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ABSTIACI 

The experimental and analytical investi,ation of scarf joints 

described in this paper indicates that 

o sliaht bluntness of adherend tips induces adhesive stress C04-

centrations which significantly reduce joint strength. and 

c the stress distri~~.ion through the adhesive thic~ness is nun-

uniform and has significant stress concentrations at the ends 

of the joint. 

Also, the laminate stacking sequence can have important effects on the 

adhesive stress distrib~t~oD. Th~ee oth~r results are worth mentionins. 

First. a signifi~ant improvement in joint stren8t~ is possible by 

increasing overlap at the espen~e of raising the repair slightly above 

the original surface. Second, although a surface grinder was csed to 

make most experimental specimens, a ha4d held rotary bur c~n make a 

surprisingly good scarf. And third. searl joints with doublers on one 

side, such as might be used for rep~ir. bend under tensile loads and may 

actually be weaker than joicts without doublers. 

Bl~ntness results from breakag~ 1urins fabrication where the 

adherends ar~ or ly a few microns thick. The ett'ess concentrations cccur 

f 
for all scarf joints but are mnch more pronoun~cd for s~all scarf 

angles. i.e. aronnd 20 milliradians (one degree). Exp~rimenta! data 

suggest that there is an u~p'r limit to scarf jvint strength. 

1 
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T1~ .clrf Joint Idh •• iv •• tr ••• coapri ••• two coapon.nt.. On. 

i. due to aro •• exten.ion of the .ntire jOint Ind i. predominlntly I 

t.n.il •• tr.... It i •• iapl. to cileullt.. Th. other coaponent i. due 

to 10ld trln.f.r b.tw •• n the adh.r.nd, Ind i. pr.doainlntly •• h.lr 

.tr.... The ,ov.rain •• qultion for the 10ld trln.f.r .tr ••• i. I •• cond 

·ord.r ordinlry diff.r.ntill .quation with two .in,ullr point •• Th • 

• olution to this .qultion exhibit. boundary lay.r structure. WIB 

expln.ion. and Frob.nius •• rie. expln.ionl provide very .fficje~t .nd 

straight for.,. ard methods fn 501vinz it . . 

Str ••• conc.ntrations ar, allo induced throu,h the .dafliv. 

thickn"1 by the sudden chan,e in sh.ar loadin, It the ends of the 

Idb.rend.. Two dia ••• ional equilibria. requir •• a lars. noraal Itre •• 

,radi.nt to balance the shelr .tres. ,radi.nt. This resultl in hi,h 

noraal Itrelles under the adherend tip. lnj~ ph.nomenon il analYled by 

a stre.s function solution for a rectan,ular re,icn with Fourier series 

bounda~1 conditions. 
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INnODUcrION AND BACIGROUND 

~i. paper de.cribe. experi.entl kDd analy.el of Icarf joint. 

with and without doublerl. The .ajority of the work involved jointl 

without doubler.. Tho first part de.cribes a nuaber of idoas and .odel. 

of joint behavior found in the literat.ure. Tte lecond part describes 

mak i ng a nd teosile testinJ s carf jc i nts of an I S-pl y c a rbon /ep oxy 

laminate with Icarf angles betweeu 20 milliradian. and 160 milliradians 

(one degr,e and nine dOlrees). Thi~ part include. erindinl Iccrfl with 

a hand-held bur, tryinl a ,uIgeltion from the literature to reduce 

adhesive Singularities, and increasing ~oint overlap by letting the 

repair ext~nd slightly above th~ surface. Next is a di~cus$ion of the 

two analyses: the effect of slight bluntnesl of the adherend tips and 

the stresses induced by the ludden chanle in adhesive .hear loadin, at 

the end. of the adherond.. Finally, ~7periment. and a bendin, model of 

scarf joinll with doublers are described. 

The ~ou:'le IClirf joint shown in Figure 1 is ~he joint leoaetry 

selected for this study. It wa. ~ho.en as a typical repair for da~a,ed 

laminates OD cOUtorcill aircraft. The repait· is made uy first cuttinl 

out tbe damaaeu part of tbe laminate. Figure 2. Next the cut edges are 

beveled to form .carfs and adhesively bonded to a matching repl~cement 

piece. An optional doubler :nay be bonded over the scarf jOint. The 

scarf joint repair is potentially ·,r ery strong and ha S 1 smooth surface 

3 
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Figure 1. Scarf joint ,eometry. 

~----------1L~ ~~----------~ 

\ { 

I 

~) _________ ~ ____ :====--~~ ____ ~~.==~~ __________ -Jl 

) 

( a) 

(b) 

(e) 

Fi,ure 2. The Itep in repalrln, a da.a,ed plate yith a Icarf joint: 
(a) da.a,.d plate, (b) plate 'With duale reaoved, (d beveled el!le5, 
(d) replace.ent piece bonded to ori,inal la.inate, eel repair with an 
optional doubler. 



• 

5 

which is lood for a~rodyna.ics • 

ORIGINAL PA~! S' 
OF POOR QUALITY 

in .ar1ier stndie.. Perhaps the .o.t i.portant is •• eohani •• of load 

transfer between.a4herends by adhesi.e shear. In thi •• ode1 the 

adh •• ive shear stre.s is d.te~ined by the relative di.p1ace.ent of the 

adherends on either .ide of the adhe.i.e. At the ma.e tim. the adh.r--

.nd displac ••• nt. dep.nd on the load tran.f.rr.d to th.~ by the 

adhesiv •. Th. m.chanism is domon.trated in Fi,ure 3. 

When the lap joint in Fi,ure 3 is loaded, different part~ of the 

joint str.tch diff.rent aaoucts. At location A. for .xample. the bottom 

adherend is str.tched a lot because it carrie. n .. rly all of the load. 

In contra.t. ~h. top adh.rend at location A is .tr.tched very Uttle 

becaus~ it carries very little lund. The result. as the figure show" 

is tbat the adhesive is strained a lot in shear at the ends of the bonri 

but very little ill tho mi~d1.e. So the bond breaks at the ends before 

the .iddle is fully loaded. This .odel of load t.ransfer vas first 

published by Volkerson (Ref. 1) in 1938 and ~sed in a w.ll known piper 

by Goland and R.issner (R.f. 2) in 19.3. 

Th. adhesive strain can b •• ade a:: ·or. unifor~ alonl the bo\.. .. f 

th. adh.r.nds are tap.red, or scarfed, as shown in Filur... When the 

scarf joint is loaded the adherends stretch the sa.e I.ount .11 alonl 

the bond. At locltion 8, for exa.ple, the top adherend carries little 

of the load. Rowever, it stretches the sallie IS the bottom lldherend, 

which carries more load but is proportionally thic~er. 
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Unloaded 

Loaded 
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Filar. 3. Uuloa~.d ~ud loaded lap jOint. 

\ Z 
Unloaded 

B 

1 <;:SS$> 
Loaded 

Piaure •. Unl o,ded and lo aded learf j oint. 
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~ 
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This uniform shear distribution d.p.nis on prop.r jOint d.lign 

and s.veral phe&om.na must be considered. Any joint desi,n in which 

atrains of the two adber.nds ar. not id.ntioal alon, the adh'live wi 1 

ba.e Ihear stress ooncentrations. Adhertnd s.ction stiffness (thickn.ss 

tiaes .la.tic aodulu.). th.raal expansion and aoi.tur. absorption oan 

all b. important. Th •• ff.ct of adh~rend s.otion stiffn.s. i. 

demon.trated by Fi,ur.s 3 and.. In addition. if the adb.rend. in 

Fi,ure 4 have non-identical thickness.s or moduli the shear strain will 

be h isher at the ene! ' t l: :.:; in l" ,,; mi ddl e . And i wi ll b e hi gb st at n c: 

end. This sbear stress distribution can be improved. although not 

ner-.ssarily made uniform, by usina adherends with spocially chanli~, 

thickness alonl the adhesive. This approach bas been studied by 

R:uullurthy and P.30 (I~efs. 3.4). Sainsbury-Cuter (Ref. 5). Cherry and 

Harrison (Rr-f .6) and by Thamm (Ref. 7). Lub'k:'n in a study of scarf 

joints (Ref. 8) clllculal:ed the snarf angle for which no stress 

concontration would occur botween two dissimilar ~dh~rends. The anlles 

are large enough that it is not a ~r_ctical way to design joints. 

Adherends with different thermal or moisture expansion 

co.fficients can have shear conc.ntrations even when the joint is 

unloaded. In this case one adhorend expands more than the other CaUSiD& 

shear ~onc6nt=ations of opposite sisn at the adhesive ends. Thermsl 

expansion stresses ar e usually present 1n the unloaded joint because the 

adhesive set~ .i t an elevated temperature. Also. temperature and 

especially :no i · ture t: :tp a nHon can vary with both time Ilnd position in 

the ~ ··· . rend. Thes e problems have been studied by Hart-Smith 
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(at ,. 9.10.11). Wetherhold and Vin.on (Ref. 12). Sinha and Roddy 

(Ref. 13). Chen and Nel.on (Ref. 14), and Vinson anG Zoa.te, (Ref. 15). 

• 
A li.itation of this load transfer .odel is that it do.s not 

.atisfy the zero .h.ar .tres, bonndary condition at the adhesive end. 

Since the adhe.iv •• nd is a free .urface. no .hear stre •• e. or noraa1 

.tr ..... perpendicular to the adh •• ive eud .urface are possible. The 

, 1hesive end can not be strained in shear, a. shown in Fi,ure. 3 and 4. 

The l~ad transfer ~odel still holds eve l7Yhere but near the end of the 

ad h es i ve. ho wev e r. So i t is a us e fn l ~ o d e l cf j o int cechani c s . 

especially for thin adhesives. 

Compo.ite adherends are freqnently orthotropic and this al,o 

effect. their behavior in joints. The ed,e conditions, e.,. plane 

stress, and adhere~d phy sical properties determine the effective load-

direction modulus of el &sticity . Erdogan and Ratwani (Ref. 16), Reddy 

and Sinha (Ref. 17), and Renten and Vinson (Refs. 18,19) have developed 

models for such orthotropic materials. The model developed by Renton 

and Vinson also accounts for through-the-th \ ckness shear of the 

adherends. 

Adhesive thickness also influences the adhesive shear distri-

bution (Ref. 20). A $mall displacement across a thin adhesive results 

in a higher shear strain than the same displac em~nt across a thick 

adhesive. For this reason thick adhesive at the ends of the j Oint can 

reduce stress concentrat i ons (Ref. 21). 
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Width-wise contraction of the adherends can cause a so.ewhat 

different type of shear stress concentration. The fully loaded (bottoa> 

adherend at location A in Filure 3 will contract iu width and thickness 

in proportion to the load and its Poisson's ratio. The adjacent 

unloaded adherend will not contract at all. This causes adhesive shear 

strain. across the speciaen, perpeudicular to the strains .hown in 

Fisure 3. These strains are aost pronounced at the adherend corners as 

discussed by Adams and Peppiatt (Ref. 22). 

Another way of maintaining uniform shear stress is by csing 

very thick adherends. The idea il to aake thea thick enouah that their 

strains are .aall at loads up to the failure stre.s of the adhesive. 

This is not sn efficient way to design structures because the strength 

of the adherend is not ~ ~ ed. R01fever, the idea has been applied to 

making specimens for testing ~dhesive properties (Refs. 23,24,25). 

Another important idea about joi ts is that they sometimes bend 

when loaded only in tension. This happens because part of the jOint il 

unsymmetrical about the plane of the applied load. For example, the lap 

joint of Figure 5 will bend when loaded in tension. A free body diaaram 

of the adhesive and adjacent adherends shows that the force F must be 

held by parts that are away from the over-all plane of loading. Because 

of this offset, mom~nts are created in the joint and it bends as shown 

in the figure. As the joint bends the offset is reduced. At 

equilibrium the moment of the offset applied force equals the moment 

required to be nd the adherends. 



F..--) I--.F 
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(b) 

Figure S. Bondinl of a lap jOint loaded oaly ia tonaion: (a) free body dia,ra. 
of tbe adhosivo and adjac~nt adhorends. (b) oaalleratod shope of the loaded jOiat. 
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This bendin, is nonlinear with applied load. With application 

of a slIIall load the joint will lIIove rapidly toward the position shown in 

Fi,ure ,. But one_ th. joint .ppro.ches th.t po.ition very lar,_ 

incr ••••• in load c.u.e v.ry little .dditional bendin, defl.ction. 

Bending under tension i. 1II0st pronounced in .in,le lap joints, 

.lthough even sc.rf joints bend sOllie. Bending under tension, bec.use it 

is so important to lap joints, has been studied by m3ny authors 

(Ref s. 9.1~ / 19,:' O ) . 

Bending ander tension is import.nt to joint strenath bec.use it 

induces forces perpendicular to the load-plane at the ends of the 

adhesive. For eX.III!'le •• t point A of the loaded l.p jOint in Figure 

~(b) the bottolll adherend is bent a lot. And tha nearby end of the top 

adherend is nearly straight. The adhesive IIIUSt stretch in the vertical 

direction to remain bonded to both .dherends. The resulting tensile, or 

peel, stresses c.n cause breaking in either the adhesive, the bottom 

adherend. or It the interface. as shown in Fignre 6 (Ref. 9). S.wyer and 

Cooper h.ve published a way of reducing bendin, effects by preforming 

(prebending) the adberends (Ref. 26). 

Bending .1so increases tensile stresses at the outside of the 

specimen. just as a beam loaded in bending has higher stresses at the 

outer surfaces. Th i s is important for scarf joints with doublers on 

only one side. Where the joint ends on the side away from the doubler 

the adhesive must accomodate the e~tra bending strain. 
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F ..... ~- \ ... ---------a?---------~\ --.~ F 

(.) 

F .... 1---\ ... _________ ~ \--•• F 

(b) 

F ...... 1--- \L.---------e=?----------"J...J - F 

(c) 

Pilur. 6. Pe.l Itr'll induced failure: (a) coheliYe failure, 
(b) adberend delaaiDation, (c) adhelive failure . 

Ther. il another aore lubtl. lource of peel stresses. Adhesive 

Ihear force I caD cause bendinl at the end of a bonded adherend. This 

bendin, happens even in joints which are syametric about the load plane, 

such .. double lap jO:.ltl. A free hody dialram of the upper adherend 

end of a double lap jOiDt is shown in Filurc 7. The horizontal shear 

forces on the bottoa aust be balanced. In the horizontal direction, the 

shear force caD be balanced oDly by a force on the left hand lide. 

Bowever. this results in a couple which bends the adherend tip upward. 

The upward bendinl is resisted by bendina strelses on the left hand side 

and normal stresles on the bottom. No te that both tensile and 

compressive adhesive stresses .re required to •• iatain verti ~ .l 

equilibrium. This beadina ha s been modeled by aa T. t-Smith (Ref. 10). 
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Fi,ur. 7. P •• l .tr ••••• in the adhe.ive of a double lap joint. 

Adherend bendinl, such as iD Figure 7. also chanaes the adhesive 

shear strain at the .nd of the joint. This shear strain adds to the 

adhesive shear strain induc.d by load triDsfer di.~uss.d .arlier. It is 

sho~n without the load tran.fer shear strain in Fi,ure 8. The slop. of 

the curved adher.nd tip strains the adhesive in ,hear, as shown by the 

upper small adhesive eleaent. Ojalvo and Eidinoff (Ref. 20) discuss 

this effect and conclude that the shear strain aust b. diff.r.nt on the 

upper and lower surfac.s of the adh.sive. 

A third important id.a about joint .echanics i. that stress 

concentrations .oaetim.s happ.n at the adh.siv.-adherend interfac •. 

Few studies have b.en done on this effect for actual joint leometries. 
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Filure 8. Adhesive shear strain caused by bendinl of the adherend end. 

Most analyses have deal t with stress fields at the interface of bonded 

wed,es. Rao (Ref. 27), for exa.pi~, has shown that elastic Itrell 

sin,ularitie. occur and their intenlity and order are functioul of 

wed,e an,le. H. in and Erdo,an (Ref. 28), and Bo,y Ulef. 29) have allO 

considered this proble •. 

Non-elastic adhesive behavior can also be very important to the 

adhesive strel. distribution. This includes luch effects al non-

linear strels-Itrain behavior and visc~elalticity. Bart-S.ith (Refs. 

9,10,11) hiS approxi.ated non-linear behavior with elastic-plastic and 

bilinea~ aodels. These .od.ls predict a nearly constant adhesive stress 

zone near the adberend ends with lianificantly hi,her predicted joint 

strenlth. Rawa.urthy and Rao (Ref. 30) have uled elaltic-plastic, 

bilinear and trilinear approxi.ations. Several finite element and 

finite difference analyses have also accounted for adhesive non-

linearity (Refs. 31,32,33). 

The complexity of viscoelastic analysis aenerally requires 

• 
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nu..rical .olutions. Na,araja and Alwar (Ref. 34) have u •• d the finite 

.lement m.thod. S.n and 10nes (Refs. 35,36) and D.lal. and Erdo,an 

(R.f. J/) have u.ed Laplace tran.form m.thods with nu.erioa1 inversion. 

Several of the pap.rs .ontioned deal 'pecifically with scarf 

joint •. Uart-S.ith (Ref. 11) accounted for non-lin.ar adh •• iv. and 

adh.r.nd. with different .tiffn ••••• and ther.al .xpansion 

co.ffici.nts. Be also concluded thAt bond shear .tr.n,th incr •••• s 

indefinitely AS th~ scarf overlaps are m.de bil,er. Erdo,an and Ratwlni 

(Ref. 16 ) developed A mo vI fran orthotr opic l dte ~e~d bonccc to an 

isotropic adherend. Reddy and Sinha extended that model to account for 

two orthotropic adber.nds (Ref. 17) and al~o for thermal expansion (Ref. 

13) . In addition, Tha .. calculated the shear stress distribution in a 

lap joint with partially thinned (scarfed) .ldl1erends (Ref. 7). 

Wah calculated the two dimensional stress distribution in a 

scarf joint adhesive using stress fUDcti(\ns (Ref. 38). However, he 

considered scarf angles only between "xty degrees and ninety degrees 

(butt joint). Wright (Ref. 39) and Adallls and Peppiatt (Ref. 32) using 

the finite element method found that there are stress concentrations in 

scad joints between identical adherends. Also, in the same paper, 

Adams and Peppiatt c.lculate the stress distribution of a scarf joint 

with slightly blunted tips. 

There are several surveys of the literature in adhesively bonded 

joints. The most recent and thorough are by Vinson (Ref. 40) and 

~athews, Kilty a~d Godwin (Ref. 41). 
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EXPERIMENTS ON SC'.ARF 10INTS WITROUT DOUBLERS 

All of the experi.ental apeeimena were .ade fro. la.inatea of 

Bercu]ea AS1/3501-6 carbon/epoxy. Since the pri.ary puRpoae of thia 

study was to ev~luate the aelected ,eometry, rather than the repair 

procedure itself, all experimental specimens were .ade directly from 

un damag ed laminates. The stacki q se~u~nce wa s r02/.:t.45 / 90 / .::45 / 02]S' 

Ten specimens of this laminate were tested in tension to measure its 

stren,th. The data are tabulated in AppendiX iii. The avera" ultimate 

force reaultant was 2.21!0.84 GN/m (12,600!480 lb/in) at 95' 

confidence level. Since the joint should be ss streng as the adherenus 

the goal strength is 2.21 GN/m. 

The dimension~ of the experimental specimens ~re shown in Figure 

9. The ei,hteen ply laminate is 2.5m. thick. The width was celected as 

about ten times the thickness so that edge effects would be small. 

Specimen len,th was determined by worst case bendin, behavior. When a 

specimen with a doubler is loaded in tension it bends as explained on 

page 9. This bending induces moments at the test machine grips which 

might change the load at which the specimen breaks. Although th , 

moments cannot be eliminated the specimens can be made long enough that 

the moments at the grips are insignificant. 

Bending can be easily calculated for a specimen with a thick 

16 
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.eetion in the _iddle, Appendix i. Thi. i. a lood approximation to the 

.carf joiDt with a doubler. which is the worst bendin, c.... Based In 

this analy.i •• the .p.ci.en lenlth wa. chol.n 10 that the 1109' at the 

I~ipi WOQld b. I.ro to thr.e lilnifieaat fiIQre •• 

The Ipeeimen. "ere .ade by Irindinl ~earf. on the cured 

l .. inate.. Th. lamiDat .. were held onto a w.dle-.haped block lIouuted 

on the table of a .urface Irinder. Thi. lIethod la~e very •• ooth. 

accurate scarfs. The scarfed panels were then bonded tOlether with film 

adhesive . The :l dhesivc wa s au t ocla'."e cur ec! wi t. the joint pieces p'nnc J 

onto a lallinate of ~he .a.e _ ~ terial and stackin, .equence. This 

minimized loadinl the adhesive by thermal expa~'ion of the Icarf.d 

adherend.. The final panels were cut into te~.ile test speci.ens with a 

dia.ond saw. Panels and specime~s yere ultra.onically scanne~ teach 

staae to detect Bny defects. Details of th~ G~tire procesl ate in 

Append h. i 1. 

Thia procedure worked very well for all but the 160 .ill radian 

(9.2 dearee) scarf jointa. Th.se joints were difficult to bond despite 

their .hort overlap. It turns out that the .. joint. are very unfor-

,ivinl of miafit. The ahort o~erlap (15 .. ) and hi.h oendin, atiffnea. 

restrain deflection perpendicular to the speei.en plane. So they don't 

easily deflect to co.pena.te for .achininl or aliln.ent orrors . 

Surpriainlly, the lon, joint. are the ea.iest to fit. 

Strepath 01 ta 

Average st rength d:lt& for five gr ups of joint specimens are 
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liat.d ia rabl. I. Th. atr,a,tha ar. ,iv.n aa atr.aa r.aultauta b.caua. 

the laaiaat.a ar. thia (plat.lik.) and iDhoao,.n.oua. Th •• rfici.ncy ia 

the jOiat atr.u,th d!vid.d by the laaiuat. atr.a,th froa pa,. 16. 

D.tail.d d~ta for the thirty-thr •• ap.cia.a. t.at.d ar. ia App.udiz iii. 

Table I. SCAlP 101NT STRENGTH 

(StT ~a,th raa,.s ar. for 95~ cODfi~e~c. l.v.l) 

Scarf AD,l~ N~~.r '.7 i ra,. Dltiatt. Forc. Effichncl' 
of R.aul tlat 

(m rad) (doa) Specimens (GN/m) (lbf/ia) 

19 1 l 6 1. 35 .:to. 086 77 10.:t490 0.61 

33 1.9 4 1.40 .:to.092 8000.:t520 0.64 

52 3.0 5 0.990,:tO.062 5650±350 0.45 

110 6.2 13 O. 648:t(). 031 3700.:t180 0.19 

160 9.2 4 0.510±0 . 048 ~900±270 0.23 

A Itr i kin, feature of th ... data is that th.y don't fit 

conv.ctional aod.l. of joint bohavior. Th. jOint .tr.n,th ,oul d b • 

• xp.ct.d to incr •••• without limit as the .carf .n,l. ia .ad. s.aller. 

In principle : the load il born by • l.r,.r adh •• iv. area which Ihould b • 

• ubj.ct to low.r .tr.... To the contrary, the 19 ailliradian .carf 

joint. lupport.d only 1.35 GN/. co.pared to 1.40 GN/a for 33 ailliradian 

Icarf joiatl. Sinc. the 19 ailliradian jointl were e~p.cted to be about 

1 . 4 to 1.6 timel a. Itr al al the 33 milliradiac j~ i nt l two let s of 19 

millir.d i an joints were aade ~nd telted. Both s ets had the same 

streccth. 
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- ---- ------- ActIerenc:IIt'~ 

, 

(-_ , ...... : .. =II~I~· -~40:"':Icr:ona:: ................. - -=:.. .. ~ 
-t--------,-------""T"------.-,---
o 50 100 150 

Scarf A~'Jte (mitfiradiansl 

Fi,ure 10. Ezperi.entll and predicted scarf joint stren,th. The 
pr.dicted .alu'l are based on .azimu. sl,ar stress. 

The sroarf join~ ~!.ren'th dati ar~ plotted in Fiaurel 10 and 11 

alon, with so.e calculated Itr"D,th ourves. The •• ziaua sh.ar Itr'll 

failur~ ~rit.rion il uled for the cu~el {n FI,nr. 10 and aaziaum noraal 

It r. II for Pi, ur. 11. TOle cal cull. ted I\.:- • n , t h I a c c 0 un t f f) r the 

Itiffnesl of the zero de,re. pliel ~t the aQA:~end tips and for load-

dir.ction IttaiD of the whole joiet. Thele calculations are delcribed 

in detail in the lection on adhe.ive streAlel in the scarf joint. 

The Itrenlths ~redicted (or Iharp tipp~d adherends Ire much 
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- - - - - - - - Adhennd It,...,.,. 

o +-----------,------------r----------~------
o 50 100 150 

Scarf Angle (milliradians) 

Fi,ur. 11. E~p.ri.'Dtal &Dd pr.dict.d Icarf joiDt Itr'D,th. The 
vr.dict.d valu •• are based on .axi.ua Dor.al str.ss . 

bilh.r than the e~per;.,.ntal data for l.,a11 Icarf anlles. Bowever, IS 

.hown in the fi,nr.l, tbe .xport.ental data can be .xplained by 

adh.rud. with tiPI broke n ff a .hort distance fro. the end. The lower 

curre. r.pres.nt the str'D,th predict.d for adherends with th~ tips 

broken ~bere the Idberend is oDly 40 .ierODS (0.0016 in.) thicc. This 

il che thickness of five oarbon ro.nforcina fibers. As the cur:ve ShOWI, 

.akin, the scarf anale even s.aller for sneh adherends still mlY Dot 

Ittain t he streDlth of the uDda.aaed la.inate. 
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The failures range from a relatively simple break through the 

adhesive ior the 160 milliradian (9.2 degree) scarf jOints to a 

complicated break with considerable adherend damage for the 19 

milliradian (1.1 degree) joints. Both 110 milliradian (6.2 degree) and 

160 milliradian (9.2 degree) joints broke mainly in the adhesive 

(Figures 12 and 13). The fracture surface had adhesive separated from 

itself with regions where the separction was in the adherend. All had 

Figure 12. Fracture surface of a 160 illiradian scarf jOint, specimen 
DUlllber 3-136-4. 
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Figure 13. Fracture surface of a 110 milliradian scarf joint. specimen 
number 4-96-2. 

pull-out of 45 degree and 90 degree adherend reinforcing fibers. 

although pullout wss more pronounced in the 110 milliradian (6.2 degree) 

scarf joints. 

Scanning electron micrographs of one of these regions (Figures 

14 and 15) confirm that the failure is actually i& the adherend. A thin 

layer of matrix resin and fibers has pulled off of the composite 

adherend a~d ,an be seen on a micrograph of the mating piece in Figure 

15. 

Micrographs also show two other interesting aspects of the 

adhesive. Figure 16 shows filameats in the ,dhesive fr~m the knit 

tricot mat that is manufactured into it. Thit mat is used to control 

bond line thickness. The second feature is the small hole~ visible in 

Fignre 17. They are caused by the small rubber particles used to 
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Figure 14. Scanning elec t r on micrograph at lOx of the fracture surface 
of 110 mil1ir~dian scarf j o i n t spe c imen numbe r 4 - 96 - 3 . Reinforcing 
f i bers have broken f rom the adherend in th e : t rlated region in the upper 
left quadr ant. 

FIGURE IS. Sc a nning electron micrograph of the mating fractu ~ e surface 
to the one in Figure 14. The reinforcing fibers pulled from that 
adherend can be seen in the lower left quadrant . 
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Figure 16. Scanning electron micrograph at 100x showing the knit tricot 
mat used to control adhesive thickness. 

Figure 17. SClnning electron micrograph at 1000x .howing Imall holes in 
the fractured adhelive lurflce cluled by a.lll particlel uaed to toughen 
tbe Idhelive. 
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Sequence (Not Shown) Is The Some As The Other End 

Figure 18. Failure mode of 19, 33 and S2 mllliradian scarf joints. 

toulhen the adhesive. 

The 19, 33 a~d S2 mil!iradian (1.1, 1.9 and 3.0 degree) scarf 

joints failed in a different !!lode. The !aUure surface, Figure 18, 

begins at one of the adherend tips and goes through the adhesive at 

point A. Inside the joint at B many 4S degree and 90 degree adherend 

fibers are pulled out. Between the inside zero degree plies, which are 

too stronl to pullout, the adhesive breaks. The surface is simiiar to 

the ~eaions of adhesive separation in the 110 a~d 160 milliradian 

joiuts. The failure surface then loes throulh the adherend with 

considerable delamination and 'brooming' of the remainina plies. Figures 

19. 20. and 21. 
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Figure 19. Fracture surface of a S2 milliradian sl.:arf jOint, specimen 
number 3-13-2. 

Figure 20. Fracture surface of a 33 milliradian scarf joint, specimen 
number 3-34-4. 

Figure 21. Fracture surface of a 19 mi11iradian scarf joint, specimen 
number 3-121-4. 
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Ih.r. the flilur. belinl il i.portlnt for InllYlil. Mod.linl 

joint .tr.nlth require I I flilur ••• chlni •• which d,p.Ddl OD cllcullted 

conditioD. at a particullr sit.. In this paper failuro i. Ils08ed to 

beliD at the eDd of the bondliDe iD the Idhesive. Unfortunately this is 

difficult to verify b.cluse the joints brelk 10 quickly. Th. Ipeei •• DS 

caD b. inspected after teltiDI. however. for evideDce supportiDI or 

contradicting the assumed site cf failure initiation. 

Supporting the idea that failure begins at the end of the 

bondliDe is the observation that every break has ODe adhereDd tip 

intact. This is a ~ealonable thing to expect for end failure becau.e 

after the adherc~d tip separates it would be very unlikely to suffer 

more damage. 

Evidence supporting failure initiation in the adhesive is 

somewhat less conclusive. Every broken jOint has a region where the 

adherend matrix has broken like in Filure ~4. It cannot be determined 

if failure began in the ~dhesive at point A in Figure 18 or in the 

adjacent adherend matrix. 

Other Expe~iments 

Three other experiments were made on plain scarf joints. One 

was grinding s~!rf~ with a hand held rotary bur to demonstrate making 

the joints with small portable equipment. Another one was reduciug 

stress concentrations by roun~lng the adherend tips. And the last wa~ 
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.akin, joints with Ili,htly more overlap. 

B.cau •• aircraft r'pairl .u.t oft.n b. mad. di~.ctly on the 

airplan. without sophi.ticat.d .quipa.nt, a siapl. way of .achinin, the 

r.pair i. 4 •• irabl.. To .valuat. outtinl the scarfl with~ut a lurfao. 

,rind.r one s.t of joint. was .ad. by cuttin, th.m with a hand h.ld 

pn.uaatic rotary bur. This limpl., .asily portable device worked v.ry 

w.ll. 

Fifty two millirad: en (3.0 degree) sc arfs were wet-cut with 3 

carbide bur. Water removed the dust and also made the individual plies 

vilible. Visibility of the pliel help.d cut the scarf I uniformly 

becaule their interfac.s w.r. like the contour linel on a topolrsphical 

map. Th. contour of the cut lurfac. wal .alY to determine by Itudyin, 

the pattern of th~ ply interfacel. Figure 22 shows the scarfed plies of 

a machine ground laminate and a hand around laminate. With care (and 

some practice) a surprisingly uniform scarf can be cut by hand. 

It il helpful that a one millim.ter deviation in the pOlition of a ply 

interface (a contour lin.) corresponds to only SO micronl deviation in 

thickness for a SV milliradian (3 dearee) Icarf. For example the 

deviati~n of the c~ntour line. on the ri,ht hand lide of the unfinilhed 

hand ,round ,p.cim6~ in Filur. 22 are due to the Ip~cim.n beinl only 0.3 

am too thick . 

The hand ground scarf joint stren,th averaaed O.80~0.039 GN/m 

(4S70!220 !h/ ~ ~~. ~yyon~11 iii. This is significantly lower than 

the 0.99 GN/m of the machine ground joints . Interestingly. the failure 



Figure 22. Machine ground (left) Ind band ground scarfed laminates. 
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modes were also very different. The hand ,round apeci.ena broke directly 

throu,h the adhesive with very little adherend d .. a,e. In addition, the 

speci.ens consiatent1y broke w~er. one of the adberend tips did not have 

a sharp tip. 

Thil IUlleltl that the shape of the adherend tipi is very 

important, even on a relatively a.all Icale. The tips of thele 

sdherends were tapered out to Q thicknesa of about 0.2 milli.eters. 

Analyais also supports the idea. showing that tipa tapered to a mere ten 

~icrons thick induce s!gnif i ~a n t sh~ ~r stress : onc ~~ .r oti o ~. 

In a 1971 paper (aef. 27) A. I. aao IVi,elted that hi,h atrea.,s 

pred~cted at interrace eornera by w~d,e strea. functions ai,ht be 

alleviated by rounding o~e wedle tip. The idea is that the nature of 

the stress conce~trstion depends ou the Q~gle between the interface and 

the free surface. If the i~t~rface aD,le is chanled by appropriately 

curvin, the interface, .tresl ~lc,ularitie. ai,ht be avoided. 

A set of acarf joints were made to te •. thia hypothe.is. The 

adherend tips were shaped a. ahown in Fi,ure 23 by cuttin, the under 

surface with a diaeond saw and lilhtly abradinl the reaultin, ed,e with 

e.ory paper. The anile labeled P in Fi,ure 23 waa cut at n/6 radiana 

(30 delree.) to avoid stre •• 'inlularities according to Rao's 

calculations. Adhesive film was inserted the entire len,th of the scarf 

to make sure the region of the removed tip filled with adhesive. 
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Fi,ur. 23. Scarf joint with rOUDd.d adher.nd tipl. 

The Itr.nlth of the rouud-tipp.d jointl, 0.43=0.049 GN/m 

(2460=280 lb/in), Appendix iii, wal only about 7~ that of the 

sharp-tipp.d jointl. Th. fracture lurfac'l were allo different. The 

round-tipp.d Icarf jointl had a two .llli •• ter wid. band at ono .nd of 

each br.ak wh.r. part of the adh.r.nd pull.d off. Th. I'paration 

occurred directly acroal the adh'ljv. fro. the rounded tip. Thil 

I.paration wal liailar to the r'lionl on the Iharp-tipp.d jointl where a 

thin lay.r of •• tris and fib.rl pull.d off. Th. bandl did not .xt.nd 

all the way aero II .Olt of the jointl. But the jointl w.re conliltently 

w.aker the lon,~r the band. 

Cleady all'" increase in strenith fro .... 1 iabath, lar,e tip 

atr'lses ia ontwei,hed by the d.triaental effects of the rounded tips. 
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Th. rouDd.d tips reduce joint str.nlth two way.. First, the adh.sive 

ar.a i. reduc.d. S.cond, the tip. cau,. sh.ar str ••• cODcentration. at 

the .nd. of the .dh,.iv. by the •••••• chani •••• the lap jOint 

d •• oribed on P.I' 5. Th.t .uch a ••• 11 oh.nle in tip leoa.try chaDle, 

both f.ilur' .od. *nd .ilnific.ntly r.duce. joint .tr.nlth •• pha.iz.1 

ita II ortlnc •. 

A 

(al 

I (bl 

Filure 24. Soarf joint with .1ilhtly incr.A •• d ov.rlap. 

Slilhtly .or. ove~lap of the .dherend. incr ••••• jOint .tren,th. 

A .et of .c.rf joints w.s •• de .s IhowD in Fi,ur. 24(b). This •• oaetry 

iDcr.as.s adhesive .re •• nd r.duces the .ffect of r.pl.ciD, zero d~,ree 

plies with .dhesiv •• s at s.ction A. Bowever, it .lso protrud.s b.yond 

the .old lin. of the oti,ina1 laaiD.te. which •• y be • dis.dvanta,e for 

•• roaynaaic surfaces. These joints .vera,ed 1.63!O.28 GN/. 

(930J!1600 Ib/in) aDd 1.22!O.10 GN/. (6970!570 Ib/in) r.spectively for 

19 IDd 33 aUliradian 0.1 IDd 3.0 dearee) sc.rf joints. AplIendh iii. 

This is .bout 20' stron,er th.n the correspondin, joints with 1esl 
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o~.rl.p. Th ••• 19 ail1iradian (1.1 d.,re.) .carf joint. w.r. tb • 

• tron,.lt .ad. in tbi. Itudy and attain.d 74~ of tb. Itr.n,tb of tb. 

uadaaa,.d laainat •• 
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ANALYSIS OF SCAJF 10INTS WIlBOUT DOOBLEIlS 

StT.ral .ap.ri •• ntal ro •• lt ••• ".,t that the •• al1 '011. 

,eo.etry of .oarf ,dh.r.nd. i. i.portant to joint .tr.n,th. Th ••• 

rc:.lt. includ. lower than expeot d strea,ths fot •• all loarf anll. 

Joint) and l owor stronlth and different fAilure modes for scarf joints 

\~ 1 t ~ u h t: r n ,I , i c h h r I k :: 0 f , 

boCore bondinl. where it is only a row microus tbict causes sianificant 

shtar Itr," oono.ntratioD' in th. adh •• i.,e. Thla oorr.sponds to a 

la.inat. breakin. where it i. only as tbick al Q Cow reinforcin, fibers. 

Such bro~ta,o t not surprisinJ ~cn.id.rin. t he brittleness of typical 

r.in(orclna fib~~¥ su~h ~I carbon and SlJ~s. 

Tho mtoh.n!sm pf t.his .t~ou oO:lcdntration is tho SUIO as for 

tho lap joint described on pajt 5. Tho .urprislna part Is that the 

.C(,ot is so pronounoed Cor such •• lisht deviation from perfeot 

I·o~.try. 

To caloulate tho oCCoot of a broten sdhtr.nd tip on tbo adh •• ive 

h~.r stress distribution t bo mo~haais. oC lowd transCer botweon the 

adnerends must bo modeled. The an.lysis u •• d here is si~llar to those 

.:Jove 1 pod by Erdolan and Ra twan i (Re f. 16) and by Reddy and S i nba (Re f. 

17). The adh slv is dof rmod. mo s tly ia shear. while transferring the 

1 all. Fiauce 15 ( .). At lbe ame time the adher o nds are st rained 

3 5 
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(a) 

(b) 

Filure 2S. Load transfer between adherends by the adhesive. 
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horizontally by their loads. The correct combination of adhesive and 

adherend deformation is defined by the interface condition that strelsei 

and displacements be equal. Si~ce the joint is syaaetric only one half 

of it need be analysed. 

Statin, these relation.hips .ath •• atically requires so.e 

simpliiyin, a.sumption.. To .odel the adhesive deforaation assuae that 

its behavior in shear and in tension are independent. Assuae also that 

stresses are constant through the adhesive thickness. It turns out that 

tnese a~sumptions n re reason able away fr m the e~us of the jci~t. As 

discussed later. in the section on two dimeusional stress distribution. 

significant variation of stresses occurs tnrou,h the thickness at the 

ends of the joint. However. th •• e assumptions allow modeling the most 

important characteristics ~f scar.f joint behavior. And through the 

thickness stress variations at the adhesiv~ ends can be dealt with 

separately. 

Assuming the adhesive behaves linearly itl strains and stresses 

are proportional. so the relative displacements are. Figures 26 and 27: 

tadhes 
~U1 = ~1' and 

Gadhes 

t 
adhes 

Eadhes 
a". 
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r , 

Fi,ur. 16. loiDt (,lobal) aDd adhesive coordiDat. ayst •• s. 

Fiaure 27. Adhesive displacement (exaaaerated) in joint and adhesive 
coordinate systems. 
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In teras of displacement. in the %-y coordinate sy.tem 

~11 - Gadh• s 4U1 - :adhes (4u cosa - 4u sina) 
tadhea adh.s % y 

E E 
all - adh.s 4Ua - adh.s (4u .ina + 4u cosa). 

tadhes t adh• s % y 

(1) 

(2) 

To model tho strain of the adherends assume that they are 

subje ct t o onl y n o r mal s tr esses i n t be x-dir ec t ion and th a t n orm al 

stresses in the y-direction. a • are zero. The first assumption re­yy 

quire) that loads introduced by the adhe.ive be distributed very quickly 

acrOss the adherend by shear. This happens in thin specillle:1s beca~se 

the load does not h ave very far to be di ~ tributed. But it must be 

remembered that str!sses do n~t become uniform as quickly in materi~ls 

which have low shear ~~dulus compared to their extensional modulus (Ref. 

42). Fortunately. the composite adhere~ds considered here are thin and 

the scarf leometry makes them even thiuner. The thinness of the 

adherends also jus tifies the assumption that normal stres~es. a • 
yy 

are zero perpendicular to the loadinl plane. 
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Figure 28. Adherend t,p free body diagrac. 

The adberend strain is a functioD of the load at the particular 

cross-section. The load depends OD the tractions at the adhereDd-

adhesive interface. Equilibrium of the adherends in the x and 

y-directions, Figure 28, requires 

and 

with 

F (x) 
u - w 

F + Fl & F ,Figure 25. 
u . ext 

Since (4) holds for all x it can also be stated as 

a~J substituting in (3) gives 

Fu(x) • w(1+tan 2 a) ~~11(t)dt. 
o 

Differentiating gives 

(3) 

(4 ) 

(S) 
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(6) 

The adherend strain can be calculated once the load i. known. 

The upper adherend will be analysed first. Fro. Book.'s Law, 

(J (J (J 

I - ....!!! - -Ir!!U nUll (7) xxu E E yxu - s--- zxu· 
xu yu zu 

Since (J cO by a,.uaption, the middle term i. zero. Z-direction normal yy 

stress, (J ,depends on the Poisson contraction of the specimen. zzu 

Poisson's ratio , aries aloDg the uppQc adherend because of the ch a nging 

stacking sequence. At each point the np~er adherend will tend to 

contract an amount u.ually different froa the lower adherend. Bowever, 

since they are attached by the .dhesive they must contract the .ame 

amount, st least away frem the specimen edge~. Therefore, 

e zz 

Now, since 

II zzu 

: & 
zzu 

,.. 
= _ -:UVi

V 
E 1 xzlaaa 

XUl 

(J (J a 
.. ~ - ~V - -1I!!y 

E E xzu E yzu 
ZU Xl1 yu 

and the last term is zero, as before, 

(J (J 

(J = E ~JI - E EUV1y . zzu zu E xzu zu I xz!am xu x am 

Substituting into (7) 

e xxu 

(J 
xxu .. --E xu 

zxu E xxu v ( (J - -v-E zu E xzu 
IU xu 

(I-£) 1.1 ) 
=: __ ~X.;;.I.;;.U....;;.Z;;;;.xu.;;.. 

E xu 
a xxu 

E 2!!1 y (J ) 

zu E 1 xzlall x all 
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Since ~ • F ICt w) and ~ - F t/Ctl w), xxu U U xav, ex a. 

I • xxu 

0- J) J) ) F 1J J,.I F 
uu xxu ~ + xzlu zxu--!.!! 

E t wEI tl w xu u x am am 

Si.ilarly, for the lower adberend, 

I • xxl 

0- II 1 VI) Fl 11 1 JJ 1 F t xx xx _ + xx .. zx ex 
E t E ~. 

xl l
w 

xlu la. 

C 8) 

C 9) 

To combine these equltions substitute (5) into (1) and (2) and 

solve for ~12 4n t erms of tic : 
x 

't 1S • 

cosa(l+tanSa)G dh E dh 
a es a es Au . 

CE db + G db tanSa) t db x a el a es a os 

Substitutinl into (6) sives 

dF 
u -= 

dx 

wcosa(l+tan 2 a)sG dh E dh 
~=--__ --::--__ .::a~;.;;e~s .. ~ Au = wUu • 

(E dh + G dh tan2a)~ dh x x a es a es a es 

Notin, from Fiaure 27 that Au = u - u and differentia tin, to express x xu xl 

Au in terms of adherend str~ins givel x 

dSF 
~. ~~(! -! 1)' dx· xxu xx 



ORIGINAL PAGE f 
OF POOR QU LlTY 

t adhw ~-------------d 

Filure 29. Scarf joint cross-section dimensions. 

And finally substitutinl for the strains froa equations (8) and (9), 

recall in, that 

where 

F + F - F , lives 
u 1 o'tt 

[

l-V V 
I %ZU z~u 

E t xu u 

Now, the adherend thicknesses, Filure 29, are 

t - xtana and u 

tl - t dh -t dh /cola - xtanQ ~ (d-xltana a er a .,s 

d a (t dh -t dh /cosal/tana is the len&th of the joint. a er a es 

(10) 
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Sub.titutin, into (10) ,iv •• 

nl 1%1 F I-V &J J 
Ezl (d-s>talla u 

(11) 

Thi •• quation .ay b. _ritt.1l in t.r •• of di •• n.ioIl1e •• variabl •• by 

definill' , ~ F IF t aDd i-sId. The equation then beco ••• 
u IS 

[

1-%-1 :; 
_ ~ X%U ZXC • 

tana E i xu 

1- 1,1 V 1 ::1.1 z:.1 ::: 
E (1-i) J .to sl 

Id 
[

dll 1 (1) -1) 1) tana sa.. ISU IX -- -talla E 1 tl s .. a. 
(12) 

The boundary condition. for (11) are that F - 0 at s • 0 and 
u 

Fu= Fext at x-d. That is, the upper adherend carrie. no load at the 

tip because no load ha( been transferred to it. And· at ~he other end of 

the joint, x • d, all of the load is carried by the upper adherend. 

Equivalent boundary condition. for (12) are F • 0 at i • 0 and F • 1 at 

i • 1. 

• 
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S<LOTION OF 11IE GOVERNING DIFFERENTIAL EQUATION 

Equation (12) il a .econd order inho.o.eneoul ordi~ary 

differential equation with variable coefficient •• It ha. re.ular 

linlular points at %-0 and %-1 becaul~ of the deno.inatorl of the F 

coefficient. Two techniques will be used to solve it Ipprodmately: 

p ertur~nticn methods ar-~ s e r i es sc l ct i o ~ 1 . P!rt~rb at ion u.~t hOC5 gi ve a 

Ilobal solution which is patched with the locil series solution where 

the perturbation solution does ~ot work. 

Equation (12) can be written as 

where e = J una/ Kd' • 

and 

I-V II I-v V 
Q(i) _ uu zxu + _.....;;;x.;;.z.;;.l_z;;;.;%;;..l~ 

R(i) • 

E i xu 

l-"ulVul 

E
xl

(l-i) 

d JJ 1 (" -" 1 ) tana xz a. zxu zx 

£ t 
xla. la. 

(13 ) 

The complementary equation is e2 F--Q(i)F. Approximate solutionl 

to this type equation Ire easy to find by the 1nn perturbatiou method 

when E is small. 

1. Both of these techniq~es are described in Bender anJ Orszlg. 
Advanced Mathematical Methods for Scientists and Epcineers, ~cGra~ Hill 
Book Company, 1978. The notation used in that text is adr .r.te d here. 

4S 
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Th. id.a of the WID •• thod (R.f. 43), na •• d aft.r '.ntl.l, 

Ir ... r. and Brillouin. i. to approai •• t. the .olution by 

(14) 

wh.r. 6 i. the boundary lay.r thickD.... A(I) i ••• lowly vkryin, 

aaplitud. function. S(I) i. call.d the ph ••• a2d can b. i.a,icary. 

Thi. allow. for a .olution whicb is .xpon.ntial or oscillatory. 

It is best to represent this aprroximation i ~ 3 differ ent form 

for derivina asymptotic relations. A(f) and SCi) depend explicitlY on 

6. Expandin, them in power s.ries in 6 and combinin, the two seri.s in 

a sin,le expon.ntial power s.ri •• ,ives 

6 -0+. (15) 

Snbstitutin, (15) into the complementary equation ,iveos a 

sequence of eqnation. from which to deter.ine the S 'so After 
n 

sY;ostitntin" the coefficients of ter.s of equal powers of e are set 

equal. It turn. cut that 6 is proportional to e .0 they may be set 

equal. The final re.ult for the first two teras is 

S. (f) • :! If. JQ'(tT dt 

1 
S1(i ) • - 4 InQ(I). 

(6) 
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This ,iv.s for r(l) 

The int.,ral fo~ S.(I) cannot be solved in clos.d fora. 

Bowever, if Q(l) i. written in the fora 

1-V ~ I-V •• IV •• ~ xzu ZXD(l_i) + •• .6- 1 
EXD Exl 

Q (i) • -----I=-:":( l:---=i~) ------

the num c r3t r of t he in t egr~"d can very ad.qu3tely be re pre sent ed by a 

Taylor aeries. Thil ,ives 

C C - C ., C -, .+ ,X+ ,x + ,x 
v'Q(i) • ------

which can be int.,r.t~d in clos ~ d for~. 

The solution of th~ particular equation is very straiaht 

forward. Since R(i) and Q(i) are both smooth and there are no tnrniDI 

points, i.e. Q(i)"O for all x, we may ai.p1y tak" the limit, -0· 

F( " \ lUi) 0+ 
., IV Q(i)' ! - • 

Th Is .. y. P tot i c r e 1 a t I on I s val i d for a 11 0 < i < 1 • F!. nail y , the 

approximate solution of (12) is 

(17) 

Two conditiLns must be satisfied f~r the WKB approximation to 

hold on an interval ( Ref. 44 ) . 

must be a::. asymptotic se ries in 0 as 6-0 l1nif orm1 y for all i on the 
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iDt.r •• l. This il ~qui •• l.nt to the quoti.Atl Sn+1(i)/SD(i ) b.iD, 

bouDd.d fUDotioD' of i OD the int.rv.1. If the •• ri •• I:6n-l~ (J) L. 
D 

unifor.ly .Iy.ptotic iD ! .1 a--o. :runcatin, the •• ri.1 b.fore the 

•• all •• t t.r •• aNsN+1 (1) •• hould Ii ••• n .pprosiaation .ith UDiforaly 

•• a:l .rr~r throu,hout the i iDt'rYal. 

Th ••• cGDd condition i. D.e, •• ary b.cau.e the lIB •• ri •• app,arl 

iD the .SpOD.Dt of (1.). For the lIB .prosi.atioD t ~ hold. the fir.t 

truncat.d t l)nI 6
N

S
N

+
1 

(i) .Ult be Imall compared to unlty. 

It turns out that the.e two conditioDs are satisfied for the 

Icarf joint .q~atioD .ith •• all I if the •• ri.1 i. trUDoat.d aft.r two 

t.ra.. Bov ••• r. for lar,.r .alu'l ~f I. corr'lpoD~iD' to .carf .n,l •• 

of 0.1 radian (dx d.,n .. ) Ind aor •• the 10 .pproxi.atioD doe. Dot 

hold near the scarf tip . In thes! '~Ies a FrobeDius series solution. 

valid locally. can J~ uI.d at the Icarf tip. 

A local solution of (11) can be .xpand.d about the r.,ular 

lin,ular point i-O by th. ~rob.uius •• thod (Ref. 45). First. write the 

compl ••• ~tary equ.tion cor.~lpondin, to (11) iD the fora 

wh.r. 

q(i) -
Id 

taDo [

I-V v I-V V] _,xzu zxu + 1%1 zx' 
x £ i E (1-i) . 

xu xl 

(18) 
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Not. that. althou,h the coefficient of r in (12) is .inlular. q(!} is 

analytic. EspaDdinl q(i) in a Taylor .erie. ,ive. 

q(i) - i qniD 
D-O 

and q -n 
14 

tana 

1-&1 &i 
Ian ZIU 

E 
n-1.2.3 •... 

IU 

Nelt, .s,u •• a I(.lution in the form of a Frobeniu. 

!\ ,ot r 0 s: 

_
\1 \ _" 

f(l • x L ~nx . 
0-0 

(1) 

n+a-2 Substitlltinl into (18) Ind oqultins coefficient. of I eivea 

anJ ( ( Il "'n ) I - a - n ) a 
n 

(20) 

Since ~0~0 by ~ssumrtion a m ~S t be a root of !h. indicial polynomial , 

P(o) · a' - a. 

polynomial. 

in to AI. f '0 

• . -n 

'3t 0 1 lind 0, ·0 den<'tc tho root. of tho irdicial 

Foe 0-0 1 the recursion rolati~n (20) can be solved for a 
:l 

flJr all n: 

n- l 
1 L qn- tak' (21) 

n+n' 
t - O 

This live. one solution to (IS) with o ne arbitrary coefficient. :to. 

S ~ nC!e 0J - ll, is an intoaor. therll is. in Ileneral ( Ref. 53), 

'l nl - ne ,olutto'l in Frobcni.u~ f rm. The .olutlon btained b - uslna the 

rc ursi C'l n rclllti.n with Cl - a: is iJonth:A1 t (21 . Tho socClnd linen ly 

independent ~o lut.ion i n\' o l\'e tho funeti n In i. It ell n 1 f('\und by 
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differ.ntiatin, (19) with re.pect to tho indicial ezpon.at. a. 

I,norinl the first equation of (20) for a mo.eni to leave a 

arbitrary. we .olve for a a. a function of a. 
n 

Frobeniu ••• ri.s is 

It is helpful t~ define the operator 

L = d4 + 'lex) 
- di J i J ' 

T'IU r •• ul tin, 

(22) 

Any soluti0n ~f (1 ) s~tis fl es Lfti)=O. However, F(i,a ) satisfies 

~~(i.a) a ao i a- 2P(a). 

If wo differentiate both side. with respoct to a and set a-a, we let 

L[:uP(i.Ullu_ud • .,P·(u,li(u,-21 (23) 

If the right hand side ~ere zero. then (o l oa)F(i.a>1 would 
a s a 1 

be a second solution to (18). 

To ,et around this wo can construct another particular solution 

to the inho.oleneou~ equation (23) and .ubtract the particular solution 

(oloa)F(i.a)1 froD it. Thi. will be a solution to the ho.olenoou. 
a D .!l 

part of (23) .hioh is what we really .ant. 

It turn. out that tho .econd particular solution has an ordinary 

Frobeniul oxpansion. 
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-n-l Subltitutinl into (13) and equatinl coefficientl of x aivel 

P(O)c o • 0 
n-1 

P(n)c + ~ ~-tCt - 0 n I- 0.1 n 
taO 

P(l)cs+ ql.c. - a.P'(O). 

Since P(1)~P(al.)-0 the lalt equation relate. a. to the coefficient co. 

And the middle equation lives 

c 
n 

n-l 

-P~n) l ~-kck 
kaO 

n-l 

= - n(~-l) 2 ~-kCk .' 
1:-0 

n ;. 0.1. 

So the second l-uearly independent solution to (18) il the 

difference bet~ee~ the two particular solutions: 

Differenti,tins (22) with respect to a gives 

a - _ I -a F(x, a) 
Cl a=a 1 

where 

= 

and bo = O. 

n-l 

l qn-kak- n!+n 
k"O 

(24) 

(25 ) 

( 26) 
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So the .econd linearly independent lolution of (18) i. 

(27) 

The lalt Itep in findin. a local lolution to (12) il findinl a 

particular lolution. The particular equation aay be written 

F- + qi:)F • r(1) 

where rei) A XZ.. ZIU ZX rd [dlJ 1 (lJ -11 l)tana 

Expanding rex) in a Taylor series about x=O, 

lives 

and 

r(i) 

r -• ~
clV. (V -v ) taua 

~d xzl.. zxu zxl 
tan E 1 tl x am am 

[d 
r =--n tana 

I-V V xzl zxl 
Exl 

n:l,2, ... 

Assumin. a solution of the fO l 

and substituting into (28) aives a = 1,0 and 

pt 
a = 

n 

n 

r - ~ q aPt 
n-1 L k n-k 

k-1 

n(n+l) 
n :II 1,2, ... 

l-l,.I l,.I ~ nl zxl 
E (1-i) . 

xl J 

The coefficient a~t is arbitrary, so make it zero. 

(28) 

(29) 
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Th. ,eneral sol ution to (12) il th.n 

(30) 

"here c. and Cs are the two arbi trary conltant •• 

the a I. are determi1led al in (21) and (2<4) • 
n 

the b IS are n determined as in (26). 

thd c ' s ar l! dete r miner. as in (2 5) • :l n d 
n 

the aPt, s 
n are determined as in (29) • 

Th. expanaion. in (30) can be .hown to conver,e (Ref. <46) in a 

complex disk "hose radius il at least as lar,. as the distance to the 

nearest si ngulari ty of q(i) or rei). i.e. at x = 1. 

A series solution is also useful for ~arts of the jOint away 

from the tiro In these cases the solution is expsnded about an ordinary 

point and Taylor series can be used. The procedure is simple. First. 

assua. a solution of the form 

CD 

F . \ s (i-i )n LO n i n" 
(31) 

where i . is the point about which the solution is npanded. For t t e 
1 

compl •• entary solution. substitute a Taylor series expausion of the F 

coefficient (th is is a different q(i) than used i n the Frobcnius 

series) • 
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into the coaplea.nhry .quation F" - q(i)F • O. Note that adh.r.nd 

prop.rti.s that are fUnctions of position can b. account.d for in the 

.xpansion of q(I). Th. solution co.fficients ar. d.Urain.c:l bY ,th. 

r.curlioD r.lation. 

an • -n(n-l) 
I 

n • 2.3.4 •••• (32) 

For the particular solution aSIa.. I solution of the form 

• 
~Pt 2 pt (- - ) n = :1 :r - :1 , • 

e n 1 
n= 

Expand rei) in a Tlylor series about i a ii and substitute into the 

particular equation F- + q(i)~ - rei). Equatinl coefficients of .qual 

powers of (i-ii) livel I recursion relation for 

n-2 

r _ \ q aPt 
n-2 L k n-k-2 

Pt k- O 
a • ----=-.....;..----

n n(n-l) 
n • 2.3 •... 

pt 
a • 
n 

(33 ) 

AlthoUlh a~t nnd a~t are arbitrary they are not needed for a 

particular solution. They aay be set to zero. The I.neral series 

solution to (30) expanded about an ordinary point i a i . is 
1 

(34) 

Thi. expanlion conver,e. (Ref. 47) within a disk whose radius is the 

distance to the nearest sinaularity of q(i) or rCi). i. •. i :2 0 or 

i = 1. 
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ADHESIVE SDESSES IN 'l1IE SCARF 10INT 

In this section the aethods dev~loped for solvina the scarf 

joint loverninl equation (12) are applied to the e%periaental scarf 

joints described e.rlier. Once the load transfer stresses are 

calculated they are combined with stresses caused by gross extension of 

the entire jcint. rnis gives actual jOin t st=esses wtich can ae l,sec to 

predict joint strenath. 

In calcnlatina the load transfer stresses two practical 

considerations .ust be satisfied. First. the me~~anicAI properties of 

the adherenus vary along the joi~t. And second. the appropriate method 

of solution. 'IB or series. must be used for certain regions of the 

joint. This requires dividing the joint into five regions. each with 

its own solution. The boundary conditions of the individual solutions 

are determined to provide a smooth solution for the entire jOint. 

As mentioned in the introdn~tion. paae 7. the stiffness of the 

adherends influences the adhesive shear stress. For composites large 

differences in modulus between adherends are possible. Also. load-

direction modulus can vary with position in a scarfed composite 

adherend. For example. near the adherend tip in Figure 30 the modulus 

E is the modulus of zero degree plies only. Further into the xu 

joint, at pOint A, for example, the average modulus is lower because of 

55 
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Fi,ur. 30. Chanlin, modulul at the adherend tip cauled by the .tackinl 
•• quence. 

the oSS degree plies. The properties of the lower adherend also change 

for the same reason. Figure 31 shows the variation in average modulus, 

E , and Poisson's ratios, 11 and V , as a function of % for both upper 
% %Z Z% 

and lower adh.rend.. Proper.tie. are .hoyn for only half the joint 

b.cau.e the .h.ar .tre.s diltribution is .yametrical about the center. 

The prop~rties shown in Filure 31 were calculated from laminate 

theory (Refs. 47,48) . For eXI.ple, the modulus of section A in Fi,ure 

30 il that of a [02'=45] laminate. The adherends are constrained from 

bendinl or shearinl by bein, bonded to each other. So it is assumed in 

the.e calculations that & ~ k • k • k = 0, (Ref. 47 ). In some joint XI X Z xz 

probl.ml the b.ndinl and shearina forces ar. i.portant, but in this case 

th.y ar ••• all becau.e the adh.r.nds are 10 lona and thin. For these 

condi liODS 

E 
1 A

J1
A

JJ
), • - (A -

X t 11 

Vxz - Au/Au Ind 

vzx : A1J /A ll • 
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V 

,... 

Fi ~ ure 

Ex 
(GPa) 

100 

0.6 

Ex 
(GPa ) 

100 

0.6 

31. Adherend 

57 

mechanical 

Upper Adherend 

I' XZ 

""zx 

5 10 

Plies 

Lower Adherend 

Ex 

vxz 

"zx 

5 10 

Plies 

properties versus position. 
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5 

Fi,ure 32. 
equa Hun. 

le,ionl of the Icarf joint for lolYinl the ,overnin, 

For c. 1 cuI. tin g the s h e'a r 5 t r e 5 5 dis t rib uti 0 n a dh ere D d 

properties lilly be approxilllated by the dashed lines in Figure 31. This 

,ives an e%act representation at the end of the adherend. which is the 

.ost iaportant part. Since the lower .dherend properties chan,e 

little they are assu.ed con.tant at E • 78.0 GPa. V - 0." and 
% %1 

],I • 0.2. Properties assullled for the adhesive are E • 3."5 OPa and 
Z% 

II- 0.3. 

To calculate the shear stress distribution it is easiest to 

divide the ,carf Joint int~ five re,ioDs. This divisioD is based on the 

,dhereDd aechanical properties and the best solutioD lIIethod for each 

re,ion. Filure 32 .hows the five relioDs. aelion one is the sharp tip 

of the adh.rend. In the cas. of an adherend with a broken tip this 

re,ion has the aechanic21 properties of the adhesive. For .carf an,les 

of 3S .illiradians (two delrees) and less. the adherend load. F. is 

calculated iD the form of a lIB expansion. equatioD (17). For larler 

scarf aDgles a FrobeDius series. equatioD (30). is used. 

Relion two is the eDd of the blunt adherend. Region four is 
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wh.r. the upp.r adh.rond .echanical properti •• chan,e linearly fro. 

tho.e at the tip to tho.e in the .iddl., Fi,ur. 31. Taylor •• ri •• 

expansion., .quation (34), ar. ul.d in both th.s. re,ions. Th ••• ries 

in r.,ion two il .xpanded about the blunt adber.nd tip to provide a ,ood 

solution at the aoat iaportant part of the joint. B.cau,. it is 10 

clo.e to the linlular point at i • 0, re,ion two aUlt be relativ.ly 

.aall for r.a.o~ably quick conv.rl.nce. Re,ion three aiaply connecta 

rlsions two and four with another Taylor .eri ••• olution. The .olutions 

for re~ions t~ree and .four are expanded about the i r midpoints and their 

eonverienee is rapid. 

R"ion five covers the lar,est part of the .carf joint, fro. the 

end of re,ion four, about i = 0.2' to the .iddl. of the joint. i • 0.5. 

The adhereud load is modeled by ~ WIB approxima~ion in relion five. 

Adhe.ive load transfer stresses ftre calculated in the FORTRAN 

pro,rams SCARF3 and SCARF4, Appendix iv. SCARF3 uses a Frobenius 

solution for r.,ion one and SCARF4 uses a WID expansion. Oth.rwise th.y 

are the .ame. The adhe.ive .tress data are pre~ent.d a. an adhesive 

stress factor. It is a .tre,. conc'ntration factor which account. for 

adherend .tiff ne •• and broken adherend tips. The adhesive .tre •• factor 

equals the adhe.ive stress in the 1-2 coordinate .ystem divided by the 

avera,e stress for the entire jOint. It is the same for normal and 

shear stress. The average stress is the Gtress expected for the ideal 

scarf jOint of Fi,ure 4. Deviation of adhes i ve stresses from the ideal 

are apparent by the deviation of the adhesive stress raetor from unity. 
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o~--~~----~------~----~----~-
o 0 .1 0 .2 0 .3 0.4 0 .5 

i:: x/d 

Fi,ure 33. Adhesive HUll factor for several scarf joints with sharp 
tipped adherends. 

The adh.sive stress factors for ~barp tipped adberends of 

different .carf an,l.s are plott.d in Fi,ure 33. All of the deviation 

from the optia~l distribution in Fiaure 33 is cau •• d by adherend 

staekin, sequences. B.cause of its aodulu. tbe tiv re,ion Itrains less 

than the adh.r.nd to which it il bonded. ~nil t.ndl to induce .h.ar 

Itr ..... of opposite Ii,n It each .ad of the hi,h aodulus re,ion . At 

tbe free ead. the tip of the aabeuad. the adhesive is strain.d Eore. 

OIl the other end. toward the interior of the joint. the adhesive is 

Itrained lOIs. This causel the di ll it! th,,;: cu~ : - The effect is lIIueh 

.ore pronuunced for saa11er scarf an, J es . In {act t ~ e inter i or adhesive 

stress can even chanae sian . 

• 
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0.04 0.05 

x = x/d 

0.06 

Filure 3~. Adhe.ive .tre.s factors for 20 .illiradiAn .carf joints. 

In •• ~y c •••• it a.y b. po •• ible to d •• i,n Idh.rends to i~prove 

or e,en .liminate .uch .tre.s concentr.tions •• in Fi,ure 33. Bowever. 

for rep.ir of l •• in.t •• the .t.ekin, .equenc. of on •• dher.nd is 

pred.terained. ne rea.inin, option. m.y not be adequate to allow In 

optiaal joint deli,n. 

The .trelS f~ctors f~r scarf Idberends with broken tips 

are plotted in Fi,are" 3~ throu,h 36. Tbe effect of the broken tips is 

limited to a slllll re,ion. a boundary layer. nelr the end of he 

adhcrend. so only that part i s shown. The stress for 120 lIIillirldiln 
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Fi,u~e j1. Scarf joiat cross-s.c ioa. 

(1 • 1 del re e) co. p 0 site j 0 i n twit h t h. ti P b r 0 ke II a t i - O. 0 1 6 i. 

nearly five times the optimum value. Filure 34. As pointed out earlier. 

this is equivrlent to breaking the tip off where the adherecd is only 40 

laicroDi (0.0016 inches) thick. Comparison of Filures 3., 35 aad 36, 

which art drawn to the ..... eale, ahow. that the effect of broken tips 

i •• uch .ore proaouGced for jolat. with •• all.r .carf aall... In fact. 

broken tips havt practically no effect at all for 110 .illiradian 

joints. as Filure 36 .hows. So s.aller anih jOints are more sensitive 

:0 both adheread stiffness and tip breaks. 

The adhesive stress factors of Fi,ures 33 throUlh 36 account 

oaly for the adhesive stres.es required to transfer load between 

tdherends. In addition to those stresses an extensional stress will be 

induced in the adhesive by utensional strain of the entire join t. The 

hole joint will strain an a.ount dependin& on the load aad the section 

atiffness. The avera,e stiffness of the joint at any section. say A in 

Fi,ure .17. is approximately that of the l •• inate away frOlD the joint. 

This is true beca9se the stackin, sequence at A is identical to that of 

the la.inate away from the joint except for a small ~art where the 

adhesive is. 
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Disreiardici the load carried by the soft adhesive the entire 

joint will atrain in the load direction by an aaount 

• • z 

azzlaa 

E zlaa 

• 
F 
ezt 

where the tera in parenthesel il the load carryinl thicknesl. The 

atreas in the adhesive due to this strain il 

F E 
~ .l: t :l dh e s 

(J = E ~ 
auhe :. II - - w- ' - (-------:t-a-d-h-e-s)-E-- . 

\tadher- cosa x1a. 

To luperpo,. the load tran.fer Itresse. and the strels due to 

extension, they aUlt be expresaed in the la •• coordinate sy.t... ID the 

1-2 coordinate system the stresses due to t ensioD are 

1 
allextens r. 2 {1+cos(-2a)}uxx 

~ .. 
12exteDs 

AddiDI thele stresses to the loau traDsfer stresses ,ives the total 

adhelive strelses 

T 
12 tot 

= -lsin(-2a)a 
2 xx 

+ K 
str 

F tcosa sina ex 
1ft 

adher 

1 F,xtcosa sina tana 
a22tot = 2 { 1 + cos ~n-2 a ) }axx + 'str 1ft 

adher 
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where K t is the Itrels c~ece4tration factor for a particular 
I r 

location in the joint. 

Subltitutin. froa (35) and lettin. F t!w. th. applied force 
es 

relultant. equal to unity .ivel 

1 Eadhes 
CJlltot -1{1+coI(-2a)} E (----t---. 

xl.. adhes) 
t adher- cOla 

1 

'12tot 
1 

- ~$in(-2a.) ... 
E 

n hes -------------+ K 
El1all (t _ tadhes) str 

adher cosa 
\ 

1 
cose: s i na 

t 
adher 

(36) 

These are the adhesive stresses for a unit applied force resultant. 

The masimum stresses per unit load are 

CJ 
max - CJlltot+ CJ22tot 

2 + R. 

and 

(37 ) 
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a = 110 millira<tiill$ 

a- 70 

-tip·0.012 

a " 20 

30 40 50 

Distance from the End of the Joint (millimeters) 

Fi,ure 38. Xazi_ua shear stress di;tribution for •• veral scarf joints. 

They can be calculated for a particular joint once' t is known. s r 

The maximum normal and shear stress distributions for unit load are 

plotted for several scarf joints in Filures 38 and 39. The load is one 

Newton/meter applied to the laminate and it . • 0.012. Only half of lP 

the 20 milliradian scarf joint stress distributioD is shown because the 

jOiDt is so Ion,. These plots show the effects of adherend stacking 

sequence and brokeD adherend tips in ter.s of actual joint stresses and 

dimensions. 

These stress distributioDS demonstrate the lower than expected 

scarf joint streDgths for small scarf aDgles. In these plots the ideal 

stress is very Dearly the value ShOWD at the middle of each joint. In 
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a = 110 millir~ill/ls 
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0 40 z 
E 
:::I 
E u - 20 x 
(1) 

20 l ~ 

o 
o 10 20 30 40 50 

Distance from the End of the Joint (millimeters) 

Figure 39. Maximum ~ormal stress cistribution f or several scarf joints. 

Fi,ure 39. for example. the end str~ss il 50 percent higher than the 

ideal for the 110 milliradian joint. 70 percent higher for the 70 

milliradian jOint and 100 pe.cent hi&her for the 20 milliradian joint. 

The Itrenlth of the joints il therefore decreased much more for the 

I.all Icarf anile joint . 

To translate thele calculated stress values into predicted 

Itrenlthl ultimate Itrelses are needed. They can be calculated from the 

experiaental $trength data for the 110 .illiradian scarf jo i nts. These 

data are the mOlt significant because there are many more data values. 

Also. the effect of broken adherend t.ips is s.all for scarf angles 
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- - - - - - A~ S,"""", 

o +---------------------~--------------~-------------------------o 50 100 150 

Scarf Angle (milliradians) 

Filure 40. Predicted Icarf jOiDt ItroDltb based on .axi.u. shear 
stress. 

this larle. Filure 36. Accurate knowledle of the .. ouut of tip breaka,e 

is therefore .uch l.ss 1, .. i.portaDt . The .axi.um Dor.al atress is 

54.6 to 59.6 GPa. depeDdill1 OD which .,alue of I . is "Iued. ADd 
t 1 P 

the .axima. .h,ar Itres. i. 45.9 to 50.7 GP,. 

Predict.d strellith. are plott.d a. fUllction. of .carf aDlle for 

leveral vllue. of it' iD Filures 40 aDd 41. The curves iD Figure 
lp 

40 are based Oil .axi.am shear stress aDd those iD Filure 41 are based on 

.aximnm Dormal stresi. 
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--- - - - - MwrllOd Str*'9lh 

~------------r-------------r-------------r-------
o 50 100 150 

Scarf Angln (millirddians) 

Filure 41. Predicted Icarf joint Itrenlth based on maximum normal 
stress. 

As the curves show. broken adherend tips can explain the 

lower than expected experimental scarf jOint strenlths. For example. 

the strenlth predicted for the scarf joint with relativ.ly small 

br.aka,e of i i - 0.016 alre.s with the actual strenath of the 19 
t P 

.illitadian (1.1 d'lr.e) scarf joints. 

An art i cl. pub lis h • d by Th am. i n 1 9 7 6 ( R. f. 7 ) au p p 0 r t s the 

reduction in strenlth for adherends WhlCh are not perfectly sharp. 

He studied the effect of partially thinnin, the adberends of la~ joints 

to reduce the shear stress concentrati ons. Th is is the same as scarfing 
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the .dherend.. H. conclud.s that the adh.rends .u.t be completely 

.h.rpened to obtain •• ub.t.~tial incre •• e in jOint .trenlt~. Th ... 

• 1.0 point. out th.t ev.n .li,ht d ••• ,. to the .d,. of •• h.rpen.d 

.dh.r.nd oan c.u.e •• i,nific.nt d.er •••• in joint .tren,th. Hi. 

o.loul.tions. how.v.r •• re li.ited to very .hort .o.rf joint •• 

equiv.lent to .bout 0.' radi.n .c.rf .n,le for the joint •• tudied in 

this paper. Al.o. for Th ... '. joints a relativ.ly .h.rp .dberend h ••• n 

equivalent i tip• 0.1. Under these limitations the sensitivity of 

small angle scarf joints :0 e%tremely sm~ll bluntness and to adherend 

tip stiffness is not apparent. 

Another paper which supports the result. of this one is by Ad.as 

and Peppi.tt (Ref. 32). They apply the finite ele.ent aethod to a 36 

milliradian (2.1 degree) scarf jOint with a blunt tip. it' = 0.1. ip 

This analysis shows a stress boundary layer similar to Thalllll's. Again. 

however. th~ tip bluntDess is much lar.er than those con.idered here. 

An iapo~tant question is just how mucb, if any, are the tips 

actually broken or left blunt. Since each explrimental repair specimen 

actually bad two sc.rf joint •• the unbroken scarfs can be examined for 

bluntness. Microscopic ex .. i~.tion of several joints reve.led .dherend 

tips froa 10 to 100 aicrons thick .t the end. with mo.t around 30 

microns. This is equivalent to i tip of 0.012. A microlr'ph of • 

typioal adberend tip is in Figure 42. 
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Figure 42. Cross-se-::tion photomicrograph of specimen number 1-21-3. 
The scarf angle is 110 mil1iradians and the tip is 50 microns thick. 

The predicted strengths in Figures 40 and 41 suggest that a 10 

milliradian scarf j"int with i . = 0.004 might rea(;h the goal strength. 
tlp 

It will clearly be very difficult to actually construct su~h a joint for 

a practical application. Also. it ~2y be im~ractical simply because of 

the size of the joint. A repa~ of · his scarf angle bonding 2.5mm thick 

laminates would be 460mm (18 in.) wide just for the scarfs. Many repair 

situatiens may no t permit luch la1"&e repairs. Certainly the strength 

gain~d by I e i ng the scarf repair extend above the original moldline. 

page 33. must also be considered. 
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As •• ntioned bofore, it is possible to build stronler joints 

when the adherend stackin, sequence csn be controlled. A siaple example 

is boudinl unidirectional la.inatel. Such adherends would not have 

str •• s conc.ntration. cau.ed by the .odnlus chaulin, alon, their l.n,th, 

a. in Fi,ure 33. They would, however, .till be s.n.itive to broken tip' 

and the ,oal .tren,th would be hi,her. The b •• t la.inate for bondin, 

would have the stiff plies near the aiddle with the softer plies o~ the 

outside. This, unfortunately, is the worst dOliln if l.ainate bendinl 

st iffne s s i s ~ecde d . 
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no DIMrNSIONAL STRESS DISTRIBUTION AT '11IE ADHESIVE oms 

Th. adb •• Iv •• tr ••••• n.ar the .nd. of the joint vary throu.h 

It. thickn ••• for tyO r.a.on.. Fir.t, ~h •• tr ••• di.tributlon i. 

differ.nt on the npp.r aDd lower Interfac •• beeau •• on. ,dh.rend i. 

continuoQ. and the other is Dot. Second, tho sudden ch anle in applied 

load at the end f r ~e adt er ond i nd uces s ig n l f ' ca~t no r mal str e sses i ~ 

the adh •• iv., .specially for joints of s.aller scarf an,lea. 

The rea.on that nor.al .tr ••••• are iDduced inlid. the adb •• ive 

is to .atisfy tyO di •• n.Ional equilibrium requirement.. The equilibriUD 

equation (Ref. 49, 

- 0 

require. that a normal stress Iradient in the 2-direction balance the 

.hear strosl gradient in the 1-direction. Su~h a ,radient is apparent 

in Figure 34, for exaaple, where the adhe.ive .tre •• factor ri.e. 

rapidly fro. near zero to a lar,e value yhere the broken adherend tip 

i.. Thi. ar,uaent ,ug,e.t. that there may be si,nificant nor.al 

stre •• el in the adh •• ive but doesn't indicate their value •. 

7 3 
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Selected Region 

Fi,ure 43. The rectan,ular re,ion for two dillenlional anaIYlil. 

The ~o di.enlional Itrell diltribution can be approxi.ated by 

ulin, Itresl function lolutions for a rectanJular re,ion with Fourier 

aerie. boundary condition. (Ref. 51). ne appropriate rectan,ular 

re,ion il Ihown in Fi,ure 43. It extends acro.1 the adhesive and far 

enou,h to either lide of the Idherend tip that the str'~I~1 are conltant 

throu,h the adhelive thickne.s. 

Approxi.ate b~undary conditionl can be ealily d.terained frail 

the relult. of the preceedin, analYlil and fro. equilibriua r~quirellentl 

for t~; entire reetan,le. On the upper bound.ry, xs· +t /2, 
.dhes 

of the reetanlular relion the .hear and nor.al .tre •• e. calculated in 

the previoul aection apply. nat h. shear Itre .. rises quickly froll 

zero on the left to a lar,e value at the adherend tip and then drops 

lIore ,radually, see Fi,ures 34 throulh 36. Normal .trell is propor-

tional to :he Ibear stress. equation (5). Stre .. e. at the ends of the 
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-
~ ____ ~ ______ ~ __________ ~f -
Normal Stress 

] 

Filur. 44. Bouadary .tr.,a.1 for the two-dim •• aio.al a.aly.il. 

r.cta.lular relio. ar. aalumed cO.ltant a.d .qual the atr.,I.a at the 

upper boundary. Thil i~ Ippropriate if tAo upper boundary and low~: 

bo~ndary streaa.a are chanlinl alowly. 

OD the lower bouDdary. XI • -t dh 12. Itreal'l are aSlumed a ea 

to chaD Ie mcr •• aoothly tha. on the upp.r bouDdary b.caua. there ia no 

diacoDtiDulty i. the adh.rend. Th. Itr.la.a aUlt .qual the upper 

bouDdary atreSlal at the .adl of the rectlDlular r'l ion. In add i tiOD. 

low.r boundary Itr •• ,.1 aUlt balanc. the forcel on oth.r lurfacel to 

.alntlin .quilibrium of the r.ctanlullr relion . 

Boundary cODditionl which latilfy thele criteria on the upper 

and lower boundlri., for I Icarf j u int with a Icarf anile of 20 

.illiradilnl (1.1 dOlreos) and i . • 0.012 are plotted in Filure 44. 
tip 

The boundary conditions Ire for I relion 3 millimeters lonl . The normal 
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.tr ••• on the 107~r boundary. all' coapri ••• two co.pon.nt.. On • 

• aintain. vertical .quilibriu •• includin, the Ilowly chan,in, .h._r 

.tr ••• on the ri,ht hand .id. for all z ,r.at.r than two .tlli •• t.re. 

Th. oth.r co.pon.nt ha. I.ro •• rtical r.,ultant a.el balano •• the r.o •• ~t 

of all oth"r .tr...... It is cent.r.el directly uD44tr the .nd of the 

a4h.r.nel ti~ on the upp.r bounelary. 

Two .tr ••• function. are requir.d to repr •• ent th ••• boundary 

coudition. for the rectanlular relion. One i. in term. of .ine 

func tion, and the ot-r.er is in terms (I f cosine f1Ju~tions. The flat 

.tr ••• function i. (Roi. SO) 

wh.r. ~ - nn/L. Th. corr •• ponelin, .tr ••••• ar. 

(38) 
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+ C.~(2.iDh~xJ+ ~xscoshpxs) 

+ C.P(2cosh~x2+ ~xJsinh~xJ)} 

(39) 

'!he ~tre!ses are 211 in terms of sin~%l or COS~Xl multiplied by 

functions of Xl only. Any boundary conditions on the upper and lower 

boun1aries whic}o can be re),'lresented in the form of Fourier s~ries can be 

~sed by superp~sing stress function soluti~us of this form. The 

functions of ~J must ,qual the Fourier coefficients of the 

sine or cosine terms ,t the boundaries. 



ORIGI . L P GE I 
7 8 OF POOR Q ~ ~ TV 

The boundary conditions of Fi,ure 44 may be represented as 

a tnorO ~ nfts fJ a + a COl 1 
lltop 2 na 1 tnorn L 

a t1hrO -a ~ nns1 "t 2 + 1atlhrncol L • 12top na 

(40) 

'DnorO i nnx and a llbot - + a cos 1 
2 n-1 bnorn L 

't:12bot 

Usin, the cosine series has the advanta,e that the stresses don't chan,e 

suddenly at the ends of the rectan!le. 

Once the Fourier coefficients are known they are used to 

determine the co e fficients C1 throulh C. in equations (38) and 

(39). For exaaple, for ea~h value of n the coefficients in (38) must be 

determined so that 

for xa· +t db 12, and so that a es 

aaa • 0 and 

This gives four equations fur the unknowns 

C1 through C. for each valae of n in (38). The r~ason a,,= 0 for this 

case is because it is a function of sin~x1 in (38 ) , the Fourier 
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Filure 45. Strels fUDCtiOD b0 1Uldary conditions to ialpose shear stress 
on only one end of the rectanlular relioD. 

coefficitnt of which is zero, equation (40). The ooundary condition for 

all is represeDted by the second stress {unction, eqlation (39 ) . 

Two additions to this solution are required. The rectanaular 

relion has a constant shear stress on the riaht hand Ilnd and no shear 

stress on the left hand end. Equilibrium can be mai~~ained only by 

nor.al stresses applied to the u;> per Ind lower b!>undaries. For 

equilibrium the coefficients at 0 and ab 0 are unequal. The nor Dor 

application of such a boundary cODdition requires luperposinl stress 

functions ~ ' !h bou~dary conditions as ,hOYD iD Fiaure 45. The resultina 
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where 

and 

b • I 

aa -

A - a tnorO bnorO 
2· 'adbes 

Atnora - b,tAdbes 
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This stress function is a co.bination of .econd and third order 

polynomia~ str~ss functions (Ref. 51). The corresponding stresses are 

<'1.1. =- 0, 

This undesired linear shear stress is eliminated by including a 

compensating linear term in the boundary condition for ~13' 

The second addition to the solution corrects the 1-direction 

normal stress, °11 , The procedure so rar lives a linearly increasing 

011 with a parabolic shear stress distribution across the adhesive. 

Since neither of these stre.~es has been spe;ified in the boundary 

conditions their values are not surprisinl. A lin~arly increasing 

011 through the entire joint is unreasonable, however, and it can be 

eliminated by superposing one more stress function solution. It has the 

form 

.; (42) 

This str~~s f~nction is a combination of ~eco"~, third and fourth order 

polynomial stress functions (Ref, 52 ) . The roefficieuts are determi ned 
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from the slope of all and the valnes of ~lS at the ends of 

the rectanlular relion. The correspondin, stresses are 

all - d.x l xS + d,xs 

d 
- bs ~11 - - ~x= 

ClSI - O. 

The stress distributions for a cross section of adhesive 

calculated by this method are shown in Fi,ure 46. The boundary 

conditlons use~ are for 3 10 mil1ir3d~ an (1.1 degree ) s carf joint with 

the adherend tip broken at i = 0.012. The adhesive cross section is 3 

millimeters lonl and 0.2 millimete~s wide. Note that these dimensions 

are not to scale in Filure 46 so hat throalh-the-thickness variations 

can be seen. These stresses ar: calculated by the FORTRAN prolram SF3 

in Appeadix v. Note that the no:-mal and shear stress boundary 

conditions shown in Figure 44 are satisfied. 

The most interesting feature of this st:-ess distribution is tho 

all induced by ,radients in the other. stresses. Althou,h only about 

4~ as large as the shear stress it is certainly silnificant. The 

.a,nitude of this stress depends on the steepness of the shear stress 

curve a~ shown in Filare 34. ~ince these S~reSS gradients are larler 

for joints with s.aller scarf ansles tho induced all stresses will also 

be more important for small scarf angles. 

An interesting possibility is that snch a nc r~al stress might 

kC'aally cause fai ~ nre to begin in the adherend rather than the 

adhesive . Composites are notorious . weak in the transverse direction 
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Shear Stress 

I 
I 

2 Direction Normal Stress 

Figure 46. rwo-c.iilbensiolll!l stn:ss distribution at the end of the scarf 
JOInt a..! e:<ive. 
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and experimental evidence of auch failure waa observed in Filures 14 an~ 

1~ . Such normal stresses .ay also be i.portan~ in the failure process 

itsllf whlre thl shlar strlas chanlla suddenly at the tip of a ahearinl 

aodl crack. 

The induced str3sa .ay explain why strenlth values in Filures 40 

and 41 fallon curvls correspondinl to differlnt values of i tip · 

The induced noraal atress would be expected to lower the joint strenlth 

for smaller scarf ansles. This is exactly how the prediction curves &re 

oif . Join t s with s ca r f ang l es cf 3 3 a nd 5 ~ ci l li r auians fallo n 

prediction curves for it ' between zero and 0.004 iu Figure 41. The 
lP 

strenath of the 19 milliradian joint corresponds to i tip around 

0.01. lhe data of Figure 40 are similar. 

' . 
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SCAD 10INTS Wl111 DOOBLEIS 

Bondin, • doubl.r over. coapl.ted jOint is • co .. on w.y to 

reinforce it . However, c.reful de.i,n i. i.port.nt bec.u ••• ddition of 

• doubler doe.n't nec •••• rily incre.s. joint .trenlth .nd .ay .ctu.lly 

lower it. Doubler design is complicated by the addition of anether 

adhes iv e b ond w!li ch i s 11 potential s ite o f f ailu r e i n i t i ation . Also , 

b.nding induced by the doubler influ.nc~s the Load at which failure will 

occur in the scarf adhesive. 

This section presents exp.rimental data for .carf joints with 

doublers. Both full-length and meltiple short doublers are eval ~&ted. 

Also, a bending model is suggested with limited e~perimental verifica-

tion. 



85 
OR\GlNAL pj GE ~ 
Of POOR QUAL' 

Doubler 
Adhuive 

Figure 47. Scarf joint with a full length doubler. 

Ori91nal 
Laminate 

.Scarf Adhtlive 

Replacement Piece 

Several 110 milliradian (6.2 degree) scarf joints, as shown in 

Filure 47, were tested with doublers of Bercu!es carbon/cpozy and 

Ti-6AI-4V titanium to measure their tensile strenlth. Tbe specimen 

di.ension • . ere d • 25l1li, 1 - 25 .. and they wert· nominally 25 IIIJI wide. 

The stacting sequence of the carbon/epozy doublers was (90/010190) . The 

titaniuz doublers were 0.64 em (0.025 inches) thick. 



ORIGINAL p o . f 
86 F POOR QUAUTY 

Table II 

Strenlth of 110 Milliradian Scarf 1oint. with Full-tanlth Doubler. 

Doubler Geo.etry Width Ul U •• te Ulti.ate In-Plane 
(-) Load Force Re.nl tant 

(tN) (tN/.) Ubflin) 

Untapered Carbon/Epoxy 25.0 15.0 5~8 3·UO 
Untapered Carboll/Epoxy 25.0 15.4 616 3520 
Ullhpered Carbon/Epoxy 24 .• 13 5 553 3160 

Tapered (0.10 r&d.) C/E 25.0 22.4 893 5120 
Tapered (0. 10 ra il . ) ( ,I E 24. 8 21. 8 878 5010 

Tapered (O.OS nd . ) el F. 25.4- 21.6 8S0 4860 
Tapered (0 . 05 nd. ) C/E 25.5 20.8 816 4660 
Tapered (0.05 nd. ) C/E 2S .4 21.6 8S0 4860 
Taper.d (0.05 nd. ) C/E 25.2 21.8 865 4940 

Untaper.d Titanium 24.9 10.2 409 2340 
Untarered Titani~ 25.S 15.2 594 3400 

Tapere.! Titan i um 14.9 l8.! 742 4240 
Tapered Titanium 25.1 1S.2 728 4140 

Plain Scarf Io i nt 648 3700 
(No Doubler> 

The strellith data are in Table II. They ate consistent for all 

speci.en type. except for those with untapered titanium doubler s . This 

variation .ay be caused by sensitivity to flaws at the end of the 

douHer adhesive auravated by the very stiff doubler. The data for 

ulltapered doublers indicate the importance of proper desiln for 

illereasinl the repai~ strenlth. All of these joints have lower atrenlth 

than the plain scarf joint. The data are limited, however . 
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Filure 48. Str.in.t the ends of severtl doublers. 

Th •• eetion .tiffness of :he .nd of t~. doublrr is i.portant to 

joint str.nlth. The strenlth of speei.en. with t.pered doublers is 

Ire.ter by .bout h.lf th.n those with untapered doublers. StrQins 

•••• ur.d at the doubler end. al.n show th~ effect of doubler .tiffn • .lI. 

Nicrostr.in vo~sns load for e.eh of the four doubl.r typ •• is shown in 

Filur.48. For .11 e.us the stiffer the doubler ~~d, the lcw"r the 

strenlth of the joiDt. 
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F-G Cohtliv. f,ilure in I,minat. lNIU"ix 

Figure 49. Mixed mode failure. 

The Ipe l imenl with untllpered doublerl and thole with tapered 

titaniua doublers taUed ia the s .. le ~odo. In .ach case the adhesive 

sepArated froa the 'orilinal laainate' L~der the doubler and ~art way 

alon~ the Icarf joint. al shown in Filure 49. At that point there "al a 

3 am to 5 am wide band of cohelively failed adheli?e . Here the adhe$ive 

failure chanled to the 'replacemeut piece' siJ. of the jOint. AI.o . the 

faile~ adhe a ive lurfacel under the doubler w~re dark. Indicatinl that 

failure occurred in the matrix. For the tap.red t ~ taDium doubler 

'pecimenl the adhelive .eparated from t he double~ Dear the end. rather 

thaD f roa t~e laainate. Thil r.~ion extended alonl roulhly half the 

taper leDlth. In addition. all the carbon/epoxy doublerl had 

interlaminar .eparation between the zero de,ree pliel aDd the bottom 90 

delree ply. Also the exposed endl of all Icarf joints had a strip of 

adhesive correspondiDI to ABC i n Fiaure 49. All the Icarf j CI iDt. hae! 

pulled-out 45 delree pIlei. ulual l y two letl near the doubler and one 

set near an expoled end. Intereat i n_ly. t he t!tronlest i pecimens. : nolo 

wi th t n ~ered : .rbon i ep J %Y doub l ers . fai l ed in a differe n t mod e . 
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D-F CnhIIjv. flilur. in leminet'lNItrix 

Filure 50. Cohelive Callure 

The plain Jcarf joints and those with the tapered carbon/epoxy 

doubl.r. fail.d pr.do.iDaDtly iD coh •• loD. That 1., the adb'liv. 

I.parat.d fro. itl.lf, rath.r thaD fro. the adb.r.Ddl. Coh •• iv. failure 

occurr.d ov.r the .carf joiDt .urfao •• a •• hOWD iD Fi.ur. 50. On OD' of 

the carboD/.pOXY doubler 'peeiaeD' tb. doubler adhe.ive leparated from 

the 'orilinal la.inat.,· D-F in Filure 50. The I.parated adhelive 

lu r fae. wal dark. I ike the la.inate .. atrix. incHcatiDI that failure 

actually ( courud iD a very thlrl out.,t lI:y.r of th •• atrix. The other 

doubler broke iD two a, .hewn ~t £-D in ~ ilure 50. 

The two failure aod.1 corr.lpoDd l ~ the 10catioDI where failure 

becaD. Th(l coh .. ive failur ... in the plaiD Icarf jC'iDti aDd the jOintl 

with taper.d carbon/.poxy doublerl. be caD at the .nd of the Icarf 

adhesive. Th. other failure. b"ID at l , ~dd of th~ do~bler. That i ~ 

why the .eetion Itiffne.s of the double~ leds il 10 ~ aportaDt to joint 

strenlth. raperiul the carbon/ep~%y ~uubler relieved tbe donbler 
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Filur. 51 . Scarf joint witb s.all ~ap.r.d doublerl. 

adbesive .tress concentrat i~ n enou,h tbat the Icarf adh es i v e railed 

fi rst. 

Th. Itr ••• concentration in the Icarf adhelive .ay be t he caule 

of fraoture tbrou,b tbe adhelive at A-C. This path c~rr.spondl with the 

hi,bly Itre.sed reli~n .ho~ n by analYli. in ,receed i na .~ction •. 

It .ay be rossible to low~r tbe stresses a · sociated with 

ben.Un" and Itr'D,th.n the joint. by boncHn, Iilall doublers over th ~ 

adherend tip'. S.all doubler. are desirable becau.e they .ay be us.d in 

repairs where one .id. of the la.inate il acc ••• ible only tbro~~h tbe 

bole beinl repaired . Also, they ind~~t le.s bendin& of the jOint tban 

lar,er doublers. 

A I.rie. of 52 .illir.dian (3.0 dear.e) .carf joint .peei.en. 

wi th •• 111 tapered doubler., II Ihown in Fi,ure 51 were te,tcd to 

evalulte thil idel . Tbe •• doublers we~. allo of :Ir.bon / epoxy with 

[90 / 0/0190J Itact i n, lequeDce , tlpered It a 100 mi llirldi an aD,l. by end 

.illin,. The two se t s of finished doublers were 15 _ aDd 30 IIUII fr OIl! 

t ; r t o t i p . The stren, t b dat e are in Ta ble III. 
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Strea.th ~f Scarf loiats with Short Doublers 

Speci •• a Doubler 
Naber Lea.th 

(-) 

3"43-1 15 
3-43-2 15 
3-43-3 15 
3-43-4 15 

3-103-1 30 
3-103-2 30 
3-103-3 30 
3-103-4 30 

Plaia 
Scarf 10iat 

Wi4th 
(-) 

23.1 
24.4 
24.0 
24.6 

25.5 
25.6 
25.6 
25.5 

Ulti •• t. Ulti •• t. Ia-Plaae 
Load Force Resultaat 
(tN) (tN/.) Ubflia) 

26.8 1160 6510 
27.5 1130 6440 
24.0 1000 5710 
23.0 939 5340 

26.5 1040 5930 
24.0 939 5350 
28.9 1130 6450 
26.0 1020 5820 

990 5650 

The strength of the specimens with small doublers average oaly 

slightly higher than the plain scarf joints. Although the fcilure mode 

is unchanged the failure locations are different. Specimens without 

doublers failed in the 'replacement piece' of the joint. Specimens with 

15 .. doublers failed in the 'original l,.inate' part of the joint. And 

.pec~~ens with 30 me doublers failed in the 'replac~ment piece' of the 

joint. An exception is the weakest specimen with 30 .. doublers ~hich 

failed throulh the 'oriainal laminate.' In general, the doublers were 

too s.all to redistribute the joint load adequately. The chan,e of 

location of the failure is probably due to bending induced by the 

doublers • 
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Sino. b.ndin, ia i.portant to joint .tr.n,th an analytical .odol 

ia n.ce.aary to pr.4i~c joint .tr.nlth. It il b •• t to a.parat. the 

I.o •• trioally non-lin.ar b.ndin, probl •• fro. the lin.ar load transf.r 

probl •• of the pr.c •• dinl ~ oction.. Th. b.ndin, str.ss ••• i,ht th.n b. 

calculat.d for a seri.s of joint 10a4. and th.n co.bin.d with the 

corr.spondinl load transfer .treases. 

This s. ction proposes a benJing mod.l and limited experimental 

data to v.rify it. Wh.n the r.pai ~ is load.d its d.fl.ction .oves the 

n.~!ral .urfac •• chan.inl the mo..nt diatribution of the eoc.ntric load 

foro.. The moe.nt at most s.ction. d.cr.a •• s oonsiderably with initial 

deflection. This is the source of the ,.cmetric non-linearity. 

The moment distribution and straias for a specimen with joint 

adhesive lay.rs can be calculated from b.am th.ory, re,ardin, the 

l .. inat. II an elastic lay.red be .. at .ach section. A11 parts of the 

sp.ci •• n mnst satisfy the beAm deflection ~quation: 

!2 _ F(,.....) 
cb J (El)' 

(43) 

Th. eff.ctive bendial ri,idity at any location of a& N-Iayered 

specim.n is calcnlated fro. the relation 

N 

(El) - L 
a-I 

E I . 
n n 

(44) 
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Filure 52. Relions of a .carf joint with a doubler. 

"",ioa 

• 

This equation accounts for t.he lower stiffness of the adhesive layer .nd 

th_ as.ociat.d chanl' in the location uf the n.utr,al .urface. Filure 52 

illustr.tts the lay.r.d bea.. For .lta.pl •• in r'lioD 3. hO to 

hI i. t h • • t iff I ow. r I a y. r 0 f t h. 0 r i , ina I I a. ina t.. hIt 0 

h2 is the I •••• tiff adhesive layer. h2 to h3 i. the replace.ent piece 

layer. h3 to h4 is the doubler adhesive layer and. finally. 

h4 to h, is the doubler. This model .ay be adapt.d for la.inated 

adher.nd. by tr.atina each l&8ina as a s'parate layer a. in the FORTRAN 

prolra. DEFLCONP in Appen~ix vi. Lin.ar distribution of bendinl .train 

throu,b the •• otion i. a •• uaed in .11 c ••••. 

EquaUon (43) .ay be .olv.d by nlla.rical inte,ration. iteratinl 

the boundary condition (i.e. the aidspan defl.ction) until the end 

deflection is zero. Ihen the d.flection at a •• rtion i. known the 

ao.ent distribution and .urfac •• tr.ins can be calcul.ted. 

A plot of the surface strains predict.d by this model for .n 

.lu.inu. speci. ~ u is .hown in Filure 53. Inspection of the .pecimens 

showed that the adhesive l.yers of so.e were tapersd. r.ther th.n 
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Fiaure 53. Predicted and experimental surface strains for an aluminum 
scarf joint with an aluminum doubler. 
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uniform, and this was accounted for ."n the deflection .odel. n. 

experi.ental strain data in Fi,ure 53 correspond very well with the 

predict.d strainl. 

Th. theoretical and experi.ental lurface Itrainl for Icarf joint 

repairl of two carbon/epoxy la.inate Ipecimenl with earbon/epoxy 

doublerl are Ihown in Fi,ures 54 and 55. For the Ip.ci.en repr.s.nt.d 

in Fi,ure 55 Itrain ,a,el were placed al clole al pOllible to the 

adhesive on the lower lurface. Predicted strains and experi.ental 

strains agree very well e~cept for the strain near the adhesive Qn the 

bottom surface. Tcis str~in is o~~iderably lower than tho averago 

predicted strain for the re,ion the Itrai~ ,a,e covers. Bowever, this 

re,ion is a stiff part of an adherend (zero de,ree plies only) adjacent 

to the soft adhesive. This is a likely place for the bea. theory 

assumption th~t plano sections remain plano to not hold. Tho measured 

strain would, thelefore, bo lower than expected. Fortunately, it is 

precisely this effect that the load transfer model accounts for. 
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Filure 54. Predicted and eJ:perilllental sus-face strains for a carboni 
epoxy Icarf joint with. carbon / epoxy doubler. 
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FiJuru 55. Predicted and experimental surface str~l ns for a carboni 
epoxy scarf joint with a carbon/epoxy doubler. 
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AppncHz i. BENDING OF A SPECIMEN .ITB A TBICK SECTION IN 181 MIDDLE 

y 

t 

~--... ;: 
~------ ------~------------.------~----------~~----.- ;( 

~t: d1-~' 
~~~---------------------------d2----------~ 

Half of • specimen with I thick section l~ the middle. 

This s~~cimen bends alona its entire lenath beclnse the 

eccentricity of the thicker s.ction Ind the bendin, deflection it canses 

both .ate the neutral Ixis 9ccentxic to the load. Outy half the 

~p.ciaen reqnires analysis becaus. it i, symm.tric. 

All .. ctions of the sp.eilll.n aust IIthfy the beam deflection 

equa lion 

~ M . --
dx l El 

where M is the aOIl.nt 

E is the z-direction elutie .odulus Ind 

I 11 the moment of inertis. 

1 03 
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Lettin, • • (t 1 - t 1 )/1. the eoc.ntricity of tho thioker 

.eotion wh.n GA4efl.ot.d. the aoaent alon, the bar is 

( F(.+y) 
II • ( 

(Fy 

For 0 i z i 41 th.n 

41y F 
.;;;......( • -- (. + y) 
dx' E,11 

for 0 i z i 41 

tor 41 < z i 41 

where E1 and I} are tho elastic mouulu s and monent 0 i nertia of 

the thioker part of the bar. The .olution of thil 4iff.rential .quation 

it 

y • C, Ibb J,. ~ z + Ca oOlh it ~ It - e . 
I 1 , 1 

Introducina tbo ~ undary conditi ons y • y. and dy / ds • 0 at s • 0 tb. 

solution is 

y • ( .... y.) cosh IE ~ s - e. 
I 1 

Yo a\st be oaloulatod last bioau.o it depend' on tbo doflootion of 

tbe thinner part of tho bar. 

s i d1 tbo differential oquation i. 

where E2 and 12 are tho olastic 1II ,) dulu5 and "ollent of in rtla of 

the thinne, part of t he b" r . It, s ol .l t i n 

J s!Dh 
F 

e. c k[ y • 
E 1 r 1 

x .. sh IT x 
1 1 
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The boundary conditions require that the slope and deflection of 

both parts of the bar b. identical where they aeet. Therefore at x - dl 

Y - (. + Y. )cosh IE ~ ell - • and 
1 1 

The two 

~ - (. + y.) It~ · bh k ~ ~l 
1 1 . 1 1 

reaalnln, con.tant. of bte.ration 

ACe BD + (AC _ BDE)y - -(£-l)e 
G G 0 

C) = 

(E-l>' 
C - ~--;.....;... 

• G 

A - IE~ . 
1 1 

BDl 
BG - G 

D [AC -~(E-l)]' 
G BG BD' 

G 

B - IE ~ · , , 

are then 

and 

[ 

(AC _ BDE>] 
+ E D G 

G - G B!)' y •• 
00--

G 

G - cosh J't ~ d,. , , H - sinh ~ ~ d l , 1 - cosh ~ ~ d, • , , ~, , 

UsinS the cond~tion that y = 0 at x - d,. 

ACeGH - BD(E-l)eH (E-1).1 + DAC.GBGI -, BD'(E-l).I 
BG' - BD' G - BD'G 

Yo =----------~~~--~~~-==-~~~~~==-----------BAm - BDER EI DACOI -BDEI +--00 1 - BDI G 00' - BDIG 
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Th •• nd .lop •• of compo.it •• p.cimen. are calculated from the •• 

relation.. At % • dJ the .lop. i. 

~ - Ca IE ~ oosh IE ~ dJ + C. IE ~ aiah IE ~ dJ 
J J J J J J J J 

• CaBI + C.BB 

Bow.ver, •• ction moduli CEil i ',) which Siv. bendinl stiffn •••••• quival.nt 

to those of the inhomoaen~ous composite and the composite-doubler must 

be used. For the th ic~er section, t he secti on modul~s ~ay be cnlculated 

by treatina the .peciaen as a layered beam. Note that the differ.nce 

b.tw •• n bendin, stiffn~.s and e%ten.ional stiffness must be account.d 

for. The .ff.ctive properti •• are 

Th. end slope~ are calculated with the FORTRAN proar.a SLOPE. 

The pro,ra •• nd .a.ple output follow. In SLOPE the coordinates are 

y, z and 1 in place of x, y and d. 



f'kINr SLOPE 

1000 
1010 

tkESE T FF;EE 
C CALCULATE THE DEFLECTION AND END SLOf'E OF A &EAM WITH STEP 
C CHANGE IN TIIICI\NESS 10:!0 

1010 
1040 
1050 
1060 
1010 C 
108 0 
1090 
1100 
1110 
11 :!O 
1130 
1140 
11 SO 
1160 
11 70 
11130 
1190 
1:!00 
1:!10 
12:!0 
1230 
1240 
1:!50 
1260 
12 70 
1:!80 
1:!90 
1300 
1310 
13:!0 
1330 
1340 
1350 
1360 
1370 
1380 

• 

C 51 UNI TS 

200 

DOU8LE PRECISION FORCE,EII1,E2I 2 ,A,&,C,D,E,F,G,H,I,J,K,L 
1 ZO,C5,C6,DZOY,Ll,L2,ECC,DENOH 

FOI(CE =7000 
FOI( TIE COHPOSITE LAYER WITH A DOUBLEk: 
Ell1=6.37 406 
£21:!=4.63606 
ECC ~0.2S 

A=DSORT(FORCE/E1Il) 
B3 DSORT(FORCE/E2I2) 
00 1 ~1 ~:!5,75,:!5 

Ll =Hl 
W~ITE (6,~00) Ll 
FORHAT (/1X/' Ll 
C=DSINH( A'l1 ) 
O" [ISINH(8.Ll) 
E=DCOSH ( A'L1 ) 
F=(ICOSH (BtL 1 ) 
DO 2 H:! z I00,200,10 
L2" H:! 
G~DSINH(&*L2) 

H" ClCOSH(Et'L2) 

IS ·F4.1/5X·L~·8X·ZO'11X·~lOY·) 

DENOH=B'F - B'D'D/F 
I 3 (A'C'ECC-Et'D'(E-t.OJ'ECC/F)/OENOH 
J = (A'C- 8'O'E/F) / OENOH 
K= (E-l.0)'ECC/F-D*I/F 
La (E - O'J)/F 
ZOa -(I.Gt ...... H)/(J.GtL*H) 
C5 a ItJ*ZO 
C6"'KtL.ZO 
DZDY · B.C5.Hta*C6*O 
WRITE C6,201) L2,ZO,OZOY 

:!01 FORHATC4XF4.0,:!XIPEJ2.5,:!XEI2 . 5) 
:! CONT I NUE 

CONTINUE 
END 

L1 IS 25.0 
L2 ZO 

100, -1 . 33659E-Ol 
110. -1.33794£-01 
1:!0. -1.33856E-Ol 
130. -1.33885E-Ol 
140. -1.33998£-01 
150. -1.33904E-Ol 
160. -1.33907E-Ol 
170. -1.33908E-Ol 
180. -1.33'109£-01 
190. -1.33909E-Ol 
200. -1.3390'1E-Ol 

1.1 IS 50.0 
L2 ZO 

100. -1.97752£-01 
110. -1.98254£-01 
120. -1.98495E-Ol 
130. -1.98591£-01 
140. -1.99640E-Ol 
150. -1.98663E-Ol 
160. -1.99673£-01 
170. -1.99678E-Ol 
190. -1.98680£-01 
190. -1.98681£-01 
200. -1.98682E-Ol 

L 1 IS 75.0 
L2 ZO 

100. -2.24631E-Ol 
110. -2.26192£-01 
120. -2.26917£-01 
130. -2.27251£-01 
140. -2.27405E-Ol 
1~0. ..2. 27476E-Ol 
160. -2.27:509£-01 
170. -2.27524£-01 
IBO. -2. 27~31E-Ol 
190. -2.27534£-01 
:!OO : -2. 2753:5E-Ol 

DZDY 
3.96394£-04 
2.62094£-04 
1.77740E-04 
1.20522E-04 
•• 17199E-05 
5.54087E-05 
3.75696E-05 
2.54724£-05 
1.72709£-05 
1.17100£-05 
7.93963£-06 

DIPY 
1.22834£-03 
9.33907£-04 
:5.65739£-04 
3.83687E-04 
2.60180E-04 
1.76417E-04 
1.19619E-04 
8. 11044E-0:5 
5.49909E-05 
3. 72850E-05 
2.52800E-05 

PZDY 
3.31981£-03 
2.2651BE-03 
1.54054£-03 
1.04:599£-03 
7.09665E-04 
4.81JI2£-04 
3.26384£-04 
2.21309£ -04 
1.:500:57£-04 
1.0174J£-04 
6.89842£-0:5 

.... 
o ..... 

00 
";:u 
'lJi5 
0-
0 2 
;/Of! 
.0." 
C;z:. 
~C) r..., 
~ii 
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Appendb i 1. MEmOD OF MAKING SCARF JOINT SPECIMENS 

The e%peri.ental 'pecla,ns w~r' .ado. by bond in, bevoled l .. inate 

panel. and cuttin, th •• into ten.il. coupons. The carbon/epoxy panel. 

were of Hercule. AS1/3501-6 with a [01/!45190/!45/01 ]S .tackin, .equence. 

They were vacuua ba, cured at 590 kPa (85 psi) and 1750 C (350 0 F) 

for two hours. 

The panels were beveled on a surface grinder while taped to a 

wedge-shaped block (Figures i iI-iiS). lae wedge-shaped block, Figure 

iii, hol~s the panel at the desired scarf angle. Two blocks, with 

an,le. of 33 ailliradian. and 52 .illiradians were used. The blocks 

were .ade by .urface ,rindin, a steel plate about 200 .. % 115 .. % 20 

mm (8 in % ! in x 3/4 in) on one side to provide a flat s~rface. 

Milling the plate on the uDlround side formed the required angle. When 

bevel in, the panels the .agnetic chuck of the surface grinder holds the 

plate with the milled side down and the panel taped to the top, Figures 

il2 throu,h ii4. A 110 ailliradian j il was made for the larler anIle 

scarf joints. The jil and wedles can also be used taped one on top of 

another for other scarf anlles. 

The la.inate panels were held to the wed,e-shaped block. with 

double-faced cloth tape made by Permacel. The panel is first aHlned 

with the edle of the plate and then pressed down alainst the tape by 

hind. with extra pressure along the ed&es of the panel. Careful 

pressure and acetone on the tape are necessary to remove the scarfed 

panels. The pieces req'3ired fo7' five ten ile specimens with 52 

108 
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.illiradian .carf an,l. can be ,round in l.ss th.n on. hour. 

For bondin,. the scarf.d pi.ce. were pinn.d to a 36-ply laainat • 

• ad. of two layers of the .a •• stackin, s.qu.nc. as the pan.ls b.inl 

bond.d. This held th •• in po.ition while peraittin, ther •• l .xpan.ion 

without lo.din, the .dh •• iv •• ir.t. on. of tb. 'ori,inal l .. in.t.' 

pi.c.s w.s f.sten.d on the fixture with two 1/8 inch pins. Th.n • 

•••• urin' a 0.20 •• (0.008 in) ,.p betw •• n the 'r.plac ••• nt pi.c.' and 

the pinned panel with a feeler gau,e, the 'replacement piece' was 

drilled and pinned in place. TAc relil~ining 'ori&inal laminate' wa" 

siailarly positioned and pinned. The c.reful spacin, between panels 

controls squeeze-out of the .dh.sive. The spacin, aust b.lance b.tween 

too little squeez.-out cau.in, • weak joint .nd too much sque.ze-out 

liftin, the replace.ent piece off the fixture and ais.lilninl it. 

After the panels were pinned in place they were taken apart and 

put tOlether a,ain with American Cyanamid 0.08 p.f FM-300M film adhesive 

in place. For the thermal cure they were vacuum ba"ed and autoclave 

cur~d. The cure cycle was 60 minutes heatup to 175 0 C. 60 minutes 

at te.perature and 280 kPa (40 psi). 

The pre-cured doublers were held in place for bondinl with 

TEMP-ER-TAPE. The panel was bal,ed without a c.ul pl.te so that the b •• 

covered both sides and doublers on both sides could be bonded at once. 

The doublers were tapered by end milling them while the specimen was 

held to the 110 milliradian scarf joint jig. 

The bonded scarf joint panels were cut into 25 mm wide tensile 
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Ipeci •• nl with a dia.ond law. End tabs wlr. unnlcel.ary. Finally. the 

Ipeci.en. were in.tru.ented with Itrain ,aiel. Micro-Measur •• entl 

EA-06-115AC-350 strain ,ales were .pplied followinl the •• nuf.cturer's 

r.coaaended proc.dur •• 

The speci.ens were st.tic.ily lo.ded to failure in .a Instroa 

load fr.... Strain la,e data were recorded with a Datran II Model 311 

strain indicator coupled to a Franklin Electronics data printer. 
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Pi,ure ii2. Wed,e-shaped block aounted ou the .a,netic chuck of a lurface 
,rinder. 
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App.adis iii. !IP!IlKENTAL DATA 

Thi. app.a4is coapil-. fi., •• t. of .carf Joiat esp.ria.ata1 

Itr.nlth 4.ta. Th.I. data ar. for: 

o the 18 pLy 1aaiaate fro. which all Icarf jointl in this Itudy 

were made, 

o plain (without doublers) Icarf jOints with five Icarf an,les, 

o .carf joiatl which wer~ ,round with. haad-h.ld rotary bur, 

o JOiatl with rouad-tipped ,dheread. aa4 

o joiatl with Ililhtly r.is.d r.plac ••• nt piecel. 

One datum for the pl.in Icarf jOintl (3-121-3) wa. discarded in 

calc~latinl averale .Alues be caul. it falls outside espected bounds 

based on the other data values. Disoar4in, thil data. il support.d by 

Chau.en.t·s crit.rion, , Itatiltic.l basis for testinl outlyin, data 

pointl (R.f. 1. P. Bolaan, Esperi.eptal Xethads (or Epli;e"" 

Third Edition, McGraw-Bill Book Company,1~ :~). 

The only data not inoluded in this Appendix are ia the I.ctioa 

on scarf joints with doublers. 

11 6 
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SDENG'l'B OF ADllEI!ND LAMINATE 

Sp.el •• a Width Ul U •• t. Ulti.at. la-PIau. 
N_ber (-) Load Foro. Il.nl hat 

(tN) (tN/.) 

1304-3-1 19.9 40.9 1060 
1304-3-2 14.7 49.0· 
1304-3-3 10 . 3 44.3 2180 
1304-3-4 21.5 49 . . 3 2290 
1304-3-5 22.5 49.0· 
1!-04-3 ·6 18.9 44.S 2370 
1304-3-7 11.0 46.7 2110 
1304-~-8 19.7 43.7 1120 
1304-3-9 18.6 41.3 2110 
1304-J-10 20.0 41.& 2100 

MEAN 2210 
STANDARD DEVIATION 98.4 

• E~c •• d.d t'8ti~, aachiae capaoity b.oaul. the Ipecimea 
W~I nut too _jel •• 
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STlPJ«iTB OF SCAllF 10INTS WID DIFFEUNT SCAJlF ANGLES 

Speci.en Scarf Width Ulti •• te Ulti.ate la-Plane 
Nuaber Anile (-) Load Force lenl taat 

(.Uli- (tN) (tNt.) Obflin) 
radians) 

3-111-1 19 25.4 33.6 1320 7530 
3-1~1-2 19 25.4 34.3 1350 7700 
3-111-3 19 25.5 25.5 1000 5710 
3-121-4 19 25.5 31.9 1250 7130 
5-11-1 19 _s .~ :4 .~ 1350 noo 
5-11-2 19 25.4 34.1 1340 7640 
~-11-3 19 25.5 38.2 1500 8560 

3-34-1 33 :4.2 31.9 . 1320 7530 
3-34-2 33 24.2 35.3 1460 8330 
3-34-3 33 24.2 34.1 U10 8040 
3-34-4 33 24.1 33 .6 1400 7990 

3-1~-2 52 26.0 26.3 1010 S760 
3-14-3 52 25.5 25 . 5 1000 5710 
3-14-4 51 25.7 27.2 1060 6050 
3-14-5 52 25.8 24.8 961 5480 
3-14-6 52 25.8 24.0 930 5310 

1S-1 110 25.2 15.4 611 3490 
1S-2 110 25.0 15.5 622 3550 
JS-3 110 25.1 15.6 622 3550 
JS-4 110 25.2 15.7 623 3550 
1-21-1 110 25.6 17.2 672 3830 
1-21-2 110 25.1 16.9 673 3840 
1-21-3 110 25.5 19.0 745 4250 
1- 21-4 110 25.6 18.1 707 4030 
1-21-5 110 25.3 18.3 723 4130 
4-96-1 110 26.6 14.7 553 3160 
4-96-2 110 25 . 5 16.3 639 3650 
4-96-3 110 27.0 16 . 9 626 3570 
4-96-4 110 26.2 16.1 614 3500 

3-136-1 160 25.3 11.8 466 2660 
3-136-2 160 25 . 4 13.3 524 2990 
3-136-3 160 25.4 13.4 528 3010 
3-136-4 160 25.6 13.3 5:!0 2970 
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STIENi'DI OF RAND GROUND '2 JULLIRADIAN SCARF JOINTS 

Sp.ci •• 1l Width Ultt.ate Ultiaate Ill-Plalle 
Naber (-) Load Force hsul tallt 

(tN) (tN/.) (lbf / ill) 

5-35-1 25.4 21.3 837 4780 
5-35-2 25.4 20.4 803 4580 
5-35-3 25.4 19.4 764 4360 
5-35-4 25.4 19.9 784 4470 
5-35-5 25.8 21.1 818 4670 

STliENGllI OF llC raLLIRADIAN SCARF JOThT'fS 
WIlli ROUND-TIPPED ADHERENDS 

Specillell Width Ulti .. te UlH.ate Ill-Plall' 
Nuaber (ma) Load Force Resultant 

(tN) (tN/.) (lbO ill) 

1-21-6 2'.0 12.0 480 2740 
1-21-7 25.1 11.6 463 2640 
1-21-8 25.6 10.7 418 2390 
1-21-9 25.4 10.8 425 2430 
1-21-10 24.9 9.5 381 2180 

STRENGllI OF SCARF JOINTS WIlli RAISED REPLACEMENT PIECES 

Specimen Scarf Width Ultimate Ultimate In-Plane 
Nuaber Anile (ma) Load Force Resultant 

(.ill '- (tN) (tN/.) Clbf/in) 
radians) 

5-24-1 19 25.4 43.1 1700 9680 
5-24-2 19 25.3 46.4 1830 10500 
5-24-3 19 H.4 38.5 1520 8650 
5-24-4 19 25.5 37.0 1450 8280 

5-35-11 52 25.4 28.9 1140 6490 
5-35-12 52 25.4 31.9 1260 7170 
5-35-13 52 25.4 31.9 1260 7170 
5-35-14 52 25.4 30.7 1210 6900 
5-35-15 52 26.2 30.7 1170 6690 



Appendix iv. FOR'l'ttAN PROGRAMS SCARF3 AND SCARF" 

These coaputer proaraa. calculate the adhesive shear stress 

distributions. Output data for scarf an,les froa 10 ailliradianl to 160 

milliradians and tip bl~ntness valnes from %ero to Xt" = 0.16 are 
1P 

:11 so inc! uded. 

120 
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Thi. co.puter pro.ra. calculat •• the two-di.ell.iollal .tre •• 

di.tributioll at the .Ild of the adh •• i... Th. bouDdary .tr ••••• are 

r.pre •• llt.d by polYDoaial .pprozi •• tioll. to facilitat. calculatiD, their 

Fo~rier ~eries coefficients. 
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- . 
CALCULATE TME STUSS 'UOWCTtOIl COfHtCUIIH "0. TM( III"I"'AL $fIUSUi - . -
(T"IS IS T"E ITI('I 'UhCTIO •• OLUTION _MIC" 'CCOUIIT, fOI TME OI"(.(NC£ 

1111 TMf UP,.I ,NO LO.EI 'YEI.IE lIa~MAL .T'f •• E') 
____ .,IJ.(AltIIO.(.)-~nOIIO))/I •• ,.('Il-'-"-'T-L)----­

I'A'.AT~'(')/'.'-"'J.'T 
C 
C 
C 
C , 

CALCULATE TMf ITIE" 'UfilCTIOfil COEf'ICIENT. TO CO"ECT TM! LI.rAIL' 
IIIIClfASING 1I01"AL 'TIEISEI IN T~( I-OI'ECTIO.I 
(T"IS STlf •• 'UWCTIO~ '1.10 ~'.E' TME 1-aII(CTIOIII 11101""1. ITIESIES ZEIO 

aT T"' (1110. UO .... (' Til( ."UI "IUSII Co.n, ... T aT TME EIII)I) · - .. C 

C 
C 

S'OS·lIl.J!l" 
.,O"-II7.!l!l5" 
S"'.-I'D"'.~."·.' 

C C'LCULATE ST.'SS'SI 
----- - -_._-- - - -- -- - ---

o .IIT(l.,111) III '0'''' TIT.,' '0'(', TlO, 'l'aO', TSl,' T'UI', Til,' T'Ul', T,., 'TAII,") 
00 '7 .'a-l0,10,1 
'a",' •. Ol 
00 '7 ~.aO.10 

1=" .oC.\ 
SI~J:~~ C ~ • .,.S~ · 4 .... ! 

SIG'=SFII3·,·SFA? 
TIU1'='TS~A(~)/2. v-SFq'.I-SF6i-SFOl/i.Ca' •• 2 
DO " lIa\, tTEre ... 
SaNaPIIL 
'iall'" 
Sa'I'"('h') 
C=COS~(e.'l 
Sl, .. 511O' 
I .'IIi(~ •• ). ! _._$'(~).S'.CaCISS'(N).I'.S~)SS'(~).'.(I.O.Sa~.,.C) 
, aCISS' (1\0).'. (l.O.CaS.,,!!) 

-- - S -"COS t~;.) ;(C1CV(Nj.ii'-c·.C·iCI' t~) aU-SaC)CS' (,.,) .S. (l.O.Sa"."C) -. 

., 
IO~O 
100 
101 

I .C'C.F ( .. ) .S. (l.O.C.S .... )) 
sr'nSI" : 
I -6ioSlh(~.l)o(CI~S'(It;).C.ClS5'(~).S.C~SS'(.).'.C.CISS'(~).'.S) 
, -S'.C ~S (~ •• ).(C1CS'(~I.C.CcCS'(~I.!oC!CS'(~).'.C.C'CS'(,.,).'.5) 
Tau.,.'alll' 
1 -~.CO!:! .. ). ( (-I SSF ("i" •• S.C,SSF (") ••• CaC )~S' ('o). (Co". ,." - -
? aCaS5F C"" (S.""'C)) 
3 .~aSI~(p •• ).(C1CSF(~).b.S.C'CSF(.).II'CaC]C$F(~)'(C.e.,·SI 
a aCICS"").(S.,,a,.C») 
COr.nlOjUE 
"IITTE"r101~~G .. ,Sl'! ! hllr!_ . __ ___ _ _ ._ . _ _ _ _ _ __ _ ____ _ 
COIt;T!I\oU£ 
CONTlr.u£ 
'O~~aT(",r!,5EI8.') 
'oe""(· •. 5'",.) _ _ 
,It;O 
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App •• dix • i. FOITUN PItOGIAI DEFLCOIIP 

Thi. pro,r .. calculat •• the d.fl.ctio •• locatio. of the •• utral 

~zi •• beadia, rilidity (EI). aoaeat and top aad bottoa strai •• of aa 

adhesive'y bo.ded Icarf joiat with • doubler. It treats the specie •• as 

s layered beam ~t each cr0SS section. 
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:000 'RESET FREE 
1010 'SET ~UTO'INP 
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10:0 C THIS ~ROORAM C~CULATES THE D£FLECTION, LOCATION OF THE NEUTRAL 
1010 C AXl~. 'ENDING STIFFNESS CEI), MOMENT AND TO~ AND toTTOft STRAINS OF 
1040 C AH AIIH£SIVELY .ONDED SCARF JOINT WITH A DOUkER. IT TRIATI THI: 
10:S0 C SP[Ll~N AS A LAYEREr HAM AT EACH CItOSS SECTION. IT ACCOUNTS I"OR 
1060 C VA~i~~E At~SIV£ TH , CkNESS IN ALL ADHESIVE LAYERS AND FOR THE 
10;00 C UHFLAT LOWUc IURF.-cE CAUSED n lIAr-lAkE THICkNESS IN THE ICARF 
1080 C .JOWT ITSELF. 
1090 LOGICAl ItK.STA 
1100 COft"ON IRkJC~1 SP.~IN.H"AX.HC.A •• SO,OC160') 
11l~ REAL Il,r~.ll.I4,I:S,LJl,LJ2.LJ3'LJ4.Ll.L2,",N,MDD.NU1:, 
l1Z0 1 NU~.~.NUM,~1,~2 

1130 [lIH~NSIor~ H(20) ,HRC2()) .ECZO) .ER(ZO) ,THETAR(20), TltErAt( 20) 
1140 C--SF.T SPECI~N G[DftETItY, ~YSICAl PROPERTIES AND LOAD 
11:S0 C [lAT IS DOUkER AnMESIVE THICKNESS. 
1160 C SAT IS SCARF ADHESIVE THICKNESS 
11 :'0 C c.oun IS DOU'LER THICKNESS 
1180 C HCOM' IS THE THICKNESS OF THE ORIOINAL D,,"AOED "ATERIAL 
1190 C tlOL IS THE DOUBLER OVERLAP 
1~00 C ~C.EE,ED ARE YOUNG'S MODULI OF THE COMPOSITE. ADHESIVE AND DOUBLER 
1:10 C Go'IHMA 15 THE ANGLE OF THt: SW,FACES OF THE SCARF A['HESIVE flUE TO 
: ::~ : VA,YiNG THI Ch NESS. 
l - ~ " ( LJ : IS ~~H4GE H~LF LENGTH 
1~ 4 0 r. rFLYC AN D :FLYR ARE ThE FLY THrC~NESSES OF THE ORIGINAL LAMINATE 
1::- " c I\N[' THE REF'LACEM£NT PIECE. 
1~t.O C Iii 1) 0111'1[' HRllI ARE THE COORr'INATES OF THE BOTTOHS OF THE I-TH 
1:-'0 C F'LIES IN THE ORIGINAL LAHINATE ANI' THE REPLACEI1ENT PIECE. 
1:'9') C H'-LYC AHC. HF'LYR ARE THE NUl'lfoER OF F'LIES IH THE ORIGINAL LAMINATE 
1:),0 C ANC' THE REF'LACEI'I[NT F"U:CE. 
1300 TPLYC-O.llS 
1310 rPLYR-0.ll8 
1~~0 HPLYC-18 
1 ~30 NPLYR-18 
1!40 nL~.A-6.0 

1 J:;.,j l'(:UfcT-O. 6:! 
136~ DA-I-0.30 
Il-? DATLJ~-O.JO 
1.1:' ~ 1 :'l~TLJ::.0.30 

139 ~ DATLJ3& ' .l6 
1.00 D~TLJ4-C.36 

1410 [lATLI-0.14 
14~0 SATLJ:!-0.3Z 
1430 S~TLJ3.0.Z~ 

1440 LJI-12.5 
14~0 DOL.:!~.O 

1460 L:!-l~O.O 

14 70 fo-~~.O 
1480 EE-3450.0 
1490 ED-'l500.0 
1500 C CALCULATE F'LY MODULI, (ASSUMING SIGHAX IS NeH-ZERO AND 
1510 C SIGHAY-EF'SILOHXY-O) 
15~0 E11-117000.0 
1510 E~:!.'lOO.O 
1~40 HUl~O.l 
1550 GI~-4:S00.0 
1560 THETACll)- 00.01 
1~ 70 THETACe~)- 0.01 
1~80 THETAC(3)- 4'.0' 
1590 THETAC(4)a-4'.01 
1600 TH[TAC(5)- '0.01 
1610 TH~TAC(6)a 4'.01 
16~0 THETAC(7)a-4'.01 
1~30 THETACIS)a 0.01 
1640 THETAClf)- 0.01 
16~0 THETACII0)a 0.01 
1660 THETACel1)" 0.01 
1670 THETACCl~)a-4~.Ol 
1680 THETACIIJ). 45.01 
1690 THETACCI4)- '0.01 
17 00 rHETACC 15)--45.01 
1 7j~ rHETACCI6)- 45.01 

THETARel)- 00.0 
THETAReZ). 0.0 
THETAIUl)- 4,.0 
THETAR I4).-4:S.0 
THETARe:n a 90.0 
THETo1IR(6)- 45.0 
THETAR(7)--4:S.0 
THETARe8l- 0.0 
THETARI9I- 0.0 

THETAR(IO)- 0.0 
THETARel1)- 0.0 
THETARCl~)·-4~,0 

THF.TA~lll). 45.0 
TH£TA~(14 ) - 90.0 
THETARCI5)--45.0 
THETAR(16)- 4~.0 
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17:!0 
1730 
1740 
1750 
1760 
1770 
1710 
1790 
1100 C 
1810 C 
1I~0 
1830 
1140 
1150 
1860 
1910 
1f1f10 
1i90 
1900 
1910 
19~(l C 
19.1 0 

TH£TAC(17)- 0,01 THETAR(17)- 0,0 
TH£TAC(ll)- 0,01 THETAA(ll). 0,0 
DO J02 l-l.HPLYC 
E(I)-(~LY(THETAC(J).El1.E22.NU12.a12) 

:102 CONTINUE 
~ J03 I-I.HPLYR 
(R(I)·E~Y(TN[TAA(r).Ell.(22.NU12.D12) 

303 CONTINUE 
CALCUlATE ~ FOR THE CDftPOSITES: 

Fa.t THE OItIDI*L LAMINATE. 
H(I)-O,O 
NUfC-O,O 
Dl:NOIIC-O ,0 
DO lOG I-l.HPLYC 
R-FLOATIU 
H( 1+1 )-~nPl YC 
HU~-E(II.(H(I+ll+H(I)I'(H(I+ll-H(I»+NUftC 
D[NO~-E(II'(H(I+l)-HCII)+DENOMC 

JOC' CONl'IHUE 
HCOtt-HCNI"LYCtl) 
FO~ THE REPLACEMENT PIECE, 

!7:" '.: h ,i ( 1 j aO.O 
1900 ~O lOI r-1,NPLYR 
19 70 R-FLOAT(1) 
1Y~0 Mk(l r tl-R.TPLY~ 
1990 HUMR·-~CI)'CHk(I+ll+H~CIII'CHRCI+l)-HRCI»+NU"R 
~OOO D[NR-£ ' CI).CHRCI+l)-HRCI»+DEHR 
2010 ltl CONTIN\ [ 
~020 HrOPR.~lCHPLYR+l) 

~03D WRITE 16,2051 
~040 ~O: · FOfjI ... r C' ENTER LOAD FORCE IN NEWTONS AND INITIAL lIEFLECTION' 
2050 l' IN MM,'I 
2060 READ (:,/) F,ZO 
~070 WRliE C6.20~) LJ1,ALFHA,DOL,F 
209' ~O : FOR"ATC/lX/lX/JX'D[FLECTION OF A SCARF JOINT WITH DOU~LER'/IXI 
209 0 1 2X'PAMAGE HALF LENGTH IS 'F5.2' ""'I 
21 C0 2X'SCARF ANGLE IS 'F4.1· DEGREES'I 
211() :; 2X'DOLlIILER OvERLAP IS 'F401' ,,,.,'/ 
2120 3 2X'LOAD FORCE IS 'F8.2' NEWTONS '/lXI 
2130 4 lX' POSITION DEFLECTION NEUT AXIS EX "O"ENT' 
2140 ~ 7X'"ICRO STRAIN'/5BX'TOP'4X'~nTTOM'1 
~1~0 6 JX' MM "" MM 'I) 
Zl~O ALFH-ALPHA*J.14159:6:4/190.0 
:170 TA-TANCALPHI 
~IBO LJ2-LJ1+SATLJ2/SINCALPHI 
~190 LJ3-LJ1+IICO"/TA 
~~OO LJ4.LJ2+HCO"/TA 
~210 Ll-LJl+DOL 
Z::O GA""A-ATAN(CSATLJJ-SATLJ21'COSCALPHI/CLJJ+SATLJlaSIN(ALPHI-LJ~)' 
:~JO SOA"-SINCOA"MAI 
:~40 TOAM-TANCGAMMA) 
:~~O BO~ CONTINUE 
:260 C--SET INITIAL VALUES 
2~70 ILL RK~RST 
~~BO 9G-1.0E-09 
~~90 Y-O.O 
~3UO SP.O,O 
:!ll~ Z-ZO 
~l~O DZDY-O,O 
:330 C--C',LCULATE SECTION PRO,.UTIU: EI AND ECCENTRICITY, [CC. 
:340 1000 :F CT .OE. 0.0 .AND. T .LT. LJ11 00 TO '01 
~3~O IF CY ,OE. LJl .AND. T ,LT, LJ21 00 TO 50~ 

:360 ~F (T .G~, LJ2 .AND. Y .LT. LJJ) ao TO 50J 
:370 : F (Y .GE. LJJ .AND. , .LT. LJ4) GO TO '04 
:300 IF <Y .GE. LJ4 .AND. Y .L T. Lll _.0 TO 5('5 
:390 IF IT .~~. Ll) GO TO 506 
:~CO ~ n! H3-HTO~~ 

~410 H4 a H3+DATI+,aCDATLJl-l'IATII/LJl 
~~:O H~-H4+DOUFT 

:4J0 ZZEkO.CL~-LJ~,aSG~" 

, 
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2440 C 
~-4::;O 

2460 
2"'0 
2480 C 
24'0 
2500 
2510 
:520 
2530 
2540 
2550 
2560 
2570 
2580 
2:90 
2600 
2610 
2620 
2~lO 

2~40 
~6 !:i (l 

~ : ... .. 

:..! ~~o 

:!i'CO 
2710 
:!:':!O C 
2710 
'?740 
:!7!;O 
2760 
~;:rO 

~ '?90 

2790 
29<'0 
2811i 
:G:::O 
2t1J·) 
2';40 
~O~O 

:860 
2870 
2890 
~B90 

2\'00 C 
2910 
2920 
29Ju 
2940 
~9::;O 

2"'60 
=9:'0 
2980 
2'i'1'0 
looe 
JOIO 
l020 
l030 
JO"O 
JO:;O 
JO&O 
J070 
J08,) ' 
3090 
l100 
llle. 
3L~0 
3130 
Jl" (' 
31 ~.) 
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t:.'LCULATE THE NEUTRAL AXIS COORDINATE, T 
N-CED8(H5-H4).(H4+H5)+EEI(H4-Hl)'(U3tH4)tNUMR) 
D-C2.01(ED'CH5-H4)+EE'(H4-H3)+DENR» 
hN/1) 

C~lCULATE EI r~ THE COMPOSITE REPLACEr~NT ~IECE 
EIC-O.O 
DO 311 I·l, .... UIl 
HD.H (1+1> -H<I) 
II·T-(HCI)+H1I/2.0) 
PMor-'8HD'HD,HD/12.0t.'HD8R,R 
[IC·[R(r),p~I+EIC 

311 CONTINUE 
HO.H4-H3 
II-T-(H3+HD/2.0) 
J 2-8,H1"HO.HO/ 12 • 0+ 'IHll'R 'R 
HD·H5-H4 
R·T-(H4+HO/2.0) 
IJ-8'Hll'HO'HO/12.0+P'Hll'R,R 
EI-FIC+EE,I2+ED,IJ 
ECC-T-HC~/2.0+ZZERO 
Sz O.5,[l 
TT.T-H:; 
GO TO 6('0 
'fJsHTOF'" 
"C- CV-L_II ).7;­
H4·H3.~ATLJ1+CY-LJl)' ( [lATLJ2-~ATLJ1)/CLJ2-LJl) 

H:-H4+£,OU81 
ZZERO-CL2-LJ2)'SGAM 

Ct •• CULArE mE NEUTRAL AXS COORDINATE. T. 
IL-INTCH2/TF'LYR) 
llENOM-O.O 
NlIM-O.O 
Ir (IL.EO. 0) GO TO 621 
[10 321 I-I,ll 
NU"·ERCI)'CHRCI+l)+HRCI»'CHRCI+I)-HR CI»tNUM 
DENOM·CR(I).CHRCltl)-HRCI»tllENOM 

32 t COIllTI:.uE 
6 :' 1 CON7IHUE 

"U"·ER(rL+l)'(H:.H~IILt:»8CH:'-HR ( IL. 1 1).~U~ 
OEHOM-ER ( IL+l)'CH2-HR(IL.l)I.DE~D~ 
HlI"I-HU/1f\-HU/1 
DENOI1·DEN~-~EHO". 
N-(ED8CH~-H4)8(H~+H4)+EE8(H4-HJ).CH3+H4).HU" 

1 +EE8H:!8H2) 
1l-(:!.0'CE~'CH~-H4)+EE'CH4-H3).[lEN0I1.EE'H2» 
T-HII. 

CALCU~ATE EI FOR THE 'EVELED COMPOSITE REPLACE"ENT PIECE 
EIC-O.O 
!F-IL+:' 
IF (IP .Gr. NPLYR) GO TO 622 
DO 322 I-IP,NPLYR 
Hn-HRC 1+1) -HI'; (r) 
R-T-CH~(I)+H[l/2.0) 

P"OI-'8H~'HD'H~/12.0+t'HD'~'~ 
EIC-[~CI)'P"OI.EIC 

3"'~ CONTINUE 
,.,., CONTINUE 

H[l-HRIIL+:!)-H:! 
R-T-CH2+HD/2.0) 
P"OI-~'HD'HD'HD/l:!.O+P'HD'R'R 
EIC-E~(IL+l)8PI10JtEIC 
HD· .,.: 
R- (-HD/2.0 
ll-P8HPIHP'HO/12.0te.HO,R.I'; 
H[l-H4-H3 
R-T- (HJ+HC./:. 0) 
IJ-"HD'~D'HD/l:.0t~'H~·R'R 
H[l-H~-H4 

R-T-(H ... HO/:.O) 
14-p'Hn'H~'H~ / l:.0+PtHO'R'R 
EI·EE.r l .ErC+EE.r].E~'I4 
ECC-T-HCON / 2 .0+ZZEPO 



3160 
3170 
3180 
31.0 
3:100 
3:110 
3:120 
3:130 
3240 
3:150 
3:!60 C 
3:170 
3:180 
3:.0 C 
3~00 
3110 
3:1:!0 
lllCl 
3340 
33:;0 
J3t.O 
Jl 7 0 
J3 :J0 
.I 3 r t) 
J~ \l ; . C 
JH :J 

34=" 
1430 
3-440 
J450 
3460 
3470 
3480 
J490 
3:;'00 
3510 
35:!0 
35JO 
3:;-10 
35:..0 
3~60 C 
3:570 
3:5BO 
3:590 
3600 
3610 
36=0 
J6JO 
3640 
3650 
J~60 
367(1 
3680 
369(1 
3:000 
J710 
37:!" 
3730 C 
3740 
3750 
3760 
Jno 
3780 
3790 
1800 
J810 
38:0 
3S30 
3840 
38:iG 
38,)0 
38 70 

'-0.5'11 
n-T-H5 
00 TO 600 

SO~ SEA"-CY-LJ2)'TG~ 
Hla('/'-LJ2)ITA 
H~aHl+'ATLJ:'! 

180 ORIGINAL PAGE IS 
OF POOR QUALITY 

H3aHTO'R+tr~ 
H4aH3+IIATLJ2+CY-LJ:.!)'CDATLJ3-DATLJ2)/(LJ3-LJ2) 
H5aH4+DOUIT 
ZZERO-CL:.!-Y)'SO~ 

CnLCUlATE TN[ NEUTRAL AXIS COORDINATE,TI 
ILT-INTCH2/T'LYR) 
ILI-INTCHI/TPlTC) 

faR ftC IWtIOINAL LA"I"'-TEI 
NU"l aO.O 
D(1fOf' laO. 0 
IF CILI .Ea. 0) 00 TO 611 
DO 331 I-a. ILII 
Nu"r-EII)'(HCI+l)+HCI»'(HCI+l)-H(I»+NUftI 
DENO"I-ECI)'CHCI+I)-H(1»+D£N0I'11 

lJI CONTINUE 
6JI CONTINUE 

~~~l·E(Il~.l)'(Hl+HCrl~+l)I'(Hl-H(rl~+l»+NU"l 

PENC"I·E(:L~+l). ( ~I-H C :lP.l»+DENO~l 
f u~ TH( R[f LACEMENT FIEC(, 

NUI'1~·?O 
loEN(I~::.O. 0 
Cl TR-Il T+:: 
IF cIlTR .GT. NPlYR) 00 TO 63:1 
DO J3:1 I-ILTR.NPlYR 
HUI'1:.!-ER(I)'(HR(I+l)+HR(I)+:!.oaSEA")'CHRCI+I)-HR(I»+HUI'1:1 
DEHO"~-E~(I)'(HR(I+l)-HR(I»+D£HO"Z 

33:' COHTlNUE 
il3 ! CONTINUE 

NU":·ER(IlT+l)'(HRCILT+:)+H2+Z.0.SE~")'(HR(ILT+:1)-H2)+NU"Z 
DEHOI'1:1a[R(ILT+l).CHR(ILT+:!)-H:!)+DENO":! 
HaCEII.(H5-H4).(H4+H:5)+EE.(H4-H3).cH3+H4)+NU"2 

t +EEaCH::+SEA"-Hl)'CHl+H:1+SEA"'+NU/11) 
~-C:1.0'(ED'CH5-H4 ) +EE'(H4-H3)+D£NO"::+EE'(H:1+SE~"-Hl'+OEN0I'11» 
T-N/O 

(;lIlCULATE EI FOR THE DRIOIHIIIL LAMIHATE 
EICI-0.0 
IF (Il •• EO. 0) 00 TO 633 
[10 JJ3 I-a. Il. 
HD-HC 1+1 )-H( I) 
~-T-CM(II+HO/~.O) 

~"OI-"HD'H[I'HO/l:'!.O+8'H[I'R'R 
EICI-E(I)ap"OZ.EICI 

JJ3 CONTINUE 
633 COHiIHUE 

MOaHI-H( ILfoU) 
R-T-IHCIlP+')+HD/:1.0) 
P"D I -8.HD.H11.H[l/12. O+".IDaR'~ 
EZCI-EIIL8+J).P"OI+EICI 
HO-tf~+SEA"-Hl 
R-T-CHl+HD/:1.0) 
IZ-II'H[laHD.HD/12.0+II.HD.RaR 

CAlCUL_TE EI FOR THE ~ErLACE"EHT 'IECE 
EIC2-0.0 
IL TRe'L T+:1 
IF (ILTR .OT. NPlYR) GO TO ,34 
DO 334 Z-ZLTR,HFlYR 
HD-H,t< l+ I ) -tiR ( II 
R-T-(H~(Z)+HO/:1.0+IEIIIM) 

P"O:·P'HD'HD*H[l/12.0+I'HOa~aR 
EIC~-ER (r) aP~OZ+EIC2 

33 ·, COHTINUE 
oj ·, CONTINUE 

HO-HR( II T+::!)-H2 
k-T- \ ~2.SE~~.~~ / ~.O) 

""'01-"aHCl'H[o.H11/12.0.UHDaR,R 
~IC~·E~ (IlT.l ! aP"OrtEIC~ 

( 



3880 
38'10 
3900 
3910 
39:!0 
3fJO 
394U 
39S0 
3UO 
3970 
3980 
3\"0 
4000 
4010 
40:!0 
4030 
4(140 C 
4 ~!iO 

40 ... 0 
4('70 
40(10 
,, '~c;o (j 

It l '~ , 
4' . , \ 

"l:tI 
4\ J : 
H4,/ 
41 ~· 0 

11 t .. ;; 
41 70 
41110 
41110 
4:00 
4~10 

4 :! ~(\ C 
·, :JO 
4-"40 
4~~O 

'1 ::6(1 
4:' 70 
4:'0'" 
4~"0 
4300 
4310 
"J~O 
43~0 

434(· 
43::;0 
4360 
4370 
4380 
4390 
"400 
"410 
44:!0 
4430 
4440 
44!i0 
44t- O 
4470 
4480 
4490 
4 ~ 00 
'1 510 C 
,,~~ (\ 

4 ~J O 
4 ~, .. l() 
4~ ~O C 
4~· t> O 
" ~70 
~=::;9 .. ' 
.a:e.'v 

181 

HO-"4-H3 
R-T-CH3tHD/:!.0+SEA"' 
14-'IHD'HDIHO/12.0+t'HD'~IR 
HD-HS-H4 
It-T-CH4tHon.O) 
IS-•• HD.HDIHD/l:!.Ot.IHDIRIR 
EI-EItltEE'12tE'C2tEE,,4tED"S 
rCC-T-HC~/2.0+ZZERO 
S-0.5'D 
TT-T-N5 
00 TD 600 

50·' H3-CY-LJ:!)8TA 
H4-CLJ3-LJ:!,'TA+SATLJ3+DATLJ3+ 

ORIGINAL PA E IS 
OF POOR QUALITY 

1 CY-LJ3"CCDATLJ4+HCOII'-CCLJl-lJ:!"TA+IATLJl+DATLJl"/CLJ4-LJl) 
..,-H4+lIOU.T 
ZZERO-CL:!-Y).SOA" 

C,\I.CULATr THE H£UTI=:AL AXIS COORDINATE. T: 
IL-INTCHl/TPLYC) 
NU"-'O.O 
DEHOII-O.O 
ILR-IL+~ 
IF CILR.Gr. NPLYC) GO TO 641 
~D 341 I.IL~.NFLYC 
NU~·ECI) . (H CI~ !)+ ~ ( I ») . CM( I+l)-HI!»).NU~ 

DEHOM-E CII.CH Ct+ll-HCII I +DENOM 
3 qJ CONTINUE 
641 CONTINUE 

NU"aECIL+l)'CH(IL~)+H3"CHCILR)-HJ)tNU" 
IIEN~-EC ILU 'tCHC ILI'\ )-1 '3 I+DENO" 
HUII-NUIIC-NUII 
[IENO"-DENO"C-DENOl! 
N~CED'CH:5-H4"(H4+H5,+rE'(H"-HJ)'CH3tH~)tNUII' 
I'" (:!. oac EDI (H:5-H4 HEE' C H4-H3) +DENOII) ) 
T-N/O 

'_"LCUV rE E! For; THE tEI,'EI..ED OIUaINAI.. LA"INATE: 
£Ie-c.o 
I~ (II.. .EG. 0) GO TC o4~ 
DO l4~ j-l. II.. 
HI'atH I"lJ-H, I ) 
k~T-CH(r)+HII/:.OI 

P"OI -8'HD'Hn'HD/l:!.0+8'HD'~'R 
EIC-E(t).'"OI+£IC 

34:' CONTIH:JE 
64:' co~rIHU£ 

H[J.Hl-HC ILU' 
R-T-CH3-HD/2.0) 
P"OI-8'HD'H~'Ht/12 . 0ti.HDIR'k 
EIC-ECll..+1)""OItEIC 
HI'-H4-H3 
"'-T-CH) AD/2.0) 
I~-~'HD'HD'HD/l::!.0+8IHD'R.R 
HD-HS-H4 
R-T-CH4+HD/::!.0) 
13-~'HD'HD'HD/12.0+~'HD'R.R 
EI-ElC+EE'I2+ED'IJ 
ECC-T-~CO"/2.0+ZZ[I'\0 
s-o. :5.1, 
n-T-H:'l 
00 TO 600 

50~ Hl-HCO,., 
H4-ri3+0ATI..JAtCY-I..J4)'COATLI-DATLJ4)/(LI-LJ4' 
H5-H4+Dou.T 
ZIERO-(L:!-Y'.SOA" 

('i~I..CULATE THE NEUTRAL ~XlS COORDINATE. TI 
N-(£[J'(HS-H""CH4+H5)+EE'CH4-HJ)'(H3+H4)+HU"C ) 
~.c::!.0'IE~'(H5-H4)+EEICH4-HJ)+OENO"C» 
r-N/[I 

C~I..CUI..ATE EI FOR THE CO"'OSITE: 
EIC-O.O 
DO 351 I -I • ~' PL YI: 
Hl'-M C 1+1 \ -M ' : ) 
kar - CH(I )+HD/ ::!.O) 



4600 
4610 
4620 
4630 
4640 
46:50 
4660 
4670 
4680 
4"0 
470,' 
4710 
47:!0 
4730 
4740 
47:;0 ,. 
4760 
4770 C 
4 7 8 0 
4790 

, .. sr o 
4!:11 0 

112 

PHOI-"HP.HD.HD/12.0+ •• HD.R.R 
r.IC-E(I).PHOlt£IC 

lSI CONTINUE 
HP"H4-H3 
R-T-(H3t.tP/:.O) 
1:!-•• HP.HD.HP/12.0t,.HP.R.R 
HD-H5-H4 
R-T-CH4+HPI2.0) 
IJ-'.HD.HD.HD/l:.0+'.HP.R.R 
£1-EICtEE.I:!tED.IJ 
ECC-T-HCOft/2.0tZZERO 
S-0.5'D 
TT-T-H5 
00 TO 600 

'06 CONTI HUE 

ORIGINAL PAGE IS 
OF poOR QUAlITV 

tALCULATE THE NEUTRAL AXIS COORDINATE. T: 
T-HUI'IC/(D£NOftC.:!.O) 

C .. LCULATE EI 
EIC-O.o 
PO 361 l-l.NPLYC 
tlllali( Itl' -HI I) 
R.T-IHIl'+H~'~.O) 
~~OI·~.~~ 'H~* Y ~/1 2.0'~'WD'RtP 
[ IC· E ( I ) ' P ~ D ltEIC 

:; 6! CONTINUE 
U - EIC 
:ZERO-IL:!-Y)'50AH 
ECC-2'!Et;:O 
Sat'EHOMC 
TT-T-HCOH 

·lC! :: ,J 
.1 ~ 30 
II ~ I .' " 

l S:';') 

4!:!-1' 
4fPO 
4 ,lkIO 
413'/0 
4~OO 

4'i110 
4~~O 
4'i130 
4 ',140 
4 9 ~() 

'9M 
0\970 
H'SO .. ".,.0 
500 0 
:;010 
:;020 
5030 
:;040 
~os~ 

:;060 
50/0 
5( 10 
5 U O 
5100 
5110 
5120 
5130 
'140 
5150 
5160 
51 70 
~180 
:51!'0 
5=0') 
!;~JO 

:;:':'0 
5;; 30 
~:.O 

:s~:;o 

5;;60 
~:: :-' o 

5::0 0 
~:'90 

530 lJ 
5 31 0 
53;;0 
5ZJO 

C--IN ' F.G~ATE EQUATIONS 
60~ Y-R~~II',1.0) 

",aF'(Z+£CC) 
1':!ZDY2-"/EI 
~ZPY-Rh~b(DZ[lY.D2ZPY2) 
ZaRK,r,eZ.DZDYl 
IF (RKJSTA ( . FALSE.» 00 TO 1000 
FE"'-F.(T-HCOH'2.01 
FEC·"'-FE" 
E~OTa T""' £J 
E TOP-TTf'",'E I 
[FORCE' , ~ 15/1 
~STRN-IE~OT+EFORCE"1.0E06 
rSTRH-IETOP.EFO~CE)'1.0E06 
WRITE 16.:!00) Y.Z.T.EI.".TST~N.~STRN 

200 FOR"'AT (3X.F6.1.3X.FI0.6,'10.5.1X.IP2E!O.3.0~~F'.1) 

5P-S".0.2 

70C. 

IF (1 .GE. L2) GO TO 700 
00 TO 1000 
COHTINu~ 
EH(l 
EPLY IS Ttlt ~onULUS OF A GIVEN PLY 
FUHCTIOH EP~YITHETA.[11.E22.HU1~.012) 
REAL ".H."'2.N2."'4.H4.NU:l.HU1:.HU~U.EPLY 
"1-3. 141:S'26:4 
THETAR-THETA.PI/II0.0 
"-COSITHETARI 
H-SINITHETA" ) 
I'I:!-.. I'" 
"4-.. 2.M:: 
H2-N.,. 
H4-H2'''': 
HU21-HUI2'E22/Ell 
HUHU-I.O-HU12.HU21 
QU-[l1/NUHU 
QI2-HU12'E22/NUHU 
O::-E::' HUNU 
066-G12 
011P-"'4aQll+:.0IH2IN2.IOl:+:.0.066)+H4'0:: 
a::p-H41011+:.0'"~'H:'I01:t:.O'Ob~ I ."4.a:: 
01:P.H:'H;;' ( 011+022-4,0'O~6 J t l "4~H4"Ql: 
EfLY- : Ollr_02:F- UI:paOI2'J/02:' 
RETUItN 
EHI' 

f 
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