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CONTPOLLABTILITY OF INIATEINTLY DAVPTD R
LARGE FLEXIBLE SPACZ STROCTTRES®

A.S.5.R. Reddy’ and Peter ¥ Baisum
Department of NMechanical En- ineering
HBoward University, Washingros, D.C. 20059, USA

Abgtrace

vraph thooretic tecimiques ares used to study
coutrollability of linear systems wbich could ro~
prascat large flexible orbiting space systems with’
ioharent damping. The controlladility of che patir
of mtrices ropresenting the aystea statas and con=
trol {nflumca mtrices is scsured wvhen all states
{n tho mdal aro teachsble in a digraph scace froa
at least one ioput and aloo vhen the term rank of
4 3oolean satrix vhose non trivial components are
based on tho gtate and coutrol (nfluecnce matrices
has a ters rank of the ordar of the state vector.
It 15 cemm thar tho dawping merix doas oot {n=-
flusnca the required aumber of actuators but gives
flexibility to tha posoible Locations of tha sctu=
ators for vhich the syntem (s conCrollable, and
that tho-stiffress matrix tara Tank deficicney
dictates the aunber 8s vell as the locacion of
the roequired actuntors. Specific examples in=-
clude o swodel of s shallow spharical orbiting
shall vharo both orientation and shapa control are
raquired, and aleo a smaller dimensional aumarical
example (wnrelatod to tha shall) which readly
dasomnstroccs the effect of dacping.

Somenelature

am oystom mBErix

2ax2n gsystem matrix
axn control influsnce mtricas

2axm control influence catrix

am dagping matrix

nxz wpdified daoping macrix

.B‘.bg Scolaan equivalents of A,B and D'

=merices

axn stiffocos motrix

axm =308 matrix

tanchabil ity matrix

exn subestrix of oatrix B

diagonal-eacrix- (exr)
-—a&xl—-input”  vector

axn unitary ortiovg aal matrix

oxn uaitary orthogoaal zacrix

axl vector

o catrix

smll parssster

1D gtagular value of zacrix 4
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I, IToepoduced

Ay linear, tize ipvariant dynamical systen
can te, in gemeral capresented by:

X = AX+80 Q)

vhare

I s an nxl state voctor of tha gystem
A {8 an X svotem state TRLTIX
B {3 an axm control {afluence macrix
T {5 an axl input of tha system.

Tha gygten degcribed by equation (1) is satd
to Se controllable if, with finito U and in finite
time, che system (1) coa Se transforred fron any
-state to-any other state. This- goncept vag- firse
introduced by Richard E. Kalzan.® The verifica-
tioa of controllability is ssgential for control
systcy design as oo contral lav should be designed
for a system which i3 noz controllable. The coa-
trolladilicy concept ia ¢van mra izportant for
larza space structurnsl systezs viose dimenstoo~
ality is very large. I£ thae deoign of cha con-
-trol-gysten-is-wndertaksn-witnout “firsr “verifying
cootrollabilizy, a considezublo amoune-of- effore
my be wvasted, through cta failure to arriva at
aay satisfactory coutrol lsw for am uncontrnllahle
system.

Ia_the_following-sections, tha-coacaept-cf
controllability, ao a proparty of the A and 8
merices, is revisved.

ull

The system, (1) i{s concrolladle if and oaly

cank (B,AB,A28,...., A°13) = o Y
or rcank (B.A-xtx) =g f*1,2,...0 (3)
vhore A, are the ligenvaloes of the matrix, A.

L

"~ The deternination of the rask of the mcrix
ia equation (2) posas the problem of salecting a
independent colume out of am colums aand chis
could bo dons by such oumarical techniques as the
singular velua decosposition of a macrix.d

The singular value 2lecorposition is a aumar-
ical algorirkn used to f224 the cumerical rank of
a rectaagular mtrix, A, {(3xa, say a>n) througb
the evaluar ion of two ortwegonal (wmitary) m -
tzices, ¥V, and V, such thac

1
A '71 o vz', )
vhare
s 0 - T8
Ce [o o] ?Zuz ($)]

acd § = d1ag (v '°2' vees at)
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with 2,20.2 ...>0 >0, being singuiar values 3% X {8 the-staifness-mrrix
A. Thé 3. .34,...,7_ are the non zex> aigen- 5? is tha concrol influence matrix

valueg of the racrix AA* (ot A%Al a3z 7 L8 the
rack of the zatzix A, The recmigue of fiading
the singular values of A by evaluaziag the eizen-
values of AAT or ATA Lg, in general, lassaccurate
than using singular value decommsirion teche
niquas and ray regult in erronesus conciusione,
as i{s lampnscraced by the follow:izg exsapla.

U 1s the ax} vector of inputs.
The dyaamical system of equatioas (8) can be re-
vricten as & set of firscorderdifferential es.a-
ticos (in scandard state spsce fora as):

. L x -0 t-o ey
.14 - - +
P : < b w3
A 4 0 (6) h * %
0 4
Equation (9) can be considered as
Then (4f l+u®=l, Suc l+¥l, for che computer O TTe B
accuracy iovolved) L= AX+ 8D (10)(
11 whero —— . T
ATa s [1 J M = (xx]
! - - 01 - Vo‘_
Tha sigenvaluas of this spproxiescion to AA are A" B=] ~ e Q)
and 0, respoctively, vhoreas tha ,fecise A D Y
eigmvaluos of AlA are fouwnd to ba s 2vu? and .
4 fespactively. awd 2=y, Doy, s~ra"a~P.
The uee of tha singular valus decomposition

tecmique, izself, roy result in ouoerical pro- The controllability condicion (2) for chis systes
5lens vhen the zagaitude of the largest singular can bda writtem as:
value of the mtrix A, 18 an ordsr of magnitude ~3g-1=
(or zore) diffarenc from that of zha smllest rask {B,A8,..., o~ B] o 20 (1)

singular valua. [A complete discussisa of che
singular velue decomposition.tesinigma.iagivad —= = If ve-aseumo [=0, vhich 13 true for many idcalized

i Rof. 3. It should be coted that wirh the usa fres vibrating structures, tle-controllabilicy
af chis-alpgorichn, it is umnecegsary to directly L Tix®

avaluste cho ocingular valuag of ths A patrix. -

The raok deferminstion s eccovplisbod based oa ¢~ (8,i5,..., a 217, an

tko wmitary, orthogonal propertics of tdo ra-
trices vy ead V; withia thoe aigorietm ]

dizton in equatica (3) requires the darerminatioas

becomes - .
Qe
The application of the controllabiiiry con= c=[ 8| B| o fA8] . &L (1s)
8] O AB 0 - ]
of tha efgeavaluco of the anstrix A sad ths eval- -

uation of tho rank of a ratrix of order (ox(a+m)] It csn ba -very easily séem that C hag & rank 22
for osch of tho a eigenvaluaes. 7This cchesa 19 1f and only {f

core actractive than that of coudicioa (1) as .

the probles of renk cvaluat{na-of gn ~xmd wLTix task [B.A.B.Z..,A“'lsl o3 as
is reduced to the rank evaluationg of a xtrices )

each of dincensisn {ax(n+w)], The cigmvalues which lasdo to ths ¢sllowing theoren ' :

ara, in zmeral, necded for the seraccural dynn-
oic analyois.of tha system-and-say.—:us, de— ~Theores:
already aviilladle for tBis phasa of s coutrol The patr [o—fl] [o] i3 con~
systea design. Ajo} 3
trollabla {f and only 1f cthe pair {A,B] s con-
tollable.
I1. Controllability of largae Spece Scructures

This theoram reduces the doternination of thse

The dynarical eguations of a large spaca cootrollablicy of a 2ath order syotem to tha de-
stTucture systes are, in janeral, Zescridod by teraiaac ion of the coantrollabdility of an oquiva-
& ~it of linear second order coupled Zifferme leat ath order aysten. o genorsl for large spece
tisl equaricas ss: structure apalicacions, n {caelf may sgil) be suf-

- . flicently larso and, thus. aumerical teclmiques

HNX4+DI+X °~!P3 (8) wuld be required ‘5 order to deterning concrole

, lebility., THhis theorem {s bajed oo tha (nharent

where agoupdtion that D=0 aad no lasight cas be drawm
X (g the oxi vector of the geceral ized vhen ) 18 rot equal to zero. The effece of the
coordinaces catrix, D, 0o coatrolladility s studied {a this

M s the cose matrix (omd paper using the sraph theoretic defiaition of

D iy the daoping aacrix (axm) (csa ‘acluds contrsliabilicy. .

viscous dacping a9 well as gyrosopic
effects)

"

-
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127, Gragh Theoresic Definition
of controllabilisvy)

Given the general, linear, tise isvariant
dynsaical system described by equation (1), te=
peated hare as:

e AX + 30 (16)

the pair {A,B] 1s controllable if and oaly if:

. B3
(1) the term raak of [A: os] -a

where Ay,By are tha Booclemn equivalents of rhe
patrices A and B, regpectively; and

(2) all states in tha system afe reachable from
at lesst ane input 1a the digraph sense.

The tuo-terns, taern rank and reachadilicy, are
-axplained hara.,

Ter:m rank o tl::a mxizun tank & matrix can achieve
dua co the locations of cha con zoro, con fixed
elexzencs of the macrix rathor chan dua to the
gunerical values of the alezents. A coumplece dis—

- cuesion of thig concept is provided in tha Appen-
dix.

_Reachabilitv. If one.draws_ a_digraph for the ex-
tended square zatrix , . and finds ths input=~

g 0

state reschability =aerix a9 ex,lained ia ths
Appendix, zhare cust be aC.least one_sca_zero
~entry-for every-row-of-tha-submacriz-(R')-i3-tha
reackabil icy macriz, R, formed from tho rovw acd
coluzn {ndicas 1 to n, and avl to o+w, ruspectively,
se-shoun ia equatisa (17) vhare o 1a-ths auaber

of statas ia the system and @ is ths sumder of

actuators.
- -
L o+l aoval 1
x e o
X . . . '
adq - : an
z . . »
a2
o+l
L Java

I¥. Controllabil{cvy of Systena
with Inherent lasping

T . dyanaics of large spaco systezs vith (n-
harent dacping can bo vritten ag (ropeatiag equa-
tisa (7) with ths sotation dafined tn equation

o)
X a l )4 4
3 it 7 8

AIO'

A -

The dizraph £3r the 3ystem zatrices A-. 3 :an be
drawn in general as showm i3 Fi3. 1.

The eleaents of A(i,1+m), =1,2,...,a -L.e.
those elements of A appearing :a cthe idencity
3]|CTIX -~ aze reprasented 42 the digraph by the
(s011d) lines joining the'codes (i+n) c3-i-wnere
fe).2....,0. The alsmenss of A{i,§), i=1,2,..3,

-4el,2,...,0 i.e. those-alements-of X-appearicy
in A are reoresented {n the digrzph by the (dashed)
lines joining the jth aode to cha (i+a)th sode.
The elenencs of A(fi+a,j=n), i=1.2;...,a3, jel.2,..2
{.e. thoss alexantg of A appeariag in D' are tepre=-
sented ia tho Gigraph by zhe (dotced) lines coa-~
necting ths (j+n)th node to tha (it)cth node.

_  The olezontg of B [cbs lover half of B =

B (1+4,9)], B,(4,3), 1=1,2,...a, §=1,2,...8, are
reprasented in tha digraph by the (doubdle solid)
lines joining the j&b actuaror {the (2a+)th
oode, here] to tho (i4n)th oode.

Pros cho reachability condition, it L{p ob-
sarved that the linas in the d__raph dus to ths D
m|erix can suppidecnt those lines=due-to ‘tha-3,
cacrix. For examsle suppose thac due to the struce
ture of D, ther .. a directed (dotted) line from
wods (0+l) to & de (o+2) & Fig. 1. Suppose that
the 26D actuato: represented by node (2n+8) can
directly faflueace oode {(o=3}. Then <t is clear
tha actuastors sumber 2 and 3 (represented by node
242 aad 2a+], respectiveiy) need-not bg-progsent
in order to influence nodes n+2 znd ag+l. Thus
the daoping macriz can ellow-a greater-flexi~
biliry in thisselecciocn of tho actustor locaticas.

-Although-bssed on this argumist caa-could -construg -
that tha D carvix influepces the sumber of ‘actua=~
tors (that could be removed), iz should be remem=

bared-chat-the -ninimun ausber of actuatorsroquired- -

{r dictated from cho term rack coadizion which will
sow be diccussed.

for ths aystem raprasented by squation (18)
to be controllable, ths -erm rank {as axplained
in the Appeadix) of ths 3oolean nmatrix, =

r 0 ) 0-,
-Ay- D'y q LR —a9

0 0 oJ

cust be 2n. Note that the dizensionalicy of Che
state vector iy equationm (18) 1s 23. 1If A has
torz-tack less than o, then the term ronk of the
(20+2)th order Boolean matrix i3 equatilon (19) caan
only be sugmxnted due to t=o presence of B!. since
the Det {Ag] = - Dec [Agj. Thua, Dy cas mot e
used to augnent the ters raak of the 3oolean aequi-
valent of tha state atsix A 0 equatioa (18).

‘a sumary, the dooping matrix, D, has an
effect ou tlo location of the actuatory, while the
zatrixz A has an i=pact oo e location as well as,
the auzber of accuatocrs.

-
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The use of graph theoretic techniques ia che
deterninac ina of coacrollability aod the amount
of inforzazion about the location of the actuators
and the auzber of actuators needed is deconscrated
uging the xwdal of an ordbiting shallow spharical
shall in crbdiz with and vichout the scabllizing
_ducbball. (Fig 2).6

The Scolean Equivalent of the system matrix
)7 for a ohsilow spharical shell is gi7en o
Pig. 3. Tho digraph {o givea {n Pig. 4. Fronm the
digraph 1t can be seen that tha nodes may bSe

subgrouped as:
13 i6) L7}| 18
6 7 8 9

¢ u
1 2

o resch all che 13 staces from at laast one
input, control actuators must directly influeace
the following ncdes: (a) (10 or 1l1); (b) at
lesst one of tho aodas, (12-15)%(c) (16); (4) (AD):
_and_(e) (18). The system matrix, i, bas a tern
rank defictancy of L (oote the prasemce of ouly
zeros in che firse column, Fig. 3) and, thus, cna
actuator i{s required for concrollabilicy. This
actuator =xst be placed such that the above zen-
tioned states are directly (nfluenced.

12 13 14
3 4

The model of a shellow spharical shall with
a scaby “~ing dumbball®s’
axacple tor coutrollabilicy considerations. The
—Boolean equivaleat of tia ordered gysten
natzix A 12 given in Pig. S and che digraph is
showas in Fig. 6. Frowm the digraph i can be seen
that the total ctates can be subdivided fato

. cwo groups

O (Qremes (2)

G (1)
12 16 17 18 19 20 21 22

13 14 15

1 S & 7 8 9 10 m{2 3

Ths coatrol actuators mmst directly influence one
or tore states from group (1) and ose or wre
states from group (2). Tha systems zatrirx hare
bag full ters renk _aad,thus one.actuator- s suffi-
el to establish controllabilicy.

Tha tvo practical exacples considered (a this
pection to chis point do oot specifically tllus-
trate tha indespendence betwesn tha nuzber of
actuatars raguired sad the dazping sarrix. To
iliuacracs this offect an example of oixth order
{8 created and gnglyzed.

Iz §- soccumed that tha system matrix Le
given by

’0 (] 1§ 0 0-
e 3 0 1 0 (20)
00 b} 0 i
1 00 1.0 2.0 3.0
10 -10.0 3.0 6.0
30 7.0 8.0 9.0J
L & o

The digrspe is 4rawa 8o shown in Pig. 7

18 congidored ap avother

Trom the digzazh the reachadbilicy candizion for
contralladilicy '3 satisifed if any sae or ore
of the states: 4,5,%, are directly influensc+a by
the control actiators. The ters rank of Ay has

a doficiency of two and thus tuo 2CTUNLOTS atu
required for conirollability. Even if the daoping
zatriz D=0, che sanes aucber (2) of actustors is
needed for coacrollabilicy and, ttus, it is shown
thet dacping has ao effect on the Tequired ausher
of actustore. 3ut, £ che damping xzatrix D=0,
chep che location of the actuators =ust be changed
such chat tha states 4,585 can Se directly in-
fluenced by the control actustors. Io order to
emphnsize the point, vhen Dw0 the docted linos
should bs ~emoved fros the digraph sbowm in Fig. 7.

The definition of controllability ze .
applied to general linear time ioviriant dynanmics
tystens and larga apace systems is revieved.

Tha specinl nature of cthe coupled =agrix eecond
order differential cquacions that are uced co
describe large- space systens is used to-arrive-et™
specific controllability conditions. Tha graph
theory approach 10 ouployed to define cootrollabt-
lizy in terms of the teorm rank azd input-state
reachabil ity concepts. This approach is used o
£ind tho effect of (nherent damping praseat in
large spaco syscems on the number of tha actuators
and thoir locgtiouns. It {5 observed that the

~daxping does not "effect the ninicun aumber of

aLcuatory required, but does provide grescer flexe
bility {n tha possible locatione of the sctuators.
The nusber of actuacors reqired dapends on the
ters rank of the genoralized syoten (stiffnecs)
catriz. The stiffnnse.zacrix aleo iafluences ths
-location of ths-sctuators. .
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Appcadix

A.—Tera Rank.of a_Macrix.

The tarm ragk of & square satrix of diaen~
sioa o~xa Ls less than a3 {f aad only {2 the satrix
bas & zero submacrix “0” Jf dimeasion rxr’ with
rxr'>. The term rank (s differcat fres tho aue
oarical task 1o the following scmoe. If s square
matTix of ordar n has two colummo or rowo that are
dopendent ou cach othar, thea ita tarm rask {3 noC
reduced while (s aumarical rank (s reduced by one
for esch pair of colums of tows that are dopend-
ent. Ffor largs spaca systoms, thoe determiration
of the aumarical wvaluocs of the elezcars for cha
system mmtsiced are oot axact, and thms tho probe
abtlity chat cwo colume or rovs wald by iden-
tically eqnal, or thac ono row ip & constant tirss
spother {8 vary scall. I[f such a dapendancy exists
that must be detccted bafors sudjoctiag It to tha
tern rank tests for ecoctablishing Lka coatrollsabi~
lity of large space systeas.

3, Iapuz-3cate Reachadbilizy Magrix
The sugaented 1djacencv zacrix for the syscea
zacrix pair {A,B} can be writzzn as

-n - eg -
e ‘s l %

9.0 |
a Py I Sz

vhere aad 3, are the adjscency aacrices of

A and B, ° tivaly,

Tho states can be resched froa any of ths (o=
puts and can oot b of langeh more thana-o. So
can be raiscd to the power o aod thus the od
oysten reachability catrix is given by

a | _,,a-1, .02 va-
Ay (ag Hig ... ehg)By
E 9 lm
Q-e - ( ) .-
Q 0
vhere 8¢ is the input-gtate reachabilicy matrix

For all {ho states to ho reachsd frow at lcast sne
faput, every rov of R.s st have ac least one aorn
zero earry. *

Ftg. L.

Jgraph of {A,B} =atrix patr.
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