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DEVELOPMENT OF MATHEMATICAL TECHNIQUES FOR THE ASSIMILATION OF
REMOTE SENSING DATA INTO ATMOSPHERIC MODELS

e

John H. Seinfeld, Principal Investigator
California Institute of Technology
Pasadena, California 91125

ABSTRACT

The object of this project was to define the problem of the assimilation
of remote sensing data into muthematical models of atmospheric poliutant
species. An object of remote sensing of the atmosphere is to enable recon-
struction of the concentration distribution of trace species over a region
based on the data available from the instrument. The data assimilation prob-
Tem is posed in terms of the matching of spatially integrated species burden
medsurements to the predicted three-dimensional concentration fields from
atmospheric diffusion medels. General conditions have been derived for the
reconstructability of atmospheric concentration distributions from data typi-
cal of remote sensing applications, and a computational algorithm (filter)
for the processing of remote sensing data has been developed.
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RECONSTRUCTION OF ATMOSPHERIC POLLUTANT
CONCENTRATIONS FROM REMOTE SENSING DATA -
AN APPLICATION OF DISTRIBUTED PARAMETER OBSERVER THEORY+

Masato Koda* and John H. Seinfeld

Department of Chemical Engineering

California Institute of Technology
Pasadena, California 91125

ABSTRACT

The reconstruction of a concentration distribution from spatially-aver-
aged and noise-corrupted data is a central problem in processing atmospheric :
remote sensing data. Distributed parameter observer theory is used to de- |
velop reconstructibility conditions for distributed parameter systems having
measurements typical of those in remote sensing. The relation of the recon-
structibility condition to the stability of the distributed parameter obser-
ver is demonstrated. The theory is applied to a variety of remote sensing
situations, and it is found that those in which concentrations are measured
as a function of altitude satisfy the conditions of distributed state

reconstructibility.

*Permanent address: Department of Aeronautics, University of Tokyo, Hongo,
Bunkyo-ku, Tokyo 113, Japan

+This work was supported by NASA Research Grant NAG-1-71
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I.  INTROBUCTION

In the remote sensing of tropospheric species, a ground-, aircraft- or | .
satellite-based platform performs an instantaneous scan «f a region of the
atmosphere and measures the species burden within the field of view. With air-
craft or satellite remote sensing the platform is in motion and the field of
view is constantly changing. An object of remote sensing of the atmosphere
is to enable reconstruction of the concentration distribution of trace species
over an entire region based on the data available from the instrument.

The reconstruction of a concentration distribution from spatially-aver-
aged and possibly noise-corrupted data is a central problem in processing
remote sensing data. In the absence of a mathematical model describing the
spatial and temporal concentration distributions, the reconstruction can be
carried out by standard data interpolation methods. However, when a mathema-
tical model exists, the problem becomes one of matching the remote sensing data
to the model solution in such a way that the incomplete data can be used in
conjunction with the model to produce an estimate of the region-wide concen-
tration distribution. This problem of the matching or assimilation of remote
sensing data into mathematical models for atmospheric constituents is the
subject of this paper.

There exist a few recent studies that assess the capabilities of remote
sensing for monitcring regional air pollution episodes. For example, Barnes
et al. [1] conducted a comparative analysis of satellite visible channel ima-
gery in ground-based aerosol measurements. For three cases, each of which
represented a significant pollution episode based on Tow surface visibility
and high sulfate levels, the results show that the extent and transport of
the haze pattern can be monitored from sateilite data. The study demonstra-

ted the potential of the satellite to monitor both magnitude and aerial extent
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of pollution episodes. In a related study, Lyons, et al. [2] reported on &
demonstration project showing that currently available synchronous satellite
data can detect the aerial extent of large scale hazy air masses associated
with sulfate and ozone episodes.

A study related to that of the present work was reported by Diamonte, et
al. [3] in which they considered the comparison of remote and in situ data on
pollutant concentrations from point sources. They considered typical remote
sensing geometries to provide insight on estimation of plume properties from
these measurements. In a study also related to the present, Kibbler and
Suttles [4] considered the estimation of unknown parameters in a pollutant
dispersion model by comparing model predictions with remotely sensed air quality
data. A ground-based sensor provided relative pollutant concentration measure-
ments as a function of space and time. The measured data were compared with
the dispersion model output through a numerical estimation procedure to yield
parameter estimates that best fit the data.

The object of this paper is to define the problem of the assimilation of
atmospheric remote sensing data into mathematical models of pollutant behavior.
Since the atmosphere is a three-dimensional system, models of pollutant behavior
are of the distributed parameter type [5]. Remote sensing data represent spa-
tial averages of concentrations, so that the assimilation problem is, in es-
sence, one of distributed parameter state estimation.

First, the concept of distributed state reconstructibility is developed
for the class of problems of interest. That is, the first question to be
faced is - can the desired spatial-temporal concentration distribution infor-
mation be recovered from the measurements in the absence of noise. The deri-

vation of general conditions that allow one to answer this question is the
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subject of Section II, In Section III a varieiy of common remote sensing
measurement configurations and atmospheric models are tested for reconstructi-
bility. We conclude in Section IV with general observations concerning the

inherent potential of remote sensing data in analyzing regional air pollution.
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IT. RECONSTRUCTIBILITY AND OBSERVERS FOR DISTRIBUTED PARAMETER SYSTEMS

Atmospheric pollutant models consist of partial differential equations,
Tinear in the case in which the species does not react chemically or in which
it is produced or destroyed by a first-order reaction of the form A =+, This
case represents a wide class of important situations and is the one to which
we direct our attention here. Nonlinear distributed models must be handled
by Tlinearization and therefore also fall within the present framework.

Our interest in this section is to derive distributed parameter observers
for systems descrived by linear partial differential equations with inhomo-
geneous boundary conditions characteristic of atmospheric models. An observer
is an algorithm that processes measurements of the state of a system to yield
an estimate of the entire system state. An observer is most frequently
employed when not all of the states of a system are accessible for measure-
ment. In the present application, we will be generally interested in only a
single state variable, the measurements of which have Timited spatial resolu-
tion. The observer is stable if its estimated state converges to the true
state after a sufficiently long time. The concept of state reconstructibility
is useful as a condition for the stability of the observer. Thus, if a meas-
urement strategy satisfies the condition of state reconstructibility, then
the corresponding observer is stable, and, the state (i.e. the concentrations)
can, in principle, be estimated from the measurements. The condition that
allows the reconstruction of the system state on the entire field is called
distributed state reconstructibility. Associated with distributed state re-

constructibility, the concept of uniform n-mode recornstructibility can be
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developed. 3oth conditions, n-mode and distributed state reconstructibility,
will be applied, in Section III, to typical remote sensing measurement
configurations.

There exists some previous work on observer theory for distributed param-
eter systems [6-8]. Kitamura et al. [6] formally extended the Tumped param-
eter observer to the distributed parameter case. Gressang and Lamont [7]
developed a more complete theory of the distributed parameter observer, includ-
ing reduced order observers. An application of distributed parameter observer
theory has been presented by Kéhne [9]. The most complete treatment of observer
theory is that of Dolecki and Russell [8]. In the current work, distributed
parameter observers are derived in a form appropriate for application to the
class of systems representing atmospheric species behavior. In addition, a
result of the present work is an explicit relation between distributed parameter
reconstructibility and the stability of the observer. Observer stability is
demonstrated using a technique of Hale [10] in which Lyapunov stability theory

s extended to function spaces.

We consider the Tinear distributed parameter system,
auéé,tl = L, u(x,t) + B(x,t)F(x,t) o)

defined for t > 0, x € D. The domain D is a connected subset of a d-dimensional
Euclidean space Ed with boundary surface 9D. The d-dimensional sratial coordi-
nate vector is denoted by x. The state u(x,t) is a scalar function and Lx

is a linear partial differential operator with respect to x. It is assumed

that the operator Ly 1s well-posed. The input Ff(X,t) is a known scalar

function and B(x,t) is a known coefficient.



The boundary condition on (1) is
BU(X:t) = h(x,t) X € 8D (2)

where By is a linear, spatial differential operator of suitable order over
8D and h(x,t) is a known function. The initial condition is assumed to be
unknown or ‘incompletely known.

We are interested in considering three types of measurements:

Case 1: Spatizily-Independent Integral Measurements

The measurement takes the form

w(t) =_g H(x,t)u(x,t)dx (3)

where H(x,t) is a spatial weighting function.

Case 2: Spatially-Continuous Measurements

w(x,t) = C(x,t)u(x,t) (4)

where C(x,t) is a square-integrable function, i.e., C € L2.

Case 3: Spatially-Discrete Measurements

wi(t) = Hi(t)u(xi,t) i=1,2,... % (5)

where wi(t) denotes a measurement at the ith measurement location X; By
taking the 1imit to small volumes of integration in (3), we can represent

a system such as (5) by choosing H(x,t) = Hi(t)s(x-xi), i=1,2,...5 %.
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For the moment let us restrict the problem to one spatial dimension, i.e.,
0 < x < 1. Accordingly, boundary condition (2) can be expressed as
sou(x,t) = ho(t) X =0

(6)
slu(x,t) = hl(t) x =1

Then the solution of (1) and (6) with initial condition u(x,0) = uo(x) can be

expressed in the form*

<1 t.1l
u(x,t) = j ﬁ)* (r,03%,t)u(r)dr +f o (ryT3x,t)B(r,t)f(r,t)drdr
0 00
/~/. (r,T3x,t)g(r,r)drdr (7)
where
g(x,t) = 2h1(t)<5(x-1) - 2h0(t)6(x) . (8)

The adjoint Green's function o (xst;y,T) is governed by
*
aq)_(i%;m * L;<I>*(x,t;y,r) =0 (9)

with the terminal condition

o (x,tsyst) = 8(x-y) (10)

*The explicit form of operators Lx’ BO’ and 81 are assumed as follows:
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and boundary conditions

* K

Bo¢ =0

(11) v
* % =0
qu) -

The operators L:, 33’ and Bz are 'the adjoints of the operators b s 80, and Bl’
respectively.

The extension of the adjoint Green's functions to higher spatial dimen-
sions is straightforward. In higher dimensions, (9) and (10) remain the

same with the general boundary conditions

* k
By & (x,t3y,T) =0 X € 3D (12)

* *
where By is the adjoint of the operator By In general, we note that ¢ s
related to the Green's function ¢ associated with the system (1) with

*
homogeneous boundary conditions by the relationship #(x,t;y,T) = & (y,Tt:X,t).

The adjoint Green's function for well-posed distributed parameter sys-
tems can be constructed in a variety of ways. Expansion in spatial eigenfunc-
tions and construction of the adjoint Green's function from eigenvalues and :
eigenfunctions is a powerful method for Tinear systems. Let us assume that ?
L: has an infinite series of discrete eigenvalues {Ai}, i=1,2,.... Using
standard methods, the adjoint Green's function that satisfies (9)-(12) is
found to be [111

n{t-1)

" - -A
S ltne) = 2 (08, )e (13)
n:

where the eigenfunctions {¢i}’ i=1,2,..., are the solution of the equation,

L:¢j = A;9;» satisfying the boundary conditions (11) or (12). V o
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II.1 Reconstructibility Conditions

The objective of an observer is to reconstruct the system state when
the measurements are incomplete. To be able to reconstruct the state the
observer must be asymptotically stable.

An identity or non-reduced observer for the system (1) with measure-
ments (4) takes the form

BOGE) = U(x,t) + Blx,t)F(x, )
+ GLwW(x,t) - C(x,t)u(x,t)] (14)

where G(x,t) is the observer output and G is a suitably chosen integral opera-
tor with the kernel G(x,y,t).

Before presenting a derivation of the observer, we will establish the
conditions under which the system (1) and (4) is reconstructible. We define

the reconstructibility kernel function by
t
* 2 *
Q(x,y,t) = [f¢ (xst3r, )65 (r,1)0 (y,tsr,T)drdr (15)
o
0D

It will be shown later that the observer (14) is stable if Q(x,y,t) has a so-

called generalized inverse, i.e., if there exists P(x,y,t) such that

fP(x,r,t)Q(r,y,t)dr = §(x-y) (16)
D
By formal differentiation of (15) with respect to time and use of the
properties of the adjoint Green's function (9) - (12), it is found that

Q(x,y,t) satisfies the following Lyapunov equation,
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0(x,y,t) ’;,(t t=. L:Q(x.y,t.) - Q(x,y,t)L; + cz(x,t)a(x-y) (17) ' |

with the initial condition

Q(x,y,0) = 0

and boundary conditions
(19)

2= 0 * a0
BXQ_’ QBy“‘

where L;Q = QL;. Although Q(x,y,t) is formally defined by (15), it is impor-
tant to note that Q(x,y,t) may be computed from (17)-(19) without using the

adjoint Green's function.
By using the identity

M%%ut_)_ ) ff P(x,r,t) @%ts—?l P(s,y,t)dsdr (20)
DD
P(x,y,t) can be shown to obey the following Riccati equation,*
BELED = Lp(yst) + PloystIL
-[ P(x,rst) cZ(r,t)P(r,y,t)dr (21)
D
with boundary conditions
(22)

P(x,y,t) may be considered as the kernel of the integral operator P defined as

*The jmpact of observation error on the design oY an observer can be assessed
from (21) by comparing P to that from the corresponding distributed param-

eter filter.

YENRTe e
P S O N

N




















































































































































































































































































SUMMARY AND CONCLUSIONS

The ubject of this research grant was to initiate an evaluation of the
analysis of remote sensing data on pollutant concentrations in the troposphere.
Remote sensing measurements of pollutant concentrations are becoming increas-
1ng1y important in understanding the transport and transformation of pollutants
over moderate to long distances in the atmosphere. Traditionally such data
have not been analyzed beyond the point of constructing mass fluxes and total
budgets over a region. The question studied in this research grant was that
of the further analysis of such data, particularly when one has a mathematical
model available. The specific problem then is to see how typical remote sens-
ing data can be used in conjunction with a mathematical model to extract addi-
tional information about the pollutant behavior in the region being studied.

The essential problem is one of estimation, that is, of using the typical
remote sensing data to determine full concentration distributions. Once full
concentration distributions are available, one can then assess the mechanisms
of the process through the mathematical model. The first step in the research
was to ook theoretically at the question of the minimum amount of data needed
to reconstruct a concentration distribution from finite data typical of those
collected in remote sensing. Chapter I of this report presents a development
and derjvation of a condition of reconstructability, namely rigorous conditions
that can be applied to a data sampling program to dztermine whether it will be
possible to estimate a species concentration distribution from such measure-
ments., Chapters II and III of this report are then devoted to the development
of a numerical algorithm that will process the data to produce concentration
distribution estimates in the cases when the data are a priori reconstructable.

Perhaps the most important result of this study is the indication of the

types of measurement strategies one s.iould follow in remote sensing programs.
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In particular, it appears that the best measurement strategy is to attempt to
obtain pollutant burdens at a certain location at a number o/ elevations at
times as close as possible, This strateqy is recommended because the vertical
distribution of pollutant concentrations in the first 1,000 meters of the atmo-
sphere is a crucial element of a mathematical model of such species. The
theory and numerical techniques developed in this study will tell one when
devising a measurement program and monitoring strategy the number of vertical
levels at which one should make measurements to be able to estimate relatively
accurately the complete vertical concentration profile of the species of inter-
est. It is anticipated that these results will be of value to those contem-
plating remote sensing measurement programs of tropospheric species that involve

measurements at several vertical levels.

AN



	GeneralDisclaimer.pdf
	0015A02.pdf
	0015A03.pdf
	0015A04.pdf
	0015A05.pdf

