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ABSTRACT

It is shown that major discrepancies exist between experiments and theory
for icé cr&sta] growth from solution. Accurate data, taken in a m1crograv1ty
environment, approxwmate analytical models, and exact (probably numer1ca1)
models all are needed to advance our understanding of ice crystal growth

o

phenomena.
A new approximate semi-empirical theory is presented which pred1cts that

a relatively sharp transition from natural convection control to diffusion
control for ice growth in pure water occurs at a subcooling of about 10°C (a
reduced temperature difference of about 0.125). No reliable data exist to
test this prediction. The theory also predicts qualitatively the growth of
ice in NaCl solution in which maxima in the growth rates are observed at
various levels of subcooling. ,

For pure water the exponent on the subcooling (n) predicted by
Equation (11) when cast in the form of Equation (1) is 1.9 , which is in
reasonable agreement with the experimental value.
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The purpose of the proposed Sihgle crystal ice growth experiment is to
clarify the roles of thermal and'conqentratiOn driven convection in crystal .
growth by measuring growth rates, crystal shape,'and temperature and
concentration fields in the-heighborhood of the single crystal, in the
microgravity environment of space, by using shadowgrapks, Schlieren and
other optical techniques;_ It is expected that these data, taken in certain
critical ranges‘of,the bperating parameters, will help to explain the more
serious discrepancies which exist among the various theories of crystal
growth and the beést available data. . '

Ice crystal growth rates usually are represented by an equat1on of
the form . -
v = aaT" ' ' o ' ({)
where v is the growth velocity and AT is the subcooling. ‘Ivantsov's theory
predicts' n =3 for parabolic plate}ets.' The best experimental values of
n for growth ih quiescent water .are closer to 2,17. Recent experimeﬁtdl'
results of Barduhn and Kallungal (1977) have shown ice growth rates to
depend on crystal orientation with respect to the grav1tat1ona1 f1e1d and -
observed rates are an order of magnitude larger than Ivantsov's theory
‘predicts. _ _ '

Growth rates in the a-axis direction are controlled by heat anduméss
tranSfer; crystal formation kinetics play no part. Observed grthhvrates |
depend on the salt concentration of the solution and growth rate maxima are
observed with about 1% salt solutions. A1l of this provides conv1nc1ng
evidence that thermal and concentration ‘driven convection play a major role
in the growth of ice crystals despite their small size. However, no adequate
theory exists to describe these phenomena. o
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- There are fundamental differences between the best data available on
ice ohd succinonitrile and the theories of crystal growth which have been
developed. The data of Barduhn and Kallungal (1977) for ice and those of
Glickshan, Shaefer and Ayers (1976) for succinonitrile show that the tip

-hédiUs, R, varies as the reciprocal of under cooling so that

= AAT® o (2)
where m = -1, However the linear stability theory of Langer and Muller- -
Krumbhaar (1978) predicts a much larger negative value for m “which is
closer to -2. This is shown in Langer and Muller-Krumbhaar's F1gure 4 wh1ch,
heihg a log-log plot, tends to make the differences between theory and-
fexperiment less obvious. On the other hand the maximum velocity principle.
predfcts m= -1 Which is 1n'accord with experimental data. Unfortunately
the maximum velocity assumptlon significantly underestimates A.

_ The Langer—Krumbhaar theory predicts the tip velocity data of Glickman

4 et al. better than the tip radius data with deviations tending to get larger .
as under cooling increases. This seems to illustrate that linear stabi]iiy'
theory often is a useful guide, but seldom is a definitive statement on the
' quant1tat1ve behav1or of real _systems.
' ' Fernandez and Barduhn (1967), Vlahakis and Barduhn (1974), S1mpson
et al. (1974), Kallungal and Barduhn (1977) and Huang (1975) have studied
various aspects of ice crystal growth in forced convection systems with
ve]ooitieS’up'to 70 cm/sec. Equation (1) continues'to apply here except -

_¥:3/2 as predicted by Fernandez using boundary layer theory (and the
maximum velocity princip1e) and observed experimentally provided the forced
velocity is large enough. Equation (g)_a}so applies to forced_oonvection;
" as before m 1is observed and predicted to be -1. However the maximum
gvve1ooity principle again predicts values of A which are too low by a
factor of 3 or 4 for ice. The data show conc]usive1y that tip radius is
independent of forced flow velocity over six orders of magnitude; it also
is independent of crysta] orientation. '

The data on ice growth in a qu1escent ambient fluid clearly are
influenced by natural convection as evidenced by their sensitivity to
crystal orientation. No adequate theory, which inc]udes.therma].convection,
‘has ever been:proposed to describe ice crystal growth even in pore water
and the situation is complicated markedly when the crystals are grown in
saline solution. The difficulty of constructing an exact'fHQOry;yin;the
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sense of thaining exact solutions of the transpoft equations, is illustrated
by the interesting article of Kroeger and Ostrach-(]974) on a model which
simulates a casting problem and includes forced and natural convection.
Models which include exact solutions of the relevant transport equat%ons
“are needed and should be worked on. However, in the meantime it may be.,
| possible to gain further insight into crystal growth, including thermal
convection, by constructing approximate models which perhaps are viewed. bést
~as "order .of magnitude estimates" of the real phenomena occurring. - One such
possible approximate approach, which appears to be new, and which inc]udés
both thermal convection and-the moving boundary effect will be sketched  here.
" Consider for illustration a crystal growing as a parabolic platelet..

A heat'balahce‘on«the crystal, which will be assumed to be isothermal, gives
‘ TiA- T, k(Ti -T) _ B
v=nh o T = Nu— oL : ) A(3)

where Nu = Nusselt number (——0, k = thermal conductivity of the solution,

L = latent heat of fus1on, Pe = crysta] density, T and T = 1nterfac1a1 and
~ambient temperatures of the f]uid From the. Ivantsov theory, as d1scussed
by Horvay and Cahn (1961), if p<<1, we find

' C (T: -T) ., : L
= YR = [P 1 = 42 . . : .- (4)
P=g =1l — ] - o L)

-where Cp heat capac1ty of the melt and a = thermal d1ffus1v1ty Thus; if
we assume den51ty differences between the crystal and so]ut1on are smal],
Equations (3) and (4) lead to ‘

2 (T- -_T ) .

24 = i: (5)-

M= Ny, =5 T

where the subscript M.B. denotes moving_boundary and this Nusselt nUmbéf
‘reflects two dimensional heat conduction in the melt. with the "apparent.
convection" created by a moving boundary. | -
Obviously (5) tells only part of the story; it neglects thermal
convection entirely. For a parabolic platelet, even with a fixed boundary,  "
it is a fonmidablé job to solve the thermal convection problem with the
two dimensional conduction which must be included in the Tow Rayleigh -
number (Ra) systems encountered'in crystal growth. However, some informétipn
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can be pbtained very easily from the experimental results of Gebhart and

~ Pera (1970) on heat transfer at low Ra from circular cylinders of very small
diameter. These data should be relevant to ice growth if heat transfer at

the stagnation point of the tip of the parabolic platelet does indeed control

the growth process. The correspondence between Fernandez's forced convection

theory, which employs the tip radius as the characteristic dimension, and the

exper1menta1 growth rate data lends considerable credence to this assumption.

One can show (for Ra < 10~ ) from Gebhart and Pera's data that the Nusselt

number due to two dimensional conduction and natural convection is

0.0745 . - (-6_)7

Nu. ¢.

— : Ra = .

= 0.47 Ra

vo .
= tnerma] conductivity, g = gravitational constént, v = kinematic viscosity.

- Equation (6) is very different from the conVentiona] boundary 1ayer result,
’,NUN;C. = 0.5 Ra]/4, which grossly underestimates heat transfer rates at véry
.Tow Ra. If one uses the boundary layer approach, then an arbitrarily enlarged
41ength_sca1e is needed to obtain even qualitative agreemént between theory and'
experiment. :

Churchill (1977) in numerous.papers has discussed the accuracy of combining
ru]eé'for finding the Nusseit numbers for “mixed mode convection! among other
things. Ruckenstein (1978) has provided a theoretical justification for
Churchill's procedure. If we consider natural convection and the.moving
boundary as two processes competing for dominance, which seems plausible but
doesn't seém_to have been done before, Churchill's work would suggest that a
reasonable approximation can be obtained from

3_ .3 3
| Nu™ = Nuy g, *+ Nuy.c.
- or ,
o - 3 3 /3 - : '
Nu = [NUM;B + Nuy ¢ ] / : (7) | -

Therefore, one obtains using'(B); (5), (6), and (7),

2 AT R3AT,0.225,1/3 kAT ' } ' .
= [(£ L7 A7) + 0.10 (BIRAT)0-22591/ R (8) .
where AT .= T, - T_. Obviou;Ty (8) cannot be viewed at this stage as anything

1 -]
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more than a plausible speculation. However, Equation (8), and other
expressions like it which can be derived in a similar fashion, deserve the
effort of being compared with experimental data and perhaps mddified
accordingly. A ’

It is worth noting that if Nuy o = 2Nuy . then Nuy o = 0.96Nu.
Even if the factor is 1.25 rather than 2, one gets N"M.B.iz 0.87Nu. That is,
when either of the Nusselt numbers is larger than the other, the mode .
representing the larger one dominates the process. This can be used to
determine the AT above which natural convection is negligible by setting
N"M.B. > NuN.C. and solving for AT. to obtain AT = 10°C. If we had used

boundary layer theory, we would have obtained AT = 0.5°C which, on the basis

| of Kallungal's data, is too small. Unfortunate1y, reliable data for AT,.
equal to 10 or more, do not exist to check this prediction. It also is worth
noting that NuN'C_, at the very low Ra, is insensitive to:the»value qf RQA
For example, N"N.C. changes only by a factor of 2, while Ra changes by 10°.
However, depending on ones purposes, this change may be enough, as noted
above, to cause Nu to be dominated by Nuy o - o _

The forced convection ice crystal growth data for pure water are in good
agreement with the theory of Fernandez and Barduhn (1967) if the flow
Reynolds number based on tip radius is high enough.  However, the experimental
values of tip radius are about four times larger. than the theory predicts[
That is, theory and experiment show that m, in Equation (2), eqUalstinus
unity, but the experimental value of A = 0.6, is about four times the" .
theoretical one; the reasons for this are unknown. ' R

In the subcooling range of 0°C to 1°C, Kallungal and Barduhn'(1977)_
found experimentally that the forced convection growth theory predicts growth_
rates in pure water down to a Reynolds number, based on tip radius, of;:;i
5 x 1073, If one examines carefully the data of Gebhart and Pera (1970): ’_‘
on mixed convection heat transfer to fine wire circular cylinders, one finds
';hat-natural'convéction alters forced convection by abOut 3%'When |

Re = 0.5 Gr1/4

The Grashof number, based on experimentalvvaiues-of ice crystai-tip;radius,;i§
ok o 1a-10
Gr=0.5x10 :
- AT
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Thus, for 0.1 < 4T <1, one gets

1.3x 1073 < Re < 4 x 107°

Consequently, on the basis of mixed convection heat transfer data, one indeed
would expect natural convection to influence forced convection ice crysté?
growth rates in the Re range where the forced convection theory was found to
fail. |

The problem of growing ice crystals in saline (NaCl) solution is much
more comp]1cated and no theor1es have been proposed which even describe the
experimental data qualitatively. The important facts are: growth rates
increase substantially up to salt concentrations of about 1%; the’tip radiusc
.ho'longer is inversely proportional to AT; the location of the density
maximum depends on concentration.

Actually, some simple calculations can shed considerable 11ghf¢yf
influence of solute concentration on crystal growth rates. Eque (3)’
together with its counterpart for mass diffusion yields

C C, (T, -7 ) ,
= Nu _IL._________ ) (9)
C. I - (Sh) (Pr) .
1 .
S k.R : B y s
where Sh = Sherwood number (-9—), -Sc = ‘Schmi - .Jmber (E), D = diffusion
coefficient, k, = mass transfer coefficient '1 and C_ = interfacial and
gqua+t/. (9) shows that C? > C and that

/ines ases with subcooling. 0bv10us1y then,
forced

ambient concentrations of solute.
this "concentration poIar1zat1on
the extent of freezing point eeprﬁ, jon increases with subcooling. If/
convection dominates, to a reas #.ble approximation (Nu/Sh) = (PP/SC)

where Pr ~ 13.5, Sc = 2600 f/ ice-water- -NaCl systems. Since T; is the

~equilibrium freezing temﬁj;y/Jre, corresponding to C (taking into account

the Gibbs-Thompson curvat:/e effect and freezing po1nt depression), Equation

(9) complete]y determI/ea C once T and C are specified. Furthermore,

the magnitude of C 1ncreases, as does the freezing po1nt depression, as C_
increases. Thus, wwth pure forced convection, the only effect of the
concentration field is to create a freezing point depression, and one expects
the'growth rate for a given subcooling to decrease as C_ increases (subcooling,

AT s defined as T - T, » where T is the freezing point-at C ). In effect,

as C_ increases a greater fraction of AT is consumed by the freezing point

depress1on and Gibbs-Thompson curvature and less is left to drive the
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crystallization process. This is precisely what Huang (1975) has observed
éxperimenta]]y; and the forced flow velocity necessary for forced convection
to dominate was between 10 and 60 cm/sec, which is much higher than those
necessary in the absence of salt. Below this velocity, maxima were observed
in the p]ots of growth rates versus C_.

C]ear]y, the maxima in the growth rates must be due to natural convect1on )
induced by concentration differences. Much ]arger density differences are -
created by concentration than temperature differences and concentration .
'differences increase with C_ for a given subcooling. Also, the Rayleigh
number for mass diffusion is about 200 times that for heat transfer if they
both .are based on the same density difference. A]]ldf_this means that natura] ‘
convection created by concentration differences will be very strong and will
increase with C_. Consequently, a competition is set up between the freezing
point depression effect, which decreases growth rates, and the augmented '
“transfer by natural convection, which increases growth rates. Apparehf]y;‘“'
natural convection wins at C_ less than 1% and free21ng po1nt depress1on '
prevails about 1% salt by weight. _ -

' In the low AT region, natural convection dom1nates and this is augmented
by concentration differences. To describe this mathemat1ca11y, first note -
that ' ‘ ' '

Ti - To= (Tp = T) - [Ke (Wg - W ) + §Z§_Z_1J | ,‘,(TO)'v
. 1 ®

where Kf = 31.8 is the freezing point depression constant, ws; and Wsj_are’
the mass fractions of solute at the interface and in the bu]k1$olutioﬁ,fand,'
¢ is the interfacial tension.
Equations (9) and (10) enable one to calcu]ate ws wh1ch then can be
used to determine the growth ve]oc1ty from '
D ws ' | R
=R Sh [1 - -——J ' : (11)
S .
i
To use Equations (9), {(10), and (11), one must know Nu, Sh, and:haye a .
re]ationship‘between R and AT. Rea]istic theoretical expressions for .Nu and.
Sh are badly needed, but it 1s a formidable job to obtain them. One can get-
a rough estimate for these express1ons by assumlng that the ana]oqy between
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heaf and méss transfer holds and that Equation (6) applies with the Grashof
number given by
’ 3 o, -0, _ -
. Gl”=‘9R—2(“'*"_‘—‘1 ) (]2)

v p°°

‘where fi___ﬁz‘ reflects both temperature and concentration differences. This
leads to e (Nu/Sh) = (Pr/Sc)0'075. Thus, all necessary parameters are known
ognc.e‘T°° and Wg are specified. »

If one usés (11) with these crude assumptions and the experimental
éxpression for R in terms of AT, the results when compared with experimental
gkowth data are encouraging. Equation (11) predicts maxima in the growth
versus ws curves, as are observed experimentally. Also, fhe magnitudes of
v predictgd are reasonably close to the experimental values. However, the
theoretical maxima are not as pronounced as the experimental ones. Predicted
rates are somewhat too high_near'wS = 0 and somewhat too Tow at concentrations
between 1 and 2 weight percent. When one casts (11) in the form of (1), one
finds n=1.9 forWg =0 and n=2.1 for Ug = 0.02, which are in
reasonable agreement‘w?th the experimental values.

It is not clear why m =-1.5 1in Equation (2) for the:tip radius as
observed by Vlahakis and Barduhn (1974) when growth is in a 0.15% NaCl.
'Hydrodynamic-effects do not seem likely to account for this because in pure
water m = -1 over a change of 10-fold in AT and six orders of magnitude
fdr the forced velocity of pure water. This question needs further study.

It is clear that some very important aspects of crystal growth are
c]duded-by thermal and concentration driven convection. Accurate data,

" taken in a microgravity environment, approximate analytical models, and

exact (probably numerical) models all seem to be needed to understand better

. the important problem of crystal growth.

168



REFERENCES

Churchl]] . (1977), AIChE J. 23, 10.

~ Fernandez, R. and A. J. Barduhn (1967), Desa11nat10n 3, 330..
‘Gebhart, B. and L. Pera (1970), J. Fluid Mech. 45, 49.

Glicksman, M., Shaefer and Ayers (1976),-Met. Trans. 7a, 1747.

" Horvay, G. and J. W. Cahn (1961), Acta Met. 9, 695.

. Huang, J. S. (1975), "The Effect of Natural Convection on Ice Crysta] Growthf':
in Salt Solutions,” Ph.D. Thesis, Chem1ca1 Engineering Department, -
Syracuse University.

" ‘Kallungal, J. and A..J. Barduhn (1977), AIChE J. 23 294, :
Kroeger, P. G. and S. Ostrach (1974), Int. J. Heat and Mass Trans. 17, 1191.
.Langer, J. S. and H. Muller- Krumbhaar (1978),'Acta Met. 26, 1681. '
‘Ruckenstein, E. (1978), AIChE J. 24, 940.

Simpson, H. C., et.al. (1974, 1975), Desa]1nat1on 14, 341, and Int J. Heat QA
and Mass Trans 18, 615.

Viahakis, J. G. and A. J. Barduhn (1974), AIChE J 20 581

169





