
882’ 32537  

The VLSl Design of a Reebsolomorr Encoder Using 
BerIekamp’s BR-Serial Muitiplier AIgorMrn 

T. K. Tmongand L J. Oeutsch 
CommunicstimSystemsReaearrh~ 

1. S. Reed, 1.4. Ha. K. Wang, end C.S. Yeh 
University of Southern Califomin 

E. R. BerleRmnp h a  developed for tk Jet hqmhion hzboratm a bit-- 
rnultipliaztion aijprithm for the emcodhg of ReeGobmon (RS) codes using a d i d  basip 
over a Wis jkki The mnwntiodRS-enm& fotbng&o/taR tequim CaORarp 
t a b k  to perform the mult@liaztion of two fFeM ek?menn IMekmnp’s algwith 
requires ot@ shifting and e x & M R  o p t i o n s  It is slcown m this pup@ t k t  the new 
dwi-basit (255.223) RS-encdm cun be m&ed llamdily on o &gle VLSI ch@ with 
NMOS technobgy. 

1. Introduction The parameters of an RS code are summarized BS follows: 

~ = number of bits per symbol 

n = 2m - 1 = the length of a codcword in symbols 

r = maximum number of error symbols that can be -ai- 

A concatenated ReedSdomodViterbi channel encoding 
ysiem has been suggested both by the European Space 
Agency (ESA) (Ref. I )  and JPL (Refs. 2 . 3 )  for the deepspace 
downlink. The standard W n c o d e r  design developed by JPL 
assume the following codes and paramc:en. 

rected 
Let CF(Zm) be a fmite field. Then an Ks code is a sequence 

of the symbols in Cfl?). This sequence of symbols can be 
considered to be the coefficients of a polynomial. The code 
polynomial of such a code is 

d = 2r t 1 = design distance 

2r = number of check symbols 

k = n - 2t = number of iifonnaticn symbols q x )  = c C i X l  (1 )  
r-0 

wnere c, t GQZmj. 
In the JPL design, m = 8,  n = 255, t = 16, d = 33 ,  ?t - 3 2 ,  and 
k = 223. This code is the ( 2 5 5 , 2 2 3 )  RS code. 
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The generator p o l y n d  of an Rs code is d e w  by 

h 2 t - I  zr 

I'b i=o 

where b is a nonnegrrtive integer. d y  chosen to be I ,  and 7 
is a primitive element in GF(2m). In order to reduce the com- 
plexity of the encoder it is desirable to make the coefficients 
of ax) synum tric so that ax) = x 4 I  1 /x). To accomplish 
~ 6 m ~ t ~ ~ ~ t o ~ t i s ~ ~ t ~ - ~ = ~ m -  1.Thusfor 
theJPLcodeh= 112. 

Liet f(x) = czrxJr t c ~ , + ~  xzwl t . . . t P I  and ex) = 
e,, t c,  x t . . t czri x2-l be the infonnatim polynomial 
and the check polyncnnial. respectively. Then the encoded RS 
code polynomial is represented by 

(3) 

To he an RS code c(x) must be also a mdtiple of f ix) .  That is. 

TO find f i x )  in Eq. (3) such that Eq. (4) is true. divide !(x) 
by ax). n e  division algorithm yields 

Figure I shows the structure o i  3 t e r r o r  iwecting RS 
encoder over G b I P ) .  In Fig. I R,  i o r  0 G i < 3 - I a i d  Q are 
rn-hit registers. Initally all replsters are set to m o .  and both 
switches (controlled by a control signal SL) are set io posi- 
tit>\\ A. 

The intomiation synihds c,( . . . . . c l r  are fed into the 
division circujt of the encoder and also transmitted out of the 
enctder one by onc The quotient coefficients are generated 
and loaded into Q register sequentially. The remainder coeffi- 
cients are computed successively. Immediately after c2, is fed 
to the circuit, both switches a r t  set i o  position R. At the very 
Same monrent cZt - ,  i s  computed and transmitted. Simulta- 
neously, c, is being cotnputed and loaded into register R ,  f . 
0 < i < 2 r  - 2 .  Next c ~ , - ~ ,  . . c,, are transmitted out of the 
rncoder \me by one. c ~ , - ~ .  ' , retain their values hecause 
the content of  Q i s  set to tero when the upper switch i s  at 
p a i t i o n  R. 

lly compkxity of the des@ of an RSsnCodar results froar 
the computation of ProdUcQ xgi fw 0 < i C 2r - 2. lkar 
campumtiont can be performed m sewfal ways (Rdf.3). 
unforhurately Myne of tham b suitad to the pipdine pro- 
CeSibQ StruCtUm usuasy men m V I A  design. Pscsady. 
Bedekmnp (Ref. 4) dewhpad a b i t 4  multiplier Wtbm 
that has the features a& to sdw thhprobbpn. pblbrrrn 
andLee(Ref.5)showindetailthemathnatkalbasisfor 
t h i s * r i ~ . I n t h t p ~ B a r t t l t a m p ' s ~ t h o d i s ~  
to the M S I  design of a (255.22?\ Rsencodor. rrvbich can be 
impkmented on a &@e VLSI chip. 

In order to understand tterlekunp's multiplier algoaithm 
some mathematical pdimimuies are needed. Toward this end 
the mathematical concepts of the trace and a ccrmpIemntary 
(or dual) basis are introduced. For more details and proofs see 
Refs. 3.4 and 5.  

DrERirion I: The trace of an elanent I3 belonging to 
G o r n  ). the Galois field of P" elements. is def& as follows: 

k=O 

In particular. for p = 2. 

m- I 

The trace has the following properties 

, I )  [Wfl]' = 0 + f . . .  + pi = WB). WheE 6 E 
C W ) .  This implies rhw 7t(B) E GF(p). i.e.. the trace 
ic on the ground field Gi.'(;.) 

( 2 )  n(lr t r )  = 7W3) t Wr). where 8. r c G o r n )  

(3) wca) = c ~ f l , w h e r e c c G F @ ) .  

(4) Wl) = rn(Flod p). 

Ur.jrriirion 2: A bass {p,l in Go"') is a set of m linearly 
independent elements in G&"'). 

Lkfinirion 3: Two bases {I+; and {Ak) an? said to  be com- 
plementary or the dual of one mother if 

.-  I , . , ;  'k 

0. i * k  I n i P c , X , )  = 
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&maw: If a i s a  mot of an irmiudBla palymmd of 
degree m in GF(d"). then {d) for O G k  < m  - I isa basis of 
CF@4).Thebsais{or*!forO<k<m- 1iscol lcdthenomd 
or oanrral basis of C W ) .  

7kmm I 19 in Ref. 4): Every basis has a 
mplm#ntarybrSis. 

Cml&wy I :  Supposes the bases kt,} and ($1 are compb 
mentary. Then a fEld element t can be expressed in the dual 
basis {A& by the expansion 

Considera(iS,11)Ricod~ o t e r G 4 f i )  Fwthl=cadr,rrt 
= 4, a = IS. r = 2, d =  2r + I = 5, anda - 2t 0 I !  information 
symbols. Let a be a root of hd pdmitim irmbdbk 
polynomial/(x) - x' + x + 1 over GF(2). u ~atistiss Q'' = 1. 

O C j  C 14. z can k represented also by a- b e  owr 

basis (d) for 0 C k (3.  That is,r =uo +u,a t u,a' tu#, 

In Table 1, the fmt dumn is  the index or logarithm of an 
elcnient in base Q The Wthm of the zero &mnt b 
denow by an asterisk. C o k s s  2 to S show the 4-tuples of 
the coefficients of the ekmntsexpressed aspatynomials 

An element t in cq29 i s r a p ~ t a b I e  by oord forsaanei. 

CF(2). This is tta repfesentrtbon of CF(2O ) in the n o d  

Whew Mk C cF(2) fOf 0 e < 1. 

The trace of an element I m Cf124) is found by 'M. 1 and k=O k=O 

the properties of the trace to be * whew zk = m z g k )  is the hth coefficient of the dual baas. 

T..(z) = u , ? ~ ( I )  + u,Tr(a) t lqn(Q') + u,~t (a ' )  

where D ( I )  5 4 (mod 2)= 0. n(a) =D(a2) = a  +a2 +a4 + 
a' = o and n(a3) = a3 + ab +a9 +a1' = I. nus W I )  = uj. 
The trace element aR in GF(Z4) is listed in column3 of 
Table I .  

P w f :  Let f = zoXo + Z I X i  .) . . .  + z m - ,  X m-i- Multiply 
both sides by 3 and take the trace. Then by Dei. 3 and the 
properties of the trace. 

The tollowing cor Alary is an immediate consequence of 
Corollary 1. 

Corol&v 2: The product w = :y of two t+ld elements in 
G e m )  can be expreued in the dual basis by the expansion 

where Ti(:.vp,) is the kth coefficient of the dual baas for the 
product of two field elements. 

By Def. 2 my set 1 twr linearly independent elements can 
be used as a basis for h e  field CF(2'). To f i d  the dual basis 
of h e  normal basis id) in CF(Z4) let a fEld element t be 
expressed in dual basis {Ao, X , A . Xoi. F m  Corollary 1 the 
coefficients of z are ik = D{z&\ for 0 < k 6 3. Thus :, = 
n(r). zI = Tr(ta!, z2 = 7t(za2) and z 3  = Tr(m3). Let : = d  
for some i. 0 C i < 14. Thus a coefficient z k ,  for 0 < k C 3, of 
an element t in the dual space can be obtained by cyclicaUy 
shifting the trace column in TaMe I upward b:* h positions 
where the first row is excluded. These approprie:ely shifted 
columns of coefficients are shown in Table I as the last four 
columns. In Table 1 the elements of the dual basis. A,, h l  , A,, 
A,. dre tm.?erIined. Evidently A, = a i4 ,  A I  = fi2. \ = u and X, 
= 1 are the four elements of the dual basis. 

These two cwAlaries provide a theoretical basis for  the new In order to make the generator po1ynomklg:x) symmetric 
b must satisfv the equation 26 + d - 2 f 2" - 1. Thus b = 6  
for this code. The y in Eq. ( 2 )  can be any primitive el,ment in 
GF(?). I t  will be shown in Section IV  that y can be choscn to 
simplify the binary mapping matrix. In this example let y = a. 
Thus the generator polynomial is given by 

RS-encoder algonthm. 

Ill. A Simple Example of Berkkamp's 
Algorithm Applied to an RSIEncodet 

This section i d o w  the treatment in Rei. 3. I t  is included 
here for two purposes. First. Rei. 3 is not readily vailsble for 

9 4 

R @ )  - n (x - 4 = g,x' ( 7) 
most readen. Second. this example IS inclu+d to illustrate j =  b i = O  



whereg,=g,= 1,g, = ~ ~ = a ~ a n d g , = a .  

Let g, be expnssed in the normal basis {I, a. a’, a3}. Let z. 
a field e a t ,  be expremed in the dual bas&; Le., t = zo\ + 
z ,h ,  + z2\ t z,A3. In Fig. 1 the products zg, for O G i G 3  
needs to be compcted. 

Since&, = g , ,  it C mcexauy tocomputeonlyzg,.zg, and 
zg2. Let the prodwtszg, for 0 6 i 6  2 be represeated in the 
dual basis. By Condlary 2 zgi can be expressed in the dual 
basis as 

where qk) (2 )  = MtgPk) is the kth coefficient (or kth bit) 
of ‘gr for 0 G i  < 2 and 0 < A  C 3. 

The ?resent problem is to express Tjk)(r)  recursively in 
terms of rjk-l)(z) for 1 Q A c 3. lnitia~y for R = 0. 

= ‘:I 
(9) 

whe:e TR(td) = 7b((zOXu + T I X I  + z 2 h 2  + t a X 3 ) d ) = z t  for0 
< j G 3. Equation (9) can be expressed in a matrix form as 
follows: 

The above matrix IS the 3 X 4 binary mapping matrix of the 
problem. 

where 0 G i < 3 and y =(tf ‘ y o  + y , h ,  +y2\ + 
Y3h3 withy, = ~ , , y , = z ~ a n d y ~ ~ z ~ + t ~  
T when T , ~ z ~ ~ ? z l  IS the feedback term of the 
dorithm. 

The abme example ‘Luustrates Ber lehp’s  bit-serial multi- 
pher algorithm. This algorithm developed in Refs. 4 and 5 
requires shifting and XOR operati- only. Brrlckamp’z dusl 
basis M-encoder is well-suited to a pipeline structure which 
can be implemented m VLSl design. The same procedure 
extends similarly to the design of a (255. 223) RS-encoder 
a m  CF(28). 

IV. A VLSl Architecture of a (255.223) 
RS-Encoder with Duak6asls MuMpliet 

In this section an architecture is designed to implement 
(255.223) RS-encoder using Berlekamp’s multiplier algorithm. 
The circuit is a direct mappine from an encoder uai;lg 
Berlekamp’s bit-serial algorithm as developed in the previou- 
sections to an architectural design. This architecture can be 
realized quite readily on a single NMOS VLSl chip. 

Let GF(2*) be generated by a, where a is a root of a 
primitive irreducible polycomial Ax) = x8 + x7 t x2 + F + 1 
over CF( 2). The normal basis of this field is { 1, a, a’, a3, a4, 
Q’, a6, a7}. The representations of this field in both the 
normal basis and its dual basis are tabulated in Appendix A. 
From Corrollary 1 the caefficients of a fEld element d can be 
obtained from zk = n(d+r) for 0 < A < 7, where d = zo\ 
+ . * . + :,A, From Table A-I in Appendix A, the dual basis 



{A , A, ,  - - , A,} of thc normal basis is the ordered set {aPg, 
a187,~203, a202,aZOI , q 2 o O , q l J V ,  al00). 

It was mentioned previously that y in Eq. (2) can be chosen 
to siniphfy the binary mapping matrix. Two binary mat- 
one for the primitive element y = all and the other for y = a, 
were computed. It was found that the binary mapping mat.+ 
for 7 = all had 3 smaller number of 1’s. Hence this binary 
mapning matrix was used in the design. For this case the 
generator polynomial g(x) of the Wencoder OYer CF(?) was 
given by 
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j =  I I 2  i = O  

The binary -napping matrix for the coefkients of the 
generator polyr tunid in Eq. ( 1  I )  is computed pnd shown in 
Appendix B. T’ i‘ feedback term Tf in Rerlekamp’s algorithm is 
found in thi? ~se to be: 

In the following a VLSl chip architecture is designed to 
realize a ( $ 5 5 ,  323) RS-encodcr using the above parameten 
and Serlekamp’s algorithms. An overall block diagram of this 
ship is shown in Fig. 2. In Fig. 7 VDD and GND  re power 
pins. CLK is a c i d  signal. which in general is a periodic 
square wave. The information symbols are fed into the chip 
rrom the data-in pin DIN bit-by-bit. Similarly the encoded 
codeword is transmitted out cf the chip fr n t’ie data-out pin 
DOUT sequentially. The cmtrol signal LM (load mode) is set 
to 1 (logic I )  when the information symbols are loaded intc. 
the chip. Otherwise, LM is set to 0. 

The input data and LM signals are synchronized by the 
CLK signal, while the operations of the circuit and output data 
sipnhl are ywhronizcd by two nunoverlapping clock signals 

r:> w e  :pace. dynamic registers are used in this 
’,. , l  - rl t ~ f  3 I-bit dynamic register with reset is 
I:: I; .ne. diagram of CLK, @ I ,  02, LM, DIN 

:n Fig. 4. The delay of DOuf 

’ 

1‘71 

I 1 : .  . . e  $ 1  the input and output flip-flops. 

Fw 5 shows the block dingmrn of a (255, 223) 
Mencoder over ~ ( 2 ’ )  e &r&kamp’s bit-serid muitipkr 
algorithm. The circuit is divfdsdintofm units. The circuits in 
each unit are discus4 in the fdowhrg: 

Product Unit: The Product Unit is used to compte T,, 
T,, . a  . e ,  To. This circuit is realized by a Program- 
mable Lug~c A m y  (HA) circuit [a]. Since To = T,, , 

actuany implemented in the PLA cirarit. 
Ti = Tm,. - .  ,Tis = Ti, Tp T3, , .. Ti7 liad 
T,, are 
To. . - * ,  T,, are connected directly to T3, , * - , TI,, 
respectively. Over other circuits a PLA circuit has the 
advantage of being easy to m o a  ,$ure. 

Remainder Unit: The Remainder Unit is used to store 
the coeffidents of the remainder during the dirision 
process. in Fig. 5 ,  Si for 0 G i G 3n are Stit  shift 
registers with reset. The addition in the drarit is a 
modulo 2 addition or Exclusiw-OR operation. while 
cJ2 is being fed t:, the circuit. c3, is being mputed 
and transmitted s e q u e n w  from the 4 t .  SimuC 
taneously ci is computed and then loaded into S, for 
0 < i G 30. Then cm,. - . co are transwi:ted out of 
the encoder bit-bybit. 

Quotient Unit: In Fig. 5 ,  3 and R represent a 7-bit 
shift register with reset ard an &bit shift register with 
reset md Farallel load. respectively. R and Q store the 
currently operating coefficient and the next coeffident 
of the quotient polynomial, respectidy. A IQ@C 
diagam of register R is shown in Fig. 6. I, is loaded 
into R ever; eight clock cycles. where 0 C i C7. 
Immebately after all 223 information symbols are fed 
into the arcuit. the control signal SL changes to 
logic 0. Thenaforth the contents of Q and R are zem 
w that thz check symbols h, the Remainder Unit 
sustain their values. 

I/O Unit: This unit handles the inputloutput opra- 
tions. In Fig. 5 both Fo F, are flip-flops. A $ass 
transistor controUed by $ I  is inserted before F, for the 
purpose of synchronization. Control signal SL selects 
whether a bit of an information symbol or a check 
symbol is to be transmitted. 

Control Uni!: The Control Unit generates the necessary 
control signals. This unit is further divided into 3 

portions, as shown in Fig. 7. The twephase clock 
generator circuit in Ref.6 is used to convert a clock 
signal intc two qonover!apping clock signals $1 and $2. 
In Fig. 8 is shown a 1-r. diagram of the circuit for 
generatin3 control signals START and SL. Control 
signal START reset: all register: and the divide-by-8 



counter befon the encoding process b e g k  Control 
d g d  LD is simply generated by a d b h b y - 8  counter 
to load the 2,'s into the R,'s in parallel. 

- m e  a codeword contains 255 symbols the amputation 
of a complete encoded codeword quires 255 "symbol 
zydes." A symbol cyde is the time interval for exewting a 
complete cyde of Berielcamp's algorithm. Since a symbol has 8 
bits, a symbol cyde contains 8 "bit cydes." A bit cycle is the 
time m t e d  for executing one step m Berlekamp's algorithm. 
In thisdesign a bit cycle requiresa period of the aockcycle. 

TRe laput  design of this (255.223) RSencoder is shown 
m F%. 9. Before the design of the layout each circuit was 
simulated on a general-purpose compulcr by usiag SPiCE (a 
transistor-level circuit !hulation program) (Ref. 7). The & 

v. c o r r c l u d l n g ~  
A VIS1 structure is M o p e d  for a bedsal<ranoa encoder 

using Berlelcamp's biteria) multiplier algoridrm. This struc- 
ture is both regular and simple. 

The circuit in Fig. 2 cp.1 be modified essily to eaeode an RS 
code with a different f d d  representation aod different param 
eten other thea those used in Section IV. Table 2 shows the 
primary modifcations needed in the circuit to  chmp agiveu 
parameter. 
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dRlGlMAL PAQE IS 
OF POOR QUALm 

0 OOO1 0 OOO1 Aa 

1 0010 0 0010 AI 

2 0100 0 0100 AL 

3 lo00 1 1001 

4 001 1 0 001 1 

5 0110 0 01 10 

6 1100 I 1101 

7 101 I 1 1010 

8 0101 0 0101 

9 1010 I 1011 

10 0111 0 0111 

I 1  1110 I 1111 

12 I l l 1  I 1110 

13 I101 I 1100 

I4 fool 1 lo(Jo% 

Table2 ~prbnuynrodtllarionro(~.nood.rclrcult 
InFlg.2 rmdrdtocrungerparwmmr 

The vrluc 
Parameter used for N a  The cucuitr of I:ig. 2 

to be chankd the cucui! V ~ S U C  that require modification 
in Itg. 2 - 

I Gcncrrtur kq. (U)  g(r) The PLA of the Product 
polynomial Unit ncedr to be 

changed 

2 .  The finite GFC’) CF(Y”” .4n regntcn arc m a i t  
reustors. cxcvpt Q is a 
cm - I )-bit reptcr. A - divdc-by-m cvunier u 
used. (The @enerator 
polynomml may not be 
charqnd. ) 

3 trro:. 16 I 2-2 shift rqu ier r  are 
corrtct inp required in the Re- 
capabilit) rnu;ndcr Unit. trhc 

pncrator polynomial is 
ab0  chrn@ui.) 

IlChI usad 

4 Nambtr 0 1  2 2 3  k None IS changed. uncv 
intormrtion & IS implicitly contained 
I) mhoh in thc control upnil LM 
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ORIGINAL PAGE FG 
OF POOR QUALlw 

Appanax A 

In this appendix all 256 elements in C F ( 2 9  are listed in Table A-1 . These field elements are expressed in both the normal basis 
and its dual basis. 

l 'abkkt .  V O t - L n q q r )  
- 

Elements Elements 
in nom1 Trb' 1 in dual 

base base 

Power Elements Elements 

base base 
in dual 

i 
in noma! T d  1 Power 

i 

0 

0 

1 

2 
3 
4 
5 
6 
I 
8 
9 

10 

11 

12 
13 
14 
I5 
16 
I7 
i h  

19 
20 
21 
2 2  
23 
24 
25 
26 
27 
28 

29 
3 0  

3 '  

2 2  

3 3  
34 

00000000 
00000001 
00000010 
00000100 
0000100~ 
00010000 
00100000 
01000000 
iooooooo 
100001 1 I 
1000 1001 

10010101 

10101 101 

11011101 

001 1 I101 
01 I I l0 lU 

1 1  110100 
011011 1 1  

llOilll0 
oc1 I I01 I 
01 I101 10 

I I10.100 

0101 I 1  I 1  
10111 I IO 
11111011 

01110001 

1 1  100010 

0100001 1 

100001 10 

10001011 

I001 0001 

I0 I00 IO I 

I1001 101 

'!w) I I I O  I 

001 I1010 

0 I I IO I O 0  

0 

0 

1 

1 

1 

1 

I 
I 
1 

1 

0 

I 
0 

1 

0 
1 

I 
1 

0 

u 
1 

I 
I 
0 
0 
1 

0 

0 

I 
I 
0 

I 

0 

I 
o 
0 

00006000 
01111111 
11111111 
1111 11 10 

1 1 1 1 1  101 

11111010 
1 1  110101 
11101010 
11010101 
lolololl 
01010111 
101011 10 

0101 1100 
101 I1001 
01 11001 1 

1110011 1 

11001 110 

10011 100 

001 11001 

01 I10010 
1 I IOC!'c10 
11001001 

1001001 I 
001001 IO 
01001 131 

10011010 

001 10101 

01!01010 

11010100 

10 10 1000 

01010000 

I O  1 IH)(H) I 

010000: 1 

100001 I O  

0000 I I I) 1 

o w 1  1 0 1  I 

35 
36 
31 

36 
39 
40 
41 
42 
43 
44 
45 
46 
41 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 

58 
59 
60 
61 
62 
63 
64 
65 
66 
67 
68 
69 
70 

11101Ooo 
01010111 
10101110 
1101 101 1 

001 10001 
01 100010 
11000100 
oow1111 
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APPgndixB 

The binary mapping matrix for y = dl of the (255,223) Rs-encoder is given by 
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