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1. INTRODUCTION

The work presented herein represents the results of the
first phase of activities sponsored by the NASA Lewis Research Center
under Contract No. NAS 3-22530. The activities were directed to the "Con-
tinued Development of a Detailed Model of Arc Discharge Dynamics". This
work is a continuation of previously documented results on the subject
[Beers, et al., 1979]. The purpose of these -tudies is to develop a model
of the catastrophic breakdown and discharge of spacecraft dielectrics which
have been charged by the geosynchronous substorm plasma environment. In pre-
vious studies, a series of codes (SEMC, CASCAD, ACORN) were developed to
describe the development of a single electron-initiated avalanche into a
negative tip streamer. A conceptual model was also presented for a discharge
mechanism which proceeds by a stochastic (random) successionknf this basic
process. The results presented herein are specifically directed toward a
more fundamental understanding of this model. A major portion of the effort
was directed towards characterizing the numerical solutions computed with
the code models.

A primary goal of the studies was to explore the parameter space
assoctated with the numerical solutions of the code models. Preparatory to
initiating these parametric studies, it was necessary to modify the code pack-
ages in order to use them. The required modifications are described in Sec-
tion 2. Details of these changes and a user's manual are described in a sepa-
rate documert entitled Operational Aspects of the Computer Codes: SEMC,
CASCAD, and ACORN , Beers Associates, Inc., Report No. 1-82-16-04.

Section 3 of the report details the results of an extensive
series of computations over a wide range of problem parameters. The re-
sults are presented on a code-by-code basis. In Section 3.1 the results
of SEMC computations of the electron distribution function are presented.
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Computational results from the CASCAD model of the undistorted avalanche

are given in Section 3.2. A total of 60 separate calculations were per-
formed for each of the above 2 sections. Section 3.3 describes the de-

tails of ACORN calculations of the evolution of the self-consistent electron
avalanche. Eleven distinct computational configurations were considered here.

Section 4 gives a very brief discussion of the work on discharge
initiation in space. The reader is referred to several appendices where
published papers on the subject have been reproduced. The published results
describe the activities performed during the contract period. Work of a more
speculative nature is presented in Section 5 on discharge quenching and blow
off mechanisms. The results of all work are briefly summarized in Section 6.

Six appendices to the body of the text present reproductions of
published papers which were generated either directly or indirectly by the
work described in this report. Appendices 1 and 2 describe semi-analytic
calculations of the electron distribution function. These results support
the interpretation of the SEMC results of Section 3.1. A paper describing
the preliminary results of Section 3.3 is reproduced as Appendix 3. Appen-
dix 4 gives detailed calculations supporting an internal discharge initiation
mechanism which was developed. In Appendix 5, calculations of thermal break-
down in the presence of field distortion are given. Finally, further de-
velopments in the classical approach to the discharge problem are given in
Appendix 6.



2. CODE MODIFICATIONS

An extensive set of modifications to the SEMC-CASCAD-ACORN family
of computer codes previously developed has been implemented. The set of modi-
fications may conveniently be split into two areas: upgrades to the physical
models; and installation of graphics. These modifications will be discussed
in the following sections on a code-by-code basis. Operational features of
the updated codes are separately documented in a user's guide report. The
modified codes were delivered and installed on the Lewis Research Center
UNIVAC 1108 system.

2.1 SEMC MODIFICATIONS

Three major changes were made to the SEMC code:

o Modification of the mean free path sampling algorithm;

/
o Computation of an equilibrium velocity-space distribution; and,
e Automatic linkage to the CASCAD code.
These modifications are discussed in turn below.

The first change modified the mean free path sampling routine.
In the usual Monte Carlo transport calculation, the energy of the particle
does not change between collisions. For the required calculations however,
the presence of large electric fields requires a new sampling approach.
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The probability P(x) that a particle will have a collision along
a path between x and x + dx is:

e fo [-f %]

where A is the mean free path. In order to sample from this distribution, we
equate the probability that a random number is between £ and £ + d¢ (denoted
G(£)dE) to the above probability that a collision occurs between x and x + dx.
By noting that G(£) = 1 for random numbers uniformly distributed on the interval

[0,1], we obtain
dg =—}‘- {exp [-f-g-;—] fdx . (2.1.1)

Or by the integration

of"“.o/x 3"[/ e (2.1.2)

We observe however, that the integrand on the right is an exact differential

and obtain:
=] - exp [-f—d—i-.-] (2.1.3)
[ 4
0

>

or

X
(1 - g) = f e« (2.1.4)
0



For those situations in which the particle is in force free flight
between collisions, the total macroscopic cross section Ly remains constant be-
tween collisions. The mean free path, related to the tota) macroscopic cross
section by:

A= (2.1.5)

is also a constant. Integration is easily performed to yield:
x=-Xen(l - ¢£) (2.1.6)
Since 1 - £ has the same distribution as £, we have the familiar result:

X=<)ng . (2.1.7)

In order to sample in time, one merely replaces x by t (time) and
A by t (mean free time) in the above expressions.

When there is an electric field present however, a charged particle
will experience an acceleration between collisions, resulting in a constantly
changing particle energy over the particle path. The mean free path (mean free
time) is no longer constant in general (zt is a function of energy) and the in-
tegration of Equation (2.1.4) depends on the form of A. For a tabuiar form of
A(E), the integration must be performed numerically. The scheme presently im-
plemented is as follows:

(1) Begin with a particle energy Ep-
(2) Select a random number £'.

(3) Numerically integrate 1/t from 0 to t' until the integration
is equal (to a preprescribed accuracy) to n(&').



(4) The time to the next collision is then t'.

(5) The coordinates of the next co'lision site are given by an
integration of the eruations of motion.

While the above discussion could easily be given in terms of dis-
tance and mean free path, the time to the next collision site must be determined
from a numerical inversion of a rather complicated expression previously de-
veloped [Beers, et al., 1979]. An overall reduction in the complexity of the
calcuiation is achieved by use of the mean free time formulation.

The second major modification was the incorporation of an algorithm
for scoring the equilibrium velocity distribution go(V). Scoring the equilibrium
velocity distribution allows for the computation of the macroscopic transport co-
efficients directly from appropriate velocity space integrations. Routines for
performing these computations have also been included in the code.

A method of scoring the equilibrium velocity distribution go(V) has
been devised. An understanding of this distribution may be obtained through the
following argument. One may obtain go(V) by visualizing a snapshot in time of
the electron dynamics in phase space. The distribution go(z) may then be ob-
tained by tabulating the instantaneous velocity of all particles in the snapshot.
With the Monte Carlo methods however, we are able to follow only one sample
particle at a time. One may view each trajectory as a contribution to the phase
space snapshot by sampling the velocity of each trajectory at a single ran-
domly selected time. By sampling a trajectory at many points in time, for ex-
ample at a random time between each collision, the statistical uncertainty in the
calculated value of gO(V) for a fixed number of particle trajectories will be
greatly reduced. This is the method implemented in the code.

The transport coefficients are obtained by velocity space integra-
tions. The average velocity <v> is simply

V> = fV 95(V) v . (2.1.8)
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The drift velocity then, {s the component of <v> in the direction of the field,
and components perpendicular to the field should vanish with sufficiently good
statistics. The mobility is obtained in the usual fashion,

Now, introduce the rardom velocity v by the equation

Vet u o . (2.1.9)

The mean random energy T (mean energy minus drift energy) is given by
T-= f%m" (U)gy(V)dv . (2.1.10)

The energy may be split into compunents parallel and perpendicular to the field
in the obvious fashion.

The diffusion coefficients are obtained from the integrals previously
derived using the Chapman-Enskog theory [Beers, et al., 1979]. Using the notation
given in that reference, let K(V.Vo) be the scattering kernel for the Boltzmann
equation. Let 1 be the following vector integral:

((ARY I GART (2.1.11)
It follows from symmetry arguments that T has the form
1(Vy) = V& (V) (2.1.12)

where Ky is a scalar function of the variable (VO-VO). The diffusion tensor D
may be written as the following integral:

5 - /di? g°(v; vi o, (2.1.13)
1(V )
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where U was introduced iw Equation (2.1.9). The tensor b may be diagonalized,
with diagonal components being the coefficients along tie electric field and
perpendicular to the electric field.

Finally, the ifonization rate B is given by

8 f @ vy, (¥) 58 (2.1.14)

where Vion (V) is the fundamental fonfzation rate for an electron with velocity
V. Routines for performing all the above integrations have been included in SEMC.

The final major modification to SEMC was thn installation of an auto-
mated 14nk between SEMC and CASCAD. The link was implemented by installing in
SEMC a routine to write the distribution function of {fonization sites on disk.
This file is subsequently read by CASCAD with no user intervention required.



2.2 CASCAD MODIFICATIONS

In addition to the automated 1inkage described in Section 2.1,
two other changes were made to CASCAD. The previous version of CASCAD was not
able to follow the calculations for mc.e than 13 generations. This limit s im-
posed by the amount of central memory required to store the location of each
electron in the cascade. This limit was extended beyond 24 generatiuns by the
use of a dual file flip-flop buffering scheme. At the end of each generation,
the locations of the electrons are stored on one disk file. These locations
are then read, updated and stored on the second disk file. At the end of each
generation, the read/write pointers are interchanged and the process repeated.
The disk storage available was sufficient to run all cases of interest.

The final modification to CASCAD involved the installation of graph-
ics display routines. At the end of each CASCAD run, the following four (4) plots
are produced:

charge density contour plot;

electric potential contour plot;

electric field magnitude contour plot; and,
electric field vector plot.

SIPTCRTIESNERPTE



2.3 ACORN MODIFICATIONS

Modifications to ACORN were made primarily in the development of a
complete graphics output system and for the replacement of the routine formerly
used to print the arrays. A vector plot routine was developed to provide a
clear concise display of the electric field. At many points within the calcu-
lated grid an arrow is drawn. The length of the arrow is proportional to the
magnitude of the electric field at that point. The direction is that of the
electric field vector at that point. The routine chooses the density of arrows
to be as large as possible, without producing a cluttered plot.

The contour routine developed for ACORN was designed to provide the
option of either user-specified contour levels or contour levels chosen by the
routine itself. Past experience has indicated that many automated graphics
schemes frequently chose scaiing levels which do not reasonably span the calcu-

lational regimes of interest. For this reason a more flexible scheme seemed
desirable. For the ACORN results presented here, the contour levels chosen by

the routine have thus far been entirely satisfactory. The routines as implemented
in ACORN therefore use automated sca1ing as a default, with user override only
when desired.

The remaining plots, such as the electron number density versus
one spatial variable with the other spatial variable fixed, were also generated
with a more generalized plot routine. This routine can also be used on a stand
alone basis for other purposes. Again the automated scaling within this routine
has proven satisfactory for the case of interest. This routine is also used to
produce time history plots of the problem variables.

A1l three of the main plotting routines, CONTOUR, VECPLT and GRAPH
were designed as general purpose stand alone routines. These routines are now
available for incorporation into future codes. A complete description of how
to use these graphics packages is included in the appendix of the companion
operational procedures report.

10
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3. COMPUTATIONAL STUDIES

v bR A G D

An extensive series of computations was performed using the SEMC/
CASCAD/ACORN family of codes. The computations were performed on site at LEWIS

RESEARCH CENTER. These computations are discussed on a code-by-code basis in i
the following text.

3.1 SEMC STUDIES

The computer code SEMC solves the linear Boltzmann transport equa-
tion for the electron distribution function in the presence of an applied electric
field. No electron self-scattering effects are included in the simulation. The
electrons undergo collisional events with a background set of scattering centers.

A specification of the scattering events determines a model for the electron inter-
action with the background material.

A crude model which was developed earlier [Beers, et al., 1979]

represents the interaction of conduction band (quasi-free) electrons in a

solid material representing Teflon. It was the purpose of the SEMC compu-

tational studies to explore the dependence of the electron distribution function
(and resulting transport coefficients) on the parameters which define the scat-
tering model. As all subsequent calculations in the CASCAD/ACORN series depend
on the coefficients determined from the SEMC calculations, a determination of

the sensitivity of these parameters on the macerial model also provides infor-
mation for subsequent CASCAD/ACORN calculations.

The choice of scattering models for the SEMC computations, results

the subsequent calculations, and a discussion of these results are presented
below.

11



3.1.1 SCATTERING PARAMETER FORMULATION: SCALING

As currently formulated, the single scattering Monte Carlo Code
SEMC requires the definition of three distinct processes: elastic scattering,
inelastic energy loss (non-ionizating), and ionization. The scale for these
processes is set by some overall dimensional quantity having units of length
(1.e., mean free path). Thus, the ‘nput depends on three dimensional parameters
Ael’ AO’ AI where the \'s are the m an free paths for the respective processes.
In additinn, the inelastic and ionization processes are characterized by their
energy thresholds (denoted fiw and EI respectively). These two dimensional
parameters characterize the energy loss of the electron. The only other di-
mensional parameters available are the electronic effective mass m*, the
electronic charge e, and the electric field F. One might also introduce the
density of the solid N. Within the present formulation however, it will be
assumed that N only enters the problem through the mean free paths (MFP),
with all MFP's scaling inversely with density.

From this list of eight dimensional variables Aez’ AO’ AI’ EI’
fiw, m*, e and F, three independent variables may be chosen to represent the
fundamental units of mass, length, and time. A1l other dimensional variables
may then be expressed in terms of this basic set. A convenient choice is the
electronic effective mass m*, the elastic mean free path Ael’ and the ionization
energy E, (a quantity conjugate to time). Denoting the fundamental dimensional
units by a subscript "naught", we then have the following expressions for the
units of mass, length, time, velocity, force and energy:

i At
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Mo = “‘* (301-1)
Lo = )‘efl ’ (3-1.2)
T - 75"‘% he (3.1.3)
ZE
Y s S (3.1.4)
T ol (3.1.5)
8 av——— and 3.1-5
0 A
Ep = E (3.1.6)

A1l other dimensional quantities may be expressed in terms of the fundamental
units of mass, length and time. For example, the units of the diffusion co-
efficient DO(LST(')I) are

\/25I
DO = “mr AEQ . (3.1.7)

(It is implicitly assumed that the temperature of the lattice is fixed in the
above discussion, and that the temperature dependence of the solution enters
only through the parameters already given).

The remaining problem variables may be expressed in terms of the
three basic variables, together with dimensionless parameters formed from
various combinations of the problem variables. A convenient set of dimension-
less parameters is:

13
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Ap - %l- : (3.1.8)
el
A
0
A el 3.1.9)
0 )‘EQ (
R -'%% : (3.1.10)
E
. Aiz g (3.1.11)
Qo= . (3.1.12)
P2,

where AI and A0 are the length ratios and R, X, and Q are energy ratios. The
quantity X is the ratio of ionization energy to energy gained in an elastic mean
free path, while Q@ is the ratio of electrostatic Coulomb energy in a mean free
path to the energy gain in a mean free path. The two quantities e and F enter
the linear Boltzmann equation as a product e«F (in the external force temm).
Dimensional analysis of this equation gives rise to quantities which depend on
this product, rather than on e and F individually. It follows that the equation,
and hence the solution, is independent of the variable Q because Q varies as
the ratio of e and F. The variable Q enters only when the electron can act on
itself (i.e., in collective problems).

With the above information, it is an elementary task to rewrite
all the problem variables in terms of the three dimensional variables, and
the four dimensionless parameters AI, AO. R and X. Distinct problems (not
obtainable by scaling) are therefore specified by the four dimensionless
variables noted above. Of these, only the quantity X depends on the external
field strength, so that X may be chosen as the variable specifying field
strength. The remaining three parameters AI’ AO, and R characterize the
scattering parameter set.

14

b AN 58 M AT gy b A

et et b AL

30w s Snidon



For the purposes of this investigation, we will now suppress
one of these variables (Al)‘ Shown in Figure 3.1.1 is a typical ionization
cross-section (determining Al). The major feature to note is that the cross-
section rises very sharply out of threshold, reaches a peak substantially
above threshold, and then begins to trail off slowly for higher energies.
For solid densities, cross-sections with this order of magnitude correspond
to rather short mean free paths (a few Rngstroms). Except for enormous
fields (greater than 101°V/M). the energy gained in an ionization mean free
path is completely negligible compared to the energy required to pass the
peak in the cross-section, For moderate fields the electron will lose es-
sentially all of its energy in the collision jonization. This implies that
the results will be very insensitive to the exact value of the cross-sectiun
above threshold. In conformity with all other investigators, we will make
the assumption that this parameter is not of concern for the field strengths
of interest here; only if a study of runaway electrons were required would
it make sense to investigate this parameter. For solids these runaways occur
at field strengths substantially higher than those of interest.

The parameter variations for the present study are those in-
volving R and AO. For the model of Teflon chosen during the first phase of
this work [Beers, et al., 1979], the optical phonon energy fiw was taken to be
0.11 eV, while the band gap EI was taken as 6.5 eV to a corresponding
R-value of 0.017. Reasonable band gaps for insulators may be chosen in the
range from 2 to 10 eV. Optical phonon energies in polymer type materials
typicaily vary in the range of 0.04 to 0.4 eV. This range of energy values
produces a spread of R-values from 0.004 to 0.2. We have chosen three R-
values to span this range [0.2, 0.03, 0.004]; other values may be interpolated
as required. The dependence of ionization on this parameter may be partially
understood from the literature and is discussed in Section 3.1.3 below.

In the Teflon Model previously investigated the quantity Ao had

a value of 4.4. Because cross-sections in polymers do not vary widely, it is
unlikely that this quantity will vary by more than a factor of 5 from this
nominal value. We therefore choose the values of Ao to be [1, 5, 25].

15
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A1l combinations of the above parameters give rise to nine
different cross-section sets. Because the code SEMC requires dimensiona, in-
puts, the fundamental units must be given specific values, and the actual pa-
rameters determining R and Ao must be given their appropriate values. Specif-
ically the quantities Aem' EI' and m* have the same values as in the previous
study, whereas fiw and AO are varied to give the required variations in R and

AO' Also, the ionization mean path retains the same value as previously. The
fixed parameters are:

JPR—

i -10
heg = 6 x101%
A T 2x 10710 (3.1.13)
E =6.5eV ,
I

and last, the electronic mass (chosen as the bare electron mass).

Table 3.1.1 defines the variations of fiw and Ao used to define
a material model (cross-section set). Each set is given a numerical label ;
from 1 to 9, spanning the range of R, AO discussed above. In addition, a i
10th model is included in the table representing the nominal mcdel developed
in the previous study. [Beers, et al., 1979].

The field values chosen for the computations were all at the
high end of the physical scale. Based on general theoret.cal considerations
(see Section 3.1.3 below), the high field results may readily be extrapolated
to lower field values. Six field values were chosen, spanning a single decade
of field strength. These values were [4 x 109, 2 x 10%, 8 x 108, 6 x 108,
4 x 108]. where the quantities in brackets are in volts per meter. These field
valu s correspond to values of the dimensionless variable X of [2.7, 5.4, 10.8,
13.5, 18.1, 27.1].
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OPTICAL OPTICAL
MODEL PHONON R PHONON Ao
NUMBER ENERGY MFP
(ev) A
1 1.300 0.200 6 1
2 0.195 0.030 6 1
3 0.026 0.004 6 1
4 1.300 0.200 30 5
5 0.195 0.030 30 5
6 0.026 0.004 30 5
7 1.300 0.200 150 25
8 0.195 0.030 150 25
9 0.026 0.004 150 25
10 0.110 0.017 26 4.3
‘ . Table 3.1.1

Definition of Material Models by Parameters R, Ao

18




s

SO ——

3.1.2 SEMC RESULTS

The updated version of SEMC was exercised on the ten models
of Table 3.1.1. Each material model was run for the six field levels dis-
cussed in Section 3.1.1, for a total of 60 distinct computations. The re-
sults are summarized below.

3.1.2.1 MOBILITY

Shown ¥n Figure 3.1.2 is the mobility for three different models
(3, 6, 9). Each of these models has a fixed value of the optical phonon energy.
The mean free path for optical phonon emission increases with increasing model
number. Thus, we see that an increase in optical phonon MFP leads to a de-
crease in mobility, but that the absolute mobility is relatively insensitive
to this parameter. Each of the other sets (for constant R) shows the same
behavior.

Shown in Figure 3.1.3 1s the mobility for three models (4, 5, 6)
which have a fixed value of Ao. In this case the optical phonon energy de-
creases with increasing model number. The dependence on optical phonon energy
and field level is somewhat more complicated, as evidenced by the cross-over
in the curves. In absolute terms however, the mobility is very insensitive to
this parameter. Other sets with fixed Ao show similar behavior.

It may be concluded that the mobility is very insensitive to
the value of fiw and only slightly sensitive to the value of AO. The mobility
does however, show a strong dependence on the value of the electric field,
varying by a vactor of 5 over a decade of field strength.
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3.1.2.2 DIFFUSION COEFFICIENTS

Shown in Figure 3.1.4 1is the transverse diffusion coefficient for
three scattering sets with fixed R. Increasing the optical phonon MFP corres-
ponds to an increasing scattering set number. We also see that an increase in the
optical phonon MFP leads to an increase in the diffusion coefficient and that
the absolute change is small. Other groups of scattering sets with fixed R
show similar variation. Il1lustrated in Figure 3.1.5 is the transverse diffusion
coefficient for three scattering sets having fixed AO. Increasing set numbers
correspond to decreasing optical phonon energy. The dependence on this parameter
(optical phonon energy) is much stronger, with variations of nearly 50% between
sets 4 and 5. The relationship is also not monotonic as is evidenced by the
shufflied order and the apparent crossing at low fields. The other sets (for
fixed AO) show the same ordering with respect to fiw. The field dependence of
the transverse diffusion coefficient is quite weak. (The scale on the figure
is 1inear and exaggerates the variation of this quantity).

Shown in Figure 3.1.6, family (3, 6, 9) represents the longitud-
inal diffusion coefficient for three scattering sets which have the same value
of R, For small values of the ficld, an increase in Ao results in an increase
in diffusion. For high values of the field, this ordering is not present. A
cross-over point is evident and the dependence on iO is quite weak. The cross-
section family (2, 5, 8) shows similar behavior, but the family (1, 4, 7) is
different in that there is a uniform increase in diffusion for increasing Ao
It appears that the cross-over point may be at much higher fields. A1l the

families show a similar weak variation as a function of )g.

Shown in Figure 3.1.7 is the longitudinal diffusion coefficient
for variations in fiw, with Ao fixed. Both the longitudinal diffusion coef-
ficient and the transverse coefficient demonstrate an identical behavior with
Tiw. Other families show the same behavior as well.
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Transverse Diffusion Coefficient (104mzsec)
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The variation in the longitudinal diffusion coefficient with
field is comparable to the variation of the transverse coefficient, varying
by less than a factor of 2 over a decade of tield strength.

3.1.2.3 IONIZATION LENGTH

Shown in Figure 3.1.8 is the jonization length versus electric
field for three scattering sets having a fixed value of fiwn. For low values
of the field, an increase in the optical phonon MFP leads to a decrease in
the ionization length. For higher fields, this rather sharp difference de-
creases and the curves coalesce, cross, and the dependence on XO inverts,
but is much weaker. Other families of scattering sets show a similar behavior.

Shown in Figure 3.1.9 is the ionization length for three scatter-
ing sets with fixed xo and different values of fiu. An increase in optical
phonon energy at low fields gives rise to a strong increase in ifonization
length. At high fields there is a coalescence of the curves, showing a
strong suppression of the dependence on this parameter. Other families for
fixed A, show similar behavior.

The most remarkable feature is the very strong dependence on
electric field, with variation of more than a factor of 200 over one decade of
field strength. Because this is the quantity most sensitive to field strength,
a compilation of all the computed ionization lengths is given in Figure 3.1.10.
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Ionization Length (M)
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Ionization Length (M)
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3.1.3 DISCUSSION

A momentum transfer collision rate Vp is related to the mobility
u by the relation

b= m’a . (3-1.14)

The rate Vp is related to the mean free path for momentum transfer AD’ and the
mean speed v by the usual relation

I

- (3.1.15)

V
0 X

b

Because the inelastic processes do not lead to any net momentur: transfer on the
average, the quantity \p is equal to Ael (a constant). Thus, all the dependence
of u on the model (and field) is through the mean speed v. As the field in-
creases and the electrons heat up, with a consequent rise in v, the mobility de-
creases aj seen in the calculated results. Equation (3.1.15) is implicit, be-
cause the mean speed includes a contribution due to the drift velocity Vp- Using
the random velocity U (with magnitude u) defined in Equation (2.1.9), we have

the obvious relation

vp * u . (3.1.16)

Combining relations (3.1.14-3.1.16) together with the relation of drift velocity
and mobility, the resulting equation may be solved for vp- The following re-
sult is found
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vp = {\/% (\/1—:—47-1) }u (3.1.17)

= (f(yu)

where

ef Ael

ya—(f € (3.1.18)
2 (’lz mu?)

Equation (3.1.17) displays explicitly the dependence of the drift velocity on
the mean random energy of the electrons. Combining Equation (3.1.17) with the
definition of mobility gives

w(F) = T 0 (3.1.19)

where f(Y) is defined in Equation (3.1.17) and u(0) is given by

e)\eg
U(O) = W . (3.1.20)

Equation (3.1.19) is a useful form for the mobility. The quantity u(0) has

the dimensions of u, reduces to the zero field mobility at F = 0, and is a rela-
tively weak function of the electric field. Most of the variation of the mobility
due to the field is contained in the dimensionless function f(Y)/Y, which varies
with the dimensionless quantity Y. The variable Y is directly proportional to

the field F and inversely proportional to the random energy of an electron

(172 m*uz). Shown in Figure 3.1.11 is the random energy of the electron for the
varivus models computed above. While the energy varies strongly with electric
field, it does not vary too strongly from model to model.
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It is possible to feel comfortable with the relative insensitivi
of mobility results to the material parameters together with the relatively
stong dependence on field. Scattering is dominated by the elastic process.
The drift velocity must saturate at high fields. For the ACORN computations
of Section 3.3, we will assume a single fit to the mobility of all models, an
excellent assumption based on the computed results.

In elementary xinetic theory, the diffusion coefficient D is
related to the average energy and the collision frequency v for randomizing
collisions,

.1 <v™>
D&y—5— . (3
Equating <v2> with 92 and assuming that only the elastic collisions are
randomizing, we find
.1 -
D=3 vhey | (3

The dependence of D on v given by Equation (3.1.22) shows that heating of the
electrons will lead to an increase in D. This expression may be rewritten in
terms of u, to yield

D’%‘“xez\/% (1+ 1+4Y2)' (3

The explicit dependence of D un the field is contained in the quantity under
the radica’, while the dimensional dependence is contained in the factor out-
side the radical.
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Although the quantity Y varies relatively rapidly as a function
of the field, the quantity under the radical is a very weak function of Y
for the range of values taken on by Y. In a first approximation, the de-
penderice on the field may therefore be suppressed. As displayed by Firgure
3.1.11, D may be seen to vary as the square root of the random energy of
the electron, u. This dependence accounts for the substantially slower varia-
tion of D with both field and model parameters. It is apparent however, that
increasing the energy of the electrons does increase diffusion. In the computa-
tional approach to ACORN of Section 3.3 below, we will ignore both the model and
field dependence of the diffusion coefficient. This seems well justified in view
of the calculated results.

As a final parenthetical note, Equations (3.1.23) and (3.1.19)
may be combined to give an expression for the Einstein relation

g % m*u2
o __ - (3.1.24)
H e
where
1/2
c=2y V.L__.___*“:!*l} (3.1.25)
3 Vi+4v? o o

The quantity ¢ is the distribution dependent coefficient in the general Einstein
relation [Bates, et al., 1962].

The quantity displaying the strongest dependence on both the
scattering model and field strength is the ionization length. The dependence
of this quantity on both model parameters and field may be understood from the
work of Lin, [1979] and Lin and Beers, [1981], which is based on the work of
Baraff, [1962]. The first two of these papers are reproduced herein as
Appendices 1 and 2 respectively because they are the result of previously
sponsored NASA work on this subject. To facilitate comparison with results
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in those papers, we present in Figure 3.1.12, a plot of the inverse ionfzation
length a (in dimensionless units) versus the dimensionless field variable X of
Equation (3.1.11). The plot is specifically chosen to be log-linear. It can
be seen that most of the curves are very nearly straight lines on this plot.
This provides a rationale for extrapolation tc lower field values corresponding
to a fit to . of the form

Fu
a = ay exp g. T ; , (3.1.26)

where Oy and FM are fitting parameters. In fact, this form of o is used in
the ACORN computations within Section 3.3 below.
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3.2 CASCAD STUDIES

CASCAD is a Monte Carlo computer code which uses the distribu-
tion of ionization sites computed by SEMC to generate an avalanche of elec-
trons. New electrons are created at each step, and the resulting distribu-
tion of charge is used tc compute the self-field. When the self-field reaches
a pre-assigned value, the code scores the final distribution of positive and
negative charges. This code was exercised for each of the solution sets gener-
ated by SEMC, {i.e., 10 scattering models at 6 different field levels.

It is possible to estimate the fields due an avalanche by in-
voking various approximations. A discussion of these estimates is given in
Section 3.2.1. These estimates are used as background for interpreting the
results of the CASCAD calculations. The computed results are discussed in
Section 3.2.2.

3.2.1 ANALYTICAL ESTIMATES

In a continuum approximation to the basic avalanching process,
the number density of electrons n_ is determined by the equation

an |
5 +¥ - (n¥) =en_+0vn_ - (3.2.1)

It the self fieids are ignored, then V, B, and D are constants. The equation
is then linear in n_. The quantity 8 provides a unit of time, while |V]
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provides a unit of velocity. These together provide a unit of length A (the
fonization length) given by X = |v|/B, or 8 = a |v|. Equation (3.2.1) may be
brought to dimensionless form by scaling out these quantities. Choose the drift
velocity to be in the z direction. Equation (3.2.1) reduces to

in_ on_ )
(557 + 557 )= n_ + &2 (3.2.2)
where Cl = @-2)— , (3.2.3)
\E)

is a dimensionless diffusion coefficient, and the space and time variables are
now dimensionless. The solution to Equation (3.2.2) is

n (r',t') = noet'( -1 )3 exp [-("‘2+3'12+(z'-t')2)] . (3.2.4)

47 .t
2\/7rglt' ‘1

The boundary conditions for the problem are such that the solution reduces to
a § function centered at the origin at t' = 0, and vanishes at infinity. The

solution represents & diffusion sphere which is translating in space with unit
velocity. The r.m.s. sphere radius satisfies the relation.

19 _ .
rT> = 6rytt (3.2.5)

where <> indicates a density weighted average. Larger values of g therefore
correspond to more rapid diffusion.
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[IEO————"

The total number of electrons N_ may be shown to increase
exponentially

N =Nt (3.2.6)

The density of positive charge sites n, satisfies the equation

+

an
§f$ = n \ (3.2.7)

with n_ in the form given by Equation (3.2.4), the required integral is not
analytically tractable, so that the resulting charge density and electric field
cannot be brought to simple form.

Reverting to dimensional variables, and working in the co-moving
frame (¥ = X - Vt), the magnitude of the electric field F due to the electrons
alone may be shown to be

+
IF| = F, fy (\/3/2 |YI/r0 ) ' (3.2.8)
where
Fy =% e exp(8t) gt (3.2.9)
4neor0

e is the electronic charge, €0 is the permitivity of free space,

rg = 6Dt (3.2.10)
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and
_xz
£.(x) = gr_f% . 2e¢ . (3.2.11)
X V/n X

In Equation (3.2.11), erf is the standard error function [Abramowitz, 1965].
The function f1 is plotted in Figure 3.2.1. It may be seen to have a maxi-
mumat x =1 ( |y = V2/3 ro). The value at the max mum is 0.428. The

maximum value of the electric field is therefore

Fnax = 0-428 Fy (3.2.12)

A convenient form of this equation may he obtained by using Equation (3.2.10),
introducing the dimensionless time t' = Bt

- et.
Fo = Fr o] (3.2.13)

and

where
F. = (0. es . (3.2.14)

Introduce another dimensionless variable %o by the equation

= & o? (3.2.15)
CZ Eo Fo y ek

where F0 is the ambient field. Equation (3.2.14) may then be written

= _ (0.428) (%2 .
Fy = g ) Fo - (3.2.16)
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fl(x)

Figure 3.2.1 Dimensionless Field Variation
for Diffusion Sphere
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Equations (3.2.16), (3.2.13), together with the spatial dependence given by

fl(x) in Equation (3.2.11) give a complete characterization of the field due
to the diffusing electrons. The field is radial and centered about the co-

moving origin.

The function (et./t‘) has a minimum at t' = 1. Assume the solution
is only valid for t' > 1. Then this expression for the self-electric field gives
a first estimate of when the self-field will become important. It will not
become important until the field due to the negative charge alone becomes com-
parable to the external field. When this field does become comparable to the
external, however, it does not follow that the total self-field is important.

The field due to the positive charge which is left behind will give a canceling
contribution over much of the volume, leading to a reduction in field.

The electric field due to the positive charge ?; satisfies the
equation

F. (X,
3._’5? Yo F (%t) (3.2.17)

by virtue of Equation (3.2.7). The total electric field f is therefore given
by

t
F(x,t) = F_(X,t) - 8 f dt' F_(x,t') , (3.2.18)
0

with ?_ (;,t) given by Equation (3.2.8). Unfortunately, the integral in Equa-
tion (3.2.18) is not analytically tractable (the situation is not helped by
working with the potential).

Estimates of the peak field due to Equation (3.2.18) are necessary.

It is possible to compute the multipole moments of the charge distribution
giving rise to the electric field (3.2.18). The dipole movement 3 js found
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to be
e
b= 1-ef (3.2.19)

gt

Since the total charge Q is simply e”", we have the expression

9] = 20a (3.2.20)

where 2a is the length of the dipole and
v t
2a = l%l (1-.8Y - (3.2.21)

After a few generatio: ., this tends to a constant (the ionization length). Thus,
a reasonable approximation to the fields is provided by the field associated with
two diffusion spheres separated by an ionization length.

A good estimate of this field is provided by the field from two
spheres of uniform charge density separated by an ionization length. As may
be seen from Equations (3.2.12) and (3.2.9), a maximum field matching may be
accomplished by putting all the charge Q inside a sphere of radius 1.25 ror
which we denote ré. Three cases may be distinguished:

(1) A > 2r H (3.2.22)
(1) rl < A< 2r ; and (3.2.23)
(I11) V<! . (3.2.24)
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Case (I) corresponds to two non-overlapping spheres, while case (IIIl) cor-

responds to two spheres with a strong overlap (separacion of centers less than
a radius).

With this model, a rigorous Value may be derived for the maximum
field strength. The relation is

t'

F - f | [2,0.428) 52 |
max o) l 3 167 3/2’
31

where the function h is defined by

2
h(x) = 1 ‘5__:_?312) X > 2
2 (x(x-l)z‘
1
=5 0.618 <x<2 (3.2.26)
1 §(x+2) |
_1 2) 0<x<0.618
2 | (1+x) 2|

The functior h(x) i3 plotted in Figure 3.2.2. It has a maximum value of unity
for small x (large time). The quantities in curly brackets will be recognized

as the field of a dipole, written in dimensionless form. Note that this de-

pends only on the dimensionless ratio (gzcl'3/2). The quantity h gives a measure
of the degree of overlap betwrcen the positive and negative charge. Note that

for long times h tends to unity, at which time there is substantial overlap of the
distributions. Note that for small values of 2 (diffusion less important) h
gives substantial corrections to the dipole field for long periods of time.
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h(x)

0.5 e

Figure 3.2.2 Plot of Function h(x) Defined in Equation (3.2.26)
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In the 1imit that a sufficient number of electrons are involved
in an avalanche so that a continuum representation is sensible, Equation
(3.2.25) should provide a rather good representation of peak electric field
in an avalanche. The spatial distribution implied by the model should also
be rather good over most of space.

The rather complicated considerations were investigated in an
attempt to understand the CASCAD computations presented in the next section.
As will be explained in that section, the analytical treatment becomes in-
adequate when only a small number of electrons are involved in the avalanche.
Further discussion may be found in the next section.
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3.2.2 CASCAD RESULTS AND DISCUSSION

CASCAD computes the evolution of a single-electron initiated
avalanche by a Monte Carly method. The avalanche proceeds in the undistorted
applied field. The self-firlu is computed at each stage of the process. When
the self-fields reach a preassigned percentage of the applied field, the pro-
cess is terminated. The purpose of this code is to provide the initial con-
ditions for the ACORN computations of the next section. Unfortunately, it
has not been possible to automate the interface of these two codes during the
current period of activity.

The lack of an automatic 1inkage between the two codes means that
it is necessary for an analyst to look over the CASCAD output very carefully,
and decide on a procedure for providing an analytical fit to the data. The
data fit may then be used as an input routine for defining the initial condi-
tion of the ACORN routine.

Because of the large number of computations, it was decided to
attempt a universal fitting procedure for the CASCAD output. The analytical
considerations of the previous section were pursued in an attempt to provide a
rationale for a fitting procedure. It was hoped that an adequate fitting of
the data would be providea by using the charge densities given by Equations
(3.2.4) and (3.2.7).

The diagnostic which was used to compare the adequacy of a
possible fit to the computed data was a comparison of the number of genera-
tions required to reach a preassigned self-field level as obtained in
CASCAD versus the same quantity predicted by Equation (3.2.25). Additionally,
the functional form of the fields, as computed by CASCAD, was compared to
the form of the fields as given by Equation (3.2.25) and related equations.
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Qualitatively, the fields computed by CASCAD appear to be
describable by the model of Equation (3.2.25) and related formulae. Quantita-
tively, however, significant disagreement was found between the predicted
values of the maximum field using Equation (3.2.25) and those computed from
ACORN. The reason for this discrepancy has been uncovered. The understanding
required to elucidate the discrepancy has shed new 1ight on the avalanche
process.

The understanding and resulting conclusion is as follows. When
the self-fields of an avalanche become important after a relatively few genera-
tions (~ 10), the transition to a continuum model of the process is not strictly
justified. A discrete description of the avalanche will have statistical features
which are not present in the analytic continuum description of Section 3.1. The
trarnsition to a continuum description required by the CASCAD/ACORN interface must
therefore be viewed as a transition to an ensemble averaged description. Further
definition of the interpretation of the ACORN results will be required. Further
discussion of the observations which lead to these conclusions is given below.

For each of the material models and field strengths of Section 3.1,
a CASCAD computation of the avalanche was performed (60 calculatiunz). The
calculation proceeded until the self-field reached 50% of the applied ficld. In
most cases, this required very few generations (approximately 10). Analyt'c
computations of the number of generations required to reach this same field
level were also performed. The first computations were made using the most
rudimentary estimates of the field as presented in Section 3.3.2 of a previous
report [Beers, et al., 1979]. Preliminary spot checks comparing these analytical
results with the CASCAD results suggested good agreement. A later complete
comparison of all 60 cases was performed. Sigrificant differences appeared.

Because of these differences, it was felt that perhaps the analytic
estimates which led to the equation referred to in the previous paragraph were
too crude. A more detailed estimate was therefore performed. The results of
this estimation procedure are presented in Section 3.2.1 above. The best

A8 !



estimate of the maximum field in the avalanche is provided by Equation
(3.2.25). It was believed that this equation should correctly predict the
maximum field within a factor of 2. The number of generations to reach a
given field should therefore be predicted to within differences of one or two
from the actual.

Table 3.2.1 provides a comparison of the number of generations
required to reach 50% of the impressed field for all sixty computations. The
number of generations predicted by Equation (3.2.25) is shown in brackets,
while the actual number achieved in the CASCAD calculation is unbracketed.

It is evident from this table that good agreement between the two is not
present.

The discrepancies of Table 3.2.1 are similar when cruder estimates
of the self-field are made. As noted above, the first approach to explaining
the differences was to obtain a better analytic estimate of the field. As
evidenced by Table 3.2.1, the better estimates did not eliminate the differences.
The second approach looked more carefully at the parameters controlling the
CASCAD calculations.

The most obvious quantity to check is gridding which is used to
perform the field calculations in CASCAD. Figure 3.2.3 summarizes the effect
of grid size. The ordinate of the figure is the ratio of the number of genera-
tions obtained by CASCAD to number predicted, as taken from Table 3.2.1. The
abscissa is the ratio of the axial grid size which was used in the CASCAD
calculation divided by the characteristic ionization length for the problem
(as obtained from SEMC). The figure is constructed as a standard scatter-plot.

It is obvious from the figure that the degree of agreement be-
tween the CASCAD computed result, and the analytical prediction is very
strongly related to the normalized grid size. Large grid size corresponds
to analytic underprediction, while small grid size corresponds to analytical
overprediction. A linear regression of the data is also shown on the figure
(the dashed line). The equation of this fit is shown on the figure.
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TABLE 3.2.1

Comparison of Number of Generations Required for Avalanche Self-Field
to Reach 50% of Impressed Field CASCAD Result is Unbracketed. Pre-
dicted Result from Equation (3.2.25) is Given in Brackets.

Section Ambient Electric Field (V/M)
Set
4x10° 2x10° 1x10° ex1® 6x10® 4x 108
1 9(8) 18(11)
2 5(8) 6(9) 11(9) 18(9) 19(11)
3 2(8) 5(9) 6(9) 8(9) 9(9)
4 5(10) o(11) | 16(12) | 18(13) | 19(13)
5 5(9) 5(9) 7(9) 8(9) 10(10) | 14(10)
6 1(9) 5(9) 7(10) 7(10) 7(10) | 8(10)
7 5(10) 1) | e(12) | n@a2) | w3 | 16(13)
8 5(8) 6(9) 6(9) 7(10) 70100 | s(8)
9 5(9) 7(10) | 6(10) 7(10) 7(10)
10 6(10) 7100 | s() | 102 | 12012) | 17012)
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Figure 3.2.3.

Grid Size (CASCAD)
Ionize Length (SEMC)

Scatter Plot Displaying the Covariance
Between the Ratio of Computed to Predicted
Generations to Achieve a Specified Relative
Field Level and the Normalized Grid Size -
see text for explanation.
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A reasonable interpretation of Figure 3.2.3 is that the results
of the CASCAD computations are strongly grid-size dependent. This hypothesis
was tested by computing the identical problem for several choices of grid
size. These comparative computations confirmed the hypothesis. Smaller
grid size gives rise to larger values of the calculated fields. Larger grid
size gives rise to smaller values of the computed field. The number of

generations required to reach 50% of the applied field increases with increas-
ing grid size.

The fact that the CASCAD results are sensitive to the choice
of grid size should not be construed to mean that the results are incorrect,
but only that the results are subject to interpretation. Some comments must
be made about the numerical algorithm. In principle, one can easily compute
the electric field from a system of discrete charges by using Coulomb's law
for point charges. It was deliberately decided to not follow this procedure
in computing the self-field of the avalanche. The rationale for the decision
is simple. The purpose of the cal-ulation is to provide initial conditions
for the transition to a continuum description of the avalanche. The quantity
which is desired is the value of the self-electric field in this same con-
tinuum description. Only if the field is large in this smeared description
will it be important to the subsequent evolution of the smeared description.
If a discrete representation of the field is used, it is very difficult to
decide what is meant by the maximum field. Getting close to a bare change
will always lead to a large field, independent of the iumber of particles in
the avalanche. Not only is it desired to make the transition to a continuum
approximation, but it is deliberately intended to exclude this field close to
the bare charge. The force between bare positive and negative charges (in the

short range sense) is meant to be handled via the primary ionization pro-
cesses.

We are led to the conclusion that a smeared description of the
charge is necessary. Given this choice, the difficulties of gridding become

apparent. If only a small number of generations are required to reach important
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levels of the self-field, then the statistical aspects of the avalanche may
dominate. Choosing too small a grid leads to a significant probability that
bins will end up with a single charge in them, leading to the same problems
with large local fields as with Coulomb's Taw. Choosing too large a grid
tends to give cancellation of the fields due to separated charge if the grid
size is larger than the separation distance. The separation of charge occurs
over an ionization distance. The conclusion that must be reached from this
discussion is that the best one can do in gridding the problem is to choose
the grid size to be very nearly equal to the ionization length. Choosing
the grid either larger, or smaller tends to lead to poor results. This
statement is borne out by the linear regression which is drawn in on Figure
3.2.3. It passes very near the point (1,1).

These observeétions are sufficiently important to restate. A
given set of discrete charges from an avalanche has electric fields associated
with it which can be computed exactly using Coulomb's law. It is desired
to describe this set of charges in a continuum approximation. To do this
requires a choice of distance scale for describing a "charge density".
Equivalently, a choice of distance scale is required for averaging the electric
field. The choice of distance scale must be consistent with the scale of the
physics of interest. More fine-grained distance scales always lead to larger
local fields, and larger fluctuations in the local fields. A choice of grid
size in the CASCAD algorithm is a choice of the distance scale over which
averages are to be performed. The cumputed fields will depend on the choice
of grid size.

The behavior of the peak computed local field in CASCAD and its
dependence on grid size is entirely intelligible. The physical distance scale
of importance is the avalanche length. Choice of a grid spacing significantly
larger than this will Tead to an averaging over positive and negative charges
which will tend to obscure the effect which is being studied. Choosing grid
size much smaller than this will lead to a very noisy (non smooth) local field
description with larger values of the local field. The optimum choice of
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distance scale is therefore very nearly equal to the ionization length.
For this choice of gridding, the analytical results of Section 3.2.1 provide
a reasonable representatiqn of the CASCAD results.

e g

y

Of course, these results were implicit in the choice of algorithms
in CASCAD. The very strong dependence on grid size shown in Figure 3.2.3 was
not anticipated. This strong dependence is due to the relatively small number
of particles involved in the avalanche. Inspection of the analytically pre- !
dicted number of gererations in Table 3.2.1 shows it to be a very weak function %
of the problem parameters. The number of electrons is typically 210 = 1024.

For this small number of electrons, the averaging will be highly sensitive to
the choice of scale used for the averaging. The strong dependence on gridding

PR R

for a relatively small variation in the grid size simply reflects the small
number of particles on the avalanche.

We conclude that the charge densities computed by CASCAD may be
adequately represented with Equations (3.2.4) and (3.2.7). The parameter t'
is taken to have the value given by Equation (3.2.6) where N_0 is unity and
N_ is the total number of electrons in the avalanche. These formulae have
been used to provide the initial conditions for the ACORN computations of the
next section.

Because of the small number of particles in the avalanche when
self-fields become important, it will be necessary in future investigations
to determine more carefully the statistical fluctuations about the ensemble
mean given by the above procedure. There may be significant features of the
process contained in these fluctuations.
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3.3 ACORN STUDIt

The computer code ACORN is designed to compute the self-consistent
evolution of the electron avalanche. A series of computations has been performed
using this code for various values of the impressed field and several different
material models. These computations are discussed telow.

3.3.1 ACORN RELATED ANALYSIS AND SCAL ING

The computations to be performed were determined by the following
considerations. The equations which are solved by the ACORN package depend on
the three transport coefficients u, D, 8 (mobility, diffusion coefficient, ion-
ization rate) and the impressed electric field Fo. The ionization rate 8 is re-
lated to the inverse of the ionization lenagth (deroted «) by the equation
R o= avp where Yp is the drift velocity in the ambient field. The quantity o is
often referred to as the first Townsend coefficient. Specifying a,u and the field
provides a value of 3. We will treat ji, D and « as the set of independent transport
coefficients.

The transport coefficients are functions of the local field. From
the results of Section 3.1, it was determined that the mobility and diffusion
are very nearly independent of material model for the range of models and electric
fields considered. The quantity displaying the greatest variation with material
model (and field strength) is the inverse ionization length, a. This parameter
was used as the discrimination variable. That is, it was decided to choose three
material models which had first Townsend coefficients a which bracketed the
apparent range of variation of the o's computed for the ten distinct models.

AR



Material model 10 (see Table 3.1.1) was specifically chosen as
the nominal parameter set. Variations in material model parameters were chosen
to bracket the parameters of this set. By referring to Figure 3.1.12, it may be
seen that the ionization coefficient o for scattering set 10 is bracketed by
ionization coefficients for the other scatterind sets. The values of a on
the high side (slow decrease with decreasing fieid) are clearly bracketed by
those of scattering set number 9. This set was chosen as the set having the
weakest dependence on field in the regime of interest. The decision on the
low side was much more difficult. Scattering set number 1 had such a sharp
dependence on field that values of a for low field were not obtained in the
SEMC computations. It was decided to eliminate this scattering set on these
grounds. The ionization is simply too low at many field strengths of interest.

Scattering sets 2 and 4 have very similar slopes, but different absolute values.

It was decided to use scatter‘ng set number 2 to represent the lower bound on
ionization behavior. Its behavior is most different in that it crosses some
of the other ijonization curves.

The final choice of scattering parameter sets dictated that ACORN
computations be performed using SEMC data from scattering sets 2, 9 and 10.
Set 10 represents the nominal case; set 9 represents the high ionization limit,

and set 2 represents the low ionization limit for the computations. The specific

transport coefficients used for the computations were chosen as folluws. The
existing version of ACORN has the requirement that the diffusion coefficient be
a constant, independent of location, field strength, or orientation. The SEMC
computations presented in Section 3 above demonstrate that this constancy is a
reasonable approximation. We have used the corresponding values from the SEMC
calculations in each of the ACORN computations. These values are presented in
Table 3.3.1 below.
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Electric Field

Scattering Set V/m Diffusion Coefficient
2 2 x 10° 1.18 x 1074
2 1 x 109 9.77 x 1072
2 8 x 108 8.19 x 10°°
9 4 x 10° 1.42 x 107
9 1 x 108 1.28 x 1074
9 8 x 10° 1.24 x 1074

10 4 x 10° 1.73 x 1074
10 2 x 10° 1.60 x 1074
10 1 x 10° 1.59 x 1074
10 8 x 108 1.55 x 1074
10 6 x 108 1.49 x 1074

Table 3.3.1
Diffusion Coefficients from SEMC
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The existing version of ACORN calls for a specific functiona)
fit to the electronic mobility u as a function of the electric field. The
results of the SEMC computations of Section 3.1 demonstrated that the dependence
of the mobility on scattering parameter set was quite weak. A universal field
dependent parameterization was therefore chosen for all ACORN ca'culations. The
equation for the mobility u is given by

F"A

BTy ’ (3.3.1)

where

uy = 1.29 me/N-s ,
(3.3.2)
A=0.44

and the local electric field F is expressed in Volts/meter.

As evidenced by Figure 3.1.12, the dependence of the ionization co-
efficient a on local electric field F is reasonably well represented by an ex-
ponential. This type of parameterization has been chosen for all ACORN calcula-
tions, with the specific parameters depending on the material model (scattering
set). The functional form of the ionization coefficient a was taken to be

F
a = ay exp [ - Tﬂ] ’ (3.3.3)
where a and Oy have units of m'1 and the local electric field F has units of

V/m. Table 3.3.2 gives the values of the parameters Oy and FM for the various
scattering sets.

The computations presented in Section 3.2 below were performed

using the transport coefficients noted above. The values of the ambient field
were chosen to span the regime of interest, and are reported specifically in
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Scattering Set ay (m‘]) Fy (V/m)
2 1.37 x 107 3.55 x 107
9 4.35 x 108 7.04 x 108
10 5.10 x 108 1.63 x 10°
F

a=aMexp[--FM-]

Table 3.3.2

Coefficients for the Equation of the Ionization Coefficient
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the results section. As a result of these calculations, certain similarities
in the computed solutions were noted. These similarities prompted an investi-
gation into the anticipated scaling dependence of solutions of self-consistent
avalanche equations. An investigation of scaling relationships sheds further
1ight on the expected behavior of the sclutions. A discussion of this feature :
of the problem follows. 3

PR

The equations which describe the evolution of the avalanche as
solved by ACORN are:

%%’ = gn. + V(n-u?) + D%%n. (3.3.4)
Moo, (3.3.5)
v.F = &N+ - N, (3.3.6)

where n_ is the mobile electron density, n, the hole density, F the electric
field, p the electronic mobility, D the diffusion coefficient, e the electronic
charge, ¢ the dielectric uermitivity ot the medium, and B = mlvol is the ionization

rate, « being the inverse ionization length discussed above and Vp T - uF being the
electronic drift velocity. Denote the ambient electric field by FO' and the values
of 8, and u evaluated at Fy as By, uy. Let the functions gl(F) and g2(F) be
defined by the equations

8(F) By 92(” ’ (3.3.8)

so that 9 and 9, both have values of unity at F = FO' Choose the unit of
time T0 to be Bo'l, the unit of velocity V0 = “oFO’ with the unit distance X0
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given by Xo = VOT0 (ambient ionization length). If the unit of electric field
is chosen to be the ambient field FO' and all quantities are replaced witb their
non-dimensional analogs (which we denote with the ~ symbol) (e.g., t = Tot).
Equations (3.3.4 - 3.3.6) may be brought to the form

_on- A ~ 2
st 29NtV (g nF) + v 7 (3.3.9)
e .7
=T =g, (3.3.10)
at
VeF=gyn, -n) ~(3.3.11)

where two dimensionless variables, 4] and 52 have been introduced, and
are given by the relations

Dg
_Fo .
R (3.3.12)
o o
. eny
Lo = 2 B, . (3.3.13)

The variable 2 is the dimensionless d1ffu51on coefficient which
was introduced in Section 3.2.1. The variable §2 depends on the choice of
the unit of density g A free choice of o is possible. In particular,
ng may be chosen so that the variable cz has a value of unity. The choice
leads to the following expression for No:
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The second expression in Equation (3.3.14) for no may be compared to an expression
previously obtained for a "critical" charge density. If the critical charge density

has the form en_, where nc is a critical number density, then n. is identical to

the value of n, 9iven by Equation (3.3.14). Thus, choosing ng SO that &) has a value

of unity is equivalent to measuring number densities in terms of the critical

number density Ne- Recall that the critical charge density (and associated critical

number density) occurs as a saturation charge density near the streamer tip.

Equations (3.3.9 - 3.3.11) explictly display the scaling properties of
the avalanche equation. Because the parameter 22 may be chosen equal to unity,
different problems are specified by different values of the parameter tl’ and
different forms of the functions 9 and Py In the limit that 91 and g, are
weakly varying functions of the field (and hence nearly unity) different problems
will be specified by the single parameter Ly This parameter is the same para-
meter introduced in the discussicn of the electron continuity equation in Section
3.2.1. Different problems are specified by different values of Ly Other
parameter variations may be obtained by dimensional scaling.

Of course, the functions 9 and 9, introduce other parametric de-
pendence in general. If the functional form for the mobility given by Equatiog
(3.3.1) is used, then the function g; depends only on the dimensionless field F,
and introduces no further parametric dependence. Using the fits of Equations
(3.3.1) and (3.3.3) gives rise to a form of the function 9, which has the
expression

~ Fy ~
gp(F) =exp { = (1-=)} F(1-A) *
0

| bt

where A = 0.44 was derived in the above mentioned equations.
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The function g, depends on the dimensionless parameter (FM/FO). The range
of variation 4 and (FM/FO) for the computed results is noted below. Within
the existing models used for ACORN, these two parameters are sufficient to
describe all possible distinct solutions.

Several other interesting features of the scaling should be noted.
Let subscript "naught" again denote values of parameters in an ambient electric
field Fo. Equation (3.3.12) gives an expression for a dimensionless constant
which can be formed from some of these parameters. The set of parameters de-
fining a problem is {Do. Bgs Mg» Fo, e/c}, together with the subsidiary relations
Vo © “050’ and By = agVy- This entire set of parameters may be characterized in
a slightly different manner. One chooses three independent dimensional parameters
to provide the fundamental dimensions. The dimensions of any of the given
quantities may then be written as powers of these basic dimensional units. Any
given quantity may be rewritten as a dimensionless constant multiplied by the
appropriate algebraic expression of fundamental units.

For the above set of quantities, a convenient choice of the dimensional
parameters 1is Ro» Vo = “OEO’ and EO. The remaining parameters (DO' e/c) may be
re-expressed as dimensionless constants times various powers of the dimensional
units. With the indicated choice of units, the dimensionless diffusion coef-
ficient is given by & of Equation (3.3.12). The dimensionless coupling con-
stant corresponding to e/¢ (denoted by gz) is given by

es
()
eFOVO
(3.3.16)
2
] eao
eFO )
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-4

10

6 * (0.379) - Ly = 0.533

Figure 3.3.1 Scatter Plot of the Dimensional Quantities
1 and CZ Cbtained From Various SEMC Compu-
tations. See text for explanation.
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The reason for the choice of notation, and the precise relation of 3 to
&, will emerge below.

The quantities 4 and &p characterize the dimensionless parameters
which can be formed from the given problem parameters. Shown in Figure 3.3.1
is a scatter plot of the values of 4 and Zpe The plot was constructed as
follows. For each SEMC computation (10 materials models, 5 field levels) the
values of % and L, were computed. Each SEMC computation gives rise to a pair
(;1. cz). Each of these pairs was plotted on the figure.

From the piot, it may be seen that the two parameters show a
very wide range of variation, (as much as five orders of magnitude for ;2).
The plot is rather remarkable because a definite covariance is shown between
the values of these presumably independent variables. A linear regression of
the observed covariance yields the equation

0.533

Ly = (0.379) - %o (3.3.17)
This equation suggests that the quantity (cg/cz) is very nearly a constant over
a wide range of parameter values. This quantity has the expression
2 2
5 € D0 1
" (%. ?6 . (3.3.18)

This equation, together with Equation (3.3.17) implies that the transport
coefficients Ho» D0 obtained from SEMC computations satisfy the rough equality

D ef
0. . \/ 0 .

t
¥
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For the choice of models which have been computed, Equation (3.3.19) is an
Einstein type relation which gives the field dependence of the mean electron
energy. Though the relation (3.3.19) appears very reasonable, there is no

a priori explanation of this behavior. It remains a problem for future
understanding.

The net result of the above discussion is that a SEMC output is
characterized by a single parameter, Ly The second parameter Lo is obtained
from %1 by the relation (3.3.17). Two things should be noted. The first re-
lates to the regression Equation (3.3.17) and the second relates to scaling of
ACORN results. In a preliminary report of this work [Beers, et al., 1981];
(reproduced here as Appendix 3) it was reported that c?/z/cz was very nearly
a constant for ihe parameters of interest., It was noted that the quantity
(;g/z/gz) also occurs in Equation (3.2.25), the exvression for the self-field
of the undistorted avalanche. It was speculated that there was some deeper
meaning associated with this coincidence. This speculation is now believed
to be incorrect.

The constancy of the quantity (cf/z/cz) was obtained from an
inadequate (eyeball) fit to the data. The properly weighted linear regression
of the data represented by Equation (3.3.17) yields the approximate constancy
of (clz/gz). This is a very different result. Though the resulting expression
for the Einstein relation is not understood a priori it does have a reasonable
form. Were (c13/2/c2) to be constant, the resulting Einstein relation would
contain an exponr. “tial of the field on the right-hand side, a very difficult
expression to reconcile. The constant value of (;12/;2) also makes it clear
that this relation is completely independent of the self-field effects of un-
distorted avalanches. There is no relation.

In the same publication [Beers, et al., 1981] it was further sug-
gested that the covariance of the values of 4] and %o exhibited by Figure
3.3.1 provides an explanation of the similarity of the form of the solutions
of the ACORN computations. While this statement is superficially correct, it
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%4

Figure 3.3.2. Scatter Plot of the Quantities
10 %g- See text for explanation.
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does not provide the pruper interpretation of the phenomenon. As shown in
the discussion on the scaling of the underlying equations, the physical de-
scription may be cast in a dimensionless form which depends on the dimension-
less parameters z, and ;,. The quantity %, as given by Equation (3.3.13) de-
pends on a choice of the ugit density Ny If the unit density is chosen to
be no ° a03. the quantity Lo takes on the value of Lo- With this choice, the
equations depend on the two parameters %y and Lo

However, as shown in the previous discussion of the scaling, the
un‘t density may be chosen such that 22 takes on a value of unity. Even if
there were no covariance of 4] and Lo the problem may be brought to a form
which does not depend on Lo The reason that a single parameter defines a
problem is now apparent. There is no predefined natural unit of density for the
problem. The only naturally occuring density is the critical density, a quant-
ity which is dynamically determined. The conclusion to be drawn from these facts
is that the dependence of the solution on the parameter %o is trivial, and can
be obtained by dimensional arguments alone. In the limit that 9 and g, are con-
stant, problems solved by ACORN depend on a single parameter, gy

The characterization of the scaling laws may now be completed.
Dimensional analysis is used to bring the equations to the form (3.3.9-3.3.11).
A choice of o is made such that Lo is unity. Explicit use is made of the ACORN
functional fits for mobility and ionization rate to provide explicit functional
forms for 9 and 9,- The two functions 9 and 9y depend on the dimensionless
field F and a single dimensionless parameter (which we denote ;4). The quantity
%4 is simply the ratio F'M/F0 of Equation (3.3.15). Thus, all problems solved by
ACORN in this series of calculations depend on twu parameters, Zy and L There
are no other parameters.

The dependence on two parameters is only apparent. Shown in Figure
3.3.2 is a scatter plot of the values of (gl, ¢4) the plot was constructed by

computing the values of L and L4 which occur for the different SEMC computations.

Each point represents a separate SEMC calculation. Again, a strong covariance
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with very little scatter can be seen. The relation between &) and Ly dis-
played by Figure 3.3.2 is easily understood. The quantity & depends on %4
through the quantity Ry Because the dependence is exponential the small
variation in other problem parameters is marked.

The conclusion is that for practical purposes, all ACORN
computations may be shown to depend on a single parameter. The parameter
L (or g4) may be chosen as the discriminating parameter. A1l other changes
of problem parameters which do not vary the value of & lead to solutions
which can be obtained by dimensional scaling.
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3.3.2 ACORN RESULTS AND DISCUSSION

A series of eleven computations was performed with the ACORN
code. Transport coefficients were obtained for scattering sets (10, 9, 2)
as described in Section 3.3.1. Scattering set 10 was used for computations .
at 5 field values (4 x 10, 2 x 109, 8 x 108, 6 x 108 volts/meter), -
while scattering sets 9 and 2 were used for computation at three field values ‘
(4 x 109, 2 x 109, 8 x 108 volts/meter). The rationale vor the choice was
discussed in Section 3.3.1.

The plots which were generated as diagnostics of the calculations
were quite remarkable. Visual inspection of these plots leads to a very strong
impression that the form of the solution is the same, independent of problem
parameters. That is, the plots are all qualitatively the same as the plots
which were previously presented for a single computation [Beers, et al., 1979].
This "sameness' of the solutions was regarded as highly significant. A sub-
stan.ial investigation was initiated to understand this occurrence. The results
of that investigation will now be discussed.

The inves.igation has been based on the notion of similarity
solutions of mathematical models. The concept of similarity solutions of the
hydrodynamical equations has a relatively well-defined meaning [Landau and
Lifschitz, 1959]. In the simplest sense, it refers to solutions which depend
on certain ratios of problem parameters. The most elementary examples in-
volve one-dimensional time-dependent flows which are not characterized with
either a time or distance scale. The solutions of the equations can be shown
to depend on the ratio (x/t) only, and not x and t separately, where x is the
spatial variable, and t the time variable. The use of the term similarity is
related to the same word in geometry.

After completing the work reported herein, an analytic similarity
solution to the one-dimensional avalanche problem was discovered. It is a
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similarity solution in the ordinary hydrodynamic sense. The details of
this solution will be reported elsewhere. Its properties have not been
fully investigated as of this date. In the remainder of this section, a
discussion will be given which presents some of the results which led to
the belief that this solution existed. The importance of this type of
solution is that all possible parameter variations can be accounted for by
properly scaling and interpreting a single computed solution.

The first step in a search for similarity solutions is to perform
a detailed dimensional analysis. The results of that analysis were presented
in Section 3.3.1 above. It was shown that the dependence of the solutions on
the multiplicity of problem parameters could be represented by a single non-
dimensional parameter, together with dimensional scaling.

The second step in attempting to discover a universal similarity
solution is to construct simple, easily viewed diagnostics of the solution. The
plotted outputs of the quantities in two dimensions as a function of time are
too complicated to provide simple measures of the similarity of the solutions
(except in the pattern recognition sense that the visual appearance of the
plots is the same). Simple quantitive measures are required. The remainder
of this section provides some of the simple diagnostics of the solution which
were investigated.

The diagnostics presented below were investigated specifically
to determine if the ACORN computation could be interpreted in terms of a
single similarity solution. For the purposes of this investigation, a general-
jzed sense of the words "similarity solution" was felt to be important. In
this context, we need a generalized idea of when two solutions are the “same".
The most general point of view is topological. We refer the reader to the
book by Thom [1975] as an example of this generalized point of view. The im-
pact on the investigation reported below was to allow a wider latitude in
the investigation. In all further discussions in this section the word
similarity will have a deliberately vague meaning to allow for these possible
generalizations.
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The result of the investigations is that all the ACORN computations
appear to be interpretable in terms of a single similarity solution.

The simplest diagnostic of the evolution of the avalanche is the
total number of electrons involved in the process. By integrating Equation
(3.3.4) over all space, the following equation 1is obtained for the total
number of electrons N

g% = <g> N (3.3.20)
where
d3x Bn._
<> = -————-N—-—-—— ? (3-3.21)

is the density weighied average ionization parameter. The solution of
Equation (3.3.20) is simply

r .t
N = NO exp l]g dt' <g(t')> dt'] . (3.3.22)

For early times, when self-fields are unimportant <f> & Bg where 8o is the

value of B in the ambient field Fo. It is sensible to plot the number N versus
the dimensionless time Bot. Shown in Figure 3.3.3 1is a composite graph on
which the computed results for all eleven computations are shown. From this

plot (in dimensionless variables) it may be seen that the solutions have a

general trend. As the self-fields build up, the rate of avalanching decreases,
giving a decreasing slope to the graph. The number of electrons involved shows

a remarkably small scatter. The mean fit shown on the plot represents the
average behavior. It is apparent that the boundaries of the envelope of points
have a very similar appearance. The composite plot was generated to display this
similarity. Shown in Figure 3.3.4 1is a plot of points from four separate runs,
with a distinct symbol for each computation. In this figure it is easy to discern
the distinct smooth curves of the individual outputs. The curves are clearly similar.
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What is meant by this similarity may be made explicit Ly tie
following recourse to a simple example. From Equation (3.3.20) it is ex-
pected that N is a unique function of time. Assume that the function is
invertible and that the inverse is analytic. Then <g8>, which depends ex-
plicitly on t, may be expressed as a function of the density N (chain rule).
Assumirg <@> to be an analytic function permits a Taylor series expansion
about N = 0. The first term in the expansion is clearly By By retaining
powers through the first order, it is found that

<> = g, (1 _NNF) ’ (3.3.23)
where NF is defined by

[0, dee> . (3.3.24)

Nem Ny

The minus sign has been introduced in Equation (3.3.23) to indicate that the
curve in Figure 3.3.3 is turning down. With the approximation of Equation
(3.3.23) (which is valid for sufficiently small N), Equation (3.3.20) becomes

2
dN | N
U = (3.3.25)

which will be recognized as the classical equation of population growth in the
presence of competition [Davis, 1962]. The solution of Equation (3.3.25) is

N = N ’ (3.3.26)
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Composite Scatter Plot Displaying
Separate Computations of the Num-
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sionless Time Bot. See text for
explanation.
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Figure 3.3.4. Plot of the Number of Electrons Versus
Bot for Several Different ACORN Computa-
tions. See text for explanation.
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where No is the population at t = 0. Figure 3.3.5 1is a plot of Equation
(3.3.26) for the condition that No = 1, and the three cases Ne = 103. 105. 107.
The solution saturates at a value NF making “he notation transparent. These
curves clearly have the same form and are only shifted with respect to one
another. Shifting can be accomplished by plotting N/N0 versus Bot. and
choosing N0 such that NO/NF is a constant.

Equation (3.3.25) is only an approximate expression, valid for
small N. Higher order terms will very 1ikely alter the behavior. In fact,
there are reasons to believe that N increases linearly with t for long times
[Beers, et al., 1978], so that the expansion of Equatfon (3.3.23) is at best
asymptotic. The illustration serves to clarify the ideas of similarity and
does have some physical content for small enough N.

A second simple diagnostic also shows behavior suggestive of
similarity. Let z denote the distance along the field measured from some
reference position. Let the symbol < > denote density weighted average values
of quantities. For instance, the mean location of the negative charge is

given by
J/.zn_(x)d3x
N 2 (3.3.27)

It follows from the equation of continuity for the electron density (Equation
3.3.4) that the following equation holds:

g.d.:_z:_ = <vz> + {<BZ2> - <p> <2>} o (3-3-28)

For early times, when self-fields are unimportant, <Bz> =~ <B> <z> because
of the constant value of R8. Thus, for the undistorted avalanche, with
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N

Figure 3.3.5. Plot of Equation(3.2.26), for Ng = 1, and
Several Values of NF'
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2> = <25+ (uOEot) (3.3.29;
or
ao (<Z> - <z>o) = Bot * (3.3-30:

Departures from a straight line on a plot of (g <2> versus Byt will depict
the integrated effect of the dynamics on the right-hand side of Equation (3.3.28).

Shown in Figure 3.3.6 is a composite plot constructed from all the
computed solutions of the motion of the centroid of the electrons. Two branches
of the solution are apparent on this graph, but most of the comnuted points are
along a single curve. Shown on the figure is a constant acceleration fit of the
data (i.e. quadratic in Bt). The value of the acceleration in dimensionless
units Bvg is 2.0 x 10'2. The most interesting feature is that the velocity 1is
increasing, not decreasing. The enhancement of the field due to space charge is
generating a faster drift with the field, faster than drift in the ambient field
alone. The possibility of this occurrence was suggested in a previous publication
[Beers et al., 1979].

Introduce the quantity &8 by the equation

<Bz>

88 = <z>

- <B> e (3.3.31)

Assuming that the initial value of <z> vanishes for t = 0, the solution of
Equation (3.3.28) is

t
<z> (t) = exp [B(t)] f dt' <w,> (t') exp [- B(t')] » (3.3.32)
0
where

tl
B(t') = f dt" &8 (t") - (3.3.33)
0
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This form of the solution shows that the behavior seen in Figure 3.3.6 is
rather remarkable. That is, the fit to the equation shows a quadratic de-
pendence on time, while solution (3.3.32) shows explicitly an exponential.
This demonstrates that either B{t) is very small, or that some other delicate
cancellations occur. Of course, the solution (3.3.32) is implicit because &8
depends on <z>. This dependence may explain in general the weak time de-
pendence displayed by the computed solutions.

Other evidence suggests however, that the delicate cancellation
is real. Referring to Equation (3.3.23), it may be seen that <g> depends on
N. For short enough times, N depends exponentially on time as given in
Equation (3.3.26). If this explicit time dependence for <@> is introduced
into Equation (3.3.28), then the right-hand side contains a term with ex-
ponential dependence, while the left-hand side is linear in time (from the
computed solution). Thus, the other terms on the right-hand side of Equation
(3.3.28) must alsu introduce exponential terms which provide a delicate cancel-
lation to provide a linear behav’,r in t.

The significance of this point is that it is suggestive of a
similarity solution. Because w,> is not expected to depend exponentially
on time, the simplest solution to the cancellation problem is obtained by
demanding that &8 be small, i.e.,

Bz~ - <> = 0. (3.3.34)

If Equation (3.3.34) is approximately true, it implies a remarkable constraint

on the solution. Recall that g is a very strong function ot the electric field
(and hence the charge density). Relatively small variations in the field distri-
bution could make large differences in the moments occurring in Equation (3.3.34).
It appears that the negative feedback in the dynamical equations adjusts the charge
and field distribution so that Equation {3.3.34) is approximately true. Because

B is such a strong function of E, it seems unlikely that there are many field
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distributions which provide the minimization associated with this constraint.
A natural interpretation is that the solution has moved to a stable equil-
ibrium (in some sense) and continues in that state.

Further diagnostics of the evolution may be obtained from the
charge distribution. Inspection of contour plots of the distribution of
charge gives a strong impression of similarity. Visually, there is little
to distinguish the contours for the individual computations from those pre-
viously presented [Beers, et al., 1979]. An attempt to quantify this similar-
ity may be made by considering the multipole moments cf the distribution.
These are scalar diagnostics of how the charge is distributed in space. ACORN
computes these quantities as part of the numerical package. It must be men-
tioned that they are computed in a moving frame. The procedure is as follows.
The centroid of negative charge is first computed (<z> in the above discussion).
A similar computation is performed for the positive charge. The origin for
the multipole expansion is then chosen to be at the midpoint between the two
charge centroids.

In Section 3.2.1, a discussion of the dipole moment p of the un-
distorted avalanche was given. It was sYown that p quickly tended to the limit
p = 2Qa, where Q was the total charge of the electrons in the avalanche, and 2a
was the avalanche length. An inspection of the dipole moment as computed by
ACORN shows that this behavior persists throughout the self-consistent phase of
the evolution. A plot of the dipole moment in time shows an identical behavior
to the behavior of the total number of electrons involved in the process (Figure
3.3.4). The dipole length shows a very small variation.

The behavior of the quadrupole moment has also been investigated.
Utilizing the techniques of Section 3.2.1, it is possible to derive an exact
expression for the quadrupole moment of the undistorted avalanche. Denoting
this moment as q, it is found that

et |
g% e O +pt-1] (3.3.35)

%
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where Q is the total electronic charge, ag js the inverse ionization length,

and Bo is the ionization rate. After a few generations, the term in brackets
increases linedrly with time. An interesting quantity to plot is the dimension-
less ratio (qa02/4Q) as a function of the dimensionless time Byt.

Shown in Figure 3.3.7 is a plot of .r s dimensionless ratio as
a function of Bot. The origin of time for each .ndividual computational set
was chosen to correspond to the origin for the number of electrons in the distri-
bution. At first sight it may seem that there is little order in this figure.
It must be remembered, however, thai the quantity which is plotted is the ratio
of two exponentially growing quantities. Sma’ll absolute errors in either of
the quantities can lead to relatively large percentage errors in the ratio. A
reasonable interpretation of this plot is that the quadrupnle moments of the
charge distributions are also very similar for different parameter choices.
Generally they have the same behavior as given by Equation (3.3.35). It
should also be mentioned that each individual set of points for a given compu-
tation varies smoothly with time.

No higher order moments were computated in the ACORN calculations,
as they were not required for the convergence of the numerical algorithm.

A11 of the diagrostics discussed above support the statement
made at the beginning of this section which noted that a visual inspection
of the plotted output strongly suggested a great similarity of all solutions.
A major portion of this similarity was deduced in Section 3.3.1 where the
scaling properties of the solutions were discussed. It was determined that
the proslem could be reduced to solving a set of dimensionless eg.ations
depending on a single dimensionless parameter. The results of this section
have shown that simple diagnostics go further than this and strongly imply
that solutions having different values of the dimensionless problem parameter
are also similar. It would appear that when properly interpreted, there is
but a single problem described by ACORN.
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4. INITIATION MECHANISMS

Because of mounting evidence that the majority of spacecraft
dielectric discharges in space occur for low differential voltages [Stevens,
1980], it was decided to expend the majority of effort for this task in-
vestigating the effects of internal charge distribution. The results of

this investigation were published. This paper, [Beers et al., 1981] reproduced
here as Appendix 4, adequately discusses the effort and may be referred to for

details. It is believed the results demonstrate that the internal charge dis-
tribution has an important bearing on the occurrence of discharge.

The behavior of avalanching and streamer formation as a function
of the manifold material parameters follows from the computed results of section
3. Local field enhancement increases the probability of occurrence, as does a
decrease in scattering probability. The quantitative change is provided by the
computed results. No quantification of the decrease in scattering probability
near various defects has been given. Field enhancement due to the internal
charge distribution has been given in Appendix 4. Field enhancement near de-
fects has not been quantified.

During the course of the research, it was noted that the classical
literature on thermal breakdown failed to account for field distortion in the
medium. A proper formulation of the problem was developed to account for the
effect. A brief account of this work was published [0'Dwyer and Beers, 198C]
and is reproduced herein as Appendix 5. The inclusion of space-charge distortion
does not change the fact that thermal breakdown is a high temperature phenomenon.
Consequently it is of little interest to the spacecraft discharge problem.

The overall conclusions from the initiation mechanisms study are

that the conditions in space are conducive to low differential voltage break-
down and that huried change is probably involved.
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5. QUENCHING AND BLOWOFF MECHANISMS

Laboratory charging of spacecraft dielectrics with electron
beams has led to an extensive data base on the subsequent breakdown. Two
features of the observed process are: (i) the amount of charge cleaned off
in the process is approximately proportional to the area of the sample
[Balmain, 1979] for sample sizes up to 1 m2; and, (ii) the discharges are al-
most always accompanied by the release of electrons from the front of the
dielectric into the vacuum. The electrons released quickly escape to the ex-
periment chamber wall and manifest themselves as a return current to the
sample substrate. The magnitude of these blowoff currents is large, involving
as much as 50% of the total charge released there (the remainder existing via
other current paths). In addition, the peak current scales approximately with
a characteristic dimension of the sample [Balmain, 1979]). The first of these
observations is normally called surface cleanoff. The second is described as
the blowoff current. Certain theoretical aspects of these two phenomena are
discussed ~elow.

The fact that laboratory discharges appear to involve charge
from most of the sample surface suggests that once a discharge has initiated,
it is self-sustaining, and does not cease until the source of energy for the
process (within the field due to the trapped charge) has been relaxed. It is
of interest to ascertain whether the negative tip streamer described by ACORN
has properties which are consistent with this behavior.

Before addressing this subject, it should be remembered that
the negative streamer is not envisioned to be the discharge. Rather, a
Markovian sequence of small streamers, initiated near the positive ends,
is expected to provide the mechanism for discharge and propagation. Because
a prezise mathematical formulation of this process has not yet been given,
the discussion of the quenching of the discharge given below must be viewad
as speculative. Explicitly, the discussion is concerned with possible quench-
ing mechanisms for the negative tip streamer described by ACORN. A conclusion
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about the behavior of the negative streamer can become a conclusion about

the behavior of the entire discharge only if it is the quenching behavior

of the negative streamer which controls the propagation. If there are slower
processes which control the stochastic initiation of subsequent streamers,
then the above conclusion does not follow. Of course, if any mechanism
exists which tends to quench the streamer itself, it does follow that the
entire process is quenched.

Within a streamer, there are a number of processes which could
be expected to lead to a quenching of the propagation. These processes are:
diffusion, trapping, recombination, encountering a region of field reversal,
encountering a macroscopic or microscopic material boundary, and global
field decay. Each of these mechanisms is discussed in turn.

Diffusion is already incorporated into the numerical :wdel im-
plemented in ACORN. With the inclusion of this effect, an avalanche appears
to evolve into a propagating, self-sustaining, jonization front. While the
effects of avalanche are smeared out due to diffusion, the effect does not
appear to lead to any mechanism which would stop the avalanche process.

Trapping is not expected to be a viable mechanism for quenching
the avalanche process. Shown in Figure 5.1 are the ionization times for all
the models which have been considered in earlier sections of the text. Typical
trapping times are of the order of 1078 sec. [Hayashi, et al., 1975] or more,
depending on whether shallow or deep trapping is considered. Thus, in order
for trapping to be a competing mechanism with avalanche, the avalanche times
must increase to values which are as large as the trapping time. From the fig-
ure, it is seen that this occurs for much smaller fields than those of interest.
In fact, one may turn the argument around. If trapping times are sufficiently
small as to compete with avalanche, then the avalanche will not initiate at all.
Once it initiates trapping cannot be of concern.

This conclusion may be reached from a slightly different viewpoint.
It was seen in earlier sections that once an avalanche initiates, it quickly
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reaches a critical charge density given by be = GFO“O‘ Assuming no
cancellation by positive charge, a purely negative charge leads to a
critical number density Nc = eFoaole. Shown in Figure 5.2 is a plot of
this quantity for all the models considered in earlier sections. Typical
trap densities are of the order of 1015/cm3. with a maximum of perhaps 1017/
cm3. With the densities shown in Figure 5.2, it is clear that even if the
trapping rate were very fast, all traps would quickly fill, and there would
still be adequate charge in the conduction band to continue the avalanche

orocess.

Recombination is somewhat more difficult to quantify. There are
several reasons for this. The tirst is that recombination with the parent atom
(so-called geminate recombination of Onsager [1938]) is somewhat difficult to
observe. Second, most observations of recombination have been performed for
relatively small carrier concentrations (<< 1015/cm3). In this regime, re-
combination is dominated by trapping processes. That is, recombination occurs
between a mobile electron and a trapped hole, or vice versa. This trap control-
led recombination tends to give rise to a kinetic theory term which s linear in
the mobile electron density. At higher carrier densities, typical of those noted
above, direct two body recombination is expected to dominate (the kinetic theory
term is proportional to the product of the mobile electron and hole densities and
increases quadratically with the carrier density). It is possible at the very
high densities associated with Figure 3.2, that even higher order processes may
become important. This has been observed in high dose irradiations of semi-con-
ductors [Van Lint, et al., 1980]. Finally, all the recombination processes are
sensitive to the electron distribution function. For the high fields considered,
significant distortion of the distribution function takes place. This shift to
a heated electron distribution function tends to make recombination less likely.

Even with all these caveats, it is probably still safe to say that
recombination will not quench an avalanche once initiated. Assuming a term in
the rate equation of the form re.n'm, where r is a rate per unit density, n is
the mobile electron density, and m is some hole density (whether trapped or
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free), the rate r 1is related to a capture cross-section o through a
formula r = <ov>, where < > indicates an ensemble average, and v is the
electronic velocity. The largest quoted value for o [A. Rose, 1963] is
of the order 10'13 cmz. This large value of the cross-section occurs

at very low energies. At higher energies, o falls off rapidly. The maxi-

mum value for the recombination rate r occurs at low energy. For electrons

of near thermal velocity at room temperature, the mean speed is about 107 cm/
sec. With these estimates of o and v, the recombination rate has a maximum
value of 10'6 cm3/sec. Assuming a hole density of 1018/cm3. gives a minimum
recombination time of 10'12 sec. Even this worst case estimate gives a time
which is larger than the characteristic avalanche times as noted in Figure 5.1.
In practice, it is expected that the maximum recombination time is substantially

larger. For example Gress [1978] quotes a value of r = 1078 cm3/sec for Teflon.

Therefore recombination cannot quench the processes which are
occuring in the active region of the avalanche, the ionization front. Once
initiated, it will continue. In the body of the streamer, however, it might be
possible for recombinetion to reduce the conductivity. In this region, the
field drops substantially from ambient levels, and there are significant free
carrier densities present. If nothing further happened, except for the propaga-
tion of the single ionization front, then the recombination process will take
over and decrease the frie carrier concentration. Further quantification of the
importance of this process requires a precise formulation of the discharge in
terms of a succession of small streamers.

The question of whether a region or field reversal will impact
the negative streamer formation has a straightforward answer. It is topolo-
gically impossible for the field reversal region to impact the evolution once
initiated. The reader is referred to Figure 3 of Appendix 4 which shows the
field configuration near the front surface of a dielectric irradiated by a
space-1ike electron environment. It explicitly shows the field reversal of
the postulated mechanism [Meulenberg, 1976]. To the right of the zero of the
field, the electric field intensity is negative. Electrons and subsequent
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streamers in this region will therefore drift to the right and never encounter
the zero crossing. Similarly, to the left of crossing, the field is positive
and electrons and streamers will move to the left in this recion and never
encounter the zero crossing. The point is simple. Electrons are trying to
escape the region of trapped electron density. There is no way to configurc
the boundary conditions so that drifting electrons will encounter a region of
field reversal.

The most difficult processes to quantify are those associated with
encountering a physical boundary, whether macroscopic or microscopic. For this
reason, the following discussion is primarily intuitive and heuristic. Clearly
if the nenative streamer encounters a conductor, then the avalanching process
will cease. Subsequently, the region of space which has been left with mobile
carriers will rearrange itself so that the surface of this region is equipotential
with the conductor which was encountered. For the conductivities computed in
Section 3, this happens very rapidly, ~ 10'13 sec. The primary process has
been stopped, but the net effect has been to project an "effective" needle-like:
conductor into the dielectric. Assuming the potential has been maintained, and
the positive tip is nearer the cathode, the field continues to be enhanced at
the positive tip. If nothing further happens, the process has ended. A repeti-
tion of the avalanche mechanism must be invoked for further spreading of the
process. Further statements must await a formulation of this mechanism of
breakdown.

On reaching a vacuum boundary, it is also clear that the avalanch-
ing process must cease. The disposition of the avalanching electron front
thereafter is not quite so clear. Two things could happen. The front could
reach the surface and encounter a potential barrier which stops the electrons
at the surface. Alternatively, the potential barrier could be sufficiently
small that the electrons are energetic enough to penetrate the barrier and
escape to free space. Of course, the experimental evidence suggests that
the la*ter occurs. Theoretical arguments to support this conclusion are more
dif 1+ to muster. The electrons have at most a few eV of energy above the
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conduction band edge of the solid. The relevant barrier is that of the work
function, or electron affinity. It typically has a value much less than the
work function of metals. Values of 1-2 eV at most may be expected. The major
uncertainty concerns the effect of the deeply trapped space charge (the internal
electric field) on this value. It is not absolutely apparent that all aspects
of this field have been accounted for by merely computing the bulk electronic
distribution function in the field. Indeed enhanced secondary emission of
charged dielectrics has been reported from time to time suggesting that some
lowering of the work function barrier may occur.

In any case, the barrier is at most about the same energy as a
characteristic energy of the bulk electron distribution function. One there-
fore expects a significant fraction of the electrons in the front to escape.
The exact esrape ratio depends on the details of the distribution function
and the electron affinity. A detailed formulation and calculation is outside
the scope of this effort.

The effect of the above is that the avalanche ceases, a short
burst of electrons is emitted into the vacuum, and an enhanced field conduct-
ing region is left behind. Further evolution depends on a successira mecha-
nism for avalanches.

The effects of microscopic discontinuities have not yet been
investigated.

The dependence of the solutions on global field decay follows
from the discussion of Section 3 and the trapping and recombination discussion
of this section. From the scaling laws of Section 3, the characteristic time
for avalanching is 80'1. The quantity increases exponzntially with a decrease
in field. If sufficient charge has been released so that the bulk field is de-
creased significantly below the initiation field, then the trapping and re-
combination times can begin to dominate, thus providing the required quenching.

It should be mentioned that an exact quantitative relation cannot be given
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within the present format f » the field at which this occurs. As the field
decreases, and trapping and recombination become dominant, the assumptions
which were used to solve the transport equation for electrons become invalid.
That is, it was explicitly assumed in the formulation that the field was suf-
ficiently large that the quasi-free electron approximation could be used.
Transitions to localized states were to be treated as a perturbation. The
Timit of interest requires that trapping and recombination become dominant.
In this limit, it is the conduction band motion which is a perturbation on
the trapped states {sometimes called hopping conduction, or trap modulated
drift). The effect is that significant ionization shuts off even faster than
implied by the exponential behavior. What remains clear is that this
mechanism will turn off the discharge, but only after a significant fraction
of the charge has been lost from the insulator.

A review of the paper by Leadon and Wilkenfeld [1978] leads to
the belief that magnetic forces are probably not important in the blowoff pro-
cess. A review of the numerical values presented therein is sufficient to
come to this conclusion. In order to obtain a magnetic force even remotely
close to the ambient electric field, the following parameters were chosen;
electron drift velocity in the dielectric, 10g cm/sec; peak discharge current,
6 x 103 Amps, and distance from punch through channel, 10'3 meters. With
these parameters, the electric field equivalent of the force is 105 V/em,

These values are probably not appropriate. The drift velocity
used is approximately two orders of magn’tude too high when compared to those
computed from SEMC, and measured under a very wide variety of conditions
The discharge time (10 ns) assumed is significantly shorter than observed
for the assumed sample size (10 cm). A value closer to 103 ns [Balmain and Hirt,
1980 is more reasonable. Thus, the assumed peak current is probably two orders
of magnitude too high. Finally, the magnetic force falls off inversely with the
distance from the discharge channel, so that 1 cm from the channel, the force
is reduced another order of magnitude. Since it is impossible to emit the
amount of the blowoff current which has been measured (v~ 50 A) for samples of
tnis size from a spot 10'3 m in radjus (see discussion below about space-charge
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Timiting), it is necessary to l¢ocic at larger distances from the punchethrough.
These considerations imply that the importance of the effect is an estiwate

of at least five orders of magnitude too high for the example presented. It is
concluded that the mechanism is unimportant.

More generally, if these forces were important, then their effect
would be strongly dependent on sample si:> (since the discharge current is). It
is difficult t~ conceive of circumstances which would allow t*e scaling of this
force (it decreases with current) in such a fashion as to always dominate the
electric field force. More generally, magnetic forces are seldom of importance
in transport processes unless both electric fields are shorted and inertial
effects dominate.

Two other mechanisms can be envisioned for the blowoff process.
The first of these is the termination of an avalanche at the surface, or, more
generally, the punch through of a discharge to the surface, with the sub-
sequent emission of electrons. It is important to distinguish between large
scale or macro-discharges and small scale or micro-discharges in considering
this mechanism. While it is possible that this mechanism is important for
micro-discharges, it seems very unlikely that it is responsible for macro-
discharges.

The reasoning is based on space-charge limiting. The large dis-
charges which have been observed cannot possibly have been emitted from a small
area characteristic of a surface punch through. Under space-charge 1imited
emission conditions, the maximum current which can flow (I) for an applied
voltage drop V is given by the Langmuir-Child law ] = GV3/2 where G is the
perveance of the emitting system. For the purposes here, a detailed discussion
of G is not required. Instead, we assume a 10 cm2 sample which has a grounded
grid 10 cm from the front surface of the dielectric. The perveance in this
case is G = 33 mA cm'sz'3/2. For a 20 kV potential drop, this gives a maxi-
mum space charge limited current of 30 Amps. This estimate is based on the
assumption of uniform emission from the entire surface. The total allowed
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current will scale roughly as the actual emitting area. Thus, a small punch

through with an area of 10'2 cm2 (which is large for a punch through), can emit
nearly four orders of magnitude less current than is observed. We do not pursue the
quantitative aspects of this line of thought further. It is apparent that a

few small punch through channels cannot emit enough current to account for the
observations of current scaling for macro-discharges. ¢

By contrast, micro-discharges with very small total blowoff cur- !
rents could be sustained by this very same mechanism. A surface directzd aval-
anche/streamer can arrive at the surface, and the free electrons can be ejected
from the surface. This was discussed earlier in this section. It seems quite
likely that this type of small scale charge emission occurs rcutinely in charged
dielectrics. The details of this mechanism should be developed for describing
small scale scintillation (probably without damage) of charged spacecraft di-
electrics.

The final mechanism which has been considered 1is the diffusion
and release of free electrons generated in a subsurface propagating arc discharge.
The idea is quite simple. Based on the conceptual model of a stochastic sequence
of avalanches, it is expected that streamers of the type described by ACORN will
propagate through the subsurface trapped charge layer, with the direction of
propagation parallel to surface. Fvidence of this type of subsurface propagation
has been given by Balmain [1979] from observing damage paths in the material
subsequent to breakdown. These discharge channels are expected to branch out
into a tree, which is similar in form to the damage patterns. Filamentary
processes are therefore expected to lie under the entire surface area.

Each of the filaments may be described by a conducting channel of
the type computed by ACORN. In these channels, a large density (see Figure 5.2) %
of free electron carriers is generated. These electrons will diffuse outward ?
away from the channel and a portion of them will further drift to the surface,

where they will subsequently escape. i

It is to be determined whether this mechanism is quantitatively
reasonable. The mechanisms which could prevent the electrons from reaching
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the surface are trapping and recombination. Because the holes are relatively
immobile, and the diffusion is away from the regions of large concentrations
of holes, recombination is not expected to be important. Treapping is included
in the following estimate.

Assume that a quantity no/cm2 eiectrons are released at depth d
below the surface in a planar configuration. The process of escape to the
surface may then be followed with elementary diffusion in the presence of
absorption (trapping). Let v be the time constant for trapping, and D be the
diffusion coefficient. Define a characteristic distance L by the equation

L= Dt ° (5.1)

For each electron released at a depth d below the surface, the fraction (n/no)
which reach the surface is

_ d
%6 =exp[-T7] . (5.2)

Some numbers are instructive. From the high field computations of
Section 3.1, D has a value of about 10'4 mz/sec. Assuming a trapping time of
1078 secs (Hayashi et al., 1975] gives a characteristic length of 1076 meters.
Typical depths of the charge layer are a few microns, so that the exponential
in Equation (5.2) is not extremely small. Since a copious supply of electrons
will be generated in the discharge channels, the fraction reaching the surface
will be more than adequate to account for the observed amount of charge released
in the discharge.

The time T required for electrons released a distance d below the
surface to reach the surface is given by

T=dp - (5.3)

9
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Choosing d = 106 m gives T = 1078 secs. Compared to the time scales of

macro-discharges, this is quite fast. The rate of formation of discharge
channels (which would control the release rate of diffusing electrons)
would therefore control the current reaching the surface. The model is
consistent with the blowoff current having the same pulse shape as the
propagating subsurface current. The scaling with area, which has been
observed, is consistent with this process if the subsurface discharge has
the anticipated scaling behavior (peak current proportional to length).

The conclusion is that diffusion to the surface of electrons
freed from a subsurface discharge is a very likely mechanism for the blowoff
current production. Note that emission is expected over most of the surface
area in this mechanism. The released current is not so severely limited by
space-charge considerations, and is comparable with observations.
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6. SUMMARY

A description of continuing work on the development of a
detailed model of arc discharge dynamics has been given. The work de-
scribed is centered around an extensive parameter study which was per-
formed with the SEMC/CASCAD/ACORN family of computer codes. The salient
results of this effort are summarized as follows:

¢ Code modifications were incorporated into the SEMC/CASCAL/
ACORN family which permit reasonable code to code interface.
Adequate output routines were also included in the package.

e Dimensional analysis and an extersive computationa]l study
with the SEMC code have provided a characterization of the :
single electron distribution function and associated transport ;
coefficients over a wide range of material models. :

e Analytical approximations for single eloctron induced un-
distorted avalanches were compared to an extensive set of
computations of the same phenomenon using the CASCAD code.
The problem parameters were those obtained from SEMC compu-
tations. It was noted that self-fields become important
when only a small number of particles are involved in the
avalanche. The transition to a continuum description for ¢
the self-consistent further evolution must therefore be
interpreted as an ensemble averaged description. :

® An extensive series of computations of the self-consistant
evolution of electron avalanche/streamer formation suggests
that this evolution can be described by a self-similar
solution of the macroscopic equations. The scaling dependence

of the solutions on almost all of the parameters has been given.
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o A model for low voltage differential breakdown in ~i-

electrics was given. The electrons from the environment
peretrate the dielectric and give rise to a trapped charge
layer in the dielectric. This layer gives rise to large
internal electric fields near the surface which cannot be
reduced by enhanced secondary emission. These fields can
become large erough to induce breakdown. The space environ-
ment gives rise to the field configuration of the proposed
mechanism. This is in strong contrast to monoenergetic
laboratory simulations.

The 1ikely quenching mechanisms for terminating a discharge
appear to be associated with encountering a vacuum boundary
and/or global field collapse due to a release of sufficient
charge.

The most 1ikely mechanism for large blowoff current appears

to be diffusion to the surface of free carriers released in a

subsurface discharge.
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PAGE 9 Elcctron multiplication in sulids
QUAU“ Dong L. Lin

Science Applinanons Incorporaied, 8330 O\d Covrthouse Koad. Sutie 310, Vieanu, Virginw 2210
. (Recrived 9 July 1979)

'Tvunng callivens a8 Markos piovesses. 8 theory u developed lar the calculavon of elecirm
multiphicanon 1n sohds The electton mean free paths for scoustic -phonon scatrting. opinal phonon
emnaon, and pair prostuction pro esses s1¢ sssumed 10 be independent of the cnergy of the elecison The
nunber ¢f worizanen evenis per mean free path o » unnenss! funcno: M dimenaontess energy 1atiem
Seseral thvpes of phonon soattenngs sre studied In the case of iotropic sattenng, companivg of the
present work with the resulis obtained by numencally sulving the lolizmann equation Indicates that gasd
spicement s lound only i fast-muluiphcation cases The disciepancy noted i slow-mubliphcation caves 1
holieved 10 be due 10 euher the less sinngent requirements or the mild singularity of the transinon
protatiliies in the nuniencal spproach o solving the Bulemann cqustion.

1 AINTRODUCTION

Under the stress of a very strong electric field,
senuconductors and dielectrics tend to exhibit ava.
lanche breakdown, A qu.atitative measurement of
the charge muliphcationn p-n junr’-ons of §i and
(e war carried out and its implicatie on the ion.
1zatinn rate per unit length, as a lunction of the
applicd electric field, was analyzed twn decades
apn.' The fundamental processes for charge mul.
tiphcation in solids were assumed (o be analogous
tn tlut (Townsend's 8 mechanism?) of gas dis-
charpe. The ionization rate is an important para-
meler which brings out the details of the micro-
scopic solid-state properties {rom the macro-
seopic characterestics of breakdown measure-
ments. Methods have been developed to calculate
tins parameter, most of them tnvolving the solu-
tion of the Boltzmann equation in a high electric
fiecld. Thus, neglecting the then-unknown band
structure of silicon, Wollf’ expanded the electron
distribution function in terms of legendre polyno-
mals, kept the first two terms, and solved the
Bnltzmann equaiion in a steady state. Baraff* om.
played the concept of collision density and derived
an antegral equation by Laplace-transforming the
Boltzmann equation which he then solved numer-
ically. To solveithe Boltzmann equation at high
fields 18 generally difficult, as pointed out by Wan.
nier.® On the other hand, Shockley® considered
the collision processes as protabilistic processes
with expon‘enual probability distribution and,
treating only the electrons which survive any col-
tision, directly abtained the inmzation rates in
the 1nw -field and high-ficld binuts. Although the
validity of snme assumptions made by Shockley
was questioned at that time, the concept of expo-
neatial probabihity s particularly attractive inits
simplictty. It appears that for the calevlation of
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lonization r=tes, one may avoid solving the Bollz.
mann equation by trealing all processes as Markov
processes and following the motion of the eleciron
in a completely stochastic way,

In this paper, we will address the calculation of
lonizatinn rates in semicondaciors or dielectrics
where bind- structure detatls can be neglected. A
strong electric ficld & 18 applied tn a thick rlab of
matecial. The electron whose track we will fel.
low starts wi' zero energy n the eonduction tand,
We assumie that there are three caergy ranges in
cach of which anly one single-eleciron provess 18
possible. Thus from zero to fw (the energy of the
only optical phonan), only acoustic- phonon scat-
tering 18 possible; between hw and E, (the inniza-
tion threshold to produce an electran-hole pair),
the eleciron can onty emit the optical phonon. as.
suming no optical phonons to be present so that
the absorplion of optical phonons is negligible:
above E,, electron excitation from the valence
band is the only interaction the ¢lectron has with
its envirnnment. We 2180 assume that the mean
free paths of these three fundamental processes
a-¢ independent of the electvon eneryy  Further-
mnre, these three mean frec paths are assumed
for simplicity to have the same value A. These
assumptions are tn line with previnus works, **
Most of them can be relaxed i1l one s0 wishes: the
involved modifications of the equations, (o be
derived below, either are trivial or can be car-
ried out with minor effort.

The main quantity we are interested in is the
mean tonization distance for an electron starting,
with gero kinetic vaergy at £=0 (2 +s the depth co-
ordinate). An clectron, enutting n nptical phonans,
will reach E, at location 2 = (E,+ nphu')'cS. Since e
and n are two random variables, the mean dis-
tance ¥ per mean free path 15 related to the mean
number of oplical- phonon enussions, i, by
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Seting XN b eSvand B One F,othe mean nun.
ber of elecrin.hole paren produced by a single
clectron i traveling @ mean free path 2 1s given
by !

Noaur(Vennth o 1)h, ()

The Vonthe righite hand side takes vare of tie
exirg mean distarce Ay the viectron has to travel,
ayer reaching Foooan nrder o produce a pair, The
exact value of this onira Lean aistance 8 not i
portant. ™ hos ever  Here we assumie Agr A

Lauation (2) indicates that V008 a universal
function of X and R since s, as will be shown L.
ter, depends only on N and R,

The concept deseribed heie could e applicd to
the calculation of the average energy of hot elec-
trons cmering fron. a 8Lib of given thickness 2.
The proper equation reads

Fecle,-iine (a)

and 5 could be obtained exactiy in the same way,
a6 described in Sec. Il The only change 15 to re.
place s - 8y an the arguments by v. Though Monte
Carto results’ do exist, the supgested approach
here gives an exact answer,

I THEORY

Let 2 be the mean free path of a collision (a Mar.
kov process), The no-collision probability for an
electron in traveling a distance 2 15 ¢ *® and the
protubility of one collision in dz 18 d2/x. The
mean collision distance 1s given by

T 7]
<:>-f.- T @

the m=an free path of this process,

At some reference level, an electron s released
with both kinetic and potential caergies zero, Un.
der the influence of a constant electric fieid &,
this electron behaves like a particle of some in-
ertial mass in a gravitational field Now, if this
electron experiences an acoustic (elastic)collision,
it simply adjusts the direction of its velocity with
magnitude unchanged. [f an optical-phonon emis-
stcn occurs, the electron not only changes the
velocity difection but alsn loses some quantuin
kinelic energy (the quantum energy hw of the op-
tical phonon). Stnce in a conservative field, there
is a one-to-one correspondence between kinetic
cnergy and potential enemy, once the reference
tevel of zero potential is chnsen, the fact that the
electron loaes Aw lunetic energy will be equiva.
teat to pushing thus electron a aistance fw. e & elo.
scr (o the reference level, as shownin Fig 1.
The probability of having a colliston 15 controtied

104

<
'.’1. huvuu h:“‘

.l'\

¢

FiG 1 Blectron at A emnita on outical § basn amsd its
location 1s consequently put &t B, Az s Au/edh,

by the exponcatial function of the length of the tra.
jectory this clectron travels alter the jatest col.
lLision,

For a Markov process, the history of the elec.
tron before a collision 18 completely wiped out
wheno a collisinn accurs, In other weords, the anpu.
lar distribution of the cross sectinn of 4 enllising
s independent of the direction of this incident elec-
tron. A few examples are in nrder:

(a) Forward scatter.ng. The electran can only
travel in the direction of the electric force. There
18 no elistic colliston in this cave because the di-
rectinn i1s lixed,

(b) Two-direction scattering. The clectron can
move either along or against the electric ficld,

Movement in either directinn can cause collision

vith the consequence of, say, lalf chaace of the

electron gmny aiong and half chance of gning !
against the electric field.

(c) Isotropic scattering. The cross section is
1sotropic and thus of Markov type,

In general, we can assume the angular distribu.
tion of the probability to be 2(0) nn matter what p
direction the electron is moving i1n immediately be-
fore a collision. 6 18 the angle the velncity vector i
makes with the harizontal hine as shown in Fig. 2. ‘
The clectron 1s at a location ¥, (v =2/)) below the
reference level. Let T(y,, v,)dy, te the prababn ity
distribution that the electron, suflering a collisian :
aty,, will not have any collision before reaching
the height v, below the reference level and having
a eollision in dv, at v,. The collision here could '
be acoustic or optical. This probability 18 compu-
table from classical mechanics, as can be done

'.{\u':’ : . uAs:r
| 7N N

FI1G. 2. Flectron as a projectile
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(ollowing the results of the Appendin. [t I8 easy to
prove that [210 2 VoMY 2 Ll one realizes that,
for a given projectile angle, the protmtuhity of hav.
g a collivion regardless of how Lar the electoon
travels isunity, 1o, [ ysn e ), Once Pl 18
aspipned and 7 (v, v )15 computed, the 1onization
rate cun be ottained as foilow s,

L.t

» -
Niv) ey -f ro LV M. f T(vyov My,
o Yo

be the probability thin an electron suffering a ¢nl.
histon at v will not have any collision before reach.
ing v, ( \), the tomzation threshold tor produc-
ing an vlectron-hole patr. Let &y Le the width of
the acoustic-scattering region, 1.e.,

Av-r882/c8N=pu/e8rsRX,

We can thea compute, by the technique of regroup-
ing, the probability of having n optical-phonon
emisainny, regardiess of the number of scatter-

&y Ly ’,
1= N({O)eo I N )T(v, Oy, o f d\',f l[\‘:T(l',.\’,)TU“,O)t
1] (] 0

v, L/
of dv,l odvv,T(y,,y,- av)T(y,,0).
ay

It (n,,ng) denotes the numbers of acoustic and op-
tical scatterings, then the first term in Eq. (6) 15
(0,0), the second (1,0), and the fourth (0,1). For
the thi~d and the last, we need to break up the in-
tegranonf;" and then substitute the appropriate
equation for 1 as before, This procedure could be
repeated indefinitely. CTollecting the termis with
n,, 0 for n,=0,1,2,3,....,= glves

a9
N(O) f dv N(y,)T(v,,0)
o 0
sy ar '
.L dv,L dv,N(v ) T(v, 3,)T(v,,0) 0 - -+
ay - -
«N(0) + f dv N(y )T(v,.0)=N(0), (7)

-3

where N(v,) satisfies the following inhomogencous
integral equation of the secaond kind:

ay .
R =N, o f A S0 T, ), (8)
[}

We can Interprete M} as the renormatized (hy
interactinn with acoustic phonone) version nf the
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ings due to aconustic phnnony,

The electron released at zero kinetic eneryy at
the pntential reference level reache:n b, cither
without any collision or with at least nne collivion
facoustic or optical), In ether words,

%o
Lo N(OVs f Ux T(,, 00, .
[

Alter breakong op the interration haits iute the
acoustic and optival raians, the Foon the rgght.
hand stde can he roplaced by

‘o
Niv ) e f TO v My,
]
when y, 18 .1n the acoustic scattering region, or by
%o
Ny, - A\-).f T(v,. v, - 8v\dv,
°
vhen v, ts 1n the optical emission reyion:

Yo
Av,Niv, - 3viT(v,, 0)
ay

(6)

'

bare quantity A'(v).

For nne optical.phonon emission, all the terms
of the type (n,,1), n,=0,1,2,.... néed to be collec-
ted and regrouped. After two regroupings and one
relabeling, the probatility of one nptical cmission
is given by

f ud\',f;'(\\ -.Av)f(v“o,o (9)
Ay

where T(v,,v,) also satisties an integral equation,

- ay

T(V,.»‘.)-T(V..v.)of dy, T(vy,y) Tlv,,y,).  (10)
]

Again, due to ihe presence of the acoustic-scat-
tering region, the bare transition probatrlity den.
sity T(v,.v,) 18 renormahized tn T(v, 1 ,).

A similar proccdure leads to the [ollnwing prolu.
bitaity for two optical- phonan emissions,

0 r - . -
fd\"{ Av, v, ATl v - ATy, 00 (1)
a

’ -

Tie rule far writing the probabihity of any nur.



ORIGINAL PAGE O
OF POOR QUALITY

ber of optical. phonon ennssions can be oitained
by examiming kg (11) I'\\“L)) indicttes that the
electron s released at v - U, mabhing all possible
iteractions with the ac. ustiec phonoan, dod reach
es v the aptical enusson agion Enulting an
opticald phonon st v and theeeby Cnging s o
catton to v Sy, the eledtion ancounters all pos
mibde wmchuding cero, nutnbers of acourties phonon
pedtternings before the aeat optical phonon enus.
8100 3t v, in the optical ciissuon reginn, s des.
cribed by 7‘('\‘,. v,o- vl The optical.phonos enus-
sion at v, pushes the location of the electron to
V= Ay, Betweon thas new position anl the par-

1y PLVGCTRON “ELEIPLIGATION 1% Subips 3240

producting threshold an oplical enunnion oveurs

while any nuinber of dcoustic scatterings may take
plice. This s represented by So, - Av), Reading
equations hke By, (11) s completely equivalent to
describing the physical processes they represeat

ICas gauraniood, frem the way Liwe above proba-
Lihiies are deraved, that the sum ot all probatn .
Lics equils unity,

The average nunber of optical phonen emissions
is gaiven Ly the sum of the products of the number
al optical phonons emutted and the corresponding
probabitity,

v N . . N A N
tN= Oh.J(O) * ‘j °d)" N(\. - AV)TU‘“O) + 2 od,V.N(V. - A);f odv] Tb'u ,vl °A)’)T("‘| 0)
[ oy [ J

* Slhdv,.i'(y, - Ay} ’od\‘, Tiv,.v,- Av)f '.ds', i‘(\n“y, - Ay)ﬂ\',.())o con, (12)
» av

Layuy down the protabiliies with weights (the
number of phonnns enntusd) as tn Fie 3, and sum-
miny vertically tor cach voluimin, one oblains a
function ¢ sauslying

Gv,) = 1"(‘-,,0).]"‘«!\-. T(v,.y,- av)Gy)) (13)
oy

for each ecolumn. When all the columns are
summed, the fin !l expression for the average
number of o cal. phonon emissions 1S given by

iiw '°d)' N(v - ay iy, {14)

where

14 -
H(\‘,)-C(v,)oj Cdv, Tiv, v, - AVG,). (15)
&y

o Ong Gpricay tmission

°
o o o lao Orvica bmissions
e 9 o L.

‘e o © o

e o & o o o

[N
] 1
v o
b eeeeees e h

PIGo 4 sy a colemin gies 6 Soer iy all G's
pavens M,
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r

Equation (14) indicates 1 15 a function of v,,
which s equivalent 1o the energy ratio X b, /c8a,
and Av, annther energy rann, bo/e8r (¥ RX)

Given R and X, O,,, 15 uniquely determuned by
Eq. (&),

il RESULTS AND DISCUSSION

As menttoned in Sec. 11, there are three interes.
ting cases of scatterings: forward scattering,
two-direction scattering, and 1sotropic scattering.
The arst case provides a check of the (ormula-
tion described above against an algebraic approach
to be published elsewhere.® The second case gives
a hint of how the backward scattering (agaust the
electric force) would change the mean tonization
distance, while the complhcation of calculatung
the trajectory length is kept tn 3 miaumum. The
third casc 18 that of the real physical situation
which has been discussed by others in the litera-
ture.

Case (i): forward scattering.

0 fory,<y, OF y,<y, <Ay
ﬂv..y.)-{ (16)
exp - |v, - max(y,, Av)] otherwise.

Dackward scattering (v,<v,) 16 forbidden in this
case. The N(v) corresponding to this transition
protatulity 15 given by exp|max(v,av)- v,]. Using
the formulation of Sec. 11, one obtains ¢** -1, and
e, (12 RX)e P22 tor the averane number of
optical. phonon emissirns 10 the respective cases
N R=%andt These results agree with that of
the simple algebraic approach.’ For smaller R's
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of thee type 1/7(ns 1) with anteger v, numerical
evalwitions in a self-consistent way of the 4 tegral
cquations m Sce. M yreld the same B s that of the
algebraie solution.® Fortheanalytic confit mation
of the equivalence of these two different approach.
es, a conjecture. by [KOnel)o m]e™8 for R -1,
(mi ¢ 1), nevds to he proven: the A(v) s detined as
Hvl: hiv) e and h a5 hi{v) {or may <y ey o The
definition of K{m) can be found «n Rof, 8. That
th.y conjeeture s true for m -1 and 2 has tween
checked

Case () two-direction scattering with oqual
protbilities,

T(,.v)e berpl= Iy, -y, Dedexpl-(viex)] (7

Niy)= ¢™ocosh(y) in this case. Shtown in Fig. 4 are
the transitionprobabilities for variousy,. Note that
an clectron, after having a collision al a given lo-
catinn, may move against the external electric
force (backward scattering' 1nd have annther col-
Lision somewhere upstream in the electric field,
further delaying the time at which it will reach the
ionization threshold. Consequently, the mean ion-
1zatinn distance for this case is somewhat longer
than for case (1) above. In Fig. 5, the ion1zation
events per mean free path (ﬁw,) of these (wo
cases for R=0.05 are compuarcd in a semilog
scale. The one-half chance to scatter backward
dnes change N,,,, substantially for low electric
fields (large E,/e8)).
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.
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11540 Togny) for two-direction ecatterin: with
mqual prch tihties, ere X8 e Dt
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ous tyvpes of scattering hy /B, = €00,

Care {ili): general scattering.
[
T(v,. vy, =~§-$P(9)d(¢'"b 09,000

“.'l;lv,»,n,h/l). (18)

The functions S,(v,,¥,,0) and S,(v,,¥,,8), as can be
found in the Appendix, are the arc lengths of the
electron from v, to the points on the ‘rajectory at
which the height 1s v,. €15 the projectile angle
and P(6) the corresponding protility [P(6) = const
for isotropic scatlering]. Trivially,

N(Iv.)-iil’(o)(r'sl”u-'--"H"’2"o.’n"). (19)

There are three important observations con-
cerning Eq. (18). The first is that the angular in-
tegration appears as a multiplicative factor where-
as in Baraf{'s formulation® it shows up in the ex.
ponent. The second is abnut the behavior of
T(v,,v,) at some seemingly singular points. For
example, at cos"ﬁ:v,/,\',, bLnth terms on the right.
hand side nf Eq. (18} are divergent. They sum up
to a finte value because 8- S when cos’d=v, v .
Another example 18 when cos #= 0 ro that the de.
nemnator an the loparithimice funcion of S,0v v L&)
tn Eq. (A2) becomes zere. The cas’d tactor an
trent of this doparithnne function elinnnates this
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<utgrabr behiavear . P geod nehavior of T(v, 8 )
in sort of physically eloar from the definttion of
Tor, v htsell pver 3oseattering wt v, the preta
ity ol tne nevt seitteg iy withon a teep dv, at oy,
should be finte tecquse the sepment of the trajec-
tory wre tae ade by stnp shrinks to 2ero at laast
A tastandy does Baralt’s apprexinidle eapres.
Seendor U dors coltati a Sincubar ity gt v, sy,

The thard absorvation involves the normablization
of TOh,o 0 Fpateon b autamatically sliinfies
te reqritetaent o norpabozation tecause it 18
toulated e a parely probatilistie way,

An epneatent way of varrving out the caleula-
tions aadicated tn see, s to actually oo mpute the
prewbibity of moaptical pioonen ennssia 5 for
m=0.1,2 ce 8 ang T are knewn, these
probutulities are just simple inteprals, The im-
portant advantage of this s o check and see if the
sum of all probabnlities equals cnity, a very strin.
pent constraint on the accuracy of both the most
fundamenta! functien TOo s ) iself and all the au-
menieal procedures invaived, o other words,
once T(v, v, ) 1r rot, aprobatality distributon is
obtained which bus tn be cumnred vy tn unity ta be
carrect, This recuirement has been obeyed to
guarantee the ermreetness of the computed 1esults,

In actaad culedlations . a stoady state will be
reached, as enrrectly ohserved Ly Baraff, *an
which the ratio of adjacent prohabilities of enut-

0! - T D ZEENRAS Semamn § T .
< p
[ p
4
i
[ IR} .
b L
! -
e
od
-4
-
[} L4 “
TRITROFIC D BT TR ING <4
4
b. “
o g
\®
-
o} <
&
(3
c N
-3
{1 "3
: 3
[\ ]
4 -
o -
b -
oW 4 . A i 4 A A
T .. . v, . . v A

FECTTE SN N A TS U TR R YIS
YHG 6 Prohatthity destebatrons of two different scat-

teeine fonetions for same R and X Fne sum of eacty
protata ity distribution equals enity

108

)
- n o 958

3244

i om and e Loptical phonens approaches o con.
stant, Thi- constant, called y, 18 strietly eon.
trotled e TO v ) itself and e e eomputed by
using, either dhe eigeavatue nethiod or iterative
procedures, Using this constant, the probatnlity
lthe gaset of the steady state. and the sum of the
profabilities before reqchin, the steady state, one
can cotpuie the toldl probability which should be
unity of everything 1s right,

n by 6 we show the pratatnlity distributinn, of
case (b and case (i for =005 and N= 4, The
steady stuate i deter muned wiyen the fractionad
charee of the probubility ratio yas less than 107"
(1n some cases 1077),

The result of the present work {or the isotropic.
scattering case s presented in Fig. S for f=0.05,
Alse shown in the fipure 1+ acurve of Baralt {ar
ident.cal assumptions, The dilfereace 18 about a
factor of 2 at X =10 where, un the average, an
iontzatinn event occurs every thousand miean free
paths (sicw charpe mulliphication), The discrep-
ancy gradurlly disappears as X is decreased,
Comparison of Bara{'s work and the present ap-
proach for R - 0.01 ¢hows excellent agreement for

N from 2 to 14: the mean tonization distance in

this case s penerally less than 100 mean free
paths (fast charge multiplication). It is noted that
in the slow-nltiplication cases the steady states
always possess probability ratios very close to

1, i.e., y=1. Since the equation for the mean ioni-
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zation o ~tanec anvalves teems projattional to
V(. y)and 8 01— the resull i veery sensi-
tive tn 1.y whenyas avar 1, The y by the pres.
vat caleulation for R -0.05 and X = 10, for exanple,
te 009981 and the sum of all protubihities is a
satisfictory 1,002,

The resulte of the caleulatiens of 8 are shown
v Fig. 0 Table D pives the eopiputed viduen . The
apreement boween these results and Baradt's work
s penerally better for livrge N gy, (fast wultipbica.
tion) than dnr snall Note {slow gaultiplication),

S desorite datewe, thes may e due to the doffr-
et reqaireients inpetiing y’s or the nuld singtu-
larity i Buraff's expreswnn of the approximite
transition probability density T(E L)), Th over.
all agreement s considered pood in viewing the
very difterent approuches used.

Shockley's &, for the high-field liniit concep-
tuilly corresponds to nur =0, In s simple
model, the high.field Lmit corresponds to the
case of very hat eloctrons whose energices are
always groater than £, In cur madel, those hot
electrons cannat produce any optical phonan, thus
i =0, The argument for obtamning Trw - fiedd Linnt
in his nindel s not applicable to the special situa-
tionof »,.2=0. Even of we choose A, A= 1, the
formula for .('m, 15 this simple model reads
=¢ ¥/RX, which dnes not earrespond to any

R’llr

of our curves,

IV. CONCLUSION

A theory 1s developed for the calculation of the
mean tonization distance 1n solids. The founda
tion of this formalism is the same as that of the
Boltzmann equation, namely, concepts of protxi-
bility. This shortcut approach clearly relates the
physics to the equations and has versatility 1n ap-
plications. A simple application to the isotropic.
scattering case produces results that gencrally
apree with that abtained by numerically solving
the Boltamann equation.

,
R % ——

3

116G 0 Georveemy of e pravectile
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APPENINN

This appendix gives the formuld Jor the length
of the electron trajectory under the action of a
constant eaternal electrie force  The ceiling
where the kinetic eneryy of the electronas zero s
denned as 2+ 0, The coordinate 2 s measured

downward (alony the direction of the fnrce) and
therefore ¢ &z = v, The electron at 2, 15 pro-
jected at angles s 6 (6 positive) with respect 1o the
horizon, as shown an Fig. 8, By classical mech.
amics, the trajectory lengths from the paint 2, to
the internectings with a horizontal line at height
Z2,are given by

J
. | , ( 1o Kine \ '73\ V] 2, , 1/a
S(eg e ) easingecostuln | -— - it 178 I b -cos‘e , (A1)
(2g. 0y, 0) z,l ing o costuln G T ez, —cos (1) (in) (zl ) I /
1+ 806 2N\ e (]
3 » a . . 1 e g v« — e+ e = = -2 = ?
S e, 0 z,[bmbouas vln ((z,/z,)‘h-(z./z'-cus’a)‘h)’(z.) ('l cos 0) . (A2)

H thesce lengths and the ¢ coordiniate are scaled
by A and v 15 delincd as 2/, the dimensionless

—

trajectory lengths S (v,,v,. 60) and S,{¥,.v,.0) are
obtained. They are used in Eq. 18).

'K G Mckay and K. B. McAfee, Phye, Rev, 91, 1079
(ol K. G. Mekay, Phye ey 04, 877 (1954,
1, B. loch, Fundowental Proceeses of Riccine Dis-
charge an Gasec (Wiley Kew Yoryk, 1039),

3p. AL Wolff, Phys. Rev. 95, 1417 (1954),

‘G. A. Daraff, Phys. Rev. 12k, 2507 (1062); 133, A26
(1964). -
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D.L. Linand B. L. Beers

Vienna. Virginia 22180

ORIGINAL PAGE IS
Radiation and Electromagncuics Divnision, Science Applications, Inc. 8330, Old Courthouse Road, Suite 510, OF POOR QUALm

(Received 27 July 1980; accepted for publication 14 October 1980)

By treating the emission of optical phonens as a Markov process, a simple analytic method is
developed for calculating the electronic ionization rate per unit length for dielectrics. The effects
of scattering from acousiic and optical phonons are neglected. The treatment obtains universal
functions in recursive form, the theory depending on only two dimensionless energy ratios. A
comparison of the present work with other numerical approaches indicates that the effect of
scattering becomes important only when the electric potential energy drop in a mean free path for
optical-phonon emission is less than about 25% of the ionization potential. A comparison with

Monte Carlo results is also given for Teflon.
PACS numbers: 77.50. 4 p, 52.80. — s

I. INTRODUCTION

Interest in calculating ionization coefficients a, in semi-
conductors and dielectrics dates back about three decades.
McKay' derived a curve of a, versus applied electric field
from experimental data. Wolff® developed a method for
computing a, by expanding the electron distribution func-
tion in terms of Legendre polynomials, keeping the first two
terms in soiving the Boltzmann transport equation in the
steady state. This approximation is ivstified at high electric
field strengths. Shockley’ conjectured that the steady-state
electron distribution function must have a spike in the direc-
tion of the electric field. By neglecting all other electrons not
in this spike, he was able to obtain an expression for a, such
that the logarithm of a, was inversely proportional to the
electric field. This approach is reasonable for low electric
fields. Baraff,* in an effort to urify the work of Wolff® and
Shockley,’ numerically solved the Boltzmann equation. He
obtained an important plot of the quantity a,A versus the
quantity E, /e€A for various values of the parameter fiw/E, .
In these expressions, the symbol 4 is the optical mean free
path, E, is the energy gap between tke valence and conduc-
tion bands, Aw is the energy of the optical phonon, and € is
the external electric field. Further work by Baraff * concen-
trated on the high-field case. A spherical harmonics expan-
sion was introduced and a truncation procedure utilized to
obtain a closed system of equations. A consideration of tem-
perature effects was later given by Okuto and Crowell,® and
Crowell and Sze.” An alternate approach, involving the con-
cept of Markov processes, was studied by Lin.* The results of
this approach agree with those of Baraff* for the quantity a,
A at small values of £, /e€A, but disagree by a factor of two
for larger values of E, /ecA. Monte Carlo studies of hot elec-
tron distributions in thin insulating films were reported by
Baidyaroy ef al.® From these investigations an interesting
scaling law for the average electron energy of the steady-
state distribution was numerically obtained.

To date, the calculations of ionization coefficients have

“Presently at Bell Laboratories, Holmdel, New Jersey 07733
“Presently at Beers Associates, Inc., Reston, Virginia 22090,

3s57% J. Appl. Phys. 52(5), May 1981

0021-8975/81/053575-04501.10
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centered around the solution of the Boltzmann equation and
concomitant electron distribution function. Though the ef-
fects of scattering are properly included in this approach, the
numerical methods required to solve the Boltzmann equa-
tion may hinder one from gaining a direct insight into the
problem. In this paper, the problem will be approached from
a different point of view.

Just as the Boltzmann equation is derived by the con-
cept of probability (via cross sections), so it will be assumed
that the motion of an electron is a stochastic process. The
two approaches are connected by the cornmon concept of the
mean free path for the underlying interactions. The cross
section multiplied by the number density of scatterers gives
the inverse mean free path of transport theory. For a stochas-
tic process, the mean free path is defined in the usual fashion
as the mean distance of free trajectories. The probability dis-
tribution of free paths is assumed to be of exponential form
as described in Sec. II.

To simplify the problem, the effect of scattering is ne-
glected, an assumption which is justified for large electric
fields. This simplification, however, does not eliminate the
essential aspect of electron multiplication in the phenomena
of dielectric breakdown. By comparing the present results
with those of Baraff** (in which scattering is included), one
can assess the importance of scattering at various strengths
of the external electric field.

Il. THEORY

If A is the constant mean free path between collisions,
the probability of no collision occuring for an electron trav-
eling a distance x is exp( — x/A ) and the probability of one
collision in dx is dx/A. The mean distance X between colli-
sions is given by the expression

= L. xe *dx/A =4, (1)

thus providing a consistent definition of A.

In the following, we will treat the collisions as stochas-
tic events and calculate the ionization coefficient (for the
case that the scattering effect is neglected) by regarding the

@© 1981 Amencan Institute of Physics 3578



efiect of the colhsions as the events of a Markov process.

Thus an electron is released with zero energy, gains en-
crgy from the constant clectric field ¢, and loses an amount of
energy #w by emitting an optical phonon of energy fw after
transversing a constant mean-frec-path A. The question to be
addressed analytically is, *What is the mean distance re-
quired for the electron to ‘ sach the ionization energy E,?"

Shockley's” conjecture about the aforementioned spike
is based on the Markov concept in a trivial way, as follows.
The number of electrons, per unit volume, which have sur-
vived the transport to energy £, without collisions, is pro-
portional toexp( — E,/eeA ), where the quantity E, /ee€ is the
distance traveled by the electron to reach energy E,. These
are the electrons which can “ionize" electrons in the valence
band, i.e., promote them to the conduction band. The num-
ber of ionizations in a unit length is therefore proportional to
exp( — E,/e€d ):

a, =cexpl — E, /eed ). (2)

The results of the present analysis, on the other hand,
indicate a more complicated dependence on (E,/eed ).

To simplify the analysis, choose the ionization energy
E, such that the relation E, = (n + 1)iw holds, and let the
quantity AZ, denote the mean distance that an electron will
need to travel in order to reach the energy E,, given that the
electron was released at the origin with an energy E = /fiw.

There are three basic quantities involved in this prob-
lem: (1) the quantum energy of the optical phonon #iw, (2) the
ionization energy E,, and (3) the electric potential energy
drop in a mean-free-path eeA. Two independent dimension-
less energy ratios can be constructed:

R =fiv/E and X s=E, /e€l.

An important distance parameter of relevance to the prob-
lem is the distance that an electron must travel in order to
gain from the electric field an increment of energy equal to
that of an optical phonon. This distance is given by the ex-
pression fiw/ee. Moreover, by choosing the mean-free-path
A as the unit of length, as is done in the following, this dis-
tance may be expressed as a dimensionless ratio RX, also
denoted by 4Z. The probability that no collision occurs for
an electron traveling a distance AZ is exp( — RX ). The nota-
tion a==exp( — RX )and 8 =R X is used in the following de-
velopement.

Figure | illustrates the evolution of the state of an elec-
tron beginning with energy /Aiw at the origin as it travels a
distance 4Z in the applied field. If no phonon is emitted (an
event with probability a), it will move to the state (/ + 1).
Emitting only one phonon, with probability af, it will return
to the state /. To end up in the statej|j # 1), the electron must
emit (/ - j + 1) phonons. The probability for this event is
aP(lj), where P(l))=8""'*'/(l —j + 1)\ The probabilities
for multirle emission processes are calculated via simple in-
tegrations using the underlying probability assumption stat-
ed at the beginning of this section. Finally, the electron has
the remaining probabhility to emit / phonons and drop down
tostate 1. The probability for thiseventisnotaP(/,1) because
in the elastic region optical-phonon emission is forbidden.
The distance factor Z,(/ <n + 1)is connected by a sequence
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FIG. 1. All possible states of an electron released with energy /Aw ot origin,

of appropriate probabilities to the distance factors Z, + 42
where k takes on the values k = (/ + 1), /,--,1. Thus Z, is
related to Z, by the equation Z, = Z, + AZ. The general
relation is given by the equation

!
Z,=alZ, +4Z)+a Y P)(Z +42)
/=2

+[l—a—a ir(m](z.+42). 3
J=12

Because the goal is to calculate Z,, it is natural to eliminaws
the intermediate quantities Z, in the above relations by in-
troducing a series of kernals X (/) which satisfy the equation

Z,=2Z,-K()AZ. ]
Itis apparent that the first of these, X (1) has a value of unity,
K (1) = 1. By substituting the defining relation of Eq. (4) into
Eq. (3), a recursive equation for the kernel is obtained. This
equation is

aki+ ) =1+K()—a ¥ PUNK(
J=2
~(1-a-a 3 Pua)Km.
2

This equation, together with the initialization conditiou.
K (1) = 1, determines all of the kernals X (/). By inspection,
the first few are given by
K2Q=a™'+1;
kdQ)y=a?+(1-=B\a"'+1.
It should be noted that Eq. (5) depends only on the two di-

mensionless energy ratios R and X because a and P(//j) are
functions of R and X.

Even though the kernals K (/) are known by solving Eq- |

(5), the various values of Z,(/ = 1,2....n + 1) cannot immed'i'
ately be obtained from Eq. (4) because the quantity Z, is stil!
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18 the number of electron-hole pairs produced in a mean free path; X is the
encrgy ratio of ionization energy 10 electric potential-energy drop in a mean
free path

unknown. It is possible, however, to compute the special
distance Z, , , by other means, as is described below. The
quantity Z, may then be obtained by an application of Eq.
(4). For electron energies greater than the ionization thresh-
old E, = (n + 1)Aiw, the electron of interest can raise a va-
lence-band electron into the conduction band (collision ion-
ization). This occurs in travelling a mean free ionization path
A; which is assumed to be much smaller than A. With this
assumption, the relation Z,, , = 4,/4 is immediately ob-
tained. Setting / = n + 1 in Eq. (4) then determines Z, as a
functionof Rand X.

With the mean-free-path A chosen as the unit of length,
the ionization coefficient (denoted by Y ) is given by
Y= 1/Z, Thus, the number of ionization events Y in a
mean-free-path A is a function of the two energy ratios

R =#0/E,
and
X=E, /eel.

1. DISCUSSIONS AND CONCLUSION

Calculations have been carried out for various values of
the parameter R ==fiw/E,. These results are shown in Fig. 2
forthe conditionthatA, = A. ThecurveforR = O(n = w)is
obtained by special considerations. In this limit (zero opti-
cal-phonon enerpy), the electron does not lose any energy via
the emission process so that the relation Z A = E, /ee + A,

817 J. App!. Phys., Vol. £2, No. 5, May 1981
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holds. This relation implies that Y is given by the expression
Y=1/(V +X)ford, =A. (6)

The curves of Fig. 2 as generaied by the present analysis
do not have the simple behavior implied by Eq. (2) (a straight
linc on a semilog plot), except for the case when R = 0.5.
This complicated behavior is expected becausc there are
terms of the type exp(mRX ) (m = 1,2...2 + !} in the equa-
tion determining K (n + 1). It is only for the condition that
m =n 4 |thatexp(mRX ) = expl.¥ ), the behavior of Eq. (2).

Comparison with Barafl's* ard Lin's" results, in which
an isotropic scattering effect is included, shows that the pre-
sent results agree with theirs only for small values of
X (X 5 4). In this regime, the electric field is so high that the
dircction of the electron after an isotropic scattering reverts
almost immediately to the direction of the applied field. On
the other hand, for large X (small electric field), the scatter-
ing cffect should be very important. Indeed, the present re-
sults deviate significantly from theirs under these condi-
tions. The difference is shown in Fig. 3 for a value of
R =0.02.

The curves in Fig. 2 are the same in general form as
those from more realistic calculations*®; thus increasing the
ratio of the optical-phonon energy (fiw) to the ionization
threshold energy (E, ) rapidly decreases the number of ioniza-
tions per mean free path. Though the isotropic scattering
effect must be included in describing the actual physical situ-

R=0.02
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ation, the essential features of electron multiplication in die-
lectrics is contained in, and described by, the present simple
approach.

The above approach has been applied to a crnde model
of Teflon. The optical-phonon mean free path is chosen to be
A = 26 A."" the ionization energy is taken to be £,

= 6.5 eV,'® while the optical-phonon energy is given the
value fiw = 0.11 eV.'" The calculated ionization length for
this model is plotted in Fig. 4 as a function of the applied
electric field. In the region above 10” V/m (the high-field
region), the reliability of the present model is greatest. Also
shown in the same figure is the result of a Monte Carlo calcu-
latior: of the same quantity.'' The Monte Carlo model in-
cludes the effects of an energy-dependent mean free path'
[} =26 A/(i - #w/E)"?) and elastic scattering. The two
approaches give results which are in reasonable agreement
(within a factor of 2) in the high-field region above 10° V/m
(sce Fig. 4).

In summary, 8 method has been derived for solving the.
problem of two competing processes in which the effect of '
one of the processes is to produce gain in 8 continuous fag),'
ion, while the effect of the other is to dissipate that gain in
stochastic way. An application of this method to the study of
a simplified model of electron multiplication in dielectrics .
yields the essential features of the electron ionization coef. |
cient. This coefficient is a central feature of all theories of '
dielectric breakdown which explicitly invoke impact ionizs. '
tion. The relative merits of these various theories, as well a9
theories which do not explicitly utilize impact ionization (for
example, the theory of Frohlich'’) is best ascertained from
the literature on the subject. '

Other applications of the method include the analysis of
ncise currents in device physics; this may produce useful
information about the process occuring in the device in the
prebreakdown stage. The steady-state energy distribution of
hot electrons in thin insulating films subjected to high-elee.
tnc fields could also be obtained by the present method.
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B.L. Beers, V.W. Pilne, and 8.7, Ives

Beuers Assoclates, Inc.
Post Otfice Bex 2549
Reston, Viryinga, 2209

[NTRODUCTION

A model has previously been describted (1,2) which
provides for the self constistent aumerical description
ot the spatfally and temporallvy coherent ¢volution of
clectron avalanches in scolld dielectredr 0. Various
teatures of the propacating nepative tip of the avalanche
Have bueen presented (i), and speculations were offered
ihout the possible tmportance of recurring processes at
the posttive tip leading to cathode dircected streamer tor-
mat 1oa and subsequent brearkdown (). An extensive sel of
numerical calculations has now been pertormed within this
mode! tramework. The purpose of the calculations was to
plore the dependence of tmportant calculatfonal features
on the input paramcters of *he model. A preliminary de-
s rintion of the results of this parameter study {s piven
in this note. The research {s part of an ongoing program
tuo understand the charging and discharging properties of
electron beam {rradiated solid dielectrics.

MATERIAL PARAMUTERS AND TRANSPORY CORFELCLENTS

The transport coctffcients to he used as paraneters
for the macroscopie description of the avalanche must
tirst be obtained.  In the reported approach (1), these
parameters are ohtained by solving the Boltemann trans-
port equatfon for the single electron distribution func-
tion. The sclution {8 obtatned by a single-scattering
Monte Carlo approach as implementod in the computer code

* Work supported by the National Aeronautics and Space
Ad=inistration, lewis Rescarch Center under Contract

Sumber NAS3=2295130,
3190
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SeMo (s The requited foput data are 4 nodel of the
clectron scatteriay processes (o materfal modol) and the

gplied clectric field strength.

For the purpose ot this paramcter study, a very
viopie materinal mode]l was chosen. Three scattering pro-
cesses were vonsidered;  scattering from acoustic phonons;
eniscton of optical phonons; and excitation of fnterband
transitions (colllsfion tondzation).  The mean free path
" ter acoustic phonon scattering was taken to be con-
ofant. The wptical phonon spectrum was represented with
a wingle optical phonon of energy 1 . The encrgy de-
pendence of the mean free path for optical phonon emis-
sfon is that given by Seitz (3), while the scalc is set
with a variable parameter *» . Interband transitions are
described with a threshold £ for electron-hole creation
together with 4 constant mean free path ' above the
threshold. Scattering from acoustic phonons was taken to
be isotropic, while both inclastic processes were assumed
to occur without angular deflection.

A material model is therefore described with the
following set o! parameters:

'Q|m.o'rt Xt‘l' ‘o. 'lo« ’ E,}o

where ¢ is the elc.tronic charge, m* the effective mass
of the electron, and ¢_ the relative dielectric constant
of the material. The Fclalntng problem parameter is the
impressed electric field . The set of quantities
im*,» ,E } was chosen as the fundam/ntal dimensional set,
and tﬁé Boltzman equation was brought to non-dimensional
form. The resulting equation is totally independent of
€ . The following five dimensionless parameters charac-
térize the resulting equation: . = Rollel; R = Au/E ; X=
E QR D5 A = A e a/ @ DY in face,
the ltnslr prsblem lsclndepcndcnt.of 2. For this parame-
ter study, the dependence on the variable Al was suppres-
sed. A value of ) was chosen sufficiently small that
fonization occurs 6rnct£cully instantancously once the
threshold 1s reached. This is a good physical assumption,
and is in accord with other researchers (4,5,6). The
parameter X is taken to be a measure of the electric
field. Up to scaling by the fundamental dimensional set,
a materjial model is therefore specified by a pair of
values {2 ,R}.

Computations of the transport coefficients were
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performcd with values of ' dn the range from [1, 25)
and values of R in the rJngc from 14 x 1073, 2 x 10-1).
Both the difrusion coefficlent and the mobility were
found to be rather Insensitive to the values R and ' In
the high fleld 1imit (X In the range of [2, 301) which is
the parameter regime of concern for thfs note. Both D
and 3 vary as a function of the field strength., In
dimenslonless units,D increases from 0,1 to 0.2 as X (s
decreased from 30 to 2, corresponding to electron heat-
ing for the higher field values. Similarly, u decreases
from 2.2 to 0.6 over the same parameter range, exhibiting
the anticipated trend toward saturation of the drift
velocity at high ficlds. The mean energy (effective
temperature) shows a slightly greater variation with
the parametcrs \,,R, indicating that the coefficient in
the Einstein relation depends vwore strongly on these
parameters than ;. or D Individually. The mean energy
varies by about a factor of five from the lowest fields
to the highest, with dizersfonloss  values dn the range
(3% 10°2, 1.8 x 10~} depending on the values of ;odh
The quantity most sensitive to the parameter
values (and the field) is the fonfzation length, or its
inverse o (the first Townsend coefficient). Shown in
figure | are plots of a (in units of » ,7") as a func-
tion of X for 10 different scattering scts. Given the
rough independence of L and D on the parameters .., and
R, the quantity « is the quantity which churacter?zCI a
material model for the macroscopic description discussed
below. The general features of the curves in figure 1|
may be understood from pr¢ 'ous semi-analytical work (4,
3,6) .

STREAMER EVOLUTION

The macroscopic model of the self-cousistent evolu-
tion of ¢lectron avalanche requires specification of the
parameters ., D and u (1,2). A universal value of D
was chosen, given its weak dependence on both material
model and field. A universal fit of the mobil{ty as a
function of field strength was chosen because of its
weak dependerc: on material model. Finally, the ioniza-,
tion coefficient 1 was fit with the usual form

v, exp (- 60/‘)

where 0 and '0 are the fitting parameters which depend
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oy and R s funct fonal form provides a rathes
pood tepresentation of the data of figure 1,

The inftial condivions for nteprating the con-
tinufty cquatfons were determined as tollows. A primay
clectron avalanche was developed (noa Monte Carlo fashion
uoang, the distribution of fonfzations obtained from
SEMC. (D). The evolut fon was stopped whon the self-fjcld
of the avalanche obtafned a value of 50" of the app!ied
fleld.  1he resultiang  charge distrfbut fon was used an
the starting point for the microscopte desciiption,
lunpection of these dintribut fons has shown them to be
entfrely consistent with simple analytical representa-
tions of the primary undistorted., avalanche (7).,

The mactoscopte equa one describing the evolutien

of the avalanche roy be hrought to direnstonless tormcl).,

folutions depend on two dlecasfonless paraneters which
have boen chosen te be =~ (D f) and ¢, = (q ‘2/' }).
The tirst patameter mav be reexprossed as the ratjo ol
the mean electron encrgy to the enerpy extracted from
the field tn an fonfzation lenvth,  The second is the
tatfo of two electirie fields; that due a sinple c¢lectron
located one fonfzatfon lenpth distant, and the ambient
field. larger values of | correspond to diffusion

bedng relatively more important than drift, whilc smaller

values corrvespond to the oppesite condition,  The quan-
tity &, fs a measure of the strength of the external
ficld “in terms of the tundamental Coulorb separation
field. For the medel paramcters assocfated with tigure
1, &, varies in the range of [4 x 10°4, 3 x 107!) while
e VAY‘UN in the range [5 x 1076, 7 x Iu"].

Both parametets show wide varfation for the model
vialues chosen for thie study. For the models and field
levels associated with tigure 1, a scatter plot of the
actual values of ¢ and " was generated.  On oa log-log
plet, the values dlspl.l_\ua a remarkable tread. Essen-
tially all the values lie within a narrow band of a
straight line on the plot. The strafght linc has a
slope of roughly 1.%, corrvesponding to a constant value
of the quantity Ly = (°,/f 3/2y.computation of . for
the varfous model“values shows that {t varfes by less
than one order of magnitude (corresponding to the band
width) over this wide range of model values., It is
possible to examine the solutions of the equations as
a function of a single parameter (say 7,) with the re-
maining parameter determined by the constancy of Ly
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N A
AN ’ '/“. Ihis greatly reduces the nuaber of com

pull( hxzu required to explore the parameter space. This
scaling law is not understood at present, It should be
uoted, however, that L0 s the MHoenslonle oy paraieter
which occurs when estimating the strength of the sclf-
ficld In the undistored avalanche alluded to above (7).,
The significance of this coincidence of parameters is
also not understood.

Though strongly indicative, the above scaling dis-
cussion {s oversimplified as it only concerns {tself
with the overall dimensional aspects of the problem. 1In
fact, the transport coefficients .. and « have a rather
strong dependence on the field, and vary significantly in
space and time during the evolution of the streamer.

Ihe paramcters determining this variation add further
dimensfonless varfabler to the problem. The possibillty
that the dependence associated with this coefficient
varfatfon in a single problem might have a major impact
on the form of the solutions lead to an fnftfal choice of
computat ions bared primarily on distinctive functional
torms tor the transport coefficients., Referring to
figure 1, it was decided to compute the evolution for
the ionization curves associated with model numbers 2, 9
and 10, computations being performed over the span of
field values {n the figurce. Unfortunately, this choice
lead to a sceries of computations in which the Jimension-
less parameter T only varfed by two orders of magnitude,
2 x 1072, 4 x"10-1), 7 -[10-2, 8 x 10-1] rather than
over the full range 1mpl.eé by the previous discussion.
E ploration of some of the smaller values of &2 awaits
fulurv work.

It follows from the defining equations that the total
vanber of ¢lectrons in the streamer grows exponentially
ag cavet, where © > Indicates an electron density
weiphited average of the fon{zatjon rate. The qua=tity

“provides the simplest diagnostic on the distribution
of electrons and fields durinp the avalanche. Shown in
figwe 2 are the results of eleven separate computations
of the growth of the number of electrons as a function
of 5 t. The solid line is a best fit to the set of all
points in this composite figure. Individual data points
are indicated to show the spread. The figure suggests
very strongly that scemingly dificerent computations are
in {act very much the same when vicwed in appropriate
dimencionless  variables,
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Another parameter which provades a diagnostic of
the evolution fs the peak charge dennity (o the maxg-
num tield enhancenent) . o danensionless units, the
antfcipated peak charge densfty 18 piven by L,'l- In-
deed, for cach of the separate computat fons noted above,
this value v attatned as a saturation value. Finally,
the position ot the centrotd of negative charge as a
function of time may be followed in dimensfonless  units,
These points also lie roughly on the same curve, with
the same degree of scatter as fn tapure 2. The resulting

diift velocity 18 bedng accelerated at a ravte of 1.4x10-?
(in dimensionleas  units v i),

The above ddagnostics, topether with detafled ex-
amination ot the evolution of the various computations
very strongly suggest that the evolution of negative-
tip streamers tends to a similarity solution over a
large range of problem parameter values. This type of
behavior may be expected from systems exhibit ing negative
feedback.
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Figure 1
lot of the inverse ionization
length 1 (in units of Aq)-1) versus
the dimensionless field variables
Er(qflel) Jor ten different material
mxdels (sce text for discussion of
material model) .
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Figure 2

Plot of the number of electrons in
the streamer simulation as a function
of the dimensionless time Rt. The
plot is a camposite of eleven distinct
camputations for different problem
parameters.
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ABSTRACT

The primary purpose of this paper is to
suggest that low differential voltage, small energy
discharges associeted with internal buried charge may
be a dominant mechanism by which stored electrostatic
energy is released from dielectrics on board orbiting
spacecraft. The evidence from space as given by
Stevens! is noted. Laboratory experimental evidence
of Fredericksoné {s invoked to demonstrate that dis-
charges occur under circumstances with ng external
potential drop. Previous calculations3.4 are then
reviewed which indicate that significant internal elec-
tric fields can exist in dielectrics charged with multi-
ple-kilovolt electron beams under conditions involving
1ittle or no external potential dgop. The internal
discharge mechanism of Meulenberg> {s recalled, and
new calculations suggesting that the space environment
is conducive to the formation of the conditions re-
quired by this mechanism are presented. Experimental
procedures for checking the suggestions of the paper
are developed.

BACKGROUND

Early in the history of congern with the
spacecraft charging problem, Meulenberg® proposed a
mechanism for break-down in electron irradiated dielec-
trics which is critically dependent of the character of
the electric fields very near to the surface of the
material. For a variety of reasons, subsequent experi-
mental work did not concentrate on the conditions re-
quired for this mechanism. Most work was directed to
configurations resulting in large surface to substrate
differential potentials. For these charging conditions,
verg "5‘" and distinctive discharges were observ-
€d.5:7,8,9,10 The conditions of the reported experi-
ments (referred to as "Standard" herein) are those
associated with a monoenergetic electron beam incident
on a sample with a grounded substrate. For sufficient-
1y large beam energy and/or current, discharges were
universally observed. The area_scaling relationships
that were expected and observed’ suggested extremely
large amplitude, long pulse width discharges for the
large areas typical of spacecraft. ReportslO of the
observation of these monster discharges under "standard"
conditions lead to the realization that if this type
of experiment were indicative of space conditions, then
the spacecraft chargin? problem was extrem:ly severe.
Direct measurementsiO.I1 of the electric and magnetic
fields associated with these large discharges directly
supported the idea developed earlier that these large
current discharges were associated with a space-charge
"blow-of f" current.

Within the past year, the idea that the

* Work sponsored by the National Aeronautics and Space
Administration, Lewis Research Center under Contract
Number NAS3-22530.

001¥-9499/R1/1200-4529800.7¢
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discharges associated with these “standard" simulations
may be significantly different from those which occur
in space began to evolve.

Recent experimental work by Frederickson?
has shown that most types of common spacecraft c¢ielec-
trics undergo spontaneous internal breakdown when ir-
radiated by high-energy electrons (~ 1 MeV). By in-
ternal breakdown, we mean that the experimental con-
figuration is such that there are no external potential
drops across the dielectric sample -- breakdown must be
caused by field internal to the dielectric. While
these results are no particular surprise to workers in
the area, and earlier workl? has shown similar effacts
in more complicated configurations, Frederickson's re-
sults do establish the presence of the effect beyond
doubt. The results also establish the fact that any
program designed to ascertain breakdown criteria for
spacecraft dielectrics must consider far rore detail
than has heretofore been assumed. In particular, the
measurement of external potential differences under a
variety of charging conditions is clearly sufficient
to characterize the onset of breakdown.

In his paper, Frederickson? explicitly
notes that the generic features which characterize the
accumulation of charge for MeV electron irradiations
are no different than those which characterize multiple
keV electron irradiations. The implication of this
statement is clear. Irradiations with multiple-keV
electron spectra characteristics of the spacecraft
charging environment can be expected to lead to break-
down even when external potential differences are small.
Supporting evidence for this vlupom is also becoming
available from space. Stevens! has pointed out that
SCATHA data indicate that breakdowns are occurring on-
orbit, despite the fact that only small differential
voltages are being observed. The appearance of small,
relatively benign discharges, under the conditions of
small differential potentials suggests that the “"stan-
dard" simulations are giving rise to qualitatively dis-
similar discharges caused by a different mechanjsm.

The internal breakdown observed by Frederickson¢ and
proposed by MeulenbergS is certainly a candidate mecha-
nism. The conditions required for this mechanism in

a space-like environment are explored below.

CONCEPTUAL MODEL

Previous papers3.4 on the subject of in-
ternal charge distributions in dielectrics subject to
spacecraft charging type environments have provided the
computational frame work for understanding the dielcc-
tric conditions of importance for internal breakdown.
Indeed, it was explicitly noted in these publications
that low-differential voltage internal breakdowns were
a real possibility.

The non-charging beam introduced in Refer-
ence 3 is a convenient device for understanding the
essential features of internal field buildup. A
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non-charginy beam for a particular material 1. a Leun
for which the surface emits precisely one clectron for
each electrun incident on the raterfal. Assuming that
the emitted electrons are prinsrily secondaries ;-vmit-
ted from a region very near the surface (. soi ], and
that the primary electrons penctrite substantially doep-
er than the secondary emission region, it is apparent
that the primary deposition leads to a charge separa-
tion in the materidl. This region of separated charye
contains an internal electric field (even though there
is no external potential). For conceptual purposes,
assume all secondary charge is emitted from the precise
geometric surface, and that all primary charge is de-
posited at a single depth d. Let o be the conductivity
in the region from the surface to a depth d (assumed
for simplicity to be uniform). The internal electric
field is given by the well-known expression:

Ee-(1-ep (-2,

where J is the beam current density, and ¢ the permit-
tivity of the medium.

Essentially all qualitative features of the
internal charge and field buildup may be ascertained
from this expression. The magnitude of the internal
field is limited only by the conductivity of the irrad-
fated regfon. MWriting the conductivity as og ¢ op ,
where o, is the ambient conductivity in the unir’adia-
ted uterul. and o, is radiation-induced conductivity
(RIC), the various regicns may be explored depending
on whether o, or o, 1s dominant. We will only consider
the circumstdnces in which o, 1s dominant, because
most materials of practical 1“urest exhibit this domi-
nance at levels of current characteristic of exoatmos-
pheric environment.

If o, is 1inear in dose rate, the internal
field will sctur!te at a maximum material dependent
value, which may or may not be above the breakdown
strength for the given material. If o, is sub-linear
in dose (as it almost surely is for hiBh enough dose
rates and/or doses), then the field ~ay be driven arbi-
trarily high by increasing the driving current. Break-
down is guaranteed for sufficiently high current level.

fxamination of the range-ener?y relationship
for electrons shows that the mean energy loss over the
range of the electron decreases with increasing primary
electron energy. It follows that the mean volumetric
dose throughout the deposition region decreases for in-
creasing electron ener?y. Thus, for a given material,
and given current level, an increase in the energy of
the primary electrons will lead to an increase in the
internal field.

Both the above statements are easily quanti-
fied within a computational model of the type previdus-
1y given.2,3 We prefer to explore the possibilities for
achieving the above conditions. A single monoenergetic
beam can be non-charging as noted in Reference 3. For
a given material, only a single incident energy can
satisfy the conditions, so the possibility for varying
the second parameter (depth) is not available in this
configuration. The simplest way to achieve non-charg-
ing with a given monoenergetic electron beam is to pro-
vide a second source of irradiation which produces a
copious supply of secondaries. Possibilities for the
second source are: low energy electron beam, ion beau,
photons. The thira choice is less desirable for mater-
ials which are photo conductive for the wavelengths of
interest, as it introduces yet another variable into
the problem. Once the basic effect is quantified, of
course, it will be important to include sunlight for
full environmental simulation.
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Having chosen a surface neutralizer, the
basic experimental program involves varying the enerqy
and current density of the penetrating beam until break-
down occurs. The location of the breakdown threshold
as a function of deposited charge and beam energy should
provide an exceilent emperical criterfon for internal
breakdown. Combining such experiments with computa-
tions for the configuration will permit the identifica-
tion of internal conditions at breakdown, as has al-
ready been shown.! It might be speculated that break-
down will oc’ur when internal fields reach levels of a
few times 10/ V/m - the breakdown levels found by Fred-
erickson,!

The point of this section is very simple.
There exist free floating front surface cMrgin? con-
figurations such that no potential drop 1s developed
between the surface and substrate for which significant
internal fields are developed. These large fields are
near the front surface. If larga enough, they can lead
to breakdown in this region.

RESULTS

A number of calculations have been perform-
ed to compare the internai charge and field conditions
in a typical dielectric due to a monoenergetic electron
beam to those due to a space-like electron distribution.
The space-like electron environment which was chosen
for simulation was an isotropic Maxwellian with a temp-
erature of 11.5 keV. This environment was taken to re-
present the hot electron portion of a double Maxwellian
fit to the electron distribution function during a
severe substorm.l2 The electron transport model for
determining conditions 1ntsr10r to the dielectric has
previously been described.3 The model is one-dimension-
al. To specify the charging, the incident electron
distribution function is required as a function of the
surface voltage. For true space-like conditions, this
specification reouires ti.e solution of the coupled
Poisson-Vlasov problem for the dielectric/space craft
configuration o/ interest. This type of solution can
be obtained using the NASCAP14 computer code.

For the purposes of this study a much
simpler appraoch was chosen. Two distinct realizable
configurations admitting analytic solutions were chosen.
The variation from one solution to the other is believed
adequate to be indicative of the type of change which
might be expected were the details of the actual dis-
tribution function to be used. The first configura-
tion is that of a semi-infinite surface, a one dimen-
sional problem in which the pertineot dimension is the
distance from the surface. The equations describing
this simple situation 2re well-known. For an isotropic
Maxwellian at infinity, the ircident distribution {s
due to an unperturbed Maxwellian in the directions
parallel to the surface, and a shifted cutoff Maxwellian
in the direction perpendicular to the surface. This
represents a shift in both energy and angle as a func-
tion of surface voltage. For larger surface voltages,
the incident flux is more nearly mono-directional. The
second configuration is that which is familiar from
spherical probe theory. That is, the surface s uni-
form and spherical and the object size is small compared
to the plasma Debye length. The incident flux in this
case is that due to a shifted and cutoff Maxwellian in
the total energy. The flux remains isotropic as a func-
tion of the surface voltage.

The sample chosen for computation was a 2
mil thick Kapton. The computations were performed with
the following normal materials parameters: lative
dielectric constant, 3.45; density 1.23 gﬁm s prompt
conductivity coefficient, K = 1.16 x 10=1/ mho/m/rad/
sec; dark field dependent cgnductivity given by the
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data of Adamo, et.al.;“ secondary yield preportional
to surface dose .ﬁ"“" to the mode! of Burke, Wall
and 'r”cricuon. using the data compilation of
Burke. Three computations were performed, one using
8 20 keV mono-energetic normally incident beam (label-
led MONO); one using the surface flux taken from the
one-dimensional mode! noted atove (labellcd MAX), and
one using the surface flux taken from spherical probe
theory noted above (labelled SPT). For the latter two
cases, the distribution at infinity 1s the 11.5 keV
fsotropic Maxwellian noted above. All three comjuta-
tions were performed with a unperturbed current density
of 0.8 nA/cm¢, representing a severe charging environ-
ment.

As anticipated, the substantially higher
secondary yield associated with the distribution of
electrons (particularly the angular distribution)
leads to substantially lower surface voltages for the
space-11ike environment than for the mono-energetic
charging situation. It should be noted that at sat-
uration, the rather high field dependent conductivity
of Kapton makes the bulk leakage current the dominant
contribution to the equilibrium current. Because of
this fact, the equilibrium voltage for a monoenergetic
source is a very weak function of the beam energy at
the given current densit{. Similar charging curves
may be expected for smaller beam energies, and the
choice of 20 keV may be viewed as representative. The
relatively sm1l difference between the two cases with
space-1ike environments may be attributed to the dif-
ferences in secondary y4eld for the two. The secondary
yield obtained from the SPT flux is higher, leading to
a lower surface voltage. Overall, the figure displays
the well-known fact that space-like distributions give
rise to substantially lower charging voltages than those
obtained from mono-energetic charging simulations. In-
clusion of an fonic current makes this difference even
larger.

Shown in Figure 2 is the location of the
mean penetration of the charge in the dielectric (the
charge centroid) as a function of time. The monoener-
qet.lc results are similar to those previocusly present-
ed.* The results for the space-1ike environment .iiow
a very weak dependence on both model and time. The
ma jor feature of the figure is the substantially deeper
penetration associated with the space-1ike environment,
showing the importance of the higher energy electrois.
Shown {n Figure 3 are the fields internal to the di-
electric for the three charging conditions at a time
near saturation of the external potential. The bulk
fields (to the right) show the variation (from model
to model) expected due to the variation in surface
voltage shown in Figure 1. The higher the surface volt-
cr. the higher the bulk fields (distances in the di-
electric beyond the penetration of the electrons).

What might not have been anticipated is that the space-
1ike environment leads to higher fields near the front
surface of the dielectric, with the dependence on sur-
face voltage reversed. The higher the surface voltage,
the lower the front surface fields. The differences in
this region are quite strong, being almost a factor of
three between the monoenergetic and spherical probe
theory simulations.

Considerltgon of the charging in the frame-
work of the Meulenberg>® bilayer suggests that the be-
havior of Figure 3 is precisely what one would expect.
Layer secondary yields are in the same order as the
order of tho front face fields. With similar amounts
of buriea charge, the field in this region must vary
with the surface positive cMr?e. Shown in Figure 4
is a comparison of the internal charge Jdensity at the

for the two space-like sinulations 1s virtually {denti-
cal and not distinguished on the figure. On the dist-
ance scale of the figure, the surface positive charge
would appear as a delta function and 1s not inclyded
in the display. The space-like environment shows the
substantially deeper penetration suggested by Figure 2,
and gives rise to the greater depth over which the
electric field varies as shown in Figure 3. Over most
of the range of depthe, the deponited (harge densities
are very zlmﬂcr. being_a few thousand courows/nli (few
tites 1016 electrons/cmd). The space-1ike environment
does not give rise to the strong charge enhancement
very near the front face seen for the monoenergetic
simylation (which is in part artificia), and reduced,
by the front positive charge density). The toial nega-
tive charge deposited 1in both cases is very similar.

Several further calculations were performed
to examine the dependence of the space-like simulation
results on the problem parameters. The transient con-
ductivi.y coefficient was allowed to be !9 times
bigger and 10 times smaller than the nominal value,
representing the range of typical values of K . The
dark field dependent conductivity was allowed®to he 10
times larger, rcpresenting a typical “fix" to the charg-
ing problem. The secondary yield was allowed to be a
factor of 2.7 times larger than nominal, representing
both a possible “fix", and also a large contribution
to secondary yield due to fonic environment. (For much
larger values of ¢, the material will charge positively).
A1l calculations were performed using the spherical
probe theory incident environment discussed for the pre-
vicus results. Only one parameter is varied from nom-
inal for each calculation.

Shown in Figure 5 is the surface charging
voltage versus time for the nominal case (NOM) and the
four variations noted above. Variation in give rise
to only minor variations in the final chargifig voltage
as shown. Rearrangement of the charge in the deposition
region has 1ittle effect on this variable. Of course,
an increase in o,, or § gives rise to a substantial re-
duction in surfcgo voltage. That an increase of o, by
a factor of 10 only gives rise to a vo1ur reductYon
of a factor of two reflects the sharp field dependence
of the dark conductivity in Kapton. The much slower
charging for the case of a larger secondary yield is
precisely as expected. However, even in this case, it
is the sharp field dependence of the conductivity which
turns off the charging.

In Figure 6 are shown the irternal electric
fields at saturation for the same parameter variation.
The variations in K  give rise to varfations in the
field only in the dgposuion region. While it might
seem surprising that the bulk fields are identical when
there are variations in surface voltage as shown in
Figure 5, a little reflection should convince the reader
that Figures 5 and 6 are both correct. Rearrangement of
the charge in the deposition does effect the surface
vol tage but does not affect the bulk field. Within the
deposition region the varistions with Kp are those ex-
pected from previous work.’ Smaller valuves of ‘p
give rise to larger values of the front face field.

Increasing the bulk dark conductivity {is
effective in decreasing both the bulk fields and fields
in the deposition region. This is expected. By contrast,
increasing the secondary yield leads to a decrease in the
bulk fields and an increase in the field near the front
surface. This situation was discussed above, and is
expected within the frame work of Meulenberg bilayer.5

One should also note the behavior of bulk

same time as Figure 3. The internal charge distribution fields for the large % and large ¢ cases. Note that
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the bulk field for the later is larger despite the

fact that the surface voltage is lower. This is @
consequence of the fact that a substantial amount of
charge 1s deposited at depths which are comparable to
the sample thickness (50 microns on the figure). Thus,
for thin samples in a space-like envirowment, the sur-
face voltage 1s not an accurate diagnostic fo the bulk
fields. Shown .n Figure 7 is the charge density associ-
ated with the fields of Figure 6. These profiles are
consistent with the above discussion.

DiSCUSS ION

The Mloﬂbcrg"’ idea that an internal dis-

charge may be initiated in the deposition layer of 2
electron charged dielectric has been invoked. Evidence
has been given which shows that internal discharges do
occur. Space observations have been noted which sug-

st that breakdown conditions in space are different
rom those in “standard” laboratory simulations. A con-
ceptual model was presented which demonstrated that
large internal fields could develop with no differential
potential. An experimental procedure for realizing
these conditions was noted. These conditions obviously
favor an internal breakdown mechanism. New calculations
were reported which demonstrated that space-like simula-
tions give rise to conditions which favor the internal
breakdown mechanisn; decreased bulk fields, increased
deposition region fields; similor charge densities.
Materials parameter variations were explored for the
space-11ke simulation. The resulting changes in intern-
al fields are easily understandable in terms of the
general theoretical model. Increased conductivity is
an effective deterrent to discharge. Enhanced secondary
emission is not, and favors internal discharge.
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Figure 1.

Surface Potentfal vs. Time for Three Charjing Environmen
(see text for conditions). v ts Figure 3.

Saturation Electric Field Profile Internal to Dielectric
for Three Charging Environments (see text for corditions).
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Figure 2.
Charge Centroid vs. Time for Three Charging Environments
(see text for conditions). - '
. Figure 4.

Charge Density vs. Depth Internal to Dielectric for Three
Charging Environments (see text for conditions).
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Figure 5.

Surface Charge Voltage vs. Time for Varfations in Material

Parameters (see text for conditions).
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Figure 6.

Electric Ficld vs. Depth Internal to Dielectric Near

Saturation for Several Varfations of Material Parameters

(see text for conditions).
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Figure 7.

Charge Density vs. th Internal to Dielectric Near
Saturation for Several Variations of Material Parameters
(see text for conditions).
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0'Dwyer, J.J. and Beers, B.L., Thermal Breakdown in Dielectrics, 1981
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Ls l:.{_lo_d wrtion,  the basic cauatrons govern oy theraad
breakduan are the heat flow cquation

€ oF = div (< prad 7) = ol’ (

and the cquatien of carrent cont ity

where the symbels have their usual reamings.  The conser
vaticn of cnergy is expressed by Lq. 1, and 1t i+ there-
fore necessary. Equation 2 requires that the dinlec-
tric rclaxation time ¢/ be much smaller than time anter
vals considered in the integration of L. 1. This condy
tion holds for the exemples worked bhelow.

It the clcectrical conductivity, ¢, 14 not tempera-
turce dependent, then the electric ficld, [, at any point
15 determined only by the electrode geometry and t'e -
plied voltage. The problem then reduces to that treated
in the ¢lassie paper by Copple, lartree, iorter, and
Tyson(l) whe calculated the transient current tor plane
raratlel electrodes.  dlowever, a temperatur: depondent
clectrical conductivity is itself a cause of Lar.attion o°
the clectric ficld strennth in order to sutiafy Lg. 2.
This cftect has heen investigated by Wintlo(2) who de-
rived steady s<tiate solutions to the cquations by analytic
methods for special functional forms of the temperaturce
dependence of the clectrical and thermal conductavities.
In the following we develop transient soluticns to the
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camartions for tharual auld elegtrical codductivity tune -
rions paven by

. - . /'l ("
¥

Vo2 3 N\ 4
«10 exp ANal) (4)

respectively, where o, g, and A are constant parameters
ot the dielecric. These functions ure typical of the
hehavior of alkali halides.

2. Plane Parallel Llcectrodes. For plane parallel clec-

trodes with the = coordinate normal to the electrode sur-
faces, 1 and 2 become with the use of 3 und 3

v
CAT - & , o AT 4 " . -

:"t ?: ! .1.:. e .‘”h ot (. A ‘T\ \))
bR g boeNp (<A/AT) t0)

where 1 o1s the current deasity.  Application of a step
function voltage \n at t = 0 grves the condition

! . - 3 N -
L de \U for t > (7)

where d ois the electrode separation.  Assuming electrodes
of large heat capacity pives

I | for = s 0
- } 8)

amd 2 =4

where T, s the anhica® temperature,

Selution of the partial ditferential cquation under
the conditions ¢, 7, and Ra yirelds the functions T(z,t)
and E(z,t) which are both symmetric ahout the mid plane
of the diclectric slab. We can therefore replace 8 by

ol for =250 :
g ! (8a)
oT/az = 0 for = = {d/2

Fimally () = ofz,t) Biz,t) 15 net a tunction of 2, and
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can be calculuted from 6.

For computations, the following values werce taken:
Ky * 20000/m, 0= €I 'mY, A = 0.86cV, C = 2x10%)/m'CY,
1o = 800K, and d = Smm. Fig. 1 shows the computed cur-
rent deasity as a function of time for various applied
voltages with the critical voltage apparently about Z.1AV
Fig. 2 shows the distribution of temperature and clectric
ficld within the diclectric after stcady conditions have
neer, attained. The field strength at the center(z=2.5mm)
is about half the average ficld strength, while ncar the
clectrodes it is about four times the average. This sug-
gests the possibility that thermal effects might so dis-
tort the ficld as to produce purc’yv clectrical breakdown
ncar the clectrodes. The center temperature is about
150C° above the ambient, and this is much higher than the
temperature increase expected from the constant field
case.

-

2. Cylindrical Electrodes. For cylindrical geometry
with inner and outer electrode radii r, and r_ respec-
tively Eq. S is replaced by

L3 -1 9 “o aT .2
% 7O (r * 5 } = o E° exp (-A/KT) (9)

Application of a step function voltage V, at t = 0 gives

r
fr: Edr-Vo for t >0 (10)

if the outer electrode is maintained at ambient tempera-
ture and the inncr one allowed to take up the tempcrature
of the adjacent portion of the dielectric, the boundary
conditions become
TeT for v =r
5 ETE (1)
aT/3r = 0 for r = r,

Solution of the partial differential equation shows an
instability in the current density similar to that shown
in Fig. 1. The temperaturc distribution rises monoton-
ically from ambient near the outer clectrode to a maximum
near the inner electrode. However, the clectric ficld
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distribution shows an antoeresting development depending
on the electrods radii, Figs. 3 and 4 show the clectrag
ficld as a function of radial distance tor an applicd
voltage of 125K and clectrode separations of omm n
both cascs the applied voltage 1o shighitly an excess of
critical voltage. Fig. 3 allustrates the change an field
distribution with time when the ratio r /v = 2 At zero
time the ticld non-umitormity is determined by geometry
only, after 5s thermal effects plus geometry make the
field nearly uniform, and after 10s thermal cffects Jom -
nate so that the field 1s large near the outer clectrode
and small near the central one. Frg. 4 illustrates the
different situation that prevails when ro/r = 6. In
this case, themal coffects make a contribution to the
field distortion, but Jdo not overcome the stronp pcomet-
ric contribution.
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APPEMNDTIX 6

Reproduced From:

0'Dwyer, J.J., Space Charge Enhanced Emission into a Dielectric Solid,
paper to be published in the Journal of Applied Physics.
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into u Dielectric Solid ORIGINAL PAGE IS
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by J. J. O'Dwyer
S.U.N.Y. Oswego, NY 13126

Abstract. Collision ionization may occur in a dielectric solid that
is subjected to a large electric field, and the positive and negative
species produced then constitute space char_ e within the dielectric.
Emission from an electrode into the dielectric can be increased by
substantial heterocharge density adjacent to the electrode. It is the
purpose of the current work to estimate both the dielectric conduction
parameters and the electrode configuratinns that would be required for

significantly enhanced emission.

s Introduction. We consider steady state current conduction by

both electrons and holes in a dielectric in which a strong electric

field is causing collision ionization. The conduction current density
is given by

i = -F + E )|

Jesaeh, Bepen (1)

where n and p are the electron and hole densities, and up the corres-
ponding mobilities. The electric field is £ and the electron charge

is e. The spatial variation of Eis governed by Poisson's equation
T.E=(-n) ele (2)

where ¢ is the permittivity of the dielectric. The collision ionization
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rate per unit time is assumed to be given by
S:OGINAL PAGE IS
POOR QUALITY
g% = ggl =na un E exp (-WE) (3)
J I

where a is an inverse length and H an electric field characteristic of
the dielectric. If diffusion and recombination are assumed to be
negligible, the equations governing steady state clectron and hole

density are

div (n Mn E) =nau E exp (-H/E) = 0
} )

div (p up E) -na up E exp (-H/E) = 0

The basic problem is then the solution of the system of equations (1),
(2), and (4) for given electrode geometry and electrode emission
characteristics. |

In a real dielectric, electrode emission probably begins from an
asperity and the emitted charge begins to spread as it enters the
dielectric. If the electrodes were, for example, parallel planes, then
the emitted charge density would be large only at points within a
resion that spreads from the asperity towards the other electrode. In
this case the charge density pattern is not related to the electrode
symmetry, and the problem is insoluble without additional assumptions.
In order to propose a soluble problem that retains at least some ele-
ments of the real situation, we write the equations in a form suitable
for spherical geometry with emission taking place from the clectrode
of smaller radius. In these circumstances there are now two diftferent
reasons for enhancement of the electric field in the dielectric. In

the tirst place the spherical geometry results in a higher electric
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field near the clectrode of smaller radihs; secondly, the field near
this electrode is further increased by lecal heterocharge. In the
tfollowing calculations we separate these effects by quoting a geometric
field cenhancement factor, and a total field enhancement factor.

)

2. Computations for Spherical Geometry. Using the spherical form

for the divergence and writing the results in the form of finite
difference equations, we have from (1), (2), and (4)

u :
"F‘"[E’]l';'ﬂ'(j'jn“’ﬁf))’.z;g]ar (5)

il

. 2
8j [a exp (-WE) - ;] | Ar (6)
In addition the total current. density obeys the equation
2
Aj = - T j Ar (7N

The boundary conditions used with these equations are:
(1) At the anode j = jn' meaning that this electrode is blocking
to hole emission

- ] 4 . = 1 E
(2) At the cathode 3o ™ 2 (Ecath) where the functional form used

n
in the following computations was that for Fowler-Nordheim
emission {see e.g. O'Dwyerl).

Numerical solution then consists of integrating the equations from the

anode to the cathode and imposing the Fowler-Nordheim boundary condition.

If the ratio of the electrode radii is greatly in cxcess of unity, then

the first order expressions for the divergence in equations (5).,  (6);

and (7) lead to geometric factors on the field and current densities that

are too low. We therefore drop the spherical geometry requirement and

142



specify the electrode system by its geomstric enhancement factor and

the interelectrode distance.

The following values were used for various paramcters during the

computations:

€=3x 10'11 F/m  (corresponding to €, ~ 3.4)

H = 109 V/m
a Range 2 x 10" o sx10® 2
Hy Range 3 x 101 w0 3 x1071? m¥vs

Hn Does not enter computation if Mo » up

The electrode separation was taken at 90um unless otherwise noted, and
the cathode work function at 2.5eV in the Fowler-Nordheim formula.

Fig 1. shows the current-voltage characteristics for a geometric
field enhancement factor of 22. In every case there is a current con-
trolled instabilicy with a certain critical voltage beyond which a
negative resistance region corresponds to an unstable current-voltage
relation. All curves are marked with the total field enhancement fac-
tor that pertains at the critical voltage, and they show that the space
charge cnhances the field by an additional factor of about 2 to 3 over
the geometric enhancement, the exact value depending on the collision
ionization coefficient and the hole mobility. Fig 2. shows the same
characteristics for an interelectrode spacing of 290um and geometric
ficld enhancement factor of 165; once again the space charge enhances
the field by an additional factor of about 2 to 4.

Fig 3. shows the effect caused by variation of the geometric field

cnhancement factor while keeping the hole mobility, the electrode sep-

ORIGINAL PAGE IS
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aration, and the collision ionization coefficient constant., The critical
current density is relatively unchanged while the critical voltage is
Jower for larger field enhancement factors. The space charge enhances
the field by an additional factor of about 2.5 to 5 over the geometric
enhancement, the exact value depending on the electrode geometry. Fig 4.
shows the effect of changing the electrode separution while maintaining
the other parameters constant. Increased electrode separation results
in larger space charge field enhancement, and larger critical voltage but
does not change the critical current density. In both Figs 3 and 4 the
current density is that near the cathode; this is in contrast to the pre-

vious diagrams where the current density refers to the anode.

3. Discussion. Some general conclusions emerge from the computations,

showing the effect of varying certain parameters while keeping the others
constant.

(a) An increase in the collision ionization coefficient (all other
parameters remaining constant) causes a marked reduction in the
space-chairge field enhancement factor. The critical current
density is not substantially altered.

(b) An increase in the hole mobility (all other parameters remaining
constant) causes a marked increase in the critical current density,
together with slight increases in both the critical voltage and
the space-charge field enhancement factor.

(¢c) An increase in the geometric field enhancement factor (all other
parameters remaining constant) caused a marked decreasc in the
critical voltage, while not substantially altering the critical

current Jdensity,
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(d) An increase in the electrode separation (all other para-
meters remaining constant) causes a marked increase in the
critical voltage but a decrease in the mean ficld strength.
The critical current is not substantially altered.

In summary it appears ihat the most critical parameter for the
possible existence of collision ionization space charge field enhance-
ment is the holc mobility. For a cathode of radius 10um, the hole
mobility should be of order 10'13 mz/Vs or lower for the effect to
occur at reasonable values of current density and voltage. Published
resultsz' S indicate values of this order for polyethylene, but it is
not clear that a comparison can readily be made. The computations
above consider the holes as the less mobile of the two species involved
in collision 1onization, and .the experimental results on charge carrier
mobilities do not relate to the products of collision ionization.

Given a sufficiently low hole mobility, the existence of space charge
enhancement at a given value of mean field strength is facilitated by
the following factors:

(a) a large collision ionization coefficient

(b1 a large geometric field enhancement factor

(¢) a large electrode separation
In simple terms this means that avalanches of many generations from
sharp asperities are most e}fective in promoting space charge enhanced
emission - a fact that could have been seen without detailed computing.
The major conclusion, therefore, remains as the estimat; of the order

13 mZ/Vs) required to produce

of magnitude for the hole mobility (< 10°
significant space charge.

Fingils 4 word should be said about the expecteld effect of tem-
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peraturc. The parameters most affected by a temperature change would
probably be H and up. both of which wuld be expected to increcase with
increasing temperature. This should cause higher values for both the
critical current density and the critical field strength, with the
cxact Jdetails depending on the form of the temperature variation for

the parameters in question.
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Captions to Diagrams

Fig 1. Current-voltage characteristics for a geometric field en-
hancement factor of 22 and an electrode spacing of SUum. The total
field enhancement factors at the critical point are marked on the
curves. The collision ionization coefficients refer to the curves
above them. The hole mobilites are denoted as fnllows:

up - 3 x |0-|2mz/Vs

----- b, =3 x 107" 3m2/vs

4

RTERE 10" Ym2/vs

Fig 2. Current-vo'tage characteristics for a geometric field en-
hancement factor of 165 and an electrode spacing of 290um. The total
field enhancement factors at the critical point are marked on the
curves. The collision ionization coefficients refer to the curves
above them. The hole mobilites are denoted as follows:

——--————-—up = 3 x 10-'2m2/Vs

----- up = 3 x IO-'3m2/Vs

14

oS up = 3 x 10° m2/Vs

Fig 3. Current-voltage characteristics for a range of geometric
field enhancement factors leading to the total field enhancement
factors marked on the diagram. In all cases the electrode separa-
tion was 90um, the collision lonization coefficient | m". and the
mobility 3 x 10”1%m2/vs.

Fig 4. Current-voltage characteristics for two different electrode
separations and the same geometric field enhancement factor of 22.
The total field enhancement factors at the critical point are marked
on the curves. In both cases the collision jonization coefficient
was 108m=1, and the hole mobility 3 x 10~ 14mé/vs.
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