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1.0 SUMMARY

A program was conducted to develop an optimization procedure for the
Structural Tailoring of Engine Blades (STAEBL) and to demonstrate the
procecure by using it to design two fan blades of composite materials.

The fan stage of the Energy Efficient Engine which was designed under NASA
Contract NAS3-20646, was selected as the aerodynamic configuration upon which
to base the tailoring demonstration.

Three major computerized capabilities were needed to complete the procedure:
approximate analysis with the established input variables and trial values of
design variables, optimization of an objective function, and refined analysis
for design verification. To perform approximate analyses, an existing
procedure was modified to evaluate low cycle fatigue, vibratory fatigue and
foreign object damage for composite blade designs. To incorporate the effects
of Direct Operating Cost pius Interest (the objective function) into tie
design, the COPES/CONMIN optimization program was used. NASTRAN was used to
verify that the approximate analysis and optimization procedure had designed a
blade that met all design criteria.

To demonstrate the STAEBL procedure in real design situations, it was was used
to structurally tailor two engine fan blades constructed of composite
materials without midspan shrouds. The first was a solid blade made from
superhybrid composites, and the second was a hollow blade with metal-matrix
composite inlays.

Mathematical optimization applied to shroudless fan blade structural tailoring
has been demonstrated to be a very powerful automated design procedure. It
provides the capacity to simultaneously evaluate many design variables to
optimize a comprehensive objective function while satisfying numerous design
constraints.
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2.0 INTRODUCTION

Fan and compressor blades are designed to provide aerodynamic performance and
structural durability at minimum cost to the aircraft/engine operator through
alternating aerodynamic and structural design iterations. The current
structural design procedure requires that specified criteria be satisfied.
These criteria have been derived by correlating particular analyses with
extensive empirical experience. The designer is provided with an interactive
computer system that conducts vibration, steady state stress, and ingestion
analyses of proposed designs, modifies designs for reanalysis, compares
results of analysis with criteria and assembles input for non-interactive
flight cycle 1life analysis. The structural designer uses his personal
experience to establish the path to follow to improve the design and decide
when to terminate the search for the best design within the limits of the
proposed aerodynamic configuration.

Thus, the current design procedures for turbine engine blades are partly
engineering and partly art. The quality of the design is often the result of
the judgment and experience of the engineer or engineering team that performed
the task. The penalties for less than optimum designs are weight and cost. The
cost penalty may appear as low efficiency or the wasted time of a long
development cycle, fixing failures and improving performance. This usually
results in less than optimum designs because the constraints of correcting a
problem are always more severe than an original design, i.e., the space for
the stage is fixed, the performance of other components interacts or is
dependent on the part under development, etc. Once the design has been
corrected, it is usually at the expense of cost or weight and degradation of
the overall engine performance must be accepted.

It is apparent that current blade design procedures are limited by the need
for the design engineer to incorporate his experience in trading design
variables against each other. This problem is not peculiar to structural blade
design; it arises to substantially the same degree in the design of other
components. For these reasons, it is appropriate to initiate development of
automated procedures to permit the optimized trade-off of variables against
each other to improve the blade design and establish a foundation for
application to other components. Such formalized optimum design procedures
have been developed and used with considerable success for optimum structural
design of linear static structures, and are now being developed and used with
some success for the aeroelastic tailoring of fixed aircraft wings. The
objective of the Structural Tailoring of Engine Blades Program, hereinafter
referred to as STAEBL, was to develop a formalized optimum design procedure
for engine blades which will meet all the aerothermomechanical design
requirements in an aircraft engine environment. The STAEBL procedure will
reduce human error in the blade design process by automating with mathematical
precision what was formerly user judgement on an interactive system.

To meet the objective of the STAEBL program, six technical tasks were
established as part of NASA Contract NAS3-22525:




Task I: STAEBL Procedure - Design of the general STAEBL procedure.

Task II: Input - Definition of STAEBL procedure input parameters including
initial blade geometry, material properties, loads, weight and cost
models, and design constraints.

Task III: Approximate Analyses - Modification of existing beam analyses to

perform vibration, stress and foreign object damage evaluations of
composite blades.

Task IV: Optimization Procedure - Identify a procedure which optimizes the
objective function, direct operating cost plus interest, within
limits of specified constraints.

Task V: Refined Analyses - Establish a procedure for using NASTRAN to
validate optimized blade designs.

Task VI: Demonstration and Documentation - Demonstrate and document the
STAEBL procedure by using it to tailor two alternate designs of the
shroudless Energy Efficient Engine fan blade: one a solid blade
made from superhybrid composites; and the second, a hollow blade
with metal-matrix composite inlays.

The facility used for the STAEBL program was an IBM System 370 computing
system. Most engineering problems were currently programmed for solution on
three existing IBM 370 computers. Using IBM's 1latest virtual storage
technology, these computers could accommodate fully computerized interactive
design systems, general time-sharing, teleprocessing, real time
management/information systems, and management and scientific batch processing.

Section 3.0 of this report presents a description of the STAEBL program
design. Section 4.0 describes the results of the demonstration of the
procedure and Section 5.0 presents Conclusions and Recommendations emanating
from this program.

Appendix A presents the STAEBL procedure organization, identifying the various
subroutines used in the overall system. Appendix B presents a complete FORTRAN
Tisting of the STAEBL procedure for the hollow blade. The revisions to this
FORTRAN 1isting for the superhybrid blade are provided in Appendix C.




3.0 STAEBL PROCEDURE
3.1 OVERVIEW

Airfoil structural design is a critical part of the aircraft turbine engine
development process. The limitations imposed by durability requirements for
the airfoils have a direct bearing on the aerodynamic performance that can be
achieved. In addition, a significant portion of engine weight and engine cost
is a simple multiple of airfoil weight. The airfoil design problem is complex.
Chord, thicknesses at several 1locations, and internal constructions are
selected to simultaneously satisfy vibration, ingestion and flight cycle
durability requirements. Mathematical optimization techniques have been
developed to expedite solution of this kind of tailoring problem which
involves many design variables and many requirements. The airfoil application
is particularly appropriate because the complex shapes defined by optimization
do not increase manufacturing cost. The basic airfoil aerodynamic shapes are
fabricated in accordance with three-dimensional numerical definitions which
are readily modified to accept the results of structural tailoring.

Problems associated with structural tailoring of engine blades include: 1)
engine blades are designed to operate in a dynamic environment by application
of constraints which differ substantially from those applied to linear static
structures; 2) analysts and/or designers have hesitated to develop
optimization procedures for blades made from homogeneous materials because
acceptable designs can be derived from past experience; and 3) finite element
analyses, which are too time consuming to be used effectively in an
optimization procedure, have been used in designing blades having advanced
constructions such as those to be designed in this program.

The approach taken to assemble a procedure which solves these problems is
described in Section 3.2. Inputs to the procedure are defined in 3.3. The
approximate analyses and controlling method used in automated optimization are
described in Sections 3.4 and 3.5. The substantiative refined analyses are
described in Section 3.6.

3.2 GENERAL APPROACH TO STAEBL PROCEDURE DESIGN

Figure 3.2-1 summarizes the a procedure for the Structural Tailoring of Engine
Bl ades. Design variables are initialized by input to the procedure and varied
during optimization. Approximate analyses for low cycle fatigue, flutter,
resonance, and foreign object damage are applied to evaluate position relative
to constraints.

The objective function optimized in the STAEBL procedure is derived from the
relationships illustrated in Figure 3.2-2. The complexity encountered in
finding the design which optimizes this function can be illustrated by
examining its relationship to blade chord (Figure 3.2-3). It appears to be
simple, but becomes complicated when structural constraints are introduced
(Figure 3.2-4). The design that the procedure selects must optimize user
economics without violating the imposed constraints.
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Figure 3.2-1 The Structural Tailoring of Engine Blades Procedure

Airplane

Blade design e Takeoff gross weight

variables ¢ Fuel burned
Blades
Engine
¢ |nitial cost ] Direct operating
* Weight : ‘gges'gsht cost plus interest
¢ Maintenance cost

Figure 3.2-2 The Objective Function Relates Airline Economics to Blade Design
Variables




Easily

Large damaged Heavy
Direct number blades blades
. |
operating | °f blades Large
cost qufantity
of raw
. plus material
interest

Blade chord

Figure 3.2-3 Blade Chord Optimization Appears to be a Simple Design Problem

Q

2

N L R:

N N

EN NN NE

"\ NE ) Ny,

Direct N NS § /
operating \ S \/\
cost E\_ﬂi"‘ N
plus N\ XQ N
interest N N~ N

Foreign object damage

Even integer number of blades
| 1 1 | 1 ! 1

Blade chord

Figure 3.2-4 Design Problem Complexity is Introduced by Structural Constraints




The most effective technique available for solving nonlinear optimization
problems was selected from those available. The COPES/CONMIN (COntrol Program
for Engineering Synthesis/CONstrained MINimization) optimization program, a
general purpose routine based on the method of feasible directions and
developed by G. N. Vanderplaats of the Naval Postgraduate School, was chosen
for the optimization procedure.

The above efforts in the STAEBL procedure identify a fine tuned optimum blade
design that is validated by NASTRAN refined analysis. The procedure was
demonstrated by the design of two composite material shroudiess fan blades.

This procedure will reduce human error in the blade design process by
automating with mathematical precision what was formerly user judgement in an
interactive system.

3.3 INPUT TO FAN BLADE STRUCTURAL TAILORING PROCEDURE
3.3.1 Aerodynamic Stage

The starting point for structural tailoring of an engine blade is a candidate
aerodynamic stage design which will deliver the required airflow and pressure
ratio. The geometry of this candidate design is input to the structural
tailoring procedure in the following form:

0 coordinate definitions of a series of airfoil sections (define
stagger, camber, edge radii, chord and thickness, all functions of
radius);

0 flowpath boundaries (root and tip radii and convergence angles);

0 number of blades.
3.3.2 Support Structure
The dominant variables which control structural tailoring are frequency
dependent and sensitive to blade attachment flexibility. Since the space
available for the attachment varies with the airfoil design parameters,
attachment flexibility is recognized by increasing the effective length of the
candidate aerodynamic blade design. The additional input is:

o effective inner radius,

0 dimensions of a rectangular section in the extended region.
3.3.3 Operating Conditions
Airfoil peak steady stress is calculated at maximum normal speed to determine
life. Fatigue is prevented by tuning to avoid critical resonances at any speed
above minimum cruise. Flutter stability and response to injestion of a

standard bird are calculated at maximum takeoff rotor speed. The inputs
required to make these calculations are:




0 rotor speeds,
0 relative flow velocity, Mach number, incidence and density.
3.3.4 Materials

Blade centrifugal stresses and vibratory characteristics result from body
loads and are, therefore, fully dependent upon the properties of the blade
materials. Blade life is dependent on the strength of the material subjected
to a particular stress condition. Composites materials, such as those to be
used in the blades tailored in this program, are composed of a fixed
proportion of fiber and matrix elements and can be considered to be
homogeneous materials with directional properties. Similarly, adhesively
bonded plies of metal matrix composite can be considered to be a single
material. The net criticality of a local stress state is determined by
evaluating a parameter which is a function of the relative criticality of each
individual stress component. The inputs which define the required properties
for each material are:

0 density,
0 directional moduli and Poisson's ratios,
0 directional cyclic strengths.

3.3.5 Objective Function

The STAEBL procedure optimizes a single benefit which can be related to the
final design. The benefit may be as simple as airfoil weight or it may be
total value to the engine operator which considers trades between weight,
initial cost, maintenance cost and even aerodynamic performance. The benefit
expression is kept in generalized form by introducing a FORTRAN definition of:

0 an objective function of design variables or quantities which are
defined by the design variables (constant terms are not required).

3.3.6 Constraints

The durability objectives of a blade design are accomplished by imposing
1imits on the quantities that are calculated in the structural analyses.
Margins are established relative to idealized 1imits to recognize the effects
of geometric, material, and operational tolerances and to compensate for
approximations in the analyses or underlying assumptions. Inputs to the STAEBL
procedure are:

0 minimum allowable predicted aerodynamic damping,

0 minimum allowable difference between predicted frequencies and
critical nultiples of rotor speed,




0 maximum allowable local and root bird injestion stress parameters,
0 1imits on design variables (for consistency with various assumptions).
3.3.7 Design Variabies

Scaling techniques are provided within the STAEBL procedure to vary the
coordinates that define any airfoil section in proportion with changes in
chord or maximum thickness (fairing to constant edge radii). Logic is also
included to identify the particular material at any point in a composite blade
by references to quantities which define the relative position of the limits
of that material. A fiber orientation angle is associated with each composite
material. Relevant inputs are coded identification of design variables and
initial values for starting the iteration and include:

) root chord (constant scale for all stations),
0 thickness/chord (independent stations),

0 composite material Tlocation limits (including the cavity as a zero
properties composite),

0 composite material fiber orientation angles.
3.4 APPROXIMATE ANALYSIS

The Pratt & Whitney Aircraft computerized system for designing conventional
blade structures consists of a set of analysis programs which are linked to a
common data library. Computational efficiency is an important consideration in
the selection of these programs because the system is used so frequently.
Approximate analyses are used wherever they have been successfully correlated
with extensive durability experience. This system provides a proven base for
selection of approximate analyses for the STAEBL system.

3.4.1 Stress and Vibration Analysis

3.4.1.1 Approacn

The bladed disk vibration analysis program in the existing Pratt & Whitney
Aircraft system evaluates a blade with coupled bending and torsional degrees
of freedom mounted on a flexible disk and restrained by offset shrouds. The
program can operate on blades with two or 1less shrouds and blade alone
analyses can be performed. Resonance diagrams, mode shape plots and input data
to the supersonic flutter prediction program are generated.

This beam-type analysis was formulated for application to airfoils with cross
section shapes which are highly variable in the spanwise direction. It
simulates increments of blade between independently defined airfoil sections.
The analysis recognizes the effects of unequal deviation-from-radial of the
directions of principal stiffness of the airfoil's leading and trailing edges.
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Careful attention to edge stiffness incliination is given because the edge
material is located at the greatest distance from the section shear center.

In this system, dynamic influence equations for a section of blade are derived
by writing the six degree of freedom compatibility equations and six dynamic
equilibrium equations of a rotating vibrating beam blade increment in finite
difference form. These increments are then joined by a stacking matrix which
rotates the variable vector into the 1local coordinate system of each
successive blade increment, as defined by the line passing through the shear
centers of the sections describing the ends of the increment. The shear
centers are found by integration of the strength of materials thin section
beam formula.

This analysis system was adapted to advanced blade constructions, including
composite materials and hollow regions, by introducing new beam blade
increment  equilibrium and compatibility relationships. With these
modifications, a spanwise blade increment is visualized as consisting of a
stack of slices, Figure 3.4-1, where the stiffness properties of each slice
are derived from lamination theory. Slice load resultants are determined by
displacing one end of the beam relative to the other, evaluating slice strain
levels, and multiplying by the local slice stiffness. Area integration of the
Toad resultants provides the overall beam stiffness relationship.

The stack of slices analysis concept was verified with a NASTRAN analysis of
an assembly of isotropic cantilevered beams of rectangular cross-section as
shown in Figure 3.4-2. Figures 3.4-3 through 3.4-5 show the results of several
comparisons with a NASTRAN baseline using a plate breakup. When the beam
assembly was first analyzed, nodes at each cross-section were constrained
using rigid body elements, forcing each plane to deform rigidly as shown in
Figure 3.4-3. The results of this analysis were:

1. flapwise bending modes gave good agreement,

2. torsion mode frequencies were too high due to excessive section
warping constraints,

3. stiffwise bending modes were too low due to shear flexibilities
introduced by the guided cantilevered effect of the parallel beam
components.

As shown in Figures 3.4-4 and 3.4-5, the torsion mode problem was alleviated
by relaxing the warping rotation constraints along the cross-section.
Stiffwise frequencies were improved by refining the spanwise sectional
breakup. Figure 3.4-4 shows a no warping constraint condition and individual
beam torsional stiffnesses which resulted in a torsional frequency that is too
Tow.

11




SLICES

Figure 3.4-1 Model Used in Approximate Analyses of a Spanwise Increment of
Blade
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Figure 3.4-2 Beam Model Verification with NASTRAN Vibration Analysis of
Assembly of Rectangular, Isotropic, Cantilevered Beams
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1STT 524.1 354.5

2NDF 558.3 535.1
1ST S 821.7 749.4

¢ THE SUM OF BEAM TORSIONAL
STIFFNESS DOES NOT EQUAL
SECTION TORSIONAL
STIFFNESS

DEFLECTED
SHAPE

\>\

THREE BEAM
SECTION

Figure 3.4-4 Low Torsional Frequencies Produced by the Free Warping Condition
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o THIN SECTION TORSIONAL
STIFFNESS COEFFICIENT CYCLES PER SECOND

PER BEAM, 1/3 BT3

PLATE BEAM
¢ THIN RECTANGULAR SECTION
APPROXIMATE WARPING

FUNCTION 1STF 90.1 87.6
1STT 524.1 558.2

* THIN RECANGULAR SECTION
TORSIONAL STIFFNESS 2NDF 558.3 535.1
COEFFICIENT 1ST S 821.7 749.4

Figure 3.4-5 Constrained Warping Condition and Thin Section Torsional

Stiffness Correlated Well Using an Approximate Section Warping
Function

The low torsional stiffnesses were resolved by introducing thin section
torsional stiffness coefficients and an approximate warping function. The
warping function was evaluated using:

us=-yz <Qli) (1)
dx

This warping function corresponds to the first term of the elasticity solution
for the torsion of a rectangular section. The effect on natural frequencies of
imposing the warping function on the NASTRAN solution is shown on Figure
3.4-5. As a result of the warping function prescription, each cross-section is
now reduced to six degrees of freedom, which is consistent with the existing
beam analysis procedure. Since the warping function that was prescribed
corresponds rather well with the elasticity solution, little system stiffness
was added, and the torsion mode frequency was increased by only 2.5 percent.

The beam assembly procedure was then tested on a plate with a 30 degree
pretwist between root and tip. Results of this test case are shown on Table

3.4-1 and Figure 3.4-6. All frequencies from the combined beam analysis
procedure were found to be within 10 percent of the NASTRAN plate solution.

These test cases verify the concept that a beam section may be assembled from

a collection of beam elements with acceptable results for bending and torsion
frequencies.

15




TABLE 3.4-1

NASTRAN TEST CASE FOR PANEL WITH 30 DEGREE PRETWIST
(Cycles per Second)

NASTRAN Connected Connected
Plate Beams, beams,
Analysis Free Warping Warping Imposed
1st Flap 90.1 87.6 87.6
2nd Flap 480.1 438.8 438.8
1st Torsion 535.1 567.9 585.5
CYCLES PER SECOND
FREE é z
PLATE |WARPING
1STF 90.1 87.6 87.6
1STT | 535.1 567.9 585.5 ROOT
2NDF 480.1 438.8 438.8 e
1STS | 941.3 | 7228 | 7228 ~ TIP
* WARPING PRESCRIBED, ¢ =-yz 6, x
* TORSIONAL STIFFNESS, Kt = 1/3 BT3
COEFFICIENT
y

Figure 3.4-6 Results Obtained for a Twisted Flat Plate
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3.4.1.2 Solution Procedure

The approximate modelling technique for the design of a composite fan blade
uses a laminated composite beam theory. In this theory, the airfoil is divided
into radial segments with each radial segment being further divided into a
chordwise array of beams as shown in Figure 3.4-7. Each beam has a rectangular

cross-section to simplify the composite material characterization. The
laminated beam derivation parallels classical laminated plate equations.
Differences in stress components and the definition of the stress and moment

resultants occur between beam and plate equations.

\/b/\

THIS ANALYSIS CONSIDERS:
* ANISOTROPIC MATERIALS
* THIN-PLATE TORSIONAL

AIRFOIL
SECTION

:
g
l
l
l
|
l
l
I
!
l
l
l
l
!
!

STIFENESS
* SECTION STIFFNESS EQUALS

THE SUM OF BEAM

STIFFNESS

’/
-
- L-—__’
l / .
1
ITH Beam

Figure 3.4-7 Radially Stacked Beam Element as Represented by the Laminated
Composite Beam Theory




The laminated beam formulation employs a direct stiffness finite element
approach. Slice stiffnesses are summed to give the section stiffness. The
section stiffness matrix is then transformed into transfer matrix form, so
that it may now replace the influence coefficients of the original analysis
system.

The laminated beam formulation begins with the assumption of cubic lateral
displacement functions and linear membrane and twist displacement functions,
as shown in Figure 3.4-8. The o subscripts in Figure 3.4-8 refer to neutral
axis displacements.

Y.V
Vo = a1 + asX + agX2 + azx3 T
Wp = ag + agX + a7X2 + 88X3 S
Ug = ag + a1poX ]/ X,u

B0 =a11 + a12X
W

Figure 3.4-8 Shape Functions for the Element Displiacement Response

The coefficients of the displacement functions, a, are solved for in terms of
nodal point displacements, giving:

{a} = [N] {A} . (2)
The element shape functions, [N], may, therefore, be readily evaluated.
Strains may be evaluated from shape function derivatives: second derivatives

in bending, first derivatives in membrane and twist. Thus, the neutral axis
strains and curvatures may be related to the shape coefficients, as

{0} = [XI {a}. (3)

Away from the neutral axis, with the assumption that planes remain plane in
bending, displacements become:

ulx,y,z) = ug(x) =y vy ((x) - zwy (x)+Cyz 6 ,x

0,X
vix,y,z) = vo(x) - cyy uo,x(X) - Xz 9 ,X (4)

w(x,y,z) = w(x) - c,z uo,x(X) - Xy 6 ,X

where ¢ is a warping function coefficient, and ci; and cp are Poisson
ratios. Differentiation of these displacements gives the necessary strain
relationships, which may now be related to nodal point displacements.
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For the k'th lamina, the rotated stress-strain relation is

Uy 0 Q13

o X €X
o Xy =10 Qp O Yxy (5)
o Xz %3 O Q33 ¥ Xz

K K K

Integration of the stresses over the laminate gives the beam stress resultants,

Ny N X
Nx y N Z axy dAK
Nyz K=l 06Xz

A K

(6)

My N YO xz = 20y
Mo = > Yo, dAy
MZ K=1 -Zo

A K

where N is the total number of lamina in the laminate.

Substituting the 1lamina stress-strain law and the strain-displacement
relations into the above, and integrating over the rectangular cross-section
gives:

Ny A1 By3 -B14 0 ] Uo, x
My Byg D33 D3 0 6% (7)
M, -Bq; -Dy3 Dy ) 0 Ky
M, 0 0 0 a®/12 AHJ K,
where:
D.. = 2D..+b%A
33 33 YDAy,
6
>
A.. = a Q.. (Y, - Y, ;)
i] & Y T Tk
(8)
B,. = a/2 % 0. (V.2 -v, .2
ij - e & Mg Yk T KA
K=1 K
and
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with the rectangle dimensions and lTayup as illustrated in Figure 3.4-9.

/| \2
MIDPLANE |

——
|4

Figure 3.4-9 Rectangular Beam Ply Layup

The element force resultants at the beam ends may now be expressed in terms of
the neutral axis strains as:

1fb= [E] feo} . (9)
The beam forces may be transferred into the finite element coordinate system,
using an equilibrium matrix, giving:

{/} = (A1 (8. (10)

The previous relations may now be combined to yield the element stiffness
relation:

{F} = [A] [E] [X] IN] {a} = [Kgl {a} (11)
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The section stiffness may be generated as the summation of the individual
stacked beam stiffnesses, when offsets and cross-section warping are accounted
for through a rigid-body 1inkage:

{Fs} - ié <[R1]i [Kpl [RL-) {agp = 8] {AS} (12)

where there are M stacked beams on the section. At the blade root, the warping
function is set to zero, to impose warping restraint effects on the blade
model.

Once the section stiffness has been generated, to make the new element
compatiblie in form with the existing beam blade analysis, the section
stiffness must be transformed to transfer matrix form. Partitioning the
element equilibrium equation for ends 1 and 2 gives:

{ﬁ) SK11 Il SK12 ‘Al}

‘ | (13)
F2 12 | k22 a2

Reordered to transfer matrix form, the element equation becomes:

|
-, "1 |
fo2) K12 SKH____I ______ a1) =[§] ;Al
S . is | e LR (14)

K22 K12

The section masses are treated as lumped mass points at the two end node
locations. In blade vibration, equilibrium across a concentrated mass point,
gives:

Fp' = Fp+mly = Fp - wm Up. (15)
In matrix form, the mass effect may be expressed as:
U 1 0 U _ U
} = } = [m] } (16)
2
F - 1 F F
" wem 2 2

Hence, in traversing from the beginning of a beam segment to its end, with
inertia effects included, it is found:
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Az ] _ - Aj
= ml [K] { } (17)
F2 F1

The (m) (k) product above is the final step in making the present theory
compatible with the existing beam analysis. Notably, only the (m) array has
terms which are frequency dependent. Hence, this procedure can be made very
efficient for frequency extraction.

For a rotating blade, centrifugal accelerations tend to stiffen the blade, and

must be included in the calculation for vibration frequencies. In the present
analysis, centrifugal effects are included through a section differential
stiffness matrix. The section differential stiffness matrix employed, found in

Reference 1, utilizes the element load resultants and geometry to calculate
the stiffness increment.

To determine the static load resultants, and also for the calculation of
static stresses, a static analysis is performed.

A Tumped mass representation is employed in the static analysis as done
previously for vibration analysis. At station i+1, a static load, Pj+1,
results from the centrifugal accelerations of the point mass. Thus, with mass

effects included:

‘Uiﬂ}' o] {Ui } { 0 } (

= [K + P. 18)
k +1

IF Fl 1

i+l

For the full blade, from station 1 to station n,

ST .

12 22 1
At station 1, the blade root boundary condition,

U1 =C F1, (20)
allows the root to be spring supported or cantilevered. The final equation
system thus becomes:

SU" ' C KH + K]2 PT1
| B R {fj * p @)
n 21 22 T2
At station n, the blade tip boundary condition:
{Fn}' = 0. (22)
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The root load can then be determined,

{F]} = L0 Ky + KyplT] {PTZ} (23)

Now, knowing the root loads and deflections, section loads and deflections are
calculated according to the recursion relationship of (18).

The components of the centrifugal force acting on a vibrating blade contain
terms which are proportional to the displacement. These displacement dependent
terms form the “centrifugal mass matrix" of Reference 2. The "centrifugal mass
matrix" for the present analysis has been generated at the individual beam
level. The application of appropriate planar constraints enables the reduction
of the centrifugal mass to the six degree-of-freedom section level. This

capability has also been included in the analysis.

3.4.1.3 VYerification

Due to intentional similarities between the present stacked beam analysis and
the NASTRAN Bar element, analysis verification was greatly simpliified.

The approximate static analysis procedure was verified through comparisons
with NASTRAN test cases for a flat plate and for a plate with a 30 degree
twist. The model consisted of 8 cross-sections, with 11 beams per section.
Table 3.4-I1 summarizes the results of the two test cases, showing nearly
exact agreement with NASTRAN for both deflections and reaction loads.

The differential stiffness and centrifugal mass capabilities of the
approximate analysis were demonstrated by comparing the results of two test
cases with the results of NASTRAN analyses. In the tailoring operation, these
restoration effects would only be applied to the vibration analysis but the

verification was obtained from iterated static analyses.

The first case, shown in Figure 3.4-10, consisted of a rotating, tilted, flat
plate. Table 3.4-II1 shows almost exact comparisons between the present
analysis and a corresponding NASTRAN beam analysis for the 1local tip
deflections.

The second test case, shown on Figure 3.4-11, consisted of a twisted flat
plate stacked along a radial 1ine, with a 30 degree twist from root to tip. As
shown on Table 3.4-IV, almost exact agreement exists between the present
analysis and a corresponding NASTRAN beam analysis.

The vibration analysis capability of the stacked beam solution was verified by
comparing predicted natural frequencies with NASTRAN predicted natural
frequencies. Table 3.4-V shows excellent agreement between the approximate
analysis procedure and a NASTRAN plate model for analysis of a flat plate
30.5cm x 10.2cm x 1.02cm (12in x 4in x 0.4in).

As shown in Table 3.4-VI, when the plate was given a 30 degree twist between
root and tip, bending frequency agreement remained good between the
approximate analysis and NASTRAN. The first torsion mode frequencies differed
by less than 5 percent.

23




To examine a cross-section more representative of an airfoil, a doubly wedged
plate was analyzed. For this model, the edge thicknesses were taken as one
quarter of the mid-chord thickness. Good agreement with NASTRAN was obtained,
as seen on Table 3.4-VII.

TABLE 3.4-11
COMPARISON OF STATIC ANALYSIS PROCEDURE WITH NASTRAN TEST CASES

NASTRAN Static Analysis

Flat Plate (11 Beams/Section-8 Sections)

Tip Def