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Introduction

To assist investigators in locating the "critical points"(points
of highest magnitudes) in rotating components whole fie]d techniques
for strain (or stress) analyses are needed. One such technique is a la-
ser speckle technique that produces Young's fringes. The extension of
this speckle technique to the strain (stress) 2nalysis of rotating parts
is the object of this paper. '

In extending this speckle technique to the analysis of rotating
parts use is made of a film plate "sandwich” procedure [1,2]* from which
certain advartages are rea’ized. One advantage over point techniques
is that the sandwich procedﬁre retains the full field information found
in usual specklegrams. An advantage relative to holography is that the
information available from specklegrams allows direct evq]uation ov in-
plane displacement which is needed to calculate in-plane stresses [3,4].
An advantage of sandwich specklegrams over usual specklegrams is that
the range of measurement can be incréased to include displacements on
the order of a few microinches up to values approaching 0.1 inch. Also,
positive or negative displacement can be assigned to a -point using the
sandwich speckle procedure, something that usual (single film) speckle-
grams cannot reveal. Timing constraints for gathering displacement data
from a rotating component are considerably relaxed with the sandwich
speckle interferometric procedure as compared to holographic and conven-

tional speckle techniques [5,6].

* Numbers in brackets refer to references.
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Finally the analysis of the data for determining strains is more
convenignt than holographic analyses.

Essentially the speckle procedure involves photographing the speckle
produced by a pulsed laser when the laser 1ight impinges on a rotating
structural component (or part). In this sandwich procedure the compo-
nent is then stopped and repositioned as ciose as one can in the same lo-
cation that it occupied at the time of the first photograph. A second
photograph is then made using the pulsed laser to illuminate the station-
ary part. The two negatives containing the speckle patterns are sand-
wiched together with the emulsions in contact and the images realigned
relative to each other so that Young's fringes can be observed when a
small area of the sandwich is illuminated with a continuous laser. Dis-
placement components can be calculated from the Young's fringe data.

Stresses can be calculated by differentiating the displacement data.

Analytical Description of the Sandwich Speckle Fringes:

Consider a point, 0, contained in an aperture and illuminated by a
coherent light source, S, as illustrated in Fig. 1. The light wave
scattered by 0 to a point P on a distant screen maybe represented

by the real part of

_ _ ilwt+s)
dEy, = Ae dxdy (1)
A = amplitude of the optical disturbance,
W = transverse frequency of light, and
$ = phase angle of the opticai disturbance.
Let point Q be a nearby point located relative to O by vector B
where

B = xi+yj+ zk (2)

By
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The optical disturbances 0 and Q are out of phase by a¢ at
point P. The phase difference, A¢ , is proportional to the difference

in path lengths along SOP and SQP and is represented as
PR e (R R (R L S A (L U I €
where

A = the wave length of the coherent 1ight source.
It is noted that
QS =05 - T and (4)
® =00 -8 (5)
By substituting Egs. {4) and (5) into Eq. (3), using a bionomial

expansion and neglecting higher order terms (assuming [B|<<| 0P|, | 0S])

—

. _ 2x|CS 0P -7 (6)
we obtain A¢= pE——— + — ] B
A [(os .o5)/2  (oF . op)1/2

taking _ — —

ng = a unit vector along 05 = - % (7)
and _ —_— —- _

A, = a unit vector along OP = TT + mj + nk (8)
then

Ad == -i—“- <nS + no) B (9)
or

_ 2w
Ad) = - }\—- [Xi’. + ym + z(n-])] (]O)

where ¢, m, n are direction cosines of ﬁ;. The optical disturbance at

P due to Q is now expressed as

. 27
dEpq = ol {wt +¢ -5 [x2 +ym+ 2(n-1)] }dxdy (11)

The combined optical disturbance at P from all points in a two dimen-

sional aperture fis

T

AT A s
i



s I8
OF POOR QuALTY

. . 27
T = Fal (Wt¥0) _/:/;*1 = Dxavmy + 2(n-1)15,4, (12)

Co.sider a small aperture (say aperture 1) centered at the origin and
contained in the X - Y Plane. The disturbance at P due to aperture 1
is

- =i .i en
Ey = Ae1(Wt+¢) ./f ot Tlxe ym] dxdy (13)
area

Next consider a second aperture the same size as aperture 1 displaced
reiative to the first by ax, Ay, az. The disturbance at P due to this
aperture is

£, = AlWtre) J/ﬁ o1 2 Lxran)s + (yray) m+ (n-Dazlyy (g

area

or since Ax, Ay, Az are constants

T =F o §§_[sz + aym + az(n-1)] (15) ;
z i
The total disturbance at P then is i
C . 2w :
= T -i == [axe + aym + az(n-1)] (16)
EroTaL E]{ Tre }

The intensity at P is given by

=CE

Ip - ToTAL  © ETTOTAL (17)

whare

C = proportionality constant

*

E TOTAL = complex conjugate of ETOTAL
Expanding Eq. 17 and collecting terms yields

IP = 211 {1 + cos %1 (2ax #may + (n - 1) AZ}} (1e)

where I is the intensity due to a single aperture and typically repre-
1

sents a hale while the terms in parentheses represents "Youngs fringes"
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across the halo.

For further consideration of the sandwich technique let the X-axis
be coincidant with the displacement component being measured (pormal to
the camera axis) and let az represent the "gap" between film plates along

the 1ine of sight of the camera.

Then

Ip = ZI] {1 + cos g% [eax + (n - 1)az] } (19)
Fringes occur when .

2ax + (n-1)az =-%& (20)
with N=+1, + 3, - - =~
If az =0 or if ax >>o z then Eq. 20 reduces to

=N

ax = 55 (21)
or

i Nx(xz : 22) 1/2

2 X : (22)

and is equivalent to the usual double exposed specklegram on a single’
fiim plate (Fig 2).

If ax = 0, Eq. 20 reduces to

_ N2
(n=-1)az = rH (23)

which describes a fringe pattern of concentric circles (Fig 3). The
spacing between these circles is inversely proportional to aAz.
If Ax and Az are comparable in magnitude, the resulting fringe pattern
is curved (Fig 4).

Data can be interpreted according to Eqs. (20), (22) or (23). If

the fringes are relatively straight Eq. (22) yields the desired informa-
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Figure 2. Interference Pattern From Displaced Speckle Patterns
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tion. If the curvature of the fringes is judged to be significant,

translate and/or rotate one speckle photograph with respect to the other v
until the fringes become concentric circles and evaluate Az from the

concentric rings and Eq. (23). It is noted that n = z/(xz + 22)1/2.

Now with the determined value of Az and Eq. (20) ax can be evaluated.
Alternatively, if the curvature is significant, translate the plates to
produce closely spaced Youngs fringes then measure the fringe spacing
between adjacent fringes at the center of the halo where (n-1) stays
approximately zero. Hence Az need not be determiiied explicitly. By
letting the second specklegram (the one furthest away from the light
source) correspond to a particular specklegram, say the one of the load-
ed model, more information is available. In this case Az is positive.
Note that "g", (which is X/R) is positive on the positive side of the
X axis and negative on the negative side of the X axis, which means
that fringes are positive on the positive side of the X-axis and negative
on the negative side of the X-axis (see Fig. 5a). Fig 5(c) represents a
typical curved fringe pattern. Figs. 5(a) and 5(b) illustrate thet the
resulting pattern Fig. 5(c) is composed of two parts. One part repre-
sented by Fig. 5(a) 1is due to a displacement along the x axis. The other
part (Fig. 5(b)) is due to a seperation of corresponding speckles (or a
seperation of the two emulsion film plates.) When part (a) is added
to part (b) a curved fringe pattern results as shown in part (c¢) and
indicates that the displacement is toward the center of curvature of L
the fringes. Part (a) illustrates a negative displacement and when add-
ed to the concentric circles of (e) caused by a positive az results in

curved fringes illustrated in (f). Again note that the displacement

IR TII oy
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7s towards the center of curyature. Therefore, it is evident that curved
fringes can be used to indicate the sign of the displacements. If a
fringe pattern is not curved when using the sandwich technique and the
positive or negative nature of the displacement at a point is needed Az

can be induced to reveal this information.

Next there are cases when displacements are too small to cause fring-

es in a halo. For example in a cantilever beam the displacement near the
fixed end is small and no Youngs fringes will be evident in the halo cir-
cle. In thishcase the region near the fixed end is the region containing
the highest strainc and is thus the most important region from a design
view point. This difficulty can be alieviated with application of the
sandwich technique by mechanically displacing one film plate relative to
the other to produce more closely spaced Youngs fringes. The additional
fringes correspond to an apparent rigid body movement and do not contri-
bute to the calculated strain components. Normal strain components are
expected to be more accurately evaluated than shear strains since rigid

body rotations do alter the values of the cross derivatives of displace-

ments. Therefore to evaluate the strain state at a point it is recommend-

ed that the normal strain be determined in three directions, say 00, 450,
90°
gage rusette calculations.

Experimental Data Collection:

T explain how data for rotating structural members can be collected

via the sandwich speckle technique an example problem is presented.

The example problem selected was made up of two rotating tensile bars

with weights on the free end of each specimen for load and balance, Fig.

6 . However, of more importance theoretical strain results could be

, and these vaiuas used to calculate shear strain as is done with strain

o
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compared with experimental results for evaluation of this experimental
technique. Some effort was expended to isolate the system from vibra-
tions by using rubber pads and mounting the rotor shaft in air bearings.
It should be emphasized, however, that the speckle technique does not
require the same stringent vibration isolation as does holographic
techniques. The bar assembly rotated at about 3450 rpm.

The arrangement used to time the events for obtaining data is shown
in Fig. 7. The most important component in this arrangement was the
pulse ruby laser. First it produced coherent 1ight necessary for a speck-
le photograph. Secondly by being pulsed a dynamic event could be re-~
corded on film without blur. Data was gathered by taking a speckle
photograph of one of the tensile bars while it was rotating. Next the
tensile bar was stopped and repositioned in the same location that it
had when the dvnamic photograph was recorded and a speckle pliotograph
taken. The two negatives were sandwiched together and adjusted relative
to each other untif Young's fringes could be seen as a laser light was
passed through a small area of the negative. When Young's fringes could
be seen the negatives were judged to be correlated.

The sequence of events for making the specklegrams is noted. The
motor for rotating the tensile bars was turned on and ran for several
minutes to obtain a stable rotation. The timing sequence for the dynam-
ic specklegram was initiated by pressing the single beam reset lever of
oscilloscope I. One of the tensile bars had a small mirror glued to it.
When the mirror reflected the CW argon laser beam (after reset) on to
photodetector I an electrical pulse initiated a timing signal for A-

gate {a 20 volt pulse) of oscilloscope I. The timing signal was set
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so that the desired tensile bar would rotate into proper position as
the ruby laser pulsed to make a specklegram. Time (between 1.0 and
1.5 milliseconds) had to be allowed for the ruby laser power supply to
energize the ruby laser. During this interval between 1.0 and 1.5 milli-
seconds the pulse ruby laser was Q-switched and the ruby laser delivered
a large burst of Tight for about 50 nonoseconds duration. The sequence
occured as follows. The timed 20 volt signal (A-gate) from oscilloscope
I triggered oscilloscope II. At this instant B-gate (20 volt pulse) of
oscilloscope II turned on the ruby laser power supply. One millisecond
after B-gate activated the ruby power supply, A-gate of oscilloscope II
triggered the pockel cell pulse generator. The pockel cell pulse genera-
tor sent a 100 volt switching signal (1.5 microseconds in duration) to
the pockel cell power supply. The pockel cell was switched off and then
on, allowing the ruby laser to pulse. The coherent pu]sed laser illumina-
ted the rotating tensile bar and a dynamic specklegram was recorded.
The dynamic specklegram film plate was positioned with the emulsion
toward the camera lens and directly against a blank glass plate of equal
thickness. The blank glass plate was used so that the 1ight path of the .
dynamic specklegram would approximate the light path of the second (or
stationary) specklegram, where the emulsion is faced away from the camera
with the glass film backing in between. These steps made it possible for
the two emulsions from the specklegrams to be placed in direct contact
during the sandwich process. After developing and drying the dynamic
specklegram, it and the glass hlank were repositioned in the fiim holder.
The film holder is shown in Fig. 8. The screws located the surface of the

glass blank that was closest to the camera lens. The glass, in turn located

=
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Pin Screw
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Figure 8. Film Holder
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the film emulsion plane. The pins positioned the glass blank and the
film edges. The rotating bar which was photographed in the dynamic
specklegram was repositioned in the same imaged location by viewing
ihrough the repositiored film. With the bar in this imaged position the

glass blank and dynamic specklegram were removed from the holder. Now

a stationary specklegram was taken of the stationary bar by light scat-

tering from the bar, through the lens, through the film glass backing and

activating the emulsion. This procedure as noted before made it pos-

sible to sandwich the two specklegrams (the dynamic and stationary speckle-
grams) together with the emulsions touching. It should be noted that there
was no opaque backing on the film glass of the stationary specklegram

so that the pulsed light could pass through the glass backing and acti-
vate the emulsion. '

Next in the sequence after developing and drying the stationary
specklegram, the dynamic and sfationary specklegrams were sandwiched
together and held with the positioner shown in Fig. 9. This positiorer
holds one film fixed while the second film is.trans1ated and/or rotated
relative to the first such that Young's fringes could be observed. Dur-
ing this trial and error process if Young's fringes are observed the
negatives are optically correlated such that the wave front generated
through the first negative interferes with the wave front generated
through the second negative. A typical fringe pattern is seen in Fig.

10. When fringes were observed the two films were Tocked together and
data was taken at the desired points using the scheme shown in Fig. 11.
In this illustration with the film emulsions together the spacing,

AZ, between the emulsions occured only due to slight variation in flat- -

FHEE LT e G e e
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Fiqure 9. Film Positioner
S

(A)
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Figure 9. Film Positioner

(B)
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ness of the film plates. The amount of variation, &%, was not needed in
the calculations and was not determined. Sometimes the dynamic and sta-
tionary specklegrams would not correlate. In these instances the speci-
men (Bar)'position was rotated slightly (say 4.or 5 thousandths of an
inch at the bar tip) and a second stationary specklegram recorded. If
the dynamic specklegram and the second stationary specklegram would
still not correlate a third stationary specklegram was taken in the other
direction relative to the original position. Two to three trials usu-
ally produced correlation. It was noted that in a controlled experi-
ment with a continuous laser as much as 0.07 inch shift between speckle- i
grams was possible without loss of correlation.

Strains were calculated at various points on the centrifugally
loaded bar and compared with theoretical values. In this example, calcu-
lations were simplified since displacements at the center of the bar
were axial. Thus it was only necessary to find the displacement values
at these points and to numerically differentiate to obtain axial strains.
A second order central difference formula was used to evaluate the deriva-
tives. We chose the data points to be 0.0625 inch to each side of the
point of interest. The theoretical calculations were made assuming no
signif}cant bending and treating each cross section to be in uniform
tension. The tension was calculated using the inertia vector caused by
the material mass from the point of interest radially outward. Results

of three example points are tabulated in Table I.
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Table I. Experimental Results

Point Distance from Calculated Calculated %Difference Based

centerline to . strains from strains from on Experiment
interest point, data theory
inches in/in in/in
1 2.125 305 x 107 295 x 107° 3.3
2 2.417 289 x 10°° 203 x 1078 1.4
3 2.750 274 x 108 288 x 1076 5.1

The results seem to compliment each other and suggest the credi-
bility of this approach for analyzing strains (or stresses) in rotat-
ing parts.

Stresses which are induced in structures because of the rotation
of the structuée can be evaluated with speckle techniques. The data in
comparison with holography data is easy to obtain and especially easy
to analyze. Motion or vibration of the structure is not as restricted
with speckle techniques as with holographic techniques. The data collect-
ed is essentially full field.

The following paragraphs deal with numerical techniques for inter-

preting laser speckle data.

“n.
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Integration of Laser Speckle and
Finite Element Techniques of Stress Analysis:

Contemporary methods of stress analysis for design of complex struc-
tural components generally fall into two categOﬁies: (1) Experimental
methods, (2) Numerical techniques. Examples of current experimental
methods include laser related techniques (holography, speckle interferom-
etry), grid methods (Moire analysis) and photoelasticity. Some of the
currently used numerical techniques include finite element modeling,
finite difference analysis and numerical boundary integral methods.

Both types of approaches exhibit distinct strengths and weaknesses. For
example, the experimental methods of holography and speckle interferome-
try yield measurements of surface displacements of a structure. The
determination of stress typically requires differentiation of this data
and can result in a substantial loss of accuracy. Also regions of maxi-
mum stress are sometimes regions of relatively 1ittle displacement; thus,
experimental data may be sparce in those areas. Numerical analysis (eg.
finite element modeling) however, is often capable of accurate stress
evaluation but requires an accurate knowledge of boundary conditions
(boundary displacements and/or tractions). Such boundary conditions

are not always known (eg. surface pressure loads on a rotating turbine
blade). The potential exists for combining these techniques in a com-
plimentary fashion to make more effective use of their respective strengths
and to overcome their separate Timitations. By developing procedures
for effectively intermeshing the two types of analysis techniques a po-
tentially more effective tool for stress analysis and structural compo-
nent design can be expected. Investigation of this possibility consti-

tutes the problem examingd herein.
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Ralated Research For Use of Lasar Speckle
and Numerical Techniques:

Relatively 1ittle research has been devoted to developing an inte-
grated approach to stress analysis of the type proposed herein. Tradi-
tionally, the experimental and numerical techniques have been used as
separate tools with application to a common problem primarily for compar- ;
ison and validation of results. Occasional reports of the use of exper-
imental data for i{nput to a numerical model have appeared (7,8) but
without particular effort toward developing or exploring the potential
of this concept. Rowlands (9} reported the use of a finite element
type discretization and curve f4%ting technique on experimentally ob-
tained (Moire) displacement data for strain analysis. His results were
encouraging but his method did not fully exploit the strengths of the
finite element method in that all model displacements were specified
from experimental data, Thus, equilibrium and structure geometry played
no role in the strain calculations., Additionally, Rowland'sapproach re-
quires a large amount of experimental data in the regions of interest.
This requirement cannot always be met when using displacement measure-
mant techniques.

Recent reports of the combined use of experimental laser speckle
and numerical boundary integral techniques have appeared. (10,11) In
this approach a relatively small region of interest on the structure is .
"{solated" for analysis. Experimental displacement data is collected
around the boundary of this region and used as input data to a numerical
model of this sub-region, Good results have been reported for the test

problems that were investigated. A limitation of this approach is the
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inherent constraints on the boundary integral method as a numerical
technique. It is best suited to modeling small regions over which grad-
jents do not change appreciably. An entire complex structure cannot be
effectively modeled with this technique. Thus regions of critical stress
must be known apriori. Again, a large amount of experimental data must
be available in the region of interest. Finally, the technique is not
easily adapted to handling complex conditions (eg. non-homogeneities

or anisotropy) as is the finite element approach. It is noted that the
finite element modeling approach c¢an be used in precisely the same manner

as the boundary integral method in that sub-regions are easily modeled

NI I R R e T

provided the boundary conditions for the sub-region are available. Fi- i

nite element modeling is not restricted to sub-region analysis however,

and is generally more flexible in its applications than other numerical

techniques.

General Description of Speckle Analysis
With Finite Elements:

Speckle interferometry is a technique for expeiimentally measuring
"in plane" displacements (displacements normal to the direction of sight)
of a loaded object. This technique makes use of the fact that the small
imperfections of a surface uniquely "map out" that surface (the imper-
fections determine a "fingerprint'sf the surface). To record the in plane
displacements of an object, the characteristic pattern of the surface
under consideration is obtained by illuminating the unloaded object with
a ccoherent light source (such as a laser) and photographing the image
of the surface. The object is then loaded, prodﬁcing the displacements,

and the photographic film plate is exposed a second time. The film
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now has a record of the characteristic pattern of the surface imperfec-
tions and a record of how that pattern was distorted when the object
was loaded. If a beam of coherent light is passed through a small por-
tion of the processed film plate, the two patterns will cause the light
waves to interfere and produce fringes which can be related to the in
plane displacement of the illuminated point on the image. This experi-
mental technique is well suited to the study of relatively flat members
loaded in a plane stress state althougk other applications are possible.

Once displacements are obtained, the conventional method of obtain-
ing stresses is to numerically differentiate the displacements at the
point of interest to determine strain components and then to use con-
stitutive equations to obtain stresses. This requires displacements
to be obtained at many points in the area of interest. Unfortunately,
areas of interest {areas of high stresses - large displacement.gradients)
are not necessarily areas with large displacements. If displacements
are below the resolution of the measurement technique, insufficient
experimental data is available for local strain determination.

Use of the finite element method ailows (if necessary) displacement
data to be obtained away from the area of interest and in an area where

more accurate data can be collected. The finite element apprvach to be

used with speckle interferometry should accept displacement data to spe--

cify the boundary conditiéns for the area under consideration. Hence,
a conventional "displacement" formulation of the finite element model
is suitable. The boundary conditions are determined by specifying the
displacements surrounding the area of interest, not necessarily close

to the points of interest. Additional boundary conditions, such as

.
At e e ety
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stress free surfaces, are also readily accommodated. The finite element
method then uses the physical characteristics of the structure along with
the experimentally determined boundary conditions to determine the stress

distribution throughout the area of interest.

Description of Finite Element Program
and Modeling Considerations

A suitable element computer program into which experimentally ob-
tained displacement data can be input has been developed in-house. The
program employs a six-node, plane stress triangular element. The element
nodal points are located at the verticies and midsides of the triangle.
Two orthogonal components of displacement are permitted at each nodal
point; thus, twelve displacements or, "degrees of freedom" are associated
with each element. The displacement field within each element is interpo-
lated from the nodal displacements through complete, second degree poly-
nomial functions. Thus, linear stress distributions are permitted within
each element. A1l criteria for guaranteeing convergence to the "exact"
solutijon as the element mesh is refined have been met with this element. -
The program is capable of modeling linear elastic, nonhomogeneous, aniso-
tropic plane stress problems. Thermal stress modeling is also possible.
Any combination of nodal point displacement values can be specified. Boun-
dary tractions (normal and shear stresses) can also be specified as well
as "point loads".

To facilitate application of the nrogram an automatic grid genera-
tion subroutine was developed. By defining model boundary geometry an in-
ternal mesh of triangular elements with associated nodal coordinates and
connectivity parameters can be automatically generated with this

routine. Figure 12 illustrates grid generation for a complex structure
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by use of this program.

This finite element program was validated on several trial prob-

Tems with known solutions and found to give excellent results. The linear
strain triangle is relatively insensitive to aspect ratio and is far su-
perior to a three node, constant strain triangular element. Rigid body
movement can accompany the deformation without altering the stress field.
This feature is important since experimentally measured displacements
usually include some contributions from rigid body movement.

Some judgement is necessary regarding mesh refinement for problems
where stress gradients are not known apriori. Consideration of the per-
mitted stress variations across individual elements together with anti- i
cipated stress gradients in regions of stress concentration should form i
the primary guidelines for grid selection.

When analyzing a structure or a sub-region of a structure by finite 3
element analysis, boundary conditions on all defining boundaries of the |
grid must be specified before the problem can be solved. Either displace-
ments (experimentally determinéd or otherwise),‘boundary'stresses or com-
binations of both can be used. The selection should be based on the bound-
ary conditions that are known with the most certainty. If displacements
are experimentally measured by laser speckle techniques, for example, it
is 1likely that displacement boundary conditions can be determined along
all boundaries. If a portion of the boundary is, however, free of applied
traction, this stress boundary condition should be used in lieu of exper-
imental displacement data along that boundary. This is because such a
condition can be enforced and be totally free of experimental error. It

is noted that most finite element programs are written such that boundaries
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are automatically assumed to he fstress freef unless otherwise speci-
fied. Thus this type of stress boundary condition usually need not be
explicitly specified with input data to the program. Displacements and
non-zero boundary tractions are explicitly input as data. It should
also be realized that random pertabations in boundary data (perhaps due
to experimental error) can significantly affect local stress values.
Saint Venant's principle indicates these effects to be localized in some
sense provided that the boundary conditions are statjca]]y correct over-
all.

These comments are intended to provide some general guidelines for
consideration when selecting boundary conditions from experimental data

for use in finite element modeling.

A copy of the finite element program is included in the appendix.
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Abp]ication of Laser Speckle/Finite Element Technique:

Two applications of the Laser Speckle/Finite Element Technique are
presented. The first application is to a cantilevered beam with a con-
stant distributed load applied from the middle to the end of the beam.

The second application is to a "C-ring" in diametrical compression.

The Cantilevered Beam:

This example is given to illustrate how the completenass of descrip-
tion of the dispiacements at the points of applied loads effect the accu-
racy of the stress distribution obtained. Laser speckle data was not ob-
tained. Instead, displacements were determined analytically from beam
theory for an aluminum cantilevered beam 1 inch wide, 15 inches long and
1/4 inch thick with a constant distributed load of 3 1b/in applied from
the middle to the end of the beam. For finite element analysis the beam
was modeled using 20 plane stress elements, Fig. 13.

Five different cases were ana]yzed: The ¥irst case [Case 1] had
the displacement at the end of the beam due to the distributed load as
the only input into the F.E. (finite element) program. The other points
on the surface had thzir boundary conditions left to their defaultvalues
of being stress free (the stress free condition is the most accurately
known boundary condition except in areas where a force is known to be
applied, such as under the distributed load )_Case 2 had the displacements
at the start and end of the distributed load input into the F.E. program;
Case 3 had displacements input at the start, middle and end of the dis-
tributed load; Case 4 had displacements input at six points (every other
node) under the distributed load; and Case 5 had the displacements at

every node (eleven points) under the distributed load input into the
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finite element program. The normal stress, ox, at the surface versus

the length of the beam has been plotted for these five cases and are shown
in Figs. 14 -18 . Note that as the displacements at the applied load
were more completely described, ox approached the analytical curve for

GX .

For the second application it was desirable to apply the Laser
Speckle/Finite Element Technique to a model in a nontrivial plane stress
stata. It was also desirable to chose a model for which an analytical
solution was known. A "C-ring" in diametrical compression satisfied
both of these requirements. The stress state is nontrivial due to the
curved beam nature of the model; an analytical solution is available in

Theory of Elasticity, by Timoshenko and Goodier.

The C-ring had an inside diameter of 3 inches and an outside diame-
ter of 4 inches. It was made of aluminum and was 1/4" thick.

Equipment was needed tb hold the C-ring and to provide reference
measurements. In order to load the ring in diametrical compression a
special test rig was built, Fig. 19. This rig allowed displacement along
a diameter of the ring by applying a force through a hydraulic cylinder
arrangement. One of the main considerations in designing the test rig
was to restrain the C-ring from any movement out of the plane of interest
without inducing any additional forces which would effect the stress dis-
tribution.

In order to measure the diametrical displacement the C-ring exper-
jences, a dial indicator (accurate to 0.0001 inches) was mounted along
the diameter through which the force was applied. A calibration speci-

men was also included ‘n the experimental setup so that an object under-
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going a known rigid-body displacement would be recorded on the speckle-
gram.
Speckle interferometry was used to determine the displacements which

the C-ring underwent during the diametrical compression. The model was

i1luminated by a helium-neon laser beam diffused through a spatfal filter.

The images of the model were recorded on a Agfa-Gevaert 10E75 4" x 5"
fiim plate held in a camera arrangement. The first exposure of the film
plate recorded the image of the ring having a small amount of preload
applied to it. The second exposure recorded the image of the ring after
applying a diametrical compression which reduced the diameter along the
line of action by approximately 0.01 inches (referenced to the preloaded
position).

Data was taken from the specklegram along two radial lines (A-B
and C-D on Fig.20) separated by 30° on the C-ring. Spacing and orienta-
tion of the Young's fringes were measured along each cross section at
13 points corresponding to the nodal points on the finite element model.

Young's fringe information was recovered from the specklegram by
illuminating the film plate with an argon laser whose beam was converged
with a long focal length lense. The halo was projected onto a scribed
piece of frosted glass mounted such that it would be rotated to allow
alignment with the fringes so that their angular orjentation could be
measured.

Accurate placement of the specklegram in the laser beam was accom-
plished by using a translating platform which could be positioned in
three directions with micrometers. This platform also allowed rotation

about the axis parallel to the laser beam for ease of determining a

L TR T
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reference orientation for the Young's fringes.

Due to symmetrical considerations, only 90 degrees of the C-ring
(from the point of application of the load to the center) needed to be
modeled for finite element analysis. This portion of the ring was divid-
ed into 216 elements with the density of the elemerts increasing toward
the inside edge, (Fig. 21). The increased density of elements close to
the inside edge was necessary due to greater stress gradients in this
area.

To ascertain that this finite element grid would yield accurate
results, the principal stresses from the finite element program were
compared to those from the analytical solution. These stresses from both
solutions along the cross section in the middle of the model are shown in
Fig22 . The largest difference between critical stresses of both solu-
tions was less than 1.0% using this grid.

The Young's fringe data taken along the 0° and 30° Tines were re-
duced to obtain displacements in the x and y directions., These displace-
ments were plotted and a "best fit? straight 1ine was drawn through the
data in order to smooth experimental error effects, (Fig.23 and 24).
Data taken off of the lines were used as displacement inputs in the fi-
nite element program. These displacements defined the boundary condi-
tions along the 0° and 30° lines; other boundaries (inside and outside
edges) were specified as being stress free.

The validity of using a "best fit" straight line for the displace-
ment data was investigated by plotting the analytic displacements along
the 0° and 30° lines. A straight 1ine drawn through this data showed
very little deviation of the data from the line. Using the displace-

ments taken from these lines as inputs, the finite element program

e gt et Tk Py T d b 4
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determined stresses which were in very close agreement with the analy-
tically determined stresses at points removed from the cross-sections
where the displacements were input.

Principal stress results along the 15° radial line from the finite
element program using the straight line fit of the experimentally deter-
mined displacements is shown in Fig.25. It should be noted that the
stresses have been scaled such that the Speckle/F.E. determined princi-
pal stress on the inside edge match the analytically determined princi-
pal stress at this point. This scaling was done because an experimental
scaling factor could not be determined due to the fact that the calibra-
tion specimen appeared to have undergone other than a purely rigid body
in plane displacement. This only 1imits comparisons of the magnitudes
of the stresses and does not hinder the comparison of the trends of the
stresses.

Examination of Fig.25 shows that the analytic and Speckle/F.E.
principal stresses varied from the forced difference of 0 psi on the in-
side edge to a difference of approximately 1400 psi at the outside edge.
Note that the shapes of the curves are very similar and only their place-
ment and orientation vary significantly.

Figures 26 and 27 show new straight line fits through the experi-
mental displacement data. Although these new straight 1ine fits do not
seem to be "best" fits, they do appear to be within the range of un-
certainty for the experimental data as is indicated by the scatter of
the data. When displacements from these new lines were input into the
finite element program there was much better agreement between the prin-

cipal stress curves as can be seen in Figuré28 . The difference between
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the Spetkle/F.E. and the analytic principal stresses varies in this
case from the forced 0 psi at the inside edge to approximately 350 psi
at the middle of the cross seétion. Such a large variance in results
for the small change in displacements input dramatizes the sensitivity
of the stress results to the experimentally determined displacements.

The large scatter of experimental data about a straight line (as
opposed to the straight line naturs of the analytic data) indicates high
uncertainty in experimental data. The fact that the Speckle/F.E. method
was able to determine the general trend of the stresses from this un-
certain data shows definite promise for this method. A simple numeric
differentiation of displacement data would have yielded stresses not
very representative of the actual stress state. However, in cases simi-
lar to the "C-ring," accurate experimental determination of displacements
within a straight 1ine approximation should allow the Speckle/F.E. method

to closely determine the stress state.
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Finite Element Program
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PENSTSRDY IS A FINITF ELEMENT STRUCTURAL ANALYSIS PRCGRAM WRITTEN
Ry A, JCHM L, TURNFR, ASSGCIATE PROFESSOR OF AGRICULTURAL ENGINFER-
ING AT AURUPN HNTVEPSITY. PLNSTSGD USFS SUX NOOFD PLAIN STRESS TRI-
ANIG 1 AR FLFMEANT S, CONTAINSED IN PLNSTSGD IS A GRID ROCUTINE, NEVELOPED
RY FRAWK H, VALADE, JR, AT AUBURN UNIVFRSITY, WHICH GENERATES FLE-
MEMTS FOR A BASTIC SECMETRY DFSCRIBELC RY THE :SEP.,

LIV T W B T HFe |
%o W % 3 o o Mo

(o s st sl skt ok ok ok e e o2 o ofe o o ko o e o o o oK e ol oo e o o o ol ok e e ok o o e o ok o e e ok e e e o Rl Ok )
CREar AL AL e RS b NG Ea L L LN EEa LB aEELEREELELAEEEEEEEELEEELELELER
r 4/14781 THIS PROGPAM HAS BEEN MODIFIED FRCM THE VERSION IN STRSLISZ.
© THFE CHANGFS ARF SCT OFF RY RQOWS NF AMPERE SAADS (5£). JCHN WEATHERS
COAAr AR L AR AL CER LR R L LG E AL GE LB REEELERELEELLEEEEREEEEEREREEE
r
IMPLTCIT PDFRAL¥3(A-H =2
DIMINSTON XG(4RY) ,YG( 491 ) 4 IMATL(216),0(1,3,3),NOC(21646),B(962,
#R4); F{RAD)
NIMENSTION STONX(216,6) s STRMY(21€¢6) , STRNXY(21646)
NIMINSTON STRSX (216 46) ySTRSY{216:61,STRSXY {216,061V TITLE(1D)
NRN=5
NWT =6
AR L e E LR EL L L UL e L b e N E B LA L aL G LA ELELEELEEEEEREELLEELEEELELABERARERLS
REAN(NRN,,600)Y TITLF,THICK,RBDISP
5N FORMAT(10A9,/,F10.0+,F1C,.0)
WRITF{NWT, 6971 TITLE.THICK,RBDISP
AON FORMAT(Y 1Y 3 1N0AR /410"y ' THICKNESS='",F1044,/4y'C¥'y 'R, B, DISP=!,F10.4)
C ORGSR AL L e e F SRR AL E e NG L b L e EELaEERERGEARGRERBLELEELLAEELEERERLALER
QEAD(NCD,, TINNPGNFLEZNMP L NROW,NCCL
1T FOARMAT(S515)
WRITR(NWT y2) NNEGMELE AMP,NROW,NCCL
2 RORMATL YN, INND=Y 15, /, 100, 'INELE=1,T15,
* /21Oy INMD=t , [5, /, 100, INROW=1,15,/4'C',*"NCOL=",I5)
CALL AMAIN(NPDyNWTeNAP RELE yNMP ,ARCW yNCCL o XGoYGy IMATL, QeNOD,
AL F g STRNX g STONYy STPNXY,) STRSXySTRSYZSTREXY, TTTLE,, THICK,RBNDTSP)
CALL EXIT
STNP
END

stemEm ity
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.
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SUBRANUTINE AMAIN(NPD, NWT o NNPyNELE 4NMP,NROWINCCL s XG2YGy IMATL,QyNOD,
%Ry Fy STRNXy STRNV,STRNXY, STRSXy STRSYsSTRSXY s TITLE, THICK.RRDISP)

IMPLICIT RFAL*B(A-H,N-Z)

DIMENSION XGINNPY,YG(NNP) s IMATLINELE) yQ(NMP:3,3)NODINELE+6),E(3,3
%) 3S{12+12),3{NROWLNCOL )y FINROW)

DIMENSION M3CL(190),VOISP(100)sSTRNX{NELE+6)ySTRNY(NELE+6)4STRNXY
(NELE+6) y STRSXINELE¢6) s STRSY(NELE+6) o STRSXYI(NELE +6),TITLE(10)
LANG=100

CALL GRIDOY (NNP,XG,YG,NELE,NOD)

WOITE(NWT,17)

FORMAT(111',12X, *NODF N IJMBER' 414X, "XG'y28X,*'YG")

ng 7 I=1,NNP

RQEANDINRDw 1YL, X3 1),YG( 1)

WRITE(MWT,15) [+XG(I),YG(I)

FORMAT{' 0ty 13X» 15415X+sF10e44+20X,F10.4)

EORMAT(TS,2F10.0)

B LR R AR L SR AC L AL B EL L LG L ELAEEEELEEELELLEEERELELEERELELELE

"

c

100
19

e

READ(NRD«2)Y(IMATL(TI) I=1,NELE)

N 100 [=1,NELE

IMATL(TI) =1

WRITE(NWT,19)

FORMAT (* 17, 10X)
WRITFI(NWT,18Y(1+IMATL(I)yI=1,NELE)
FORMAT{YOY, VIMATL( 'y I3, 3=%,15)

C B GAGE B GEREE b Ea L LG EELLEECREELEEEEEELLEELLEEEGELLRBELELEER

2

¢

2

21

30
2?2

1N

FORMAT(SNI)

NN 3 I[=1 MM

PEANDINRD 443 (T4) 91 V9 Q{T4192)5QUTI4143),Q(142,2140(1,2+3),0(1,3,3)
WRITE(NWT,19)

WRITFINWT 420V ({13 JeKsQ(T9d oK) eK=d93),yJ=1,43),1=1,NMP)
FORMAT ('O 100" s Tl ' oIl ¥ 'y I1l,%)=%,E14,T7)
FCRMAT(6F10.0)

NN 5 M=1,MFLF

READ(INRD«HY T, (NOD(1,4,J)9d=1,46)

ENRMATITIS)

WRITF(NWT,?21)

FORMAT( ' 1, "FLEMENT NUMBER',20X, '*NODE NUMBFRS!')
nn 30 I=1,NELE

WRITE(NWT 4221 [ 4 INCO(T4d) ¢Jd=1,46)

FORMATI( 'O, 5X,15,10X,6{15,5X))

NN 10 I=1,NPOW

no10 J=1 ,NCCL

A{l1.J)=0.0D00

NN 8§ [=1,NFLE

N=IMATL( 1)

CALL MATL(N,QNMP,F)

[FIN.EFN.18) WO ITF(NWT,13) E
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CALL STIFF({XGs YGNODSNELEJNNP,S,E, I, THICK)
CALL ASSEMP(B,NROW,NCOLy SyNODNELE,I,12,6,2)
WRITF{NWT,6) [

CONT INUF

WRITR(NWT 13} ((B(IyJ)od=1,NCOL),I=1,NROW)
WRITE(NWT ,SNTI(F(T),1=1,NROW)

CALL BCFORC(NRD,F,NRCW)

WRITE(NWT,,S5J0)(F(I), I=1,NROW)

500 FORMAT(/,)0X,6F15.4)

CALL BCSTF3(R,=,NPOW,NCOL MBCLyVDISP,LCNG,NCISP,NCOL ,RANLISP)
WRITE(NWT 13)((R(T,4J)yJ=1,NCCL) +I=1,NRCW)

WRITE(NWTy SIVI(FII),T=1,NROW)

CaLL SYRAT{B,F,NROW,NCOL, 1,NROW,NCNL)

FORMAT(//74(/746F2046))

WRITE (NWT,?5)

FORMAT (P11, 32X, "NNNE "'y 14Xy ' X-DISP .1 ,22X,*Y-DISP,.')

M3 23 I=1,NNP

J=2%1

K=J=~1

WRITE(MWT 24T, F{K) F(J)

FORMAT ("0, [5 415X+ F14.7515X,E14.7)

CANT INYE

ARTTE(NWT,?7)

FCRMAT (' 1", *FLE. NOJ'93Xy"NODE NOL' 18X, "SIGMA-X?,1CX,* SIGMA-Y!,

*10Xs "TAY X=Y? y 10X *EPSTLON-X' y1OX'EPSILCN-Y' 10X, *GAMMA X-Y*)

nn 14 T=1,NFLE

N=TIMATL( )

CALL MATL{N,Q,NMP,FE)

CALL STPAIN(XGsYGoNONDyNELENNP+E4 [ F+NROW,STRSX, STRSY,

HSTRS XYy STRNX, STRNY, STRNXY)

no 15 K=1,6
WRITE(NWTGRO2) [y NOD(TyK) ¢ STRSX(T yK) ¢y STRSY{ T oK) STRSXY{1,K),

*STRMX{T 4K} »STRNY (I K)o+ STRNXY (T:K)

FORMAT (197, 2X,s 13, 6X T4, 11X, 6(EL4.T,2X))

LR R A B R RE G EE R CEEE R BN CE LB EEER LR EAARRELEREREEELEEELEEGRELE

503

STSMM = NSORT(((STPSATIWKI-STRSY(I,K))}/2.9000)%%24+STRSXY (T K )*%*2}
STSMMI 0.5000%(STRPEX(T4KY+STRSY([,K) )+STSMM

STSMM2 = Q.5N0NK(STRSX(TyK)+STRSY( T 4K))=-STSMNM

WRITF(MWT,5923) STSMMT ,STSMM2

FORMAT(1X,T27,2(E14.7+3X))

[ ST}

C GRS B R R BB RS GG SE L E R R EE L L LEEEEREEEELELEERERELELEEREGE

15

14

CONT INUYF
CONT N
RETIHRN
END
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SURRNUTINE ASSFMR(R,NRI) ¢NGN S NODyNFLE,NTRI,NDIM,NNP,NDFPN)

NNP = NO CF NCCAL  PCINTS IN ELENENT

NAFON = ND 0OF NEGREES OF FREEDNM PFP NCDE

MOIM = NIMENSTAN NOF FLEMENT STIFFNESS MATRIX = NNPXNDFPN

NOD = SLOBAL CCNNICTIVITY VECTOR %

NTRI = FLFMENT NC %

NRO = N NF POWS IN STRUCTURAL STIFFNFSS MATRIX *

NCNL = ND NF COLUMNS IN TOTAL STRUCTURAL STIFFNESS MATRIX X
%
*

'tkkk*****#*¢********#*****#**************ﬁ***#***************#*********
™

THIS RAUTIN® ASSEMALES A SYMMETRIC BANDEC STRUCTURAL STIFFNESS x
MATRTX VIA INRIVINUAL FLEMENTS. *
%*

P = GLNBAL STIFFNESS MATRIX(SYMMETRIC PRANDED) *

§ = ELFMENT STIFENFSS MATRUX *

%

N

*

TN YT YY)D OO

> s s o A0l ok Ak ok e e 3 sl e e o s e st o ok sl o ol e ke ol ool e ol e Rl s ol ot b e sl kot ol el sl e e ok

—
13

UTMPLIC 1T RFALXG(A-H,C-2)
DIMENSIAN NOG(NELF.6) yBINRC 4NCC Yo SINCIM(NDIM)

G 1, TN INDEX ROWS 1, N TNDEX CCLUMNS
DN 1 T=1,NNP
NROW = (NOD(NTRI,0) = LY*NDFPN +
G 1 Jd=1 NNP
NeaL = (NAOD(INTRT.J) = LY¥NIFPN + 1
" CHECK TN §°F TF RFLCW MAIN CIAGONAL

[FINROW,. GT.NCOL) 6LC TO 1
NBCNL = TARST  NCAOL-NRTh)+1
r N PN NYMAER IF DFGREES OF FREENCM PER NGDE
ne ? IN=1,NOEPN
an 2?2 JN=1,NNFPN

n CHECK FOR FLFJAFNTS BELOW MAIN CTAGCONALS
[F(NRCOLLEDLT1) G0 TC 10
G TN

1 CONT INUR
IF(IN.LY L IN) G TC 2
11 CONT INUF
NRCNLL = NRCOL #JN-TIN
NROWYL = NRAW-1+I[N
NRS = NNFON®([-1) + [N
NCS = NNFONX( J-1})+JIN
RINROWL,NRCOL 1) = RINROWL,NBCOLL; + SUNRS,NCS)
? CONT[NVF
CONT UNYE
RETYPN
END
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SUBRAUTINF RCFORCINRD, FyNROW)

IMPLICIT REAL*3(A-H,N-7)

DIMFENS ION FINROW)

NGO 2 1=1,NROW

F(I1=0.0000

READ (NRCy1INFIRCFE

WRITE(643) NFNRCE

FORMAT( 1!, 10X, 'NFCRCE=",15)
JFINFORCF +.F2. 0) RETURN
READ(NRN,T1)(NVAR,F(NVAR) yN=1,NFORCE)
FCRMAT (5(15,E10.4))

N0 10 I=1,NRCW

IF(FIT}.EQ.D) 50 TO 1C
WRITE(6+4)1,F( 1)

FORMAT (Y Q' , 'NVAR="',15,10X,'FORCE=",F14,7)
CONTINUE

RETISRN

END

e}

Bl e e S

i
i
i
*

AT ¢ 1 e e
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S JBROISTINE BCSTF3(B,FyNV,NC,MBCL,VDISP,LCNG,NDISP,NBAND,RBNISP)

3

IMPLYICIT RFAL*%S{A-H,C~7)
NIMENSION BINV I NC )+ FINV, 1) yMBCLILONG) ,VDISP{LCNG)
G
I e e e bk v ook o ok oo e ok ke ot e o e ol o o ook ot o ok ok ok o s ok ok o o e o8 o e o ok ok oK i ok ok o sk ok e e o o e s e o ol e ok
r
£ THIS ROYTINE PLACES NCN ZERC CISPLACEMENTS INTO THT SYMMETRIC STIFFNRS
G
1 o sk ool ok s et oo s o o sk o o o o ok o ook ok oo o o ok o oo ko o ok e s o o o o o ok ok ok ok e i o o e e o ko ok o o e ok
NRND=5
PEAD(5,100) MOTSH
100 FPRMAT(4110)
NDISPe = MDISP
O NDISP = NO OF SPECIFIEN DISPLACEMENTS
L THESF INCL'UDE PIGIN BCNY CISPLACEMENTS
PEAN{S,1N1) (VYVDISP{K),MBCL(K) K=1,MDISF)
e L e LB S C LR e GO L EE LG EEEEEEEEEECELELLEEEEREEEELEELEEEEES
101 FORMAT(F10.4,110)
inl FOPMAT(4(EIN.T,T15))

C
r kA% PUT IM RIGID BONY DISPLACEMENT ki
r.
ne 1001 K=1,MnNISo
1nm VDISP(KY = VDTSP(K)+RBDISP

r

AL LG B EE CE ARG LR EAE BRSO LG L L L EEEEEEEENERLEEREEELEELEERERELEEEEES
C M3CL = N0 OF VARTA3LE AT WHICH DISPLACEMENT IS SPECIFIED
rvnree= VALUF OF DISPLACFMENT
WRITF(6,192) MOTISP
1N2 FORMAT('1',10X, 'NDISP=7,15)
WRITE(6, 1021 {MACLIK),VDISP(K) 4K=1,NDISP)
103  FCRMAT(TO",'NVAR =14 T5,10X'DISPL,=',EL4,T7)
20 1 T=l,NDISP ‘
NVAP=M3CL(T)
VAL=VNISOo (1)
N0 2 J=1,NBAND
NR=MYAP + 1~
NRM = NVAR+.J-)
[FINR-D) 3.3,4

4 CONTIRNNE
FINR,1} = F(NR,1) —VAL*B(NR,J)
G(NR,LJY = 0,0n00

2 CONTINUE
TRF(NPM-NV)} 5,5,56

5 CONT INJE

FINRM,1Y = F{NRVM,1) - VAL*B{NVAR, J)
IS CONTINUE



B(NvaR,J)
FONT INYF
R{NVAR, 1)
F(NVAR,1)
CONT INUF
FETURN
FND

62
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SURRNDITINE NMINVIAGN,D,L M)
LAEON I A IR BRI B R BRI B B B L U I B B BB B I B N B R I IR BN B B BN BN NN I I B NE B RN NN BN BN B BN BC BN B Y R BN

SUBROUT INE DMINV

PURPO SF
INVERT A MATRIX (DOUBLE PRECISION VERSINN)

1SAGE
CALL DMINV(A,N,D,LM)

DESCRIPTINN CF PARAMETERS

& - INPUT MATRIX, DESTRCYED IN CCMPUTATICN AND REPLACED 8Y
PESHLTANT INVERSE,
ARNER CF MATRIX A

Z
I

D - RESULTANT DETERMINANT

L — WNRK VECTOR 0OF LENGTH N

M - WOPK VECTCR CF LENGTH N
RFYAP KS

MATRTIX A MUST BE A GENERAL MATRIX

SURRNIJTINFS AND FUNCTION SUBPROGRAMS REQUIRFED
NON®

METHON
THF STANDARD GAUSS-JORDAN METHCD IS USEC. THE CETERMINANT
TS ALSO CALCULATED. & DETERMINANT NF ZERQ INDICATES THAT
THF MATRIX 1S SINGULAR.

® U B 9 S 00 S S T O OO E RO D T AP OO OSSPSR OE e PSSO SNE B TSI EN SO E O

IMPLICIT PFAL*3(A-H,C-7)
DTIMENSTON ALL),L{1) M(1)

SEARCH FNR LARCGFST ELEMENT

£=1.0090
NK==N

"N 90 K=1,N
MK =NMK +N
LIKY=K

M(K) =K
KK=AK+K
BIGA=A(KK)
N0 20 J=K,N
TZ=N={2-1)

shen L

SRS s gde i atid

cxwpeyer o ow T
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No 20 [=K,N

1d=17+1

[F{NDABS(BIGA)-DABS({A(TJ))) 15,20,20
31GA=A(T1J)

L(K)=1

M(K)=

CONTINUF

INTERCHANGE RCWS

J=L(K)

[F{J-K) 35,35,25
KI=K-N

M 30 I=1,N
KI=KT+N
HCLN=-A(KI)}
JI=KT-K+ )
A(KE)=ALJT)
A(JTY =HCOLD

TNTEP CHANGE COLUMNS

[=M(K)

IF(T-K) 45,455,138
JP=Nx(1-1)

02 40 J=1,N
JK=NK+]

JI=JP+)
HCLD==A( JK)
A(JKY=ALJT)
A(JT) =HCLD

CIVIDE CNOLUMN BY MINUS PIVOT (VALUE NF PIVOT ELEMENT 1S

COMTAINED TN RIZA)

[F{RICA) 4BR,4A,48
D=n.0"0N

RETURN

nno55 [=1,N

IF(T-K) S0,55,5C

T K=MK+

ACTK)Y=A( IK)/(=3164A)
CONTINVFE

RFNJCE M7TRIX

N0 65 T=14N
[K=NK+T

T
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65

70
748

238}

100

115
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HOLD=A( 1K)

1J=1-N

T 65 J=1,4N

TJ=T &N

IF{I-K) £&9,65,AC
[F{J-K) 62,65,67
Kd=TJ-1+K
A(TIY=HOLDIRA(KI)Y+AL{ 1)
CCNT INYJE

DIVINE POW BRY PIVAOT
KJ=K-N
KJ=K J+N
IF(J-K)} 7D,75,70
AlKJY=ALKJ)/BIGA
CONT TNVJE
PPODICT AF PIVATS
N=0%B15A
REDPLACE PIVAT BY RECIPROCAL

A{KK1=1.0NN0/B1CGA

CNNT INYE

FINAL 20W AND COLUMN INTERCHANGE
K =N
K={K-1)
TFIK) 150,15C,105
I=L(K)
JFOI-K) 120,129,1C8
JO=N*(K~-1)
JR=N*x(T1-1)
N 110 J=1,N
JK=J0+J
HCLN=A4(JK)
JI=JRr+y

ACJKY=-A(JT)

A(JT)Y =HOLD

J=M{K)

IF(J=K)Y 14N,100,125
KI=K-N

N o130 I=1,N
KI=KTIsN

o g s




139

159

HCLN=A(KT)
JI=K[-K+J
A(KIY==-AC(J1)
ALJT) =HNLD
6N TO 100
RETURN

END

66

ORIGINAL PAGE 1S
OF POOR QUALITY




)

21

15

1%~

67 ORIGINAL PAGE IS
OF POOR QUALITY

SUBRCUTINE GPTINLILL,XGaYG,yL2,NCD)

IMPLIMIT RFALX3(A-H,N=-Z)
DIYENSTIOAN PSPAN(2N) yNOD(L246) o XG(L 1), YG(LL)
REAC(5,157 NPAP
READ (S, 15) ANUMS
WRTITFIH,20)INOAR,NUMS
FORMAT (*1',2( 15, 2X))
FCRMAT(1615)
£ 1 T=1,MUMS
RFAD(5y16) PSPANIT)
WRITF(6+21){PSPAN(TI),I=1,NUMS)
FORMAT('0'"WS(F10444,2X))

K=1

I1=2%NIJMS+2

G 2 J=1,NPAPR

REAN (54 16)STRXySTRYSTPX,STPY
WRITE(64+21) STPX,STRY,STPX,STPY
FORMAT (8F10.4)

XGUK)Y=STRX

YCIK)I=STRY

SPANY=STD X-STR X
SPANY=S5TPY-STRY

20 3 L=1,NUMS
FRAC=PSPAN(L)}/100.0D3C

ENC X=SP ANX*FRAC
FENCY=SPANY®FRAC

Kl=K+1

XG(K) )=XGIKI+ENCX/2,2700
YG(K1)=YG{KY+=NCY/2.0DC0O
K2=K+2

XG(K?2)=X"{(K)+ENCX
YG(K2)=YS{K)+ENCY

K=K?2

K=K+T1]

K=1[1

NO=11-1

N1=NDPAP ~1

BC 4 J=1,M)

KD =K+ND

KM=K-ND
XG(KI=0.5N000% ( XC(KVM) ¢XG(KD))
YGIK)=0,5N0CH*{YG(KMY+YG(KP))
0 & L=1,NMS

Ki1=K#+1

KM=KM4+2

XS{KLI=0.5N00%{ XG{KM)+XG(KP))
YGIKYYI=0,.,5D00%{ YGI(KM)I+YG({KP))
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K2=K+?

KP=KP+?
XGIK2)=CSDO0®R( XGIKM )& XG(KP) )
YG{K2Y=0.5N00%(YG{IKN)+YG(KP))
K=K2

K=K+I1

IN=0

I=1

[2=11-2

CO 6 K=1,N1

TA=TDENG + 1

[B=(ID+1)%NC+1

IC=( IN+2 )} %&NC+]

nn 7 4=1,NUMS

NOD(T,1)=T1A

NOD(I,?)=18

NODTT,3)=1C

NOD(I,4}=18+1

NON(T.S¥=1A42

NOD(T,6 ¥=TA+1

I=I+1

NOD(I,1 =10
NON(T,2)=1C+1
NOD(T ,3Y=IC+?
NOC( T.4)=18+2
NCDY{T,5)=TA+?
NCN(T,6)=1R+1
TA=TA+?
TR=1A+2
IC=1C+2

I=1+1

ID=TN+2

WRITF RESULTS
L1=(NPAR¥2-1 1% {2%xANUMS+1)
RO 8 N=1,L1
WRITE(A LT INGXGINY,,YGIN)
L2=2%NUMS# (NP AR-1)

o0 9 N=1,12
WRITE(6,1R) (N (NDD(N,J)ed=1,8))
FORMAT( '0O', I5,2(3X,F10.4))
FORMAT('0O' ,775)

RETURN

Fr 0
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SUBROUTTNE MATL(N,QyNMR, )

IMPLICTT REALRS(A=H,N~T7)

DIMENSTION QINMO,3,3),Q1{3,3),E(%,3)

Ll A O ) AR

L JLt=11,3

OCICTLeJLI=D(INLTL I
AT, =01 00,J1)

AT=01(1, 10801 (R IRCL(3 ¢ =QLI2,31%X2)=QL () 42)%(QL(LsR21%Q1L(3,3 )~
AQLE23)XNLEL, IR0 RIX(AL (1, 2)0%Q1L(242)=Q1(2+21%QL (L))
i(l.l)“dl(? 21801{R, R)=QLI243)X%2

TlLe2)==01 (L2101 (3,30 4CGLIL31RQL(2,3)
L3 )=0001, 204002, ?)=C1(2,2)0%01(1, )
FL242)30U0Y 11RO, ) =Q L1, R) X2

P20 3)==RUEL, 1IXQU(2.3) 40014 21%QL(1,R)
FU302)=01(1, 1)8RR1(2,2)=-Q 11 1,2 )x%2

W 3 JI=1.?

N3 K1, d

Pl .Kti=sfrig1K1}/07

FUKLJTY=R (T K1

CONT INUF

RETIRN

'ND
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SHRRNYTINF STIFF(XGyYGyNODNELE NNP 4 Sy E, TE,THICK)

TMPLICIT BFAL¥*9(A-H,C~2)
YIMENS ION XGINNP ), YGINNP) ,NOD(INFLF,F) 50 12,12},
(B3R X{E) Y {6),C(6,4,6)
PIMENSION XXTINT(Os6Y s YYINT(6,6) ¢ XYINTIELH)
DIMENSIPON TTY(A)Y,T1T2(6)
KN1=NQD( R, 1LY
KN2=AON( 17 ,2)
KN3I=NDOO( [F,2)
KN&=NONC TFE &)
KNS=NON(TFE,5)
KN6=NON( (F,.,6)
X {(1)=XA{KNT)
X(2)=X3(KN?)
X{31=XR{(KN?)
X(4)=XG(KN4%)
X{5)=XG(KNSR)
X(A)Y=XG(KNA)
Y{l}=Y5{KN1)
Y(2)=YGLKN?)
Y () =YG( KNR)
Y(4)=YR({KNG)
Y(5) =YG({ KNR)
Y8 =YG{KNG)
a0 L I=1,4A
C(l.1)=1,00Q0
CUlL,y?2)=X{1)
C{T.+AN=V(T)
ClLe4)=X{IVRY(T)
CAlTeS)=X(T¥XX{T)
CUUe Y=Y CTYXY(T)
CALL OMINVIC AN, ITY,IT2)
YC=(X(1)+X{3)+¢X(5))/2,0D00
YC=(Y (L +Y(3)eY(%))/2,00C0
rn 2 1=1,6
X {0 =X{1}=XC
YiIy=¥Y{T1-YC
AA=Q.5000% (XELIX(Y(3)=Y(B))X{3)x(Y(S)-Y{L1))+
EXAS)IAMY(1Y=-Y(3)))
A=CABS(AA)
PL=XCXYC +{ 1.0N00/12.CDCC 20 X{L)IRY (LI #X (31 XY () £X(5)%Y(5]))
D2=YCXYC+( L. 0NN0/12.0DCO) (Y L) RYI L) ¢Y ()XY (R)+Y{S)xY(5) )
PE=XCAXC 401 .0NN0/12.0D00 X X1 &X (LY +X (3R X I+ X (S5 )%X(5))
nOo3 [=196
ne 3 J=1,4
XXINT(Ts JI=AX{2(2,1)%CL2,J)1+2.0D00XXCR{C{2,1)2C(S5I+CLB,])*
ACL23J)VEYCXR{C (A4, DIRCU2,J)4C(2, 1) 20 04,0))+2,.CD00%PIXR(C{H,]) %

-

e RTINS

B e T

TR
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#C(4yJV+C {4y 1VRC (5,51 V1+C (4, 1V*C(44JVXP244,0D00%CI5, IV#HC(5,4)%P3)
3 YYINTUL,J)Y=A%(C(2,1)*C(3,J)1+2.0DCO*YCE(C(3,TI*C(6,J)4C 16,1 %

XC(3, IV XCH(CI 3, INAC L4, J)+CLA 1) *CU34J) ) ¢2.0N00%PLX(C (4TI *C{6,J) 4+

XCI6,IYRC (4, VY 4C (A, TIAC (4, J)%P3+4 . 0DO0OXC(H,11%C16EL,J)%P2)
ng 4 1=1,%
K=1+1
mn 4 J=K06
XXINT(Jy DI=XXINT(T,4)
4 YYINT(J,I)=YYINT(],J)
nn S I1=1,6
NS Jd=1,6
XYINT T J)=A%(C{2, 1VXC(3,J)+XCE(C(?2, 1V #C(4,J)42,0D00%C(5,1)%
B30 JIVEYCR(2,0000%C (2, 1)%C 16, J)+CLA, T)XC (I, 0NV (Cl4 L )%EC(44J)+

HCAS,11XC 16,01 %4.0N00 %P L+2,0DCO0*C( 4, [)*CL6,J)%02+42.0D00%C(5,1)%
#C {4y J) XD Y

J=1

PO 1O N=1,6

SEled)=E (Y g LYRXXINT (Lo NI+ECLy3Y X (XYINT{ Lo N)+XYINT(N, L} )+E{(3,3)%
AYVINT (1L, N)

RERLS!

S{LyI=E(L 2 )XY INTULyNI+E(L3) 2 XXINT{1,NI+E{3,2IRYYINT(L,N}+E{3,3

*)AXYINT(N, 1)
SU2yJY=FEL24 2 RYYINTUL,NI+E(2,s3) R (XYINTINGIY+XYINT(L 4 NII+E(3,3)%
=#XXTNT(1,N)
10 J=4d+1
J="
NN 20 N=2,6
S{2,y J)=F ({23 LIAXYINT (Ng LIFE(2y2) XYY INTLIyMIFFE( L LIRXXINTI LM+
E(A, Y XFXYINT(L,N)
S{A, B)=F 0L, LIEXXINTU2,NI+E(Ly3)&IXYINT(2,NI+XYINTIN,2))+E(3,3)%
*YYINT(2,N)
NEREA)
S{B3e V=Bl Ly 2)RXYINTU{2yNI+E{Ly2FuXXINTIZyNI+E (2,3} FYYINT(2.N}+
*FE (3,2 )XXYINTI(N, ?)
S{asJ)=F (242 )%YYINT (2 NI+E{2+3V%(XYINTIN,2)V+XYINT(2,N))I+E(3,3)%
EXXTNT{2,N)
29 J=Jd+]
J=95
NC 20 N=1,¢&

S(ayJ)=F 2, LIXXYINTINs?2)+E(243)XYYINT(2,N}+E {241 )*XXINT(2,M)+
HE(3, 2 PEXYINT(D(N)

CSUSy JI=F{ Ly LIRXXINTLIGNI+E( Ly 3)H{XYINT(3,N)+XYINT({N, 3} )+
FF{3,3YRYYINT(3,N)

J=J+]

S JI=F{ Ly 20 XY INTUI2,NIFE(L,3) AXXINTI2,NI+F{2,2)%YYINT(3,N)+
T {34 F)RXYINT (N,

SOV IN=E 242 VXYYINT{ALNI+E(Z2,2) % (XYINTING2)+XYINT(3,N})+
AF {3, 3)EXXINT(2,N)
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20 J=J+)
J=7
M 40 N=64,6
S{6y JIZF(2y 1)EXYINTING3)XE(243)%YYINTI34NI+E(3,1)xXXINT(3,N}+
#E {3, 2 )XXYINT(3,N])
SUTeJ)=EL Ly L)EXXINT (44 NI+E{L 43V % (XYINT(4,NI+XYINTIN,4) )+
#E (39 2VRYYINT(4,N)
J=J+1
SITyJY=FlLy2)%XYINT (4 NI+E{L 3)RXXINT(4,N)+E(342)FYYINT(4,N)+
H#E(3, 2)EXYINTIN, &)
S(RyJI=F (24?2 )%YYINT(4 M) +E(2, 2% XYINT(N,4) +XYINT(4,N) )+
EE(3,3VEXXINT(4,N)
40 Jd=J+1
J=9
NC 50 N=5,6
S(8eJY=F(2sLIEXYINT(NGyG)+E(2,3)XYYINT(4NI+E(3,1)EXXINT(4,N)+
#¥E (3,3 VEXYINT(4,N)
S(TeJ)I=F ()L g L YAEXXINT(S ¢ NI+E(L+3)X(XYINT(SoNI+XYINTIN,5))+
H*E{2, 3VXYYINT(5,N)
J=J+1
SOy JI=F Ly 2VAXYINTIS¢NY+E( L3 #XXINTI{SNI+F{3I 2} =VYYINT{S,N}+
®F (3, 3)%XYINT(N,5)
SULO s J)=F{ 242V %2YYINTUSWNI+E(2,3) % {XYINTIN,SV+XYINT(5,N} )+
*E (3, 3)EXXINT(S,N)
50 J=J+1
SUINGLLY=F( 24 LY EXYINT(E645V+E(292 1YY INT(S546)1+F (3 4LV XXXINT(5,6)+
E(3,3)%XYINT(5,F)
SU{1L1e11)=Fl Lyl )EXXINT(6,6)+E(1,2)R(XYINTIE,6))%2.0D00+E(3,3)%
AYYINT(6,46)
S(L1912)=F {1421 %XYINT (L 6 +E(L,y3)EXXINT(A6)4E(243)*YYINT
¥(byh)+F(3,3)VEXYINTIE, 6)
S(12912)V=F(2¢2)XYYINTL{EYyO6)I+E(243)*(XYINT(6,46))%2,0DN0+E(3,2)%
EXXTINMT (454 6)
ne 60 1=1,11
K=1+1
NC A0 J=K,y12
S(Jy1)=SIT1,J)
A0 LCNT INYF
C LR AL LEC LR LR LEEE L ELLEEELEEEELEEEREEEELEEELLGEEEEEEEELEBEEELELE
nC 70 I=1,12
nn 70 Jg=1,12
S({T4J)=S{1,J)*THICK
70 CCNTINURE
CERSEEREEE LR EaECAEEEEEEEnEEEEEEEELEREEEEAEELEENALEELELEELEGEELEEELELEE
PETURMN
END

'

T T,
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SUSRAUTINE STRAIN(XG, YGyNOOJNELE oNNP R TEWFoNRCW, STRSXy STRSY,STRS

AXY 3 STRNX 4 STRNY,, STRNXY )

IMPLICTY REALX]{A-H,C~-Z)

NIMENSINN XG{NNP ), YGINNP) NOOINELEWAI+E(343)yFINROW) 4C 16 .46)
NIMENSINN STRSX(INELE+H) ¢ STRSY(NELE+6)+«STRSXYINELE+6) «STRNXINELE+5H)

%y STRNY{NFLF 4&) v STRAXY(NELE, )

DIMENSION X{R) Y& Y,ITL(8),1T2(6)
KN1=NON( IR, 1)
KN2=NO( I&, 2)

KN3I=NOD( T,
KN4=NONL 1R, 4)

KNS5=ND TF,5)
KNLH=NODR( IR ,6)

FSTABL ISE € MATRIX
X{1)=XGUKNL)

X{2V=XG{ KN

¥ {1 =X (KN?)

X {4} =XG( KNS )

X6 1=XA0 KNS}

X (6)=XGIKNGK)

Y{1)=YG{ KN1)

Y{2)=YR{ KN?)

Y{?)=Y5{ KN)

Y{4a)Y=YR{ KN&)

Y(G)=YGL KNS)

Y {5)=YS3 KNA)

FEMoyT= € MATRIX

e 1 I=1.4.6

C{71.1)=1.D000
Cily2y=X(11

C(r, M=V ()

C Tl ya)=X(TY%Y( )
CllyB¥=X{11X(T])
C{laAY=Y (T )XY(T]

INVEPT C MATRIX AND CVERWRITE
CallL DMTAV(C.6,0,1T1,172)
CaMPTFE STRAINS AT NCNES
ne 28 N=1,4

STRNX{TIF N)=0,20(0
STRNY (TR N)=0.0QNCH
STRNXY{TE,NY=N,NNON0

ne 28 Jd=1,6

NN=NDD(TIE,J)

JU=2 ANN=1

JV=JU+l

STRNX(IE N)=STANX(TE,N}+{(C(2,J)+Y(NIXC (4, )+

X7, ONO0FX (NVRC {5, J )Y *F (g
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STRNY ([T ¢N)=STRNY(TFE NI +{C{3,J)+X{N)¥C(4,J)¢
¥2,0NCOXY (NYRC (A, JYIXF(JV)
25 STRNXY(TE N)I=STRNXY(IEJNIH(CU34JI+XINI¥C(4,J)+2.0N00KY{N)*
XC(AYJIIXF(I ) R(CTI20 Y EYINIXC{ 44 J)+2.0DCOXXINIXC(ELJ) VRF(JIV)
GCCMPUTE STRESSES
NN 26 N=1,6
STRSXU{UTFWN)I=F{ Ly L)SSTRNX{IEyNI+E(142)X%STRNY({IF NI+E( LIV XSTRNXY
*TELN)
STRSY(TIEWN)I=FL L i )RSTRNX(IEZN)I+EL2,2)%STRNY(IEN)+E(2,3)
*¥XSTRNXY( IFeN)
26 STRGXY{TIENI=F (1L 3)ASTRNX(IESNY+E(2,3)2STRNY(IFyN)+
*¥F({3¢ 3YXSTRNXY (£ ¢N)
RET'JRN
FND

st

s
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SUBROUTINF SYRAT(ALB,NRCW,NCOL »ISIGsNVNC)

THI< SUBPOJTINE SOLVFS SYSTEMS OF SIMULTANEOQUS LINEAF EQ-
AT ICNS FOR WHICH THF MATRIX OF COEFFICIENTS (CALLEC A)
1< B80TH SYMMETRIC ANN RANDED. THE MATRIX A IS DIMERSTICON-
FD A(NROW,NCOL) WHERE NPOW IS THE NUMBER CF EQUATIONS AND
NCOL IS THFE BANC WICTH, THE PRINCIPAL CTAGONAL IS STORED
IN THE FIPST COLUMN NF & AND THE NCNZERN BANDS ABCVE THE
PRINCIPAL DIAGONAL FORM THE BALANCE QF A. THE RIGHT HAND
SINE COLUMN VECTNRS ARE STCRED IN B WITE EACH RPIGHT HANC
SIDE FNRMING ONE CCLUMN, HENCE B IS DINENSICNED B(NROW,
NRHS) WHERE NPHS IS THE NUMBER OF RIGHT HANL SIDES FQR
WHINH THF SCLUTICN IS DESIRED. KO IS AN EXECUTION INDIC-
ATRR., [FMPON RETYRN TO THE CALLING PPQOGRAM, K IS ZERC,
TH= EXFCUTICN WAS SLCCESSFUL AND THE ANSWERS ARFE STOREC
IN R, IF KC IS NOT ZERO, THE EXECLYICN FAILED BECAUSE
THF PRINCIPAL DIAGCMAL FLEMENT IN THE KC'TH ROW wAS ZERC.
IN THIS EVENT A NCTE TS WRITTEN CN THE CUTPUT PAGE. THIS
ROTINF DFSTROYS THE MATRICES A AND BR.

IMPLICIT eRALA3(A-+,C-2)
NIMENSION A(NV,NC),B{(NV,1)

VyNC = ABSOLUTE DIMENSICNS CF A,B8 NRCW = NOQ 0OF VARTABLES IN MATRIX

NCOL = BANDWINTH NF PRESENT SET OF ECQUATITIOANS

(
1

19

SIS = 2 SIGNALS CNLY PEDJCTION OF R.H.S.VECTOR AND BACK SJBRSTITUTICN
N1 FORMAT(//64H YOU COOFED --- THERE IS A ZEROQ CN THE PRINCIPAL DIAGOD

INAL IN THE(T4,3H TH QCh,.//)
50 T0(18,19), ISIG
CCNT INUF
NHALF=NACL-1
NROWM=NR Ciy—-1
NRNWH=NR CW-NHALF
YC A 1=1,NROWM
IF(A(LI,1)) 1,15,1

1 PECIP=1.,0DON/ALT,,1)
[F{T-NRNOWH) 2,2,°?
? LINIT=NHALF
50 TC 4
3 LIMIT=NRDW-I
4 N0 A J=1,LIMIT
JROW=1+)
RATINP==A(],J+))%RECIO
N0 5 K=Jd,LIMTIT
JCCL=K+1-)
A(JROM WJCPLY=A(JROWLJCAL)I+RATIC*A( [ ,K+ 1)
CONT INUF
CONTINYF

S
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na 17 I=1,NROWM

N0 17 J=1,NHALF

Td = I+J

TE(IJ.ST .NROW} GC TC 17

BOLsL) = B3(1J,1) = ROT, L)*ACT,J+1)/A01,1)
CONTINYE

IF(A(NRDW,1) ) 74147
RECIP=1,CNCO/A(NROW, 1)
AINFNW, 1 )=BINPNW,1)*RECIP
N0 13 I=1,NRDUM
IROW=NRDOW-1T
RECIP=1.0N00/A( TR IW,1)
[F{I-NHALF) 9,110,193

L IMIT=1

6C TC 11

LIMIT=NHALF

NC 12 J=71,LIVMIT
JRCW=IROW+J

JCOL=J+1

RUIFCW 1 )=B{I2CH,L}-A(IROW, JCCLI*B{JROW, 1}
RIIPOW,L)=RIRCW,LV)*PFCIP
K0O=0

PETHRN

I=NRCW

KC=1

WeITE(6, 101 1KN

RETHIRN

FND

S ta—
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