBLD is concerned with the "snapshot" mode assumed for pure aperture
synthesis. The number of square map sectors per orbit is entered. The pro-
gram then gives the earth-center angle subtended by a map sector (tile). Next
it gives the time available to measure the frequency spectrum of the disk

within which the square is inscribed. Finally it gives the fields-of-view of
the interferometer antennas.

F-13.
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REGISTER A 2 ¢ [ E .
*richor n or ¢ munt be fnput
VALUE n [ Vo Wy on an Initlal value
»%0 709 7,27 x 10%3
i By
REAIATER 0 [ 2 3 3 6 ? s 9
VALUE T y a ¢ v n' o' |an] ¢
5068.32 HAX e
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S0 2a | WIN L 0 PREIX ¥ AL & oUTPUT 2
2CL D OUTPUT xT PRT SPC RCL A 3 x ! .
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PERIFORMANCLE O APERIURE-SYNTIESLS IMAGERS
G.l IMAGE SPECLRUM
In Section 6, Part I, of Volume I, "Antennas as Spatial-Frequency Filters,"
it was shown that the MTIF of an interferometer with baseline d is
H(F, d) = AD™* ( - FA""), d-4ad <F=<d+ad
= 0,0<F<d-Ad OR d+Ad <F<wm (6-1)
{ When d » Ad (G-1) simplifies to
F(F, d) = &(F - d) (6-2)
In Appendix C, "Microwave Radiometer Image Statistics" it was found that
the spectrum of the scene expressed ‘as a video power densgity spectrum is
s\ =572 -5/2
S(F) = [————]p = 0 » S(F) = G(F) G*(F) (6-3)
4 vFOV
Due to linear response to intensity, the RF power spectrum or video
voltage spectrum of the radiometer is given by
Vi (F, d) = H(F, d) G(F) = &(F - d) G(F) = G(d) ‘ (G-4)

) GC=2
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As the baseline length increases from zero to D, the voltage emerging
from the radiometer Vy(d) is a perfect replica of the spatial frequency spec~
trum of scene, S(F)., Both S(F) and Vy(d) are complex variables. The Fourier
transform of V(d) is a replica of the projection of the radiant temperature
distribution of the scene on the baseline,

The video pover density spectrum of the radiometer is then

’

IR = V() VE® = B, @) S = s5(F-D) 8B = 677

(6-5)

G.,2 BIAS ERROR

In order to find the total system error, we need to find the bias error,
as well as error due to noise. Bias is an error which does not go to zero as
nmeasurement time becomes infinite. Since the interferometer reproduces G(F)
perfectly out to T = D* and has zoro response for F > D, the blas power ‘is
the Lntegral of the power denslty spectrum from D to infinity.

That is
® 27 ® 2
l)z u / / ()p-"/z(p dp d¢p) = --z"T'Qp-'L/z - (—-—-’\1 )‘D-l/l
p o (':'z') Fov
|D
(G-6)
For the sake of compactness In latter calculatlions let
2
AT .
/FOV 1
So that
v = g D2 (G-8)

*Except for bias due to spectrum curvature, which is ignored for the time
being.

G-3
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The above calculation assumes there iz no decorrelation of thae signal
due to differential time-of~flight (DTOF)} of the signal to the baselinec ends,
In Pact, such decorrelaclon ovcurs, As bhe buseline length increases G(p),
the spectrum including the effects of decorrelation, becomes smaller and
smaller compared to the thre spectrum G(F).

However, Lf the system bandwidth is kept small compared to the reciprocal
of the DTO¥, this bias error will be small and can be neglectéed. Furthermore,
decorrelation also harms the performance of large filled-aperture pencil-beam
seannuers,  Caleulations Lor the effects of lateral decorrelation on a-conven-
tional antenna are given by Beran and Parrent. (1) The magnitudes of the
effects do not appear to be much different from the aperture-synthesis case,

‘Therefore, comparison between the two system types is not harmed by
neglecting bias due to decorrelation.

Tt should be pointed out that the spectrum power reduction vs, spatial
frequency due to decorrelation is another MIF. It is multiplied into other
transfer functions, 'such as the MIF due to image motion, to obtain the system
MIF. Compensation for some of the performance degradation can ba removed dur-
tng fmage restoratlon, Correelatlion blas is treated in more detall in
Appendix I, )

Th this analysis, a connervative value For che syatom bandwideh will be
chotien,  Phin bundwidih will he made one=fourth the reciprocal DYOF computed
for the maximum baseline length D and for rays arriving from the edge of the
FOV. The geometry for finding the DIOF is shown in Figure G-). helow. '

o__ @
5V /o:/\ g
s 3 o
SUNE-
(4]
2
v
NADIR

FIGURE G-1. GEOMETRY FOR CALCULATION OF DTOF

(1)M. Berran and G. Pgrrent,'Thgorz,of Partial Coherent, Prentice-Hall, 1964,

Sec . 9 s 2 s PP. 133-137 .
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We see that
AD = D sin (rgv) ~ D(-Eg—v) for FOV « 1 (G~9)
So N
T3 D Fov D_FOV Do
DIOF = C 2 - 2f - 3 . (G~10)
NOTE:
C (wavelengths/sec) = £ . (H2) = operating frequency
A
‘Then
[ - | e r b I (G-ll)
= 4 DIOF 2p FoV 44D
{
Ged NUMBER Ol SPALLAL-IREQUENCY SAMPLES
This sample number is needed to find the noise variance. For the smooth~-
ing time v is the total observation vime avadlable per image buildup divided
by the number of samples required. For the time being it is assumed that
sample density is great enough to meet the Nyquist criterion. Then aliasing
is prevented. '
Ko(z)( gives the value of this Nyquist sample interval, AF. This value is
aF = FOUL (G-12)
(2) H. KO, "Coherence Theory of Radio-Astronomical Measurements, IE3 Trans.,
éw Vol. AP-15, No. 1, Sec. IV B, pp. 15-16, January 1967.
"h;’. '

G=5
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The area of a sample cell in the uv-plane is, therefore, AF2 = FUV-Z.
The area of the Fourier disk is 7D2/4. There the number of spectrum samples
for uniform sample distribution is

2 2 w2
ubd - = ) AFOV (G-13)
4AF ,

My

»

This would be the end of the sample number calculation, if we could
always uniformly sample. However, if the interferometer antennas are moved
rapidly back and forth along the baseline while the baseline slowly rotates,
oversampling near the disk center results. This is the situation for radio-
telescopes which use earth rotation to rotate the baseline. The situation is
shown in Figure G~2 on the following page.

The correct number of samples on the half-circle rim in order to meet
the Nyquist criterion is (nD/AF). Each rim sample corresponds to a baseline

position with (D/AF) samples along its length. So the rotating-baseline
sample number . is

2
ROT Baseling \M"'z D (G=14)

M

The slowly fOCacing baseline strategy increases the sample number by four
to one over the minimum necespsary. ‘lhe best sampling strategy is to rapidly
rotate the baseline while its length slowly changes. The antennas move with

. constant velocity outward along spiral paths producing uniform sampling.

\ FOURIER DISK ®

,)M‘ IN Uv ~PLANE g

sLOW .
MOTION gvl
-

[})

FIGURE G-2. GEOMETRY OF SPATIAL-FREQUENCY SPECTRUM
SAMPLING (SLOWLY ROTATING BASELINE CASE)

G=6
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We are now in a position to write T as

t 4t
My b TFOV

where t is the observation time per image and M is number of samples for
unifoem sampling density.

G.4 NOTST FRROR

Next we must trace the generation of the video noise power density spec-

trum. This noise originates in the RF section. Let it have a power spectral
density of N. This power density is converted to a vidco power density of N2,
The total video nolse power, alfter bandwidth reduction, is 6T<. [Remember
that we suppress (k.B) in all expressions! So the true total noise power is
(k6TB)2.]

Since there are two antennas and the system is fully coherent K = 1/v2.
Either the in-phase or quadrature channel (real or imaginary portion of the
spectrum sample) will exhibit a noise variance of

T2 '
2 SYS
6Ts = TATY . (G~16)

The transform process adds the I and Q noise powers to obtain the noisec
power in a pixel. The result is

. '1'2 )
2 . SYS ;
ST, = e (6-17)

Substituting Af from (C-11) and from (G-15) we get

P 2f¢ 2 '
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G.5 DETERMINATION OF OPTIMUM DISK'DIAMETER AND MINIMUM TOTAL ERROR
Total system error ls the sum of thermal and bias noise.

This sum is

2 2 2 -
e (D) = 6Tp+b -flb

/2 ¢ p3

This error must be differentiated, equated to zero and solved for.D in
order to find the optimum disk diameter,

22
d7e @ _ _ 1, -3/2 4 p2 .
) 7] fl )] + 3£2 D 0 (G=20)
The result Is
¢ (207
D = —l- wavelengths (G=21)
61.‘2

Substituting (G-18) into the expressions for ST: and b2 we get

cig) 17 17 (617 gLl |
2 2 o 17 6/7 /7 ol
b fl( fl) = 6 fl f2 : (°k™)
(G-22)
£ 6/7 ; . '
2 o 1 o ¢=6/7 6/7 1/T N2, a2
s'rp Ez(ﬁfZ) 6 £, £ } b“/6  (°K™)
Then the total mean—-square error is
2 1/7 | ~6/7y 6/7 1/7 ,0,2 7.2 7.
€ = (6“ +6 ') £, £, (K7) = b, € = J—-G:b (G-23)
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APPENDIX H
PERIFORMANGE OF SERTES=FED=ARRAY PENCTL=BEAM SCANNLERS .
.l NOLSE ERROR
Let the diameter of the circular aperture be D wavelengths. Then
A8 = D-l (rad) = half-power angular resolution
and
s = A0% = D-z (ster) = pencil beam solid angle (H-1)
@ |
Let
@w o= 2 170-\7?' (siter) = solid angle subtonded by clght (H-2)
circular cone scanned by pencil beam
Than , .
R § I
M = Z% = 1‘-”——2—0—!- = number of samples per scan cycle
! M = nqpumber of pixels in image . L (H-3)
} *
{} )
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% = __Eﬁ%-'z = radiometer integration time (H=4)
D F

Where t is the image formation time (frame time). . .

Now .
2 _ Krge
GTp ~ TiE (°K") = image noise variance (H=5)

In the case of aperture synthesis it was noted that both of the inter-
ferometer antennas absorbed thermal power within the solid angle & without
interfering with each other. MHowever, hoth corrclator channels must obtain
power From the same pixel in the peneil beam scanner case. Therefore, the
power per channel in the present case is half the power per channel for aper-
ture synthesis. The radiometer measures only temperature. That means we are
using only the T=channel output at zero time delay. TFor this case K = 1.

In Appendix F the question of -system bandwidth was discussed. There it
was pointed out that the bandwidth restrictions due to coherence loss are
about the same for both f[illed-aperture arrays and synthetic-aperture cases,
although some of the details differ. In the filled-aperture case, decorrela-
tion uniformly reduces the entire SFD. In the synthetic-aperture case the
reduction differed for different spatial frequencies. It increased with
frequency, .

As an illustration of these effects for a filled aperture, the loss in
gain vs. coherence length for lateral coherence is shown in Figure H-1. The
curve comes from Beran and Parrent's "Theory of Partial Coherence"” referred
to in Appendix G.

We are interested in longitudinal coherence, not lateral coherence.
However, it is easy to see how to compute the effect we are concerned with.
If the antenna is a series-fed array, the signal reaching the output port is
delayed with respect to the signal entering the array nearest to the port.
Delay increases with respect to the reference signal as entry into the array
progresses further and further away from the exit port.
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100 ®
©

“ 5

70

PERCENT OF GAIN

20

10

1 1 4 1
0 12348 10 15 20 28
RATIO OF APERTURE LENGTH TO COHERENCE LENGTH

FIGURE H-1. CORRELATION LOSS VS NORMALIZED
APERTURE SIZE

Let R(t) be the longitudinal coherence function of the signal, which is
the transform of the RF spectrum. It may be regarded as part of a signal,
A%(t), having constant power for all time delays. This signal consists of a

roherent portion C(t) and a moncoherent portion I(t). The coherent portion

is of the form R(t). Since power level is not a function of t, we have
R(t) + Iz(t) = A2(t) as shown in Figure H-2.

¥

A2 (0

At

L199-S9E010

R (T) = LONGITUDE COHERENCE
FUNCTION

< (v

! ‘ .

)

FIGURE H-2, COHERENT AND UNCORHELATED PORTIONS OF SIGNAL

H-4
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L The Incoherent signal I(t) will not add amplitude-wise to form an out-
put from the aperture. Its components for differing t's add power-wise to
form a noncoherent result which is scattered out of the aperture and lost.

The total power in the signal, /REtS, which adds coherently and is
received, is )

P, = j{ R(t) dt ‘ ' (H~6)
0 .

If there had been no decorrelation.the power received would be

(L)

Ppeference ™ /R(O) dt N (8=-7)
0

So the loss in gain vs t is

=N

L = R(t)/R(0) = o(t) (H-8a)
The total fractional loss is therefore

w

I"t:c;t:al = /Mf) dt I (H-8b)
4]

- However, (H-8) is of the general furm of the gain loss expressions
encountered in the aperture synthesis cases.

So we again will use Equation 11, Appendix VI for system bandwidth.

Af = C___ o (B=-9)
2D FOV .
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Substituting t in (H-4) and Af in (H-9) into (H-5) with K = 1, we get

"‘—"3)
2_(s*zs 3 _ .3 )
GTP T D £,D (B-10)

Note that (H=10) is the same as (G-18), Appendix G in the synthe:ic aper-
ture case.

H.2 BIAS FRROR

In order to determine resolution bias note that D is the cutoff spatial
frequency of a filled aperture. 1) fThen the bias power is

o n
b2 - / / 00~>"% (o dp ap) (KD (H-11)

D 0

This is identical to the integral giving the bias power in the synthetic

-aperture case in (6), Appendix VI.

So again

2
b2 = D 1/2 whoero rB = 42;= (1-12)
I 1 rov :

In addition to (H-12) there is bias error bhecause the MTF of a filled aper-
ture s oLl rectapgudac.  However, some of tlils blas can be removed by
processing, so it will be neglected.

1t.3 OPTIMUM APERTURE SIZE AND MINIMUM TOLAL ERROR

Since the ATTOX parametets, f; and £, are identical with their values
for the aperture synthesis case, the optimum D and minimum error expressions
are the same also. They are repeated here for convenience sake.

(1)3. Kraus, -Radio Astronomy, Sec. 6-9, Eq. 6-65, pg. 170, McGraw-Hill, 1966.

H-6
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f‘“" [ (217
- - l
D = —
( 5 i ) wavelengths (H-13)
2 1/7 _6/7 _L/7 <
be = M7 g8 fz/ °x?)
2 :) " / (H-14)
s12 e o =017 617 L) e
L b*/6 6 £°° £, (°K")
2 1/7 -6/7 6/7 _1/7
€ = 6 2
( + 6 ) f1 f2 (°k) (H-15)
‘¢
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APPENDIX I

RAVE=DISTORLTION CALCULATION OF ERRORS DUE ‘IO UNDERSAMPLING .

I.1 MEAN-SQUARE SIGNAL ERROR VS INFORMATION RATE

The mean square error introduced into a signal as a function of the rate
of source coding and information transmission through a communications channel
is best expressed in parametric form. For this mean-square-error criteria and
for a Gaus ian §ource, this parametric representation is analytically
tractahle.

The analysis assumes optimum coding. If coding is optimum, then the dis-
tortion is an upper bound on the error for all sources with the same spectrum,

but with other than Gaussian statistics.

I.1.1 One-~Dimensional Case

As a warm-up exercise, let us do the one-dimensional case. From Berger,
Bquations (4.5.51) and (4.5.52), the parametric represcntation is

/ 0
d(0) A- -2'—"-/ MIN[O, ¢(w)] dw ‘ (I-1)
'<,
dm ’ .
1l o (w) :
\R(O) = z;/.; MAX[O, in -'%)] dw : ‘ (I-2)

where w is radian frequency.

(1)T. Berger, "R(D) for Gaussian Sources," pp. 106~130, Sec. 4.5, Rate
Distortion Theq;y, Yrentice-Hall, 1971.
(2)

A. Viterbi and J. Omara, "Continuous Time Sources and Generalizations,"

Sec. 8.4.3, pp. 502-513, Principles of Digital COmun:l.cat:ion and COding_,
McGrnw-Hill 1979.

-2
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Let the spectrum be one~sided and described by the relation

o) = WP ' (1-3)
If there are M lines in the image, we can write ‘
Wyay ™ Muyrn ' (1-4)

Furthermore, we c¢an normalize the frequency range by assuming that

Ymin
is unity. This results because this spectrum is self-similar and self-affined.
(See Appendix C, C.l.)

The above considerations permit us to write (I-1), (I-2) and the integral

for the variance power, 02, in the forms.

-~ = M
d(eg) = 2—11;'[ MIN(O, w.h) du = 7];?/ MIN(O, w-h) dw
k (Y] 1

% 100 M
R(8) = Zli?/ m\x(o. zn“’;h) dp = 7};/ mx(o. zn“’;h) dw
0 1

™ M :
2 - —.'- _h -3 -1'— ~h 5
.u 21 / w o dw 2"/ w o dw (1-5)
1 .

The variance, which is used to normalize d, becomes

A

‘ M
M .
2 _ 1 ~h o - w-( -1 _l-M-‘-(h-l)
g ‘ 211’/ w  dw ~ __(I'T—-_l-)—) 27 h = D) (watts)
1

(I-6)
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’

Now 6 becomes greater than w-h when

~h | .
0 = w , lzw <M (1-7)
o, = 67VP , wPessn (1-8)

So the distortion integral times 27 becomes

-1/h h~1
X " -h ~1/h g By (b-1)
2nd(8) = fdw + o dw = 0(0 ~ 1)+ =D
e-l/h ‘ ’
(1I~9)
Therefore,
h-1
I - y ~(h=1)
R a0
Normalize the error to obtain
b-1
€Y . P - -1 (1-11)
[+

I-4
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R(0) is evaluated as follows * ’
| g-1/h N g~1/h
A RCD) = [ AT 9—'0— do = / o (=h nw =~ 2n0) dw
1l 1l
"-llh

h(w ~ winw) = wWLn6
I3

- ho'l/h + 07D pno - e’l/hzno - h + 2no0 (1-12)

§0

V -1/h
R(e) = 222 h(iﬁ' &) nats/UNF (1-13)

where UNF means unit normalized frequency.

For 6 = 1
_ _ y=(h=1) _
d(n) . h-h+ 1 -M = 1 and R(8) = 0 h+h 0
02 1 - M_—(h-l) . [2)

These are the correct limits. Figure I-1l compares this case with other

rate-distortion functions. Quantization also limits information rate as
stiown in Figure I-2, .

I.1.2 Two-Dimensional Case

in the two-dimensional case the differential frequency element in cﬁe
Tourier planc is of the form (pdédp), where p is radial radian frequency.

Copiini
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Starting with the Cartesisn form of the 2-d integrals from Ref. 2,

Equations (8.4.45) and (8.4.46), we see that in polar form all integrals are
of the form.

L4

2n o M M
1 = ¢ f / £(p, 6)(p dp d¢) = 2w¢[ £(p, 68) pdp (1-15)
0 1 '

20d(0) = 0 f pdp + o~ (1) g
1

“2nlh ~ 2) (1-16)

So

h-2
h _h h =-(h=2
78 +(1-z)e—u(_ ) o 1
_ M.(h_z) : =

d(e) = _
1

I-7
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é;*?‘i" The variance is .

M
M
2 1 /‘ el ,(h=2) 1 - y(b-2)

o " % 27h = 2)| " T2w(h - 2) (1-17)
1 1
So t:he‘ normalized distortion is
h=2
o LBt poYeontd
..%) - D ~ M <M<l (I-18)
o 1 -M
Next evaluate the eate Lhus
0-1./h » o-l/b
GuRk(0) = pLn Le— dp. = (=h pinp = pnd) dp
{ 1l 1
-1/h
2 a2 52 o
n h v =7 wnpl - 7 )
1
. h -2/n_1 -2/n 1 (To1¢
. 7 © +58 tne - 3 3 (I-19)
So
L C(n - o=2/n , ' . '
¥ R(0) = 2200 - (h = 0 ) (nats/URF) (1-20)
! : ‘ 10n v
i
k
.
1 1-8
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I.2 HP-97 RATE-DISTORTION FUNCTION PROGRAM DESCRIPTION

For those with 1P ealeulators, L glve the progruam to culeulate d(O)/uz
and R(0), in the two-dimensional case, below. The symbols used are the same
as those in use in this appendix. When M is entered, it is printed. Then
Omin = M~h is found and printed. K multiplies 0 by a fixed factor, and by
the operator, on Luch circult around the loop. I have been using 2. On each
circuit 6, d(8) /02, R(6) and R(6)/Rpax are printed in that order. When § > 1
the progrnm stops. The last computation gives Rp,, close enough to unity to
permit platting Ryax ve sumber of dmage lines, Thc result Ls shown in IMig=-
ure I-3. A graph of information rate vs percent distortion is shown in Fig-
ure I-4. 1nformation rate is given as a percent of Rmax. The parameter char-
acterizing each curve is number of image lines.

10,000

[ ]
-t
3 8
- tn
N a2
- (-]
- N o Pmax
4
g 1000: :: 1220.3
] = 288 3289
w f o 1024 | 62101
Q ~ 4006 | £34429
L ¢ =
2 -
'S
o =
o
z
Z  100}=
pre.
-
-
pun
wb :
st i @’llm T A AT R N I I O L LTI
Y 10 100 1000 10,000 100,000

PriaxNATS/NOAMALIZED UNIT FREQ INCREMENT) ‘ '
FIGURE I-3. MAXIMUM INFORMATION RATE VS NUMBER OF IMAGE LINES
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FRACTIONAL DISTORTION
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TABLE I-1, HP-97 RATE-DISTORTION FUNCTION PROGRAM

»”

g oy

REGISTER o1 2 3 4 5 6 7 s 9
VALUE oK e W 0 N RM) Ry WD)
ENTERM '
LBLA RCLD KCLS §107 .
PRTX # LINES RCLO RCL2 1
STO4 : ' 1/% RCIG
RGLD y* CHS X $¥?
cHs RC1L2 e vro2
Y X ) K17
o ) _ STO8
PRTX 0, RCL3 RCLO 182
[THAL (HIH X Ren?
2 ¥ : RCLS RCLS
: — | LN :
o2 - 2 EEX
RCLO 1 X 2
y RGL2 + X
- - 1] B 4
PRTX UNDER
5703 RELS : SAMPLE
1 X ' 4 RCLL
5706 + x? " RCLS
MY R U § H X
LBLL RC19 PRTX R(N) ST0%
PRY SPC - §T07 . -1
PR S + . $T0+6
RCLS T e 4O RCLS
PRTX § ’ 1 .
' "X oy
cToL
RTN

I-11
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APPENDIX K

LIST OF VICAR IMAGE PROCESSING PROGRAMS
WITH SHORT PROGRAM DESCRIPTIONS

From DIGITAL IMAGE PROCESSING,
Kenneth R. Castleman, Prentice-H«ll, Inc. 1979

K-1
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GENERATION

The following programs arc uscful for gencrating digital images,

GEN?* is a program that produces images in which gray level increases linesry,
modulo 256, from the upper left-hand corner, at specified horizontal and vertical
rales, '

GRATL generales digital images with vertical or horizontal stripes of specified
gray level on a specified background gray level,

SPOT* praduces an image containing a spol, The spot may be Gaussian, con-
icul, reciprocal, reciprocul squared, exponential, or dome-shaped. Spot location, size,
and contrast may be specified.

LOCUS* generates images contnining S-by-5-pixel plus signs at specified loca-
tions,

COHER generates sinusoidal cokerent noise images and can also add sinusoidal
patterns to other images,

GAUSNOLIS? generates random nojsc imngc§ having u Gaussian histogram of
specified mean and standard deviation,

POLYNOIS* gencrates random noise images having a histogram that is
specified by the user,

SYNPIC generates an image in complex format having gray level zero. The user
supplies the real and imaginary values of a few specified pixels. This program can be
used in conjunction with the inverse Fouricr transform to produce images containing
sinusoidal components,

POINT OPENRATIONS

The following programs implement point operations (gray scale transformations) on
digita! images.

STRETCH®* performs general point operations. The transformation may be
specified as lincar, piccewisc linear, or as a cube root or exponential function. it can
also producc contour lines at specified intervals,

ASTRTCH2* first computes the gray level histogram of the input image. The
program then analyzes that histogram to determine the point operation required to
put the histogram into a specified form. The user may specify either a linear point
operation or a uniform or Gaussian output histogram, The linear point operation is
designed to produce a specified amount of saturation at each end of the gray scale,

MATCH?® performs the point operation required to make one image “match”
another. The point operation may be based upon specified areas common to the two
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pictures, Alternatively, for a single inpuit image, the program will make the mean gray
level of specified arcas conform to specified values,

ALGEBRAIC OPERATIONS

The following programs perform pixcl-by-pixel arithmetic functions.

PICAVE* can average up to 10 input images, which may be linearly displaced ’
with respect to one another,

UNITAVE® divides (he inpul image into a set of conlignous ru:lung,lus and
averages those rectangles together. In the output image, each rectangle is replaced by
the average. This program is useful for noisc removal from periodic structures,

DIFFPIC* can add or subtract two imnges following a lincar displacement, A
specificd lincur point operution is ulso performed on the output image.

F* is a general-purpose pixel arithmetic routine, The function that relates the
output image to the two input images has |1 specifiable parameters, These may be
chosen to implement addition, subtruction, multiplication, division, exponentiution,
and logarithms, The program operates by first generating a 256 X 256 two-dimen-
sional look-up table, ‘which is subsequently used to produce the output image.

F2 performs general arithmetic operntions on one or two input imnges, ‘The
arithmetic operation is specified by a FORTRAN-like expression,

‘g" ' PIXC performs complex arithmetic on two complex-valued digital images.

PIXGRAD calculates the magnitude amd angle of the geadient vector of an
input image. ‘The magnitude is taken as the maximum difference between the current
pixel and its eight adjacent ncighbors. The angle is specified by an integer from 1
through 8,

PIXH performs addition, subtracuon, multiphcatnon, and division on two input
.o images. The output and the two input images muy have one or two bytes per pixel.
The arithmetic is done in a fractional format,

PIXRMS produces an output image composed of local mcans or local standard
deviations of the input image.

RATIO® is a preprocessor used for comparing two input images. These may be
compared on the basis of ratio, log ratio, difference, or log difference. The program
generates the parameters required for proper scaling of the output image and fciches
program F, which performs the specified operation. .

LOCAL OPERATIONS
i The following programs perform a variety of specialized local operations on input
images. Many of them were designed to remove specific biemishes from images.

K-3
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SAR®* can repluce specified rectangular areas with an average of surrounding
gray levels, It is nlso commonly used to copy images from one data set to another,

AUTOSAR locates pixcls thut deviate from the avetuge of the pixels above and
below by more than a specified tolerance, Such pixels az¢ replaced with the average
of the pixels aboye and below,

QSAR® cun add or subtract specificd valucs at all pixcls within specified rectan-
pular arcas of the input image,

PSAR* can ndd or subtract specified values at all pixels within specified poly-
gonal houndarics.

ERASL* Jocates und sets to zero the psxels within connected sets having gray
level and perimeter below specified thresholds. It is used to remove small objects from
an image.

BLEM repluces specilied arcas in an image by linear interpolation,
ADL* can add or subtract a speciﬁcd value to all pixels lying along a straight

line between any two pixels in the input image, ‘The dingonal line is specilicd by its

end points,

ADESPIKE® replaces the gray level of a pixel if it differs from its four nearest
ncng,hhors by more than & specilied tolerance, The average of its nd;aocnt ncmhbors
is used jor the replacement,

MEASUREMENT

The following programs are concerned with extracting and displaying various mea-
surements from an input image.

LIST* cun be used to list the gray levels or the histogram of an unue on a liie
printer,

HISTO generates and plots gray level histograms on a line pﬂntcr.

CLSTR* und HIS'T2 compule the two-dlmcnsionul histogram of a pair of input
images.

LPLOT2* produces a graphic plot of the gray levels along a specified diagonal
line in an image,

LAVE* can average all the horizontal or vertical lines in an image. The average
values are listed on the line printer and output as a one-line image,

PIXSTAT produces output images which represent the local mean, variance,
sccond moment, or standard deviation of an input image.

LITEXFER® is designed to calculate the light transfer characteristics using

input images that are flat ficlds at various intensity levels. For specified rectangular

P
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areas within the set of input images, the program compuics and plots the mean and
standard deviation of gray level as a function of the input brightness l¢vel,

THRESHLD® locates and lists areas of an image containing points above a
specified gray jevel threshold, When such a point is located, 8 30 by 50-pixcl arca
-unonnding that poim is listed on the line printer and set to zero gray level in the
image. This program is uscful for automatically locating small objects, such as stars,
in an image,

GRIDLOCA® and GRIDLOCB® are used together to locate the intersections in
an imuge contuining & rectilincar grid nctwork, These programs are helpful in the
geometric calibration of image digitizers,

DRECK locates line segments in digitized line drawings.

ANNOTATION AND DISPLAY

The following programs arc concerncd with adding various types of annotation to

images or with eficcting image display.
ARROW writes arrows into an image at specified locations,

MARK?® supcrimposes rectangular marks centered at specified coordinates in
an image.

SCRIBE®* places rectangles around specified areas in an image.

GRID* overlays a rectilinear grid network into a digital image.

MAPGRID* sverlays an alternating black and white grid (dashed lines) into an
image.

OVERLAY* superimposes a latitude-longitude grid onto cartographic projec-
tion images produced by program MAP2,

MASK® adds gray scales, pixel coordinate reference marks, label annotation,
and a gray level histogram to an image in preparation for display. Most of the digital
images in this book were produced using progriom MASK,

SHADY introduces shading and contour lines into an image. The shaded image
is actually a partial derivative image taken in a specified direction, This assists visuali-
zation of siowly varying (low-frequency) images.

DNSYMBOL replaces each pixel with a square multi-pixel black and white
symbol that represents gray level, thn the image is displayed, the user ¢aa read the
gray level ofieach pixel by examining the symbol,

DISPLAY* produces imuges by printing on a linc printer, Overpnnung of
characters is used to achicve up to 64 gray levels.

PRINTPIX also prints images on a line printer, However, it includes facilities
for demagnification, variable aspect ratio, and a gray scale transformation,

- "-5
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The following programs are designed for general user specified geometric operations,
GEOM* transforms a specified control grid of contiguous quadrilaterals into a

pla,cemenu are small,

LGEOM?®* performs the same transfovmation as GEOM but is more efficient
when verticul displucements ure lurge. Both progrums use bilinear interpolation of *
displacement and gray levels in the transformation.

GEOMA® performs gcometric operations where the transformation is specified
as # mupping ol quadrilaierals into quadrilaterals rather thun into rectangles. This
more general format may afford a more convenlent specification in some cases, For
example, it is possible to degencrate the quadrilaterals jnto triangles and specify the
geometric transformation as a mapping between confrol grids composed of con-
tiguous trinngles, In gencrul, GEOMA runs approximately one-third longer than
GEOM on comparable transformations,

POLARECT projects a rectangular image into a sector of a circle, and vice
veiwit,

Rotation and Magnification

The following progrums are designed (o perform rotation and magniiication on
digital images, ;

€ ROTATE"* performs 90° clockwise or counterclockwise rotation.

FLOT?* can perform plus or minus 90° rotation or refiection about the horizontal
or vertical axis of an image,

ROTATE2* rotatcs an image through a specified angle about a specified point
and places the center of rotation al u specified point in the output image. This pro-
gram. gencrates the nccessury parameters (control grids) and fctches GEOM or
LGEOM to perform the rotation,

ANGLE provides the specificd rotation and translation necessary to bring two
imuges into registration,

MAG?* can generate the parameters necessary to magnify or reduce an image,
alter its aspect ratio, or skew the top of the image right or left with respect to the
bottom. This program fetches GEOM to perform the operation,

SIZE* can also magnify or reduce an image or change its aspect ratio.
RESAMP* reduces the size of an image by ~%ipping lines afid samples.
. APAVG® reduces the size of an image by averaging rectangular arrays of pixels
to form the new gray level values. -

406
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EXPAND* enlarges an image by a specified factor N by repeating each pixel in
an N by N array,
INTERP* magnifies an image by a factor of 2 using bilinear interpolation.

CLASP changes the lincar aspect ratio of an image by magnification in the
horizontal dircction, The program can usc cither lincar or cubic splinc interpolution,

»

image Combination

The following programs may be uscd to combine images to form larger ones,

CONCA'T* can combine up to icn input images of the same size, The images
are concatenated side by side and one above the other.

INSECT* can combinc two images of uncqual size, Specificd rectangular arcis
from euch ol the two input images are placed at specificd locations in an output
image of specified size, Where the two areas overlap, the second input image prevails.
Areas of the output image where neither input image falls are set to 255,

MOSAIC® is usclul for combining multiple overlapping views of an arcu into
one composite output image. The program assumes that the input itiizges are all the
same size as the desired output and that the smaller images have already been placed
in proper position on a backpround of sero gray level, Where nonzero portions of

images overlup, the program takes values from the input images in a specified order
of priority.

HISTLOC generates an output image from a specified £y mensicnal look-
up table. The gray levels of two input images provide the address juto the table, This

program is useful for identifying which areas of an image coirespond to different
clusters in a two-dimensional histogram.,

LYNX joins the top half of one imsige to the bottom half of another, "Franslation
is provided to bring overlupping areas into registration.

Map Projection

"Viww following programs arc designed for producing map projections of aerial or
spacecraft images.

MAP2* is a general cartographic projection program, The program generates
the necessary parameters to project an image from the camera coordinate system into
a standard cartographic projection map. The six tartographic projection options are
Mercator, Lambert conformal conic, oblique orthographic, polar orthographic,

oblique stereographic, and polar stercographic. The program uses LGEOM to per-
form the actual projcction,

MAPTRANS can be used to transform a projected image from one caridgraphic

projection to another. The program uses LGEOM to perforin the necessary geometric
transformation.
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MERCATOR generates LGEOM parameters to transform an image into a
mercator projestion,

PROJECT gencrates LGEOM parameters to transform an image from mer:
cator to orthographic projection or vice versa.

GEOTRAN?® performs geometric transformation to effect projecticn from a
sphere ontey o cylinder or 4 plane, 1t can also perform orthographic projections to,
produce the image that would be obtained if the camera were moved to a specified
different position,

i

CORRELATION AND CONVOLUTION

The following programs perforn tasks that are implemented with digital correlation
or convolution,

CROSS* compures specified areas within two input images to determine the
translation required %o register the two images, It coimputes and prints the sum of
squared differences between a stationary rectungle in one image and a moving rec-
tangle in the sccond image and the relative displacement that results in minimum
sum-squared difference, The size of the rectangle and the area of search can be
specificd by the user, It is useful in many cases requiring cross-corrclation or autocor-
relution, -

REGISTER* generates the GEOM parameters required to bring one picture
into registration with another, Specified rectangular arcas of the images are compared
by lirst removing low-frequency information, then determining the translation that
results in minimum mean square difference, and finally fitting a po]ynomnl surface
through the required displacements. A GEOM control gnd that spans the image is
compuicd from the polynomial surface,

FILTER® performs genera! two-dimensional convolution. The input image is
convolved with a specified rectangular impulse response. This program assumes that
the impulse response has four-quadrant symmetry. It permits cither specified or
automatic scaling of’ the output gray scule.

AFILTER® is similar to FILTER except that no assumptions are made about
symmetry in the peint spread function.

FILTER2* computcs the point spread function of a specified two-dimensional
transfer function., The program then fetches FILTER to perform the ronvolution,
Thus the uscr may perform conVoluuon filtering where the filter is spicified in the
frequency domain,

GFILTER ac.ccpts P.nl_'amcters that describe a two-dimensional transfer function
having clliptical cross scctions and Gaussian profile. It then fetches FILTER2, which
computes the corresponding psf and, in turn, fetches FILTER to carry out the con-
volution. This program makes it convenient to implement lowpas filters of Gaussian
proﬁle in the frequency domain.

S
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BOXFLT* convolves an input image with a flat-topped rectangular point
spread function. The user specifies the size of the psf, Because of the constrained psf,
this program executes much faster than FILTER,

BOXFLT2 is similar to BOXFLT except that it can also produce a highpass
filtered output image. This is obtained by subtracting the lowpass filtered image from
the input,

FASTFIL2* can produce a highpass and a lowpass filtered version of an input
image. The lowpass psf is a two-dimensional rectangular pulse, The highpass filtered
image is obtained by subtracting a specified fraction of the lowpass filtered image
from the original. Options to reduce ringing at discontinuitics are included.

FASTFIL1* is a one-dimensional (horizontal) version of FASTFIL2,

MEDIAN pr'oduccs an output image in which the gray level represents the
medizgn value of surrounding pixels within the input image, The program is limited
to one-dimensional (line-by-line) processing.

‘ POLYFILT implements convolution with a spatially variant point spread lunc-
tion, Up to 10 different psfs miy be supplicd. A sccond input imuge specifics the
areas in which cach of the psfs are to be applied.

- SMEAR?73* js designed for Wiener deconvolution of linear motion biur. The

, user specifics the dircction and amount of motion blur, and the program calculates

the psf of the Wiener deconvolution filter assuming white signal and noise. The

program cstimates the signal and noise power spectra from the image and fetches
{ ' AFILTER to implement the convolution. .

FOURIER TRANSFORM COMPUTATION

The following programs perform tasks that involve computation of the Fouricr
transform.

FFT1* computes the forward and inverse one-dimensional complex Fourier
transform on a line-by-linc basis.

: : FFT1PIX* can be used to display the complex transforms produced by FFTI.
4 FFT2* computes the direct or inverse two-dimensional complex Fourier trans-
: form of a digital image.
FFIPIC* produces a digital image from the complex data set produced by
FFT2. This permits display of the amplitude and phase of the Fourier transform as
an image.

8 POWER"® computcs the one-dimensional power spectrum of cach line in a
P digital image and displays the rool-mean-square power spectrum of all lines on the
line printer.

MTF can be used to compute the modulation transfer function of a camers
system from digitized images of sine wave test targets.

B ' K-9
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FREQUENCY DOMAIN FILTERING

The following programs implement linear filtering in the frequency domain,

FREQMOD* multiplics the complex spectrum produced by FFT2 by a user-
specified transfer function. The resulting complex spectrum can be inverse transformed
by FFT2 to implement linear filtering. The user specifies the profile of an elliptically
symmetrical, real, nonnegative transfer function,

FFTFIT can cither multiply a complex spectrum by an input picture or make
the amplitude of the spectrum proportmnnl to the input picture, In either case, phase -

is unaltered, This program permits frequency domain filtering with unrestricted real
transfcr functions,

FFTFIL®* perforins one-dimensional frequency domain filtering on a line-by-
line basis. Each line is transformed, multiplied by a specified transfer function, and
inverse transformed. The transfer function may be a bandpass or notch filter with
user-specified frequency bands, The program can also modifly the spectrum by inter-
polating across specnﬁcd frequency bands. This program is useful for removing
coherent noise from images. Program POWER may be uscd to determine the un-
known noise frequency.

UNSHADE* implements highpass filtering in the frequency domain, It multi-
plies a complex spectrum (from FFT2) by a transfer function that is unity everywhere
except near the vertical and horizontal frequency axes. The transfer function goes to
zero ut the frequency axes with a negative Gaussian proiile, This removes lowsfre-
quency information (shading) from the inverse transformed image.

SPIKMASK multxphes the complex spectrum by a transfer function thnt is
unity cverywhere cxcept in specified small rectangular regions. In these regions, it
takes on the value zcro. This program may be used to remove spikes in the frequcncy
domain produced by periodic noise in the image,

OUTSPIKE* removes spikes from the spectrum of an image containing per-
iodic noise, The program first locates spikes in the amplitude spectrum by searching
for local maxima above a specificd scverity. It then removes the splke by interpolation
of the surrounding values, The phase is not altered,

APODIZE* modifics an image ncar the cdges so as to reduce the effects of
truncation when the Fourier transform is computed. The program places a quarter
cyclc of a sine function at cach end of each line and column of pixels so that making
the image periodic in two dimensions does not produce discontinuities. This prevents
the introduction of artifact along the frequency uxes in the two-dimensional Fourier
transform,

OTF1* can compute the horizontal component of a blurring transfer function .
given an image containing a degraded vertical edge. It can alio compute the hori-
zontul component of a transfer function, given the line spread function. The program
differentiates cach line through a dej:aded vertical edge to obtain an estimate of the

*
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line spread function, These estimates are averaged together and inversc transt’ormed
to determine a component of the transfer function,

OTF2* implements two-dimensional frequency domain image restoration by
Wiener deconvolution. The user supplies the complex spectrum of both the input
image and the degrading psf. The program assumes whitc signal and noisc spectra,
estimates their amplitude, and computes a Wiener deconvolution transfer fuaction,
It produces an output spectrum that is the product of the input spectrum and the
restoration transfer function. The restored image may be obtained by inverse trans-
forming the output spectrum,

STEREOMETRY PROGRAMS

The following programs arc concerncd with stercometry and stercoscopic display.
RANGE computes a range image, given a stereo pair of input images,

ELEVMAP generates a topographic map of a surface, given a stercoscopic pair
of inpat imuages.

VPROFILE* produces a vertical profile plot of a surface in a range image.

STEREO* produces a stereo pair, given a brightiiess image and a range image.,
The user supplics the right cye image and the range image, and the program computes
the left eyc image.

K-11
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1. INTRODUCTION

This report contains a detailed description and a source listing of
MEPIX, an iterative Fortran program for maximum entropy Fourier synthesis
and two-dimensional spectral analysis, The program is distributed to:
enable interested researchers to begin exploring two-dimensional maximum
entropy processing without first undertaking a major software development
effort., MEPIX was originally designed for use as a radio astronomy
imaging procedure: it produces a nonnegative image from a finite number
of noisy, irregularly=spaced samples of an unknown object's Fourier
transform (the complex visibility function). Such analysis is analogous
to two-dimensional power spectral estimation from autocorrelation
measurements. The program listing in the Appendix is sufficiently well
documented that those who wish to use the program for these purposes
should be able to do so with only cursory reading of the text; however,
the usual caveats about uninformed use of contributed software are
opcerative. While there are no known errors in MEPIX, this does not
guarantee that there are none, and final responsibility for correct
operation remains with the user.

With suitable modification, MEPIX can be used for one-dimensional
probléms of ;ourter spectroscopy, spectral analysis of noisy and/or
irregularly~-spaced autocorrelation samples, and estimation of line-
integrated brightness in radio astronomy. It should also be realized
that revision of the program to tailor it to special measurement
geometries may be profitable. |If, for example, visibility measurements
are located at or interpolated onto the vertices of a rectangular lattice,

the computation strategy can be altered to reduce memory requirements by

-
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a factor of about three and exe;ution time by a factor exceeding four.
The basic reference for this report is "Maximum Entropy Image
Reconstrucfion,“ by S. J. Wernecke and L. R, D'Addario. This paper is
scheduled to appear in the May 1977 issue of the I|EEE Transactions on
Computers; in the meantime, preprints are available from the ;uthors.l
This paper describes the ratiphafe for and mathematical specification of
thg imaging procedure realized in MEPIX, and it also constitutes one
chapter of the Senior author's dissertation, ''Maximum Entropy Techniqdcs
for Image Reconstruction from Interferometer Measurements and Projectlgn;."
available from University Microfiims, Ann Arbor, Michigan 48106. The
following section summarizes the mathematical development contained

therein.

I1. MATHEMATICAL DEVELOPMENT

Notatidn

m, = lmiI exp[j-arg(mi)]:‘ the ith complex visibility measurement
(ul'vl): spatial frequencies of the ith measurement

M: number of measurements

atz: variance of the ith measurement error,

f: a nonnegative, but otherwise arbitrary, image vector whose kth

component is denoted as f'k
£M8= the ideal’ maximum entropy image. The kth component Is

[Eedy

_f_("): the image after the nth iteration. The kth component is

denoted as fk(").
N: number of pixels (elements in the image vector).
v(xk.yk); coordinates of the center of the kth pixel

L-5




S et s

el

e

\

ORIGINAL PAGE IS

OF POOR QUALITY 3

*
*

Ax,0y: pixel widths in x- and y~directions, respectively
OA: pixel area (= Axdy)

A: o positive constant selected and perhaps interactively adjusted
by the user
Objective Function :

The maximum entropy image fME maximizes
N

J(f)-AAZ znfk-u‘:

fm] Uiz

N 2
X lm‘ - AA é;% f exp[-]Zﬂ(u‘xk + viyk)ll

N N
=8 X 2 f 408 D df
k k
k-] k)
2 N N 2
-_z_zz“kfz-xz L m,| (M
. - '
where
M
d =22 ¥ l ml cos[2m(u,x, + vy, ) + arg(m, )] (2)
k = 2 et ViYi
i
and M
Py = 2 ?:a ~—5 cos 2nfu (xg = k) + vi(yl - yk)] (3)
’ =l O L
i

If pixels are arranged on & rectangular grid, there are cnly about

2N distinct values in the array {pz k}. and a sum of the form :E: Py, k K
for 2=],2,...,N is identified as a two-dimensional canvolutlon sum

regardless of measurement coverage {(ui.v'), I =1,2,...,M}. These

convolution sums are evaluated efficiently by fast Fourier transform

(FFT) techniques.

L=~6
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where N
J AA g . 2 :
-m = 4 AAd, = AA z Ps Fo (%)
The maximum entropy image satisfies VJ(f,.) = 0. .

Selection of A

An appropriate choice of A leads to an image IﬂE satisfying

M N ,
- | , . , -
T Lol - o Zfaa], ool s wnd | =

While it is not known how to determine A to satisfy this requirement in

general, successful use has been made of the formula

NOA
2(1 + me/og)

(5)

where m. Is the measured (or estimated) flux density and op Is its
standard deviation. In some cases this value is too lgrge, and dividing
it by the number of measurements is helpful. It should be realized that
jterative adjustment of A may be required to control image-measurement

compatibility, larger values of A leading to increased agreement.

Optimization by Univariate Image Perturbation

Let j}") be the image after the ngh'iteratioh. If only one pixel
brightness is to be changed in the next iteration, the optimizing step is

found by setting the corresponding partial derivative e&ual to zero. The

L-7
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~ )2 |
+ ’/id; 4A % pz’kfkn) + loA,A,p,”z } (6)

¥

where  Is the index of the pixel whose brightness is changed in the (n+])st
iteration. For al) k # &, fé"+') - fé"). Since only one brightness is
changed in cach lteration of a univariate search, it takes at least N
iterations to change all brightnesses., One might set up a correspondence
bctwccﬁ iteration number and adjusted pixel indeg such as £ = nmod N + 1,

Equation (6) always yields a positive brightness value since
pz.z > 0, and this iterative strategy makes J a nondecreasing function of
iteration number. Although no rigorous proof lc offered; the univariate
procedure should converge to the ideal maximum entropy image bccause
a) the objective function is unimodal; b) the gradient is continuous
(there are no corners In the multidimensional contour diagram of the
objective function); and c) there is no artificial damping mechanism
that might cause image changes to approach zero prematurely,

However, there is no reason to expect this algorithm to be very fast:
successive steps are perpendicular, which causes a zig-zag trajectory
Just as with steepest ascent. The univariate method is also computationally
undesiralle for large N since FFT calculativt: of the convolution sum
provideS'bo advantage. The reason for this is that only one element of
the convolution sum is needed jn each iteration, yet each iteration
changes all convolution results.

The attractive aspects of the univariate perturbation scheme are

automatic satisfaction of the nonnegativity constraint and elimination of

]4"'8



oty e

P
RIS

(=

ORIGINAL PAGE 13

OF POOR QUALTY ‘.

the need for a search In the perturbation direction (the optimal stepsize
Is defined analytically), The following multivariate search strategy,
the one that is programmed In MEFIX, was daveloped to retaln some of

the good features of the univariate approach while taking advantage of

FFT efficiency as well. The flow chart In Fig, | pertains to this

L

multivariote method.
Jil. THE ITERATIVE ALGORITHM IN MEPIX

Let Jn be the objective function value and VJn the gradient after

the nth iteration. The structure of the multivariate search algorithm in

MEPIX is as follows:

0) Compute and store {d g3 (Eq. 2) and {pz k} (Eq. 3).
1) Take the starting image, r( ), to be uniformly gray at a level that
agrees with the measured (or estimated) flux density. Set n = 0.

2) Evaluate and store the corivolution sum (using the FFT)

fOl’ z - ‘pZ,nto'No
3) Compute J, from Eq. (1).
4) Calculate V4, according ti. Zq. (4).

1

5) Calculate all optimal univariate moves by a rearrangement of Eq. (6)

s’fn) T——{ - DA

\J[[d& AA(c(") - Paf L"))] + haap, o }

c(n} f("))

RS AN
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7:
INITIALIZE ARRAYS
. Y
CONVOLUTION
> COMPUTE { OBJECTIVE FUNCTION .
GRADIENT '
NEXT STAGE

= OF ANALYSIS

‘DETERMINE PERTURBATION DIRECTION AND
TAKE STEP TO TRIAL IMAGE

)

CONVOLUTION
COMPUTE 4§ OBJECTIVE FUNCTION
LGRADIENT

KEEP TRIAL IMAGE

REFINE TRIAL IMAGE;

KEEP REFINEMENT

Fig. 1 : “
gk
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Establish a temporary image _'F_(n) according to :

Fn) | gl i A

where D is a positive damping factor. If D > 1, all elements of i(n)
are guaranteed to be nonnegative. The discussion below contains
comments on this parameter and on the choice of the fraction R
introduced in step 10,

Store the perturbation vector _4_3_(") - }_(n) - i(n) and accumulate the
inner product (Vdn. 9_(")5,

Calculate the convolution sum corresponding to f_(")a This result can
overwrite the calculations of step 2, Calculate the objective function
value 3n - J(zfn)).

Approximate objective function behavior in the perturbation directicn

by a quadratic fit. To sccond order,

T R T T

whereec is a scalar and b is a curvature parameter whose value is

estimated by

b w 2[3n = - <van.A(“)>]

The objective function is concave so b is a,lwaYs negative in the

absence of numerical errors; The optimal Image step e‘_l._\_(") (relative

to L(n)) i‘v(,s,lk",v:speciﬂed by
g = -(VJn, '_A_(n))/b

and the corresponding optimal objective function value is predicted

to be

L=-11
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10) Compute the fractional improvement (jn - Jn)/(J' - Jn). If this
ratio is greater than the threshold R or If €* > 1, make the

assignments
Iﬁn+l) . zﬁn) '

Jn+l, = Jn

n +*+ n+1

and go to step 4. (In words, make ths temporary image the image
retained after the (n+1)st iteration.) If the fractional improvement
is less than R and ¢* < 1, to to step 1.

11) Take the optimal move
1c_(n*-‘l) - _f_(n) + g% 9_(")
An alternative computation if step 6 overwrites j}") is
gltt) | i(n) + (ev - 1) a0
Make the assignment n + n + 1 and go to step 2.

Discussion

Th; current program runs for the number of iteraticns specified by
the user, that is, MEPIX does not contain an automatic stopping criterion
that uses the search history to decide when to terminate.

The damping factor D (step 6) is incorporated to increase the
numerical stability of the algorithm. Since the optimal move in the

perturbation direction é}") Is determined by a simple quadratic

CL-12
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appro#imation, it is Important that the step to the temporary image f}")
be neither too large ﬁor too smill relative to changes in the objective
function value. A fixed value of D can be used, but dynamic adjustﬁent
of D based on previous experience is expected to give better performance.

Such an adaptive scheme is avajlable as an option in MEPIX. D Is updated

according to

™) L maxt1, (1 - @) 0™, minl0™ /2%, (1 + 90l

This formula has evolved from trial and error, but th? basic intent is to
increase the damping parameter when the move to the temporary image over-
shoots (e* < 1) the optimal image and to decrease D when the step to f}n)
falls short (e* > 1). The equation ensures that D(n+|) 2 1, which keeps
images nonnegative, and it also provides the user with the capability of |
“"hard-1limiting! the size of the damping'parameter change. D("+‘) will
always be within the range [(1 - q) D(n), (O + q)AD("?] where q is specified
by the user. |If, for example, q = .5, the allowed change to‘D Is at most
50%. If q = 0, D remains constant at the original value dictated by the
user.

The fractional improvement threshold ratio R (step 10) determines
when the temporary image is discarded in favor the the optimal move. |If
R = 0, the temporary image is retained whenever it increases the objective
function value (whenever 3n > Jn). If R= 1, the temporary image is always
discarded. R = % js recommended--in fact, this value is "hardwired' into
MEPIX, but it is easily changed--for the following reason: iterations
tak!ng the optimal step require two evaluations of the convolution sum
(the'primary computational burden of maximum entropy iterations).whéreas

iterations keeping the temporary image require only one and are thus more

L-13
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economical. If the temporary image almost achieves the optimal objective

function value in the chosen perturbation direction, it Is wasteful

™
-

spending an extra convolution to ''fine-trim' the image when the choice of
a new perturbation direction will Jikely lead to an even greater
improvement. In practice, this attempt at economy has worked fairly well;

savings due to it are on the order of 30%. The key to making this trick

»

work i1s to selett a good temporary image.

The quadratic approximatfon of step 9 appears to be excellent If the
move to the temporary image is large enough. When the step size is too
small, the optimal image is estimated by extrapolation rather than

interpolation, and this leads to greater approximation errors. A sample
follows:
n=23  J = 17791 x 107 €® = 0.13765

. D =53 3 =-1.279 x 105 4% = 1.8591 x 107

After taking the optimal move, Jn+l = 11,8589 x 10-5,'which agrees with
the prediction within two parts in 105. Even In the early iterations

when the trial steps are largest, the approximation is accurate:

noe= J, = =1.0087 x 10 e* = 0.41370

D=7 = -1.h562 X T

J® = =5.6508 x 107°
After taking the optimal step, Jn+l = =5.6684 x 10-5.

IV. PROGRAMMING DETAILS

£ ‘ ' A block diagram of software components in MEPIX is presented in
§ : Fig. 2. The programming is modular to facilitate modi fication. Sub-

A ‘routines in MEPIX are divided iato five fun;:ional groups, each Qf which

‘u“‘ ,‘
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(%; Is described briefly below. Source listings in the Appendix have v
extensive comments so the discussion here Is concerned primarily with

the interfaces among software modules and with suggestions for program
modification.

*

Main Program and 1/0 Group

The main program listing in the Appendix indicates the minimum
structure required for maximum entropy reconstruction. It is expected
that new users will want to augment this code for documentation on output
and error checks on input or to integrate the ﬁaximum entropy subroutine
calls within more comprchensive software imaging systems. |t might also

be desirable to permit image input for continued iteration, perhaps with
e a different value of A. ,

[ @x There is little computation within the main program itself. The
primary purpose of MAIN is to reserve storage for arrays, to oversee {/0,
and to call the subroutines in the overhead group before passing control
to the main subroutine, ITERAT. Since ITERAT and the subroutines in the
I1/0 and overhead groups are called only once, their code could be inserted
in-line; however, this has not been done to take advantage of the object-
time dimension‘capability of Fortran (V. MAIN reservés enough”storagg to
a;commodate the largest reconstruction task anticipated, but the actual
dimensions of the image are part of the input to the program. This enables
é the user to produce and save a single lo@d module with the flexibility to
: handle differeét image grid sizes, rectangular as well as square. In a
multi-user virtual storage environment, this strategy 3156 reduces the

+

o number of pages-in and pages-out, because array contents are ""packed'; and

‘ : R  L-16
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and this in turn reduces the total job time. Two disadvantages of this

structure are the need for line printer output within subroutine |TERAT
and fairly long argument lists in subroutine calls.

The two~dimensional image array is stored in column~sequential
format, and its correspondence with the physical x,y-coordinate system is
shown in Fig. 3. Note that the outer pixels have their centers shifted
half a pixel width from the edgeyof the field of view, The number ;f
pixels in the image and the boundaries of the field of yiew are input by
MAIN. The number of rows and columns need not be equal, but each must be

a power of two.

The two subroutines in the /0 group must be supplied by the user,

P IXOUT outputs the final image retur;ed by ITERAT. If intermediate images
are needed, they can be obtained by inserting additional calls to PIXOUT
within ITERAT, Printout in ITERAT supplies the user with inforqation‘
about the numerical behavior of the optimization algorithm. This
information is described in a later section.

DATAIN passes visibility measurements and their locations and
variances to the main program. MEPIX knows that the visibility function
is Hermitian; therefore, it is not necessary to indlcaée separate measure=~
ments at conjugate spatial frequencies. MAIN assumes, for purposes of
computing A(by Eq. 5) and the initial uniformly gray image, that the first
visibility corresponds to (u,v) = (0,0). This convention is not essential,
buf if it is to be changed, an additional parameter pointing to the flux
density measurement is required. Note, a flux density value (eléher

measured or estimated) should always be included to avoid possible

divergence. No provision is made in the present software for interactive

adjustment of A.

L-17
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Overhead Group

DXFRM is responsible for computing the values {dk’ k = 1,2,..;,N}
(Eq. 2). The implementation of this equation in DXFRM employs some
trigonometric identities for faster execution. The fact that the Image ” !
is a rectangular array of pixels snables use of these identities. No,
assumptions are made about theloqationsof visibility measurements.-

Modification of DXFRM to exploit regularities in measurement coverage

for increased speed Is possible,

[

PSF computes the distinct values of {p;, |} (Eq. 3) corresponding to
vy

(xg = %) = n ox 0xn el
(vg = i) = nyty "R-Dzn &=

wherc R and C are, respectively, the numbers of rows and columns in the

image. Trig identities are again used for speed. The results Af these

calculations are stored in row-sequential format; the first element of

the output array is associated with (x, - xk) =0, (yz =y = (R=-1)8y
and the last with (xz - xk) = (c -~ 1)4x, (yz - yk) m -(R -~ 1)4y.
XFERFN rearranges values computed by PSF and performs a two-
dimensional FFT of this array. The result is retained for use by
programs in the high-speed convolution group. Pre-computing the FFT

of this array reduces convolution costs by about 30%.

Two-d(menSIOnal FFTkGroup

Much of the source code contained in the Appendix Is associated
with FFT software. The FFT program, CTA (Cooley-Tukey algorithm), is
transportable only in its Fortran version, which is significantly slower

)
il
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than an assembly language implementation of the same algorithm. As many
computer Installations have FFT subroutines that are locally optimized
for speed, modification of MEPIX to replace CTA with a faster FFT

realization should be considered. Provided the comments on the CTA source

- listing are studied carefully, such a substitution is not difficult.

It should be noted that CTA cannot compute the FFT of a sequence of
length less than 16, Therefore, use of MEPIX is restricted to lmlgé;
with at least 8 rows and 8 colbmns, and the prcsent program cannot be
applied to one-dimensional problems. Those involved in one~dimensional
Fourier analysis are encouraged to ravise the subroutines in the overhead
and convolution groups. Components in the optimization group negd not be
altered.

FFTR arranges for efficient transformation when elther input or output
data arrays arc real. FFT2R implements the FFT of a two-dlmensiopal real
array as a sequence of one-dimensional transformations. IFFT2R inverts
this 6peration, traqgforming an array of complex numbers wlth implicit

Hermitian symmetry into a two-dimensional real array.

Two-dimensional High-speed Convolution Group

CONV2D oversees the high-speed convolution operation. Its basic
function is to take the Inverse FFT of the product of the output of XFERFN
and the FFT of the image. To avoid certain wraparound edge effects,
padding arrays with zeroes is required, and the actual transformation
operations are ob arrays with 2R rows and 2C columns. CONV2D takes care
of these details automatically.

MULT2D and CMUL are utility programs. The function CMUL implements

complex multiplication, and MULT2D performs array multlplication as required

L-20
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by the high=speed convolution algorithm. The storage format for data
processed by FFT2R and IFFT2R is rather complicated (see comments
attached to FFT2R), which accounts for the length of MULT2D. This data

structure could be simplified considerably,

Ogtimlzatton Group

*

The behavior of MEPIX is fundamentalily controlled by ITERAT, the
subroutine that cmbodies the iterative search strategy. Although the
operations performed by the other subroutines are complex, each operation
is well defined, and an improvement that speeds the implementation
slightly or that cleans up the code will have relatively little effect on
the character of the total maximum entropy imaging package. The bulk of
the source code is contained in the convolution and overhead groups, yet
these calculations, assuming they are done correctly, are really
perfunctory.'

Improvements to the optimization strategy containéd in ITERAT can,
on the other hand, have a profound impact on the program. The iterative
scheme described in Section ||| has evolved gradually over the last 18
months. Experimentation has suggested that this method converges much
faster than a steepest ascent algorithm, at least when applied to radio
astronomical objects; %owever. very little is known about why this is so.
It is expected that substantial improvements to the present algorithm
await discovery. Thus, the user should not hesitate to incorporate in
ITERAT changes that appear desirable. This version of ITERAT has worked
well for us, but no stronger claims are made.

OBJFTN and GRAD! are utility routines that evaluate the objective

function value and gradient, respectively. ROOT calculates the optimal

L-21
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univariate moves as described in Step 5 of Section 111, XTREM Is not
called in the present version of ITERAT.

Each [teration results in several lines of printout from |TERAT, an
annotated sample of which is contalned in’Flg. L, Much of this information
Is of interest only to those concerned wtfh the behavior of the Iterative
search algorithm. The most important parameters for the casuml user are
the fractional image change, which might be used as a stopping criterion,

and the rms reconstruction error

M N 2 ]
g} -a—:z- m, = BA kgl f, expl-Jamu;x, + v,vk)]l /M (7)

which describes the measurement compatibility of the reconstruction. This
parameter, which should be approximately one for the final image, can be
uscd Lo asscess the adequacy of. the chosen value of A, |If the rqconstructlon
accuracy Is not sufficient, the value of A should be increased. Conversely,
If the reconstruction accuracy is too good, spurious detail may develop in

the image, and A should be reduced.
V. RUN TIME CONSIDERATIONS

MEPIX has been compiled by the Fortran H-Extended compiler (OPT=2),
and a load module is stored on diiﬁ. Th§ execution tiime for running this
load module is a function of the 6umber of pixels N; the number of
measurements M, and the number'ofﬁiteratlons I. The function is

0

approximately
t = aMN + BNI logz(hN)
where

@ 1.4 x 10°° sec and B = 3.7 x 10°° sec

L-22
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are appropriate constants for an IBM 370/168 installation. These
parameters havc been determined experimentally. B Is subject to some
flustuation since it depends on the effectiveness of the temporary image
mnv‘s. that Is, how often the temporary image is retained. Each optimal
step costs an additional FFT convolution. The temporary imageﬁwas
retained in 72% of the iterations for the ;est case that determined the
cited value of B.

With arrays dimensioned to handie 4096 pixels and up to 1000
visibility measurements, MEPIX needs 360 K bytes of memory storage.
This figure could be reduced somewhat by judicious use of equivalence
statements. In l;s most core-efficient realization, MEPIX requires array

storage to accommodate about 1IN floating point values,
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