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SUMMARY 

Func t ions ,  d e r i v e d  i n  a  companion r e p o r t  (NASA TP-1929), f o r  t h e  r ep re -  
s e n t a t i o n  o f  t h e  thermodynamic p r o p e r t i e s  o f  non idea l  s o l u t i o n s  have been 
a p p l i e d  t o  t h e  exper imenta l  da ta  f o r  seve ra l  h i g h l y  non idea l  s o l u t i o n s .  The 
t e s t  s o l u t i o n s  were se lec ted  t o  cover  b o t h  e l e c t r o l y t e  and n o n e l e c t r o l y t e  
behav io r .  The r e s u l t s  i m p l y  t h a t  t h e  f u n c t i o n s  a re  f u l l y  capable  o f  r ep re -  
s e n t i n g  t h e  exper imenta l  d a t a  w i t h i n  t h e i r  accuracy over  t h e  whole composi- 
t i o n  range and demonstrate t h a t  many non idea l  s o l u t i o n s  can be regarded as 
members o f  t h e  d e f i n e d  c l a s s  o f  non idea l  s o l u t i o n s .  

INTRODUCTION 

A c l a s s  o f  non idea l  s o l u t i o n s  was d e f i n e d  ( r e f .  1 )  b y  c o n s t r u c t i n g  a  
f u n c t i o n  t o  r ep resen t  t h e  compos i t i on  dependence o f  thermodynamic p r o p e r t i e s  
f o r  members o f  t h e  c l a s s .  The c o n s t r u c t i o n  was c a r r i e d  o u t  by  work ing  w i t h  
t h e  thermodynamic p o t e n t i a l  whose o n l y  ex tens i ve  arguments a re  t h e  composi- 
t i o n  v a r i a b l e s .  For  f l u i d s  t h i s  corresponds t o  t h e  Gibbs f r e e  energy t r e a t e d  
as a  f u n c t i o n  o f  temperature and pressure.  The cons t ruc ted  f u n c t i o n  pos- 
sesses f e a t u r e s  which a re  t h e o r e t i c a l l y  and c o m p u t a t i o n a l l y  u s e f u l :  ( 1 )  It 
r e f l e c t s  t h e  known exper imenta l  behav io r  o f  d i l u t e  s o l u t i o n s .  ( 2 )  It pos- 
sesses a  l o g a r i t h m i c  s i n g u l a r i t y  i n  t h e  d i l u t e  s o l u t i o n  r e g i o n  and con ta i ns  
i d e a l  s o l u t i o n s  and r e g u l a r  s o l u t i o n s  as s p e c i a l  cases. ( 3 )  I t  i s  d i r e c t l y  
a p p l i c a b l e  t o  N-ary systems and reduces t o  M-ary systems (M < N)  i n  a  form- 
i n v a r i a n t  manner. ( 4 )  I t s  parameters, which a re  f u n c t i o n s  07 t h e  i n t e n s i v e  
v a r i a b l e s ,  occur  l i n e a r l y .  I n  t h i s  r e p o r t  we s h a l l  t e s t  t h e  a b i l i t y  o f  t h e  
f u n c t i o n  t o  reproduce exper imenta l  thermodynamic da ta  f o r  r e a l  systems. That  
i s ,  we s h a l l  a t tempt  t o  determine t o  what e x t e n t  r e a l  s o l u t i o n s  can be rega r -  
ded as members o f  t h e  d e f i n e d  c l a s s  o f  non idea l  s o l u t i o n s .  S ince  i d e a l  so l u -  
t i o n s  a re  a l r eady  members o f  t h e  c l ass ,  i t  must be t r u e  t h a t  a  l a r g e  number 
of n e a r l y  i d e a l  s o l u t i o n s  must a l s o  be members, and t hus  t h e  prob lem i s  one 
o f  de te rm in i ng  t h e  degree o f  n o n i d e a l i t y  t h a t  can be accommodated b y  t h e  
c l ass .  For  t h a t  reason we s h a l l  c o n f i n e  o u r  e f f o r t s  o n l y  t o  h i g h l y  non idea l  
systems, b u t  we s h a l l  cons ide r  b o t h  n o n e l e c t r o l y t e  and e l e c t r o l y t e  s o l u t i o n s  
i n  t h i s  category .  

Be fo re  we beg in  a  d i s c u s s i o n  o f  t h e  c a l c u l a t i o n s ,  we must cons ide r  a  num- 
b e r  o f  ques t i ons  t h a t  a re  r e l e v a n t  t o  t h e  ph i l osophy  of o u r  t e s t  and t h a t  
always a r i s e  when one t r i e s  t o  r ep resen t  exper imenta l  d a t a  b y  some f u n c t i o n .  
F i t t i n g  a  f u n c t i o n  t o  exper imenta l  data, based on some p r e s c r i b e d  c r i t e r i a ,  
t e s t s  o n l y  f o r  a  cons i s t ency  between f u n c t i o n  and data.  We cannot sepa ra te l y  
assess t h e  q u a l i t y  o f  t h e  f u n c t i o n  o r  t h e  da ta  f r o m  such a  t e s t  a lone. Only  
i f  one o r  t h e  o t h e r  o f  these  two components, t h e  f u n c t i o n  o r  t h e  data, i s  
known t o  be p e r f e c t  does t h i s  cons i s t ency  t e s t  become a  v a l i d  c r i t e r i o n  f o r  
t h e  e v a l u a t i o n  o f  t h e  o the r .  L o g i c a l l y  then, s i n c e  ou r  o b j e c t i v e  i s  t o  t e s t  
t h e  f u n c t i o n ,  we should  use p e r f e c t  exper imenta l  data .  Bu t  p e r f e c t  expe r i -  
mental  da ta  a re  an u n a t t a i n a b l e  i d e a l  a v a i l a b l e  o n l y  f r om  jedanken e x p e r i -  
ments and a re  nonex i s t en t  i n  p r a c t i c e .  Lack ing  p e r f e c t  d a t a  we would l i k e  
t o  have some es t ima te  o f  how t h e  r e a l  da ta  d i f f e r  f r om  t h e  p e r f e c t  da ta  
(which we do n o t  have).  That  i s ,  we would l i k e  some e s t i m a t e  o f  t h e  exper-  
imenta l  e r r o r .  An accura te  knowledge o f  t h e  exper imenta l  e r r o r  c o u l d  t hen  
be used t o  dec ide  whether o r  n o t  t h e  f u n c t i o n  and t h e  da ta  a re  c o n s i s t e n t  
w i t h i n  t h e  exper imenta l  accuracy. It i s  i 1  l o g i c a l  t o  r e q u i r e  g r e a t e r  cons i  s- 
t ency  because one i s  then  a l s o  a t t emp t i ng  t o  f i t  t h e  e r r o r s  i n  t h e  data.  To 
make a  p e r f e c t l y  v a l i d  e r r o r  es t imate ,  one again  needs t h e  " t r u e "  va lue;  bu t ,  



in practice, this is established by consensus rather than fiat and is not 
known when the experiments are being carried out. Consequently error esti- 
mates are just that, estimates. Unfortunately good error estimates are 
almost as rare as perfect experimental data, and Bridgman (ref. 2) called 
attention to the inherently subjective nature of such estimates with his 
anecdotal accounts of the measurement of the charge on the electron and 
Planck's constant. He pointed out that "...there seems no completely 'ob- 
jective' method of estimating even the limits of error..." and that it may 
be "...more common for the individual investigator to overestimate the accu- 
racy of his own measurements, but on the other hand, there are individuals 
who, recognizing this tendency, react by underestimating their own accuracy." 
This viewpoint on the subjective nature of error estimates is reinforced by 
Youden's account (ref. 3) of the determination of the astronomical unit, the 
velocity of light, and the gravitational acceleration. 

Despite the clearly subjective nature of many published estimates of ex- 
perimental error, it is possible to make at least a portion of the error es- 
timate not only objective, but also experimental as was pointed out by Youden 
(ref. 3). Experimental error is usually assumed to have two components: 
random error and systematic error. The former refers to the lack of repro- 
ducibility in the experimental results which occurs without any apparent 
changes in the apparatus or procedure. Its contribution to the total experi- 
mental error can be estimated by adequate replication. Systematic errors are 
produced by some deficiency in the apparatus or the observer or may be attri- 
butable to deficiencies in the theory of the measurement. Bridgman gives a 
good example of how theory can drastically influence the interpretation of a 
measurement with his description of the effect of theoretical understanding 
on the experimental determination of atomic weights. Basically the design 
and interpretation of an experiment are often dependent on our understanding 
of the underlying theory which happens to be in vogue at the time the exper- 
iment is performed and a revision of our understanding could lead to a dras- 
tic reinterpretation of the experimental results. Nothing can be done to 
estimate systematic errors coming from this source because it represents a 
deficiency in our knowledge. On the other hand, Youden points out that sys- 
tematic error associated with the apparatus can be estimated experimentally 
by constructing one or more copies of the experimental apparatus, or compo- 
nents of the apparatus, and comparing results from the various copies. 

The examples discussed by Bridgman and Youden all concern the measurement 
of physical constants. The waters become substantially murkier when the ex- 
periments are measurements of functions, as they are in thermodynamics. Many 
more measurements must be made to define a function than a constant. Conse- 
quently replication to estimate random errors in the independent variables 
is the exception rather than the rule. The construction and implementation 
of copies of the experimental apparatus with systematic variations in compo- 
nents is rarer still. The clear implication is that most estimates of exper- 
imental error in thermodynamics are of the subjective variety and thus sus- 
pect and, perhaps, unreliable. Haar and Gallagher (ref. 4) ,  in a critical 
evaluation of the thermodynamic properties of ammonia, conclude (p. 639 ) ". . .that estimates of qua1 ity by experimental ists are often ambiguous (and 
sometimes even omitted) even in work of otherwise high quality." This situa- 
tion forces critical compilers of thermodynamic data to resort to procedures 
which, strictly speaking, can be faulted on logical grounds but which are 
probably unavoidable evils under current circumstances. We are referring 
specifically to the common practice of judging the reliability of an experi- 
mental datum point, at least in part, by its deviation from a function ob- 
tained by a preliminary fit of an equation to a set of data. This deviation 



is then used to assign a weight to the point, inversely proportional to the 
deviation, in a subsequent fit of the data by the same or similar equation. 
The difficulty is that one has absolutely no assurances that the equation 
being used is the "correct" one. When this practice is pushed to its two 
logical extremes, it would allow us to conclude, at our option, that any 
finite set of experimental data for a function of one independent variable 
either (1) is well represented by a straight line or (2) is free from exper- 
imental error. The first conclusion follows if we fit the data to a straight 
line and assign low weights to points which deviate from the line. The sec- 
ond conclusion follows if we use a linear combination of linearly independent 
functions as the fitting function with one adjustable parameter for each 
datum point. This is an extreme example of what Haar and Gal lagher (ref. 4, 
p. 437) term "overfitting," the representation of not only the general trends 
in the data but also the experimental error. Common sense would certainly 
prevent the occurrence of the two extremes but might not be adequate for in- 
termediate situations. Practioners of the technique are in some danger of 
discarding the better data and retaining the inferior. This danger clearly 
increases as the proportion of poor data (inaccurate but reproducible and 
precise) increases in a collection of data. 

Often in thermodynamics there are several kinds of measurements that have 
a bearing on a given thermodynamic property. Each type of experiment re- 
flects some characteristic of the dependent variable and will sample some 
particular region of the space of independent variables; there could be any- 
thing from complete overlap to no overlap among the regions. In such a situ- 
ation one would like not only to evaluate the quality of data from a given 
type of experiment, but also to make some value judgment about the relative 
merits of data from the different types of experiments. We have already dis- 
cussed just how difficult and subjective the former can be. The need for 
the latter only exacerbates the situation. Obviously we have no mechanism 
for directly comparing, and thus checking for the consistency of, data from 
disjoint regions of the space of independent variables; just as we cannot 
directly compare data from two different points. But sometimes we cannot 
make a direct comparison even at the same point because the experiments often 
measure different combinations of the dependent variable and its derivatives. 
The only possible comparison is an indirect one - a comparison of the data 
to a value calculated from a fitted equation. We have already pointed out 
the inherent difficulties associated with this method of evaluating the qual- 
ity of data. 

The importance of data consistency and its effect on the fitting of that 
data has been strongly emphasized by Haar and Gallagher (ref. 4, pp. 636, 
637, 651, 655, and 662), who observed that data inconsistencies can drasti- 
cally affect the results of the fitting even outside the region where the 
inconsistency occurs. They even found it desirable to use weighting func- 
tions to reduce the effect of such inconsistencies by smoothing the transi- 
tion between inconsistent data sets. There are two approaches to resolving 
the problem of potential inconsistencies in data from different types of ex- 
periments. Both have been used in practice although neither can offer any 
assurances that the resulting fitted equation is a good representation of the 
correct function. One approach is to use all of the experimental data in the 
curve fitting and let the fitting compromise among the inconsistencies in the 
data. It represents the maximum utilization of experimental information 
about the dependent variable but requires a somewhat more involved fitting 
procedure. The alternative method uses only a portion of the data for fit- 
ting, effectively assigns zero weight to the balance, and relegates it to a 
consistency test between it and the fitted equation. This approach does not 



make maximum use o f  t h e  i n f o r m a t i o n  con ta ined  i n  t h e  exper imenta l  data, b u t  
t h e  f i t t i n g  procedure i s  s imp le r  i f  o n l y  one t y p e  o f  exper imenta l  da ta  i s  
used. We f a v o r  t h e  f i r s t  techn ique  and f e e l  i t  t o  be t h e  more conse rva t i ve  
i n  t h e  absence o f  r e l i a b l e  i n f o r m a t i o n  about exper imenta l  e r r o r .  I f  v a l i d  
es t ima tes  of exper imenta l  e r r o r  a re  known, t hen  t h e y  can always be f a c t o r e d  
i n t o  t h e  f i t t i n g  process. 

Our v iew o f  t h e  exper imenta l  s i t u a t i o n  i s  t h a t  i t  i s  ex t reme ly  d i f f i c u l t ,  
i f  n o t  impossible,  t o  make a  f u l l y  r e l i a b l e  judgment on t h e  q u a l i t y  o f  exper- 
imen ta l  thermodynamic d a t a  f r om t h e  pub l i shed  i n fo rma t i on .  Fo r  t h i s  reason 
we s h a l l  t r y  t o  use as much da ta  as a re  r e l a t i v e l y  e a s i l y  a v a i l a b l e  f o r  t h e  
systems we s e l e c t  and we s h a l l  ass ign  equal we igh t  t o  each p o i n t .  I n  t h i s  
sense we make no c l a i m  t o  e i t h e r  an exhaus t i ve  c o m p i l a t i o n  o r  a  c r i t i c a l  
e v a l u a t i o n  of t h e  d a t a  f o r  t h e  chosen systems; n o r  do we c l a i m  a  d e f i n i t i v e  
r e p r e s e n t a t i o n  o f  t h e  chosen data. Our p r ima ry  o b j e c t i v e  i s  t o  assure our-  
se lves  o f  an adequate q u a n t i t y  o f  exper imenta l  d a t a  t o  t e s t  t h e  a b i l i t y  o f  
t h e  f u n c t i o n s  t o  reproduce t h e  thermodynamic behav io r  o f  h i g h l y  non idea l  sys- 
tems over  t h e i r  e n t i r e  compos i t ion  range. For  our  purposes i t  seemed p r e f e r -  
a b l e  t o  t ake  a  somewhat c u r s o r y  look  a t  severa l  d i f f e r e n t  systems r a t h e r  than  
an i n t e n s i v e  and c r i t i c a l  l ook  a t  one. N o n i d e a l i t y  and da ta  a v a i l a b i l i t y  
mo t i va ted  our  s e l e c t i o n  o f  t h e  systems t o  be s tud ied.  A l l  o f  our  c a l c u l a -  
t i ons  were c a r r i e d  o u t  w i t h  double p r e c i s i o n  a r i t h m e t i c  (approx imate ly  18 
s i g n i f i c a n t  f i g u r e s ) ,  b u t  we s h a l l  g i v e  t h e  va lues  o f  t h e  f i t t e d  parameters 
t o  o n l y  14 s i g n i f i c a n t  f i g u r e s .  T h i s  numer ica l  p r e c i s i o n  may seem s u r p r i s i n g  
t o  those u n f a m i l i a r  w i t h  t h e  numerics o f  f i t t i n g  c a l c u l a t i o n s  who r e a l i z e  
t h a t  exper imenta l  da ta  may o f t e n  be no b e t t e r  than  t h r e e  o r  f o u r  s i g n i f i c a n t  
f i g u r e s .  Double p r e c i s i o n  a r i t h m e t i c  i s  r e q u i r e d  i n  l i n e a r  l e a s t  squares 
c a l c u l a t i o n s  because t h e  ma t r i ces  encountered i n  de te rmin ing  t h e  parameters 
a re  o f t e n  n e a r l y  s i ngu la r .  Furthermore once t h e  parameters have been de te r -  
mined, b o t h  t h e  t r u n c a t i o n  o f  parameter va lues and t h e  c a l c u l a t i o n  sequence 
used t o  eva lua te  t h e  f i t t e d  f u n c t i o n s  f r om t h e  parameters can sometimes p ro -  
duce d e t e c t a b l e  ( b u t  g e n e r a l l y  n o t  se r i ous )  changes i n  t h e  c a l c u l a t e d  num- 
bers. For  t h e  c a l c u l a t i o n s  t o  be discussed i n  t h i s  r e p o r t  we have observed 
t h a t  s i x  s i g n i f i c a n t  f i g u r e s  f o r  the  parameters a r e  o f t en ,  but  n o t  always, 
adequate. Acco rd ing l y  we have chosen t o  t a b u l a t e  t h e  parameters t o  enough 
f i g u r e s  t o  ensure t h a t  someone cou ld  reproduce any o f  t h e  numbers we quote. 
The l e a s t  squares parameters were c a l c u l a t e d  w i t h  a  m u l t i p l e  l i n e a r  regres-  
s i o n  computer program w r i t t e n  by  S i d i k  ( r e f .  5 ) .  

Three genera l  p recep ts  w i l l  gu ide  ou r  f i t t i n g  o f  exper imenta l  da ta  f o r  
i n d i v i d u a l  systems: ( 1 )  Use expe r imen ta l l y  de r i ved  q u a n t i t i e s  t h a t  a re  re -  
l a t e d  as d i r e c t l y  as p o s s i b l e  t o  t h e  ac tua l  exper imenta l  measurements. ( 2 )  
Avo id  any unnecessary assumptions about t h e  behav io r  o f  t h e  data.  ( 3 )  Do n o t  
use smoothed values, f o r  then  one i s  a t t emp t i ng  t o  f i t  t h e  smoothing f u n c t i o n  
r a t h e r  than  t h e  exper imenta l  data.  T y p i c a l l y  we s h a l l  i n d i c a t e  t h e  q u a l i t y  
o f  t h e  o v e r a l l  f i t  w i t h  a  p a i r  o f  numbers. Fo r  t h i s  purpose we s h a l l  use two 
combinat ions of t h e  res idua l s ,  ~ y  E y (obs )  - y ( c a l c ) ,  o f  a  p r o p e r t y  y: 
t h e  s tandard d e v i a t i o n  u and t h e  mean o f  t h e  r e s i d u a l s  CAY>. 



We cou ld  equa l l y  w e l l  have used t h e  standard e r r o r  o f  t h e  est imate i n  p lace  
o f  0. I t s  d e f i n i t i o n  i s  i d e n t i c a l  t o  t h a t  of o except t h a t  K - ~  i s  re -  
p laced by  t h e  r e c i p r o c a l  o f  t h e  d i f f e r e n c e  between K and t h e  number of fit- 
t i n g  parameters. 

We s h a l l  no t  attempt t o  minimize t h e  number o f  parameters on t h e  bas is  of 
t e s t i n g  the  standard e r r o r  o f  est imate f o r  a  minimum because t h e  number o f  
parameters i s  o f  l i t t l e  s i g n i f i c a n c e  when t h e  func t i on  i s  used on a  computer. 
B a s i c a l l y  we s h a l l  o n l y  vary the  number o f  parameters through t h e  degree of 
expansion L, and L w i l l  be e i t h e r  1 o r  2. That i s ,  we s h a l l  no t  f i n d  i t  
necessary t o  go beyond two terms i n  t h e  symmetric f u n c t i o n  expansion t o  es- 
t a b l i s h  t h e  f l e x i b i l i t y  o f  t h e  f u n c t i o n  we are t e s t i n g .  I f  we were concerned 
w i t h  min imiz ing  t h e  number o f  parameters, then we would begin w i t h  t h e  case 
L = N and s t a r t  e l i m i n a t i n g  i n s i g n i f i c a n t  parameters. I n  any f i t t i n g  ca l -  
c u l a t i o n  i t  i s  genera l l y  t r u e  t h a t  t he re  w i l l  e x i s t  a  non-null subset o f  c a l -  
c u l a t e d  parameters which con t r i bu tes  l i t t l e  t o  t h e  representa t ion  o f  t h e  
data. These parameters cou ld  be se t  t o  zero and e l im ina ted  f rom t h e  l e a s t  
squares c a l c u l a t i o n  w i thou t  m a t e r i a l l y  a f f e c t i n g  t h e  qua1 i t y  o f  f i t . The 
l e a s t  squares computer program t h a t  we used ( r e f .  5)  incorporates a  re jec -  
t i o n  a lgo r i t hm which sequen t ia l l y  e l im ina tes  parameters. We s imply f e e l  
t h a t  min imiz ing  t h e  number o f  parameters i s  o f  minimal importance f o r  our  
purposes. The f a c t  t h a t  we used and tabu la ted  a  p a r t i c u l a r  number o f  param- 
e t e r s  does no t  mean t h a t  a l l  o f  them are essen t i a l  f o r  an adequate represen- 
t a t i o n  o f  t h e  da ta  o r  t h a t  they  are an optimum choice f rom a l l  o f  those 
a v a i l a b l e  f o r  L = N. 

I n  a l l  computations we s h a l l  use 8.31434 ~ - m o l - l - ~ - l  f o r  t h e  un i ve rsa l  
gas constant  and 4.184 J  f o r  t h e  c a l o r i e .  

NONELECTROLYTE SYSTEMS 

We s h a l l  con f i ne  our i n t e r e s t  t o  heat o f  mix ing  da ta  i n  our examination 
o f  nonideal , none lec t ro l y te  systems. There are th ree  reasons f o r  t h i s  
choice. F i r s t ,  heats o f  m ix ing  tend t o  e x h i b i t  g rea te r  dev ia t i ons  f rom 
i d e a l i t y  than, f o r  example, volume changes on mix ing  and hence are  a  more 
severe t e s t  o f  f i t t i n g  func t ions .  Second, heats o f  mix ing  are  d i r e c t l y  mea- 
surable i n  con t ras t  to ,  say, f r e e  energies, which r e q u i r e  t h e  establ ishment 
o f  a  phase e q u i l i b r i u m  and knowledge o f  t h e  f r e e  energy o f  one o f  t h e  phases. 
Systematic e r r o r s  i n  t h e  f r e e  energy o f  t he  known phase w i l l  c o n t r i b u t e  t o  
t h e  systemat ic  e r r o r s  associated w i t h  t h e  system being measured. Third, 
recent  years have witnessed the  development o f  t h e  isothermal  d i l u t i o n  c a l -  
o r ime te r  f o r  t h e  r a p i d  and r o u t i n e  measurement o f  heats o f  mixing. I n  addi- 
t i o n  t o  ease o f  opera t ion  and r a p i d i t y  of'measurement, t he  apparatus seems 
t o  be capable o f  h igher  p r e c i s i o n  and g rea te r  r e p r o d u c i b i l i t y  than o ther  ex- 
per imenta l  methods. Consequently i t  i s  supplant ing o the r  methods o f  measure- 
ment and i t  seems t o  be w e l l  on the  way t o  becoming a  standard method f o r  t h e  
measurement o f  t h e  heats o f  mix ing  o f  l i q u i d s .  A l l  o f  t h e  experimental  heats 
of mix ing  which we s h a l l  process have been generated w i t h  t h e  isothermal  d i -  
l u t i o n  calor imeter .  

We would l i k e  t o  concentrate our  a t t e n t i o n s  on t e r n a r y  systems because 
they  w i l  I most 1 i k e l y  p rov ide  a  more severe t e s t  o f  our  abi  1  i t y  t o  reproduce 
experimental  behavior than do b i n a r y  systems. This  d r a s t i c a l l y  l i m i t s  our  
choice o f  systems because t h e  adequate c h a r a c t e r i z a t i o n  o f  a  t e r n a r y  system 
requ i res  a  considerably g rea te r  number o f  datum p o i n t s  than does a  b ina ry  
system. It i s  on l y  t he  advent o f  t h e  isothermal  d i l u t i o n  ca lo r ime te r  which 
has made t h e  a c q u i s i t i o n  o f  t h e  necessary da ta  a  r e a l i s t i c  goal. When we 



speak o f  a  t e r n a r y  system we mean a  system o f  t h r e e  components ( independent  
spec ies )  and we i n c l u d e  a l l  composi t ions f o r  which t h e  mole f r a c t i o n s  X i ,  
i = 1, 2, 3, s a t i s f y  x l  + x~  + x 3  = 1. T h i s  i nc l udes  composi t ions f o r  which 
one o r  two o f  t h e  mole f r a c t i o n s  may be zero. We s h a l l  o c c a s i o n a l l y  s i n g l e  
ou t  p a r t i c u l a r  subsets o f  p o i n t s  f rom a  t e r n a r y  system, and we s h a l l  f i n d  i t  
conven ien t  t o  g i v e  them spec ia l  names. The s e t  o f  composi t ions f o r  which two 
g i ven  mole f r a c t i o n s  a re  zero  obv ious l y  r ep resen ts  a  pu re  species,  w h i l e  a  
s e t  o f  composi t ions f o r  which one p a r t i c u l a r  mole f r a c t i o n  i s  always zero  
w i l l  be c a l l e d  a  b i n a r y  subsystem o f  t h e  t e r n a r y  system. The s e t  o f  composi- 
t i o n s  f o r  which no mole f r a c t i o n  i s  ze ro  w i l l  be c a l l e d  t h e  s e t  o f  i n t e r i o r  
p o i n t s  o f  a  t e r n a r y  system. 

Our r e l i a n c e  on da ta  generated b y  t h e  i so therma l  d i l u t i o n  c a l o r i m e t e r  
suggests t h a t  we at tempt  t o  make some approximate assessment o f  i t s  o v e r a l l  
accuracy. A crude es t ima te  o f  i t s  t y p i c a l  accuracy can be made by  comparing 
r e s u l t s  f r om d i f f e r e n t  c a l o r i m e t e r s  f o r  severa l  systems, an approx imat ion t o  
t h e  suggest ion made by  Youden. 

I so therma l  D i l u t i o n  Ca lo r ime t r y  

The i n i t i a l  development o f  t h e  c a l o r i m e t e r  was by  Van Ness and coworkers 
( r e f s .  6  t o  8 ) ,  b u t  o t h e r  c a l o r i m e t e r s  o f  t h e  Van Ness t ype  were subsequent ly  
cons t ruc ted  i n  r a p i d  succession ( r e f s .  9  t o  16).  We know o f  no exper iments,  
o f  t h e  t y p e  suggested by Youden ( r e f .  3), t o  es t ima te  t h e  sys temat ic  e r r o r  o f  
t h e  c a l o r i m e t e r  q u a n t i t a t i v e l y ,  and we must r e l y  on t h e  exper imenters1 sub- 
j e c t i v e  est imates.  W i n t e r h a l t e r  and Van Ness ( r e f .  8, p. 191) acknowledge 
t h a t  i t  i s  " . . . d i f f i c u l t  t o  a r r i v e  a t  an o b j e c t i v e  es t ima te  o f  t h e  accu- 
racy.. ." of t h e  ca lo r ime te r ,  and Murakami and Benson ( r e f .  11, p. 563) concur  
because t h e  de te rm ina t i on  o f  hea ts  of m i x i n g  "... i n v o l v e s  a  d e l i c a t e  ba lance 
of energ ies  f r om a  number o f  sources..." The t y p i c a l  exper imenta l  r u n  w i t h  
t h e  i so therma l  d i l u t i o n  c a l o r i m e t e r  i s  t h e  success ive d i l u t i o n  o f  an i n i t i a l  
s o l u t i o n  w i t h  a  second s o l u t i o n .  Both Murakami and Benson ( r e f .  11, p. 563) 
and Ramalho and Rue1 ( re f .  12, p. 457) p o i n t  o u t  t h a t  e r r o r s  f o r  success ive 
d i l u t i o n s  t end  t o  be cumulat ive.  Murakami and Benson c i t e  a  t y p i c a l  "b lank"  
exper iment  i n  which e thano l  was d i l u t e d  w i t h  e thano l  10 success ive t imes. 
T h i s  d i l u t i o n  process should have had a  zero  heat  e f f e c t ,  b u t  t h e  e r r o r  i n  
t h e  energy f o r  each d i l u t i o n  v a r i e d  f r om zero  t o  0.08 J and accumulated t o  
0.4 J d u r i n g  t h e  course o f  t h e  run. Presumably t h i s  e r r o r  can be e i t h e r  pos- 
i t i v e  o r  nega t i ve ,  and t h u s  t h e  spread i n  measured va lues f r om t h i s  source 
a lone can amount t o  almost a  j o u l e  i n  a  case where t h e  exper imenter  knows t h e  
exac t  answer expected o f  him. S i m i l a r ,  and perhaps more severe, e r r o r s  
should be expected i n  an ac tua l  exper iment t o  determine nonzero hea ts  of 
m i x i n g  because hea t  e f f e c t s  a re  l a r g e r  and t h e  e x p e r i m e n t a l i s t  i s  l e s s  l i k e l y  
t o  know t h e  expected answer i n  advance. 

W i n t e r h a l t e r  and Van Ness ( r e f .  8, p. 191), P f l u g  e t  a l .  ( r e f .  10, 
p. 408), and Murakami and Benson ( r e f .  11, p .  571) a l l  f e e l  t h a t  t h e i r  re -  
s u l t s  a re  w i t h i n  21 percen t  o f  t h e  t r u e  values. Murakami and Benson com- 
pare  an equat ion  f i t t e d  t o  t h e i r  da ta  w i t h  a  s i m i l a r  equa t ion  f i t t e d  t o  d a t a  
f r om o t h e r  sources f o r  a  number o f  b i n a r y  systems. Such a  comparison, w h i l e  
f a r  f r om i d e a l ,  p o s s i b l y  can serve as a  q u a l i t a t i v e  i n d i c a t o r  o f  d i s p a r i t y  
i n  exper imenta l  r e s u l t s  because o f  t h e  s i m i l a r i t y  o f  equat ions i n  each case. 
They express t h e  comparison as t h e  r o o t  mean square percentage d e v i a t i o n  o f  
a  g i ven  equat ion  f r om t h e i r  equa t ion  f o r  t h e  same b i n a r y  system. They f i n d ,  
f o r  t h e  weakly endothermic b i n a r y  system o f  benzene-carbon t e t r a c h l o r i d e  a t  
25 C, t h a t  b o t h  t h e  f u n c t i o n  o f  S a v i n i  e t  a l .  ( r e f .  7 )  and t h e  f u n c t i o n  o f  



Winterhalter and Van Ness (ref. 8) are uniformly lower than their function. 
The former has a standard deviation of 1.45 percent and the latter a standard 
deviation of 1.33 percent. For the strongly exothermic binary system of 
dichloromethane and p-dioxane at 30" C, the function of Winterhalter and Van 
Ness (ref. 8) is uniformly higher, with a standard deviation of about 1.35 
percent and a maximum difference of about 15 J-mol-l ( =  1.6 percent) when the 
mole fraction of dichloromethane is 0.75. On the other hand, Touhara et al. 
(ref. 15) make a similar comparison of their results with those of Murakami 
and Benson for the same dichloromethane and p-dioxane binary system and the 
identical form for the fitting functions. They calculate a standard devia- 
tion of 0.36 percent between the two functions. We have recalculated the 
differences between these two functions by working directly with the differ- 
ence function. Our calculations differ somewhat from their figure 3, and 
this may indicate a loss of significance in their calculations. For example, 
we find that when the mole fraction of dichloromethane is 0.75, the two func- 
tions are virtually identical, differing only by 0.06 J-mol-l. Their figure 
shows a difference of about 2 J-mol-l. For mole fractions less than 0.75 the 
function of Touhara et al. is higher than he Murakami and Benson function, 
with a maximum deviation of about 8 J-mol-I (= 1.9 percent) occurring at a 
mole fraction of about 0.15. At this mole fraction the agreement between the 
Winterhalter and Van Ness function and the Murakami and Benson function is 
excellent. These comparisons and their one-sided nature, imply that experi- 
mental differe ces in the heat of mixing for binary solutions can easily ex- 
ceed 10 J-mol-! and a percentage error of 51.5 percent. This assessment is 
consistent with that given by Ramalho and Ruel (ref. 12). For highly non- 
ideal binary systems they cite an average maximum error of +(1 to 2 per- 
cent) and for nearly ideal binary systems, +(5 to 6 percent). 

A contributing factor to errors in heats of mixing is the experimental 
error in composition. Pflug et al. (ref. 10) estimate that they know mole 
fractions to k0.0005, while Ramalho and Ruel expect an accuracy of a.0008. 
If these values are typical, then we should expect a spread in mole fractions 
from about 0.0010 to 0.0016. This error can become a significant contributor 
to error in the dilute solution region, where the heat of mixing changes rap- 
idly with mole fraction. For example, if we use the Winterhalter and Van 
Ness representation of their data for the binary system dichloromethane - 
p-dioxane, then the mole fraction error could contribute about 3 to 5 J-mol-I 
when the mole fraction of dichloromethane is near 0.03. This represents an 
uncertainty in the value of the heat of mixing at this point of about k(1.5 
to 2.5 percent). 

Our discussion of errors in isothermal dilution calorimetry for binary 
systems leads us to conclude that, while k1 percent accuracy may occur, a 
more realistic estimate is probably +(1 to 2 percent). Furthermore the 
errors for very dilute solutions will generally be larger than the errors for 
concentrated solutions because of composition uncertainties. The benzene- 
cyclohexane binary system seems to be one for which the accuracy exceeds our 
estimate. Functions fitted to the data from nine different sources agree to 
nearly 50.5 percent (refs. 11 and 16). 

The accuracy situation for the interior points of a ternary system is a 
little more involved. The reason is that the measured quantity is most 
directly related to a heat of mixing but the quantity of greatest interest 
is the excess enthalpy of the solution. The two are, of course, related. 
Let n represent moles per unit mass and M represent mass. Now suppose 

that moles of a solution with composition xi is added to TiR moles 



- 
o f  a  s o l u t i o n  w i t h  composit ion xi t o  fo rm (ZR + 3) moles of a  s o l u t i o n  

w i t h  composit ion X i .  I f  H i s  t h e  molar  en tha lpy  and AH i s  t h e  excess 
molar  enthalpy, t hen  t h e  heat o f  m ix ing  p e r  mole Q f o r  these two s o l u t i o n s  
i s  de f ined  t o  be 

where q  = iM/( jn + nf;i). Essen t i a l l y ,  isothermal  d i l u t i o n  c a l o r i m e t r y  meas- 
ures d i f f e r e n c e s  i n  t h i s  hea o f  mix ing.  If Q ( ~ )  i s  t h e  heat  o f  m ix ing  f o r  
t h e  s o l u t i o n  formed by t h e  kih d i l u t i o n ,  t hen  

where ~ ( 0 )  = 0, q(O) = 1, and q(k+l) - q ( k )  = A ~ ( ~ ) .  Thus 

From t h i s  formula we see t h a t  t h e  experimental  heat o f  m ix ing  d i f f e r e n c e s  
A Q ( j )  can be e a s i l y  combined t o  o b t a i n  t h e  heat o f  m ix ing  Q ( k )  w i thou t  addi- 
t i o n a l  assumption. But t o  o b t a i n  t h e  excess en tha lpy  f rom t h e  experimental  

measurements r e q u i r e s   AH(^) and AH(;), t h e  excess en tha lp ies  o f  t h e  two 

o r i g i n a l  so lu t ions .  I f  these two s o l u t i o n s  are pure  species, then  AH(^) 
= 0  = AH(;) and t h e  heat  o f  m ix ing  i s  i d e n t i c a l  t o  t h e  excess enthalpy. How- 
ever, t h i s  i s  no t  always t h e  case. Rarnalho and Rue1 ( r e f .  13), M o r r i s  e t  a l .  
( r e f .  17 ) ,  and Shatas e t  a l .  ( r e f .  18) made measurements on t h e  i n t e r i o r  
p o i n t s  of a  t e r n a r y  system by adding a  pure species t o  a  b i n a r y  subsystem. 
The excess en tha lpy  f o r  t h e  s t a r t i n g  b i n a r y   AH(^) was no t  measured exper i -  
men ta l l y  bu t  was est imated by i n t e r p o l a t i n g  p r e e x i s t i n g  da ta  f o r  t h e  b inary.  
The i n c o r p o r a t i o n  o f  these values unnecessar i l y  compromises experimental  data 
w i t h  nonexperimental numbers. A r e l a t e d  problem occurs f o r  d i l u t e  b i n a r y  
so lu t i ons .  Sav in i  e t  a l .  ( r e f .  7 )  descr ibed a  technique f o r  making measure- 
ments on very  d i l u t e  b i n a r y  so lu t i ons  by adding a  d i l u t e  s o l u t i o n  t o  a  pure  

species. I n  t h i s  t ype  o f  experiment one must know t h e  excess en tha lpy  AH(;) 
o f  t h e  b i n a r y  s o l u t i o n  be ing  added t o  t h e  pure species. 

Ternary systems present  a  more severe experimental  cha l lenge than b i n a r y  
systems. There i s  a  sharp increase i n  t h e  number o f  experimental  measure- 
ments t o  be performed w i t h  a  concomitant increase i n  t h e  p o s s i b i l i t y  f o r  
experimental  e r r o r .  This  inc rease i s  accompanied by a  r e l a t i v e  d im inu t i on  
o f  t h e  o p p o r t u n i t y  f o r  experimental  t e s t i n g  f o r  da ta  cons is tency  ( e r r o r ) .  
To see t h i s ,  we need o n l y  r e a l i z e  t h a t  a  fundamental d i f f e r e n c e  e x i s t s  be- 
tween one- and two-dimensional composit ion spaces and t h a t  t h e  isothermal  
d i l u t i o n  ca lo r ime te r  i s  b a s i c a l l y  a  one-dimensional inst rument  which i s  char- 
a c t e r i z e d  by t h e  experimental  parameter q  i n  equat ions ( 2 )  and (3 ) .  A g iven  
composi t ion i n  a  one-dimensional system can be approached f rom o n l y  two 



d i r e c t i o n s .  For  any p a i r  o f  s t a r t i n g  s o l u t i o n s  one can c a r r y  o u t  a  sequence 
o f  d i l u t i o n s  and then  repea t  t h e  exper iment w i t h  t h e  same two s o l u t i o n s  b u t  
w i t h  t h e i r  r o l e s  reversed.  D i f f e rences  i n  r e s u l t s  i n  t h e  o v e r l a p  r e g i o n  of  
composi t ion can be taken  as a  measure o f  da ta  incons is tency .  Both Sav in i  e t  
a l .  ( r e f .  7, p. 43) and Pope e t  a l .  ( r e f .  9, p. 2666) ment ion exper imenta l  
checks o f  t h i s  k i n d  f o r  b i n a r y  systems. These i n t e r n a l  cons is tency  t e s t s  
can a l s o  be c a r r i e d  o u t  i n  exper iments on t e r n a r y  systems. I n  c o n t r a s t  t o  
b i n a r y  systems, a  g i ven  compos i t ion  i n  a  t e r n a r y  system can be approached 
f r om an i n f i n i t e  number o f  d i r e c t i o n s  corresponding t o  t h e  d i f f e r e n t  one- 
dimensional  systems pass ing  th rough t h a t  p o i n t .  On each one-dimensional 
subspace one can c a r r y  o u t  an exper imenta l  t e s t  o f  t h e  k i n d  j u s t  mentioned, 
b u t  i.n genera l  t h i s  does n o t  t e s t  f o r  cons is tency  among t h e  va r i ous  one- 
d imensional  subspaces. The o n l y  e f f e c t i v e  exper imenta l  t e s t  f o r  t e r n a r y  and 
h i g h e r  o rde r  systems i s  t h e  de te rm ina t i on  o f  t h e  hea ts  o f  m i x i n g  around some 
c l osed  path.  Di f ferences i n  r e s u l t s  on any ove r l ap  p o r t i o n  o f  t h e  pa th  would 
be a  measure o f  cons is tency  f o r  t h e  c losed  path.  Th i s  i s  n o t  a  convenient  
k i n d  o f  exper iment t o  c a r r y  ou t .  Consequently da ta  f o r  i n t e r i o r  p o i n t s  o f  
t e r n a r y  systems probab ly  w i l l  t end  t o  e x h i b i t  somewhat lower  accuracy t han  
b i n a r y  system da ta  s imp l y  because o f  t h e  d i f f i c u l t y  i n  per fo rming  experimen- 
t a l  i n t e r n a l  cons is tency  t e s t s .  Th i s  v iew i s  c o n s i s t e n t  w i t h  t h e  Ramalho and 
Ruel ( r e f .  13) assessment o f  e r r o r  i n  t e r n a r y  systems. They c l a i m  an average 
maximum e r r o r  o f  + (2  t o  3  percen t ) ,  b u t  g e n e r a l l y  t h e y  expect  t h e i r  r e s u l t s  
t o  be i n  t h e  range + ( 1  t o  2  pe rcen t ) .  I n  t h e  absence o f  d i r e c t  experimen- 
t a l  i n f o r m a t i o n  and i n  v iew o f  t h e  f o rego ing  d i scuss ion  we have concluded 
t h a t  t e r n a r y  systems w i l l  p robab ly  e x h i b i t  e r r o r s  i n  excess of + ( 1  t o  2 
pe rcen t ) .  

S e l e c t i o n  o f  Ternary Systems 

I n  s p i t e  o f  t h e  a v a i l a b i l i t y  o f  t h e  i so therma l  d i l u t i o n  c a l o r i m e t e r  t h e r e  
a re  o n l y  two t e r n a r y  systems w i t h  any th ing  approaching adequate exper imenta l  
coverage. These a re  t h e  two h i g h l y  non idea l  systems acetone-chloroform- 
methanol and ch lo ro fo rm  - ethano l  - n-heptane whose hea ts  of m i x i n g  were 
measured by  Van Ness and coworkers ( r e f s .  17 and 18).  These da ta  w i l l  be 
supplemented by  measurements on t h e  e thano l  - n-heptane b i n a r y  subsystem made 
by  Ramal ho and Ruel ( r e f .  12) and Van Ness, Soczek, and Kochar ( r e f .  19) .  
Both M o r r i s  e t  a l .  ( r e f .  17) and Shatas e t  a l .  ( r e f .  18) combined i n t e r p o l a -  
t e d  va lues  o f  b i n a r y  excess e n t h a l p i e s  w i t h  measured hea ts  of m i x i n g  i n  t h e i r  
t a b u l a t e d  excess e n t h a l p i e s  f o r  t h e  i n t e r i o r  p o i n t s  w i t h o u t  e x p l i c i t l y  g i v i n g  
t h e  va lues  t h e y  used. F o r t u n a t e l y  t h e r e  i s  enough i n f o r m a t i o n  f o r  us t o  es- 
t i m a t e  t h e i r  numbers and conve r t  t h e i r  t a b u l a t i o n s  back t o  hea ts  o f  m ix ing .  
N e i t h e r  M o r r i s  e t  a l .  ( r e f .  17)  n o r  Shatas e t  a l .  ( r e f .  18) ment ion us ing  a  
d i l u t e  b i n a r y  s o l u t i o n  as a  feed  s o l u t i o n  f o r  measuring t h e  hea ts  o f  m i x i n g  
o f  d i l u t e  b i n a r y  s o l u t i o n s .  However, because some o f  t h e i r  da ta  extend t o  
q u i t e  d i l u t e  so lu t i ons ,  i t  i s  p o s s i b l e  t h a t  t h i s  was done. Lack ing adequate 
i n fo rma t i on ,  we cou ld  o n l y  assume t h a t  t h i s  was n o t  t h e  case, and we w i l l  use 
t h e  b i n a r y  subsystem da ta  as tabu la ted .  

Our f i t t i n g  o f  t h e  exper imenta l  hea t  o f  m i x i ng  da ta  w i l l  be based on 

equat ion  (2)  w i t h  A H ( X )  = 0. For t h e  molar  excess en tha lpy  we s h a l l  use t h e  
f u n c t i o n  de r i ved  i n  a  companion r e p o r t  ( r e f .  1, eq. (50)) .  



I n  t h i s  f u n c t i o n ,  t h e  degree o f  expansion L s a t i s f i e s  t h e  i n e q u a l i t i e s  

1 - < L - < N, and t h e  q u a n t i t i e s  a!') and b(') a re  t h e  f i t t i n g  parameters. 
~k  j k  

They a re  r e l a t e d  t o  t h e  parameters ~u~~ - ( I )  and A E  ( ' I  o f  re fe rence  1 i n  a  
j k 

s imp le  way. 

( 1 )  S ince AH i s  t h e  excess entha lpy,  i t  i s  c l e a r  t h a t  aii = 0, i = 1,2, ..., N 

( r e f .  1, eq. (69) and t h e  d i scuss ion  o f  eq. ( 5 0 ) ) .  The exper imenta l  d a t a  
a r e  expressed i n  j o u l e s  p e r  mole and w i l l  be used i n  t h a t  form. 

B ina ry  Subsystems o f  Chloroform - Ethanol  - n-Heptane 

I n  p r e p a r a t i o n  f o r  t h e  f i t t i n g  o f  t h e  complete t e r n a r y  system da ta  t o  
equa t ion  ( 4 ) ,  we s h a l l  f i r s t  l ook  a t  t h e  r e p r e s e n t a t i o n  o f  t h e  da ta  f o r  i t s  
t h r e e  b i n a r y  subsystems e thano l  - n-heptane, ch lo ro fo rm  - n-heptane, and 
ch loroform-ethanol .  We s h a l l  t r e a t  these  subsystems as though t h e y  were 
b i n a r y  systems and n o t  subsystems o f  t h e  t e rna ry ;  t h a t  i s ,  we s h a l l  use 
equat ion  ( 4 )  w i t h  N = 2. The f i r s t  o f  these b i n a r y  systems, e thano l  - 
n-heptane, i s  i n t e r e s t i n g  f o r  t h r e e  reasons. F i r s t ,  i t  i s  a  v e r y  non idea l  
system whose excess en tha lpy  i s  v e r y  asymmetric i n  compos i t ion  and has an 
ex t reme ly  s teep g r a d i e n t  i n  t h e  d i l u t e  e thanol  reg ion .  Second, as w i t h  
o t h e r  alcohol-hydrocarbon systems, i t  i s  d i f f i c u l t  t o  f i n d  a  f u n c t i o n  which 
w i l l  r ep resen t  t h e  da ta  a c c u r a t e l y  ( r e f s .  12 and 18).  Th i rd ,  n o t  o n l y  a re  
t h e r e  t h r e e  se t s  o f  da ta  measured f o r  t h i s  system w i t h  t h e  i so the rma l  d i l u -  
t i o n  c a l o r i m e t e r  a t  30° C, b u t  two o f  these  s e t s  were generated i n  t h e  same 
l a b o r a t o r y  w i t h  t h e  same apparatus. 

C h r o n o l o g i c a l l y  t h e  f i r s t  o f  these  t h r e e  s e t s  o f  d a t a  was r e p o r t e d  by  Van 
Ness, Soczek, and Kochar ( r e f .  19)  (VNSK), who observed t h a t  because o f  t h e  
s teep g r a d i e n t  i n  t h e  hea t  o f  m i x i n g  f o r  mole f r a c t i o n s  o f  e thano l  l e s s  than  
0.05, t h e i r  exper imenta l  va lues  "...for t h i s  compos i t ion  range may w e l l  be  
l e s s  accura te  than  t h e  1 percen t  f i g u r e  g e n e r a l l y  c la imed f o r  t h e  c a l o r -  
imeter. .  ." (p. 348). The most r e c e n t  da ta  s e t  i s  t h a t  o f  Shatas e t  a l .  
( r e f .  18) (SAVN) who say (p.  407) t h a t  t h e i r  da ta  f o r  ". . .ethanol  - n-heptane 
a re  i n  exac t  agreement w i t h  e a r l i e r  values..." f rom t h e i r  l abo ra to r y ,  namely 
t h e  VNSK data.  S ince n e i t h e r  ment ions any a l t e r a t i o n s  t o  t h e  apparatus, any 
sys temat ic  d i f fe rences  i n  r e s u l t s  should be a s c r i b a b l e  t o  d i f f e r e n c e s  i n  
s t a r t i n g  m a t e r i a l s  o r  exper imenta l  technique. The t h i r d  s e t  o f  measurements 
i s  f r om Ramalho and Rue1 ( r e f .  12) (RR), who say t h a t  t h e i r  exper imenta l  d a t a  



f o r  t h i s  system a re  i n  good agreement w i t h  t h e  VNSK data.  The t h r e e  da ta  
s e t s  r ep resen t  a  t o t a l  o f  63 po in t s ,  o f  which 19 a r e  VNSK, 18 a r e  RR, and 26 
a re  SAVN. The e thano l  mole f r a c t i o n  i n t e r v a l s  f o r  t h e  da ta  a re  [0.0035, 
0.95401 f o r  VNSK, C0.0379, 0.9389) f o r  RR, and C0.0025, 0.99681 f o r  SAVN, 
and c l e a r l y  t h e  VNSK and SAVN da ta  extend cons ide rab l y  f a r t h e r  i n t o  t h e  
d i l u t e  s o l u t i o n  reg ions  than  t h e  RR data.  The va lue  o f  t h e  RR datum p o i n t  
a t  an e thano l  mole f r a c t i o n  o f  0.0885 i s  open t o  quest ion.  They t a b u l a t e  
b o t h  t h e  excess en tha lpy  AH and t h e  excess en tha lpy  d i v i d e d  by t h e  p roduc t  
o f  e thano l  and n-heptane mole f r a c t i o n s .  A t  t h i s  composi t ion t h e  two va lues 
a r e  i n c o n s i s t e n t ,  and i n  a  p r i v a t e  communication M. J. Ruel was unable t o  
r e s o l v e  t h e  quest ion.  There fo re  we chose t h e  va lue  t a b u l a t e d  as AH d i v i d e d  
b y  t h e  p roduc t  o f  mole f r a c t i o n s  because t h i s  was i n  b e t t e r  agreement w i t h  
t h e  VNSK da ta  i n  t h i s  r e g i o n  o f  composit ion. 

We used equa t i on  (3) w i t h  N  = 2 and L = 1 o r  L = 2 i n  our  l e a s t  squares . . 

f i t t i n g  o f  th; 63 exper imenta l  po in t s .  As mentioned be fo re  a!:) = 0  = a  (1 1 2 2  
i s  alwa-ys t r u e .  Furthermore f o r  t h e  L = 2  case we a l s o  t r i e d  t o  r ep resen t  - 

( 2 )  = 0  = a  t h e  da ta  by a r b i t r a r i l y  imposing t h e  c o n d i t i o n  all ('I ~ h u s  we 22 ' 
a c t u a l l y  t r i e d  f i t t i n g  t h e  da ta  w i t h  t h r e e  f u n c t i o n s  hav ing  5, 10, and 12 
ad jus tab le ,  independent parameters, r e s p e c t i v e l y .  Fo r  each o f  t h e  t h r e e  
f u n c t i o n s  we c a l c u l a t e d  t h e  mean o f  t h e  r e s i d u a l s  and t h e  s tandard d e v i a t i o n  
f o r  each da ta  s e t  sepa ra te l y  as w e l l  as f o r  t h e  s e t  o f  a l l  p o i n t s .  These a re  
shown i n  t a b l e  I and t h e  l e a s t  squares parameters a re  g i ven  i n  t a b l e  11. 

From a  comparison o f  t h e  s tandard d e v i a t i o n s  shown i n  t a b l e  I we see t h a t  
t h e  f ive-parameter r e p r e s e n t a t i o n  i s  c l e a r l y  i n f e r i o r  t o  t h e  o t h e r  two. Fur-  
thermore a  p l o t  o f  i t s  r e s i d u a l s  shows them t o  exceed t h e  apparent s c a t t e r  i n  

TABLE I. - MEAN RESIDUALS AND STANDARD DEVIATIONS 

FOR REPRESENTATION OF ETHANOL - n-HEPTANE 

BINARY SYSTEM AT 30' C 

a ~ a n  Ness e t  a l .  d a t a  ( r e f .  19). 
b ~ a r n a l h o  and Ruel d a t a  ( r e f .  12).  
'Shatas e t  a l .  d a t a  ( r e f .  18). 



TABLE 11 .  - LEAST SQUARES PARAMETERS FOR ETHANOL(1) - n-HEPTANE(2) 

BINARY SYSTEM AT 3 0 "  C 

the experimental values. On this basis we judged the five-parameter results 
to be an inadequate representation of the data even though the function does 
reproduce the general trends of the compositionally asymmetric data quite 
well, as is shown in figure 1. A comparison of the mean residuals given in 
table I implies that systematic differences exist among the three sets of 
measurements, and this is borne out by plots of the residuals. 

The residuals for the 10-parameter function are shown in figure 2, and 
those for the 12-parameter function are shown in figure 3. From these fig- 
ures it is clear that there is little to choose between these two represen- 
tations. Essentially, all of the residuals fall within the 2 1  percent 
envelope and more or less uniformly fill it for both functions. Only in the 
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Figure 3. - Difference between observed excess enthalpy 
and that calculated from L = 2 representation of data 
for ethanol(1) - n-heptane(2) b inary system at 30' C. 



d i l u t e  s o l u t i o n  r e g i o n s  do t h e  p o i n t s  t end  t o  f a l l  o u t s i d e  t h e  envelope, b u t  
t h i s  i s  c o n s i s t e n t  w i t h  ou r  expec ta t ions ,  which were based on ou r  d i scuss ion  
of exper imenta l  e r r o r s  as w e l l  as on t h e  e v a l u a t i o n  o f  exper imenta l  d i f f i -  
c u l  t i e s  i n  t h e  d i l u t e  a l coho l  r e g i o n  b y  M o r r i s  e t  a l .  ( r e f .  17).  There a re  
some s l i g h t  d i f fe rences  i n  t h e  r e s i d u a l s  i n  t h e  d i l u t e  s o l u t i o n  r eg ions .  The 
10-parameter f u n c t i o n  tends t o  make t h e  spread o f  r e s i d u a l s  i n  these  two r e -  
g ions  comparable, w i t h  a  va l ue  o f  about 15 J-mol-l. The 12-parameter 
f u n c t i o n  reduces t h e  spread i n  t h e  e t h a n o l - r i c h  r e g i o n  t o  about 5 J-mol-l  b u t  
compensates f o r  t h i s  b y  i n c r e a s i n g  t h e  spread i n  t h e  hep tane- r i ch  r e g i o n  t o  
about  20 J-mol-l. These f i g u r e s  do c o n f i r m  t h e  c o n j e c t u r e  t h a t  sys temat i c  
d i f f e r e n c e s  i n  t h e  d a t a  s e t s  do occur.  
. - - - - - -This i s  shown w i t h  g r e a t e r  c l a r i t y  i n  f i g u r e  4, where t h e  r e s i d u a l s  f o r  
t h e  t h r e e  d a t a  s e t s  a re  shown sepa ra te l y .  The RR da ta  g e n e r a l l y  l i e  between 
t h e  VNSK d a t a  and t h e  SAVN data.  Bu t  t h e  VNSK and SAVN d a t a  s e t s  were pre-  
sumably generated w i t h  t h e  same apparatus and, i f  t h a t  i s  t r u e ,  t h e i r  d i s -  
p a r i t y  r ep resen t s  sys temat i c  e r r o r  due t o  s t a r t i n g  m a t e r i a l  and exper imenta l  
techn ique  alone. N a t u r a l l y  we must expect  t h a t  t h e  apparatus i t s e l f  w i l l  
a l s o  c o n t r i b u t e  i t s  share t o  t h e  sys temat i c  exper imenta l  e r r o r .  F i g u r e  4  
a l s o  emphasizes t h e  apparent sys temat i c  behav io r  o f  t h e  VNSK and SAVN r e s i d -  
u a l s  over  a  l a r g e  p o r t i o n  o f  t h e  compos i t i on  range, and t h i s  does n o t  seem 
t o  be t h e  case w i t h  t h e  RR r e s i d u a l s .  Systemat ic  behav io r  o f  t h i s  n a t u r e  i s  
t o  be expected when one has o n l y  one n o n r e p l i c a t e d  source o f  d a t a  t o  f i t  b u t  
n o t  when d a t a  come f r om seve ra l  sources o r  a re  r e p l i c a t e d .  Indeed t h e  sys- 
t e m a t i c  behav io r  o f  t h e  two da ta  s e t s  i s  e f f e c t i v e l y  masked i n  f i g u r e  3, 
where t h e  r e s i d u a l s  f o r  a l l  t h r e e  da ta  s e t s  a re  dep i c t ed  s imu l taneous ly .  The 
s y s t e m a t i c i t y  o f  these  r e s i d u a l s  i s  t h e r e f o r e  a l l  t h e  more s u r p r i s i n g  because 
a l l  t h r e e  s e t s  o f  da ta  were used t o  generate  t h e  r e p r e s e n t a t i o n  and i t  seems 
t o  a t t e s t  t o  cumu la t i ve  e r r o r s  accompanying success ive d i l u t i o n s  i n  t h e  ex- 
per iment  and which we d iscussed p r e v i o u s l y .  

From f i g u r e s  2, 3, and 4  i t  seems reasonable  t o  conc lude t h a t  equa t i on  
( 4 )  can be  used t o  r ep resen t  t h e  da ta  w i t h i n  t h e  s c a t t e r  i n  t h e  exper imenta l  
da ta  and t h a t  +1 pe rcen t  shou ld  p robab l y  be regarded as an o p t i m i s t i c  e s t i -  
mate o f  exper imenta l  accuracy. I n  t h i s  connec t ion  i t  i s  i n t e r e s t i n g  t o  n o t e  
t h a t  t h e  d a t a  o f  Ramalho and Ruel, who were l e a s t  sanguine i n  t h e i r  e r r o r  
es t imates ,  shou ld  f a l l  between t h e  two da ta  extremes. 

The g r a p h i c a l  p r e s e n t a t i o n  o f  t h e  10- and 12-parameter r e s u l t s  leaves  
l i t t l e  room t o  doubt t h e  a b i l i t y  o f  these  f u n c t i o n s  t o  do j u s t i c e  t o  t h e  ex- 
pe r imen ta l  data .  Bu t  i t  a l s o  seems p o s s i b l e  t o  accompl ish t h i s  w i t h  even 
fewer  t han  10  parameters.  For  example, i f  we use t h e  f i v e  E = 1 parameters . - 

t o g e t h e r  w i t h  all and bj:), then  these  seven parameters y i e l d  a  f u n c t i o n  

w i t h  a  s tandard  d e v i a t i o n  o f  4.6. As we have mentioned, n o t  a l l  parameters 
a re  e q u a l l y  e f f e c t i v e  a t  r educ ing  t h e  sum o f  squares, and b y  a  s u i t a b l e  ex- 
p l o r a t i o n  i n  cho i ce  o f  parameters i t  seems p o s s i b l e  t o  reduce t h e  number o f  
parameters t o  fewer  t han  seven w i t h o u t  s e r i o u s l y  compromising t h e  q u a l i t y  o f  
t h e  r e p r e s e n t a t i o n .  An examina t ion  o f  t h e  c o n t r i b u t i o n  o f  v a r i o u s  parameters 
t o  a  r e d u c t i o n  i n  t h e  sum o f  squares leads  us t o  c o n j e c t u r e  t h a t  t h e  f i v e  

b(') b(') b( ' )  and b i i )  m igh t  be adequate f o r  t h e  t a s k  parameters all Y 11 ' 11 9 12 9 

a l though  we have n o t  a c t u a l l y  t e s t e d  t h i s  combinat ion.  Regard less o f  what 
t h e  minimum number o f  parameters m igh t  be o r  which parameters t h e y  are, i t  
i s  neve r t he less  t r u e  t h a t  t h e r e  remains a  cons ide rab le  amount o f  unused 
f l e x i b i l i t y  i n  t h e  f u n c t i o n  ( 3 )  when r e p r e s e n t i n g  t h e  d i f f i c u l t  e t hano l  - 
n-heptane b i n a r y  a t  30° C. 
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Figure 4. - Difference between observed excess en- 

thalpy and that calculated from L = 2 representa- 
tion of data for ethanol(1) - n-heptane(21 binary 
system at 30' C. 



Thermodynamicists a r e  i n t e r e s t e d  n o t  o n l y  i n  t h e  p r o p e r t i e s  b u t  a l s o  i n  
t h e i r  composi t ion d e r i v a t i v e s ,  t h e  p a r t i a l  mo la l  p rope r t i es .  These can be 
c a l c u l a t e d  r e a d i l y  f r o m  t h e  f u n c t i o n  ( 4 )  by u s i n g  t h e  formulas g i v e n  i n  r e f -  
erence 1. The formula we need i s  ob ta ined  by  combining equat ions (38), (35) ,  
and (41)  o f  r e fe rence  1, s u i t a b l y  m o d i f i e d  f o r  t h e  n o t a t i o n  o f  equa t i on  ( 4 )  
i n  t h i s  r e p o r t .  The express ion f o r  t h e  p a r t i a l  mo la l  excess en tha lpy   AH^ i s  

where ~h  i s  t h e  excess en tha lpy  p e r  u n i t  mass and n i  i s  t h e  moles of 
species i per  u n i t  mass. The p a r t i a l  mo la l  excess e n t h a l p i e s  f o r  t h e  
e thano l  - n-heptane b i n a r y  system, as c a l c u l a t e d  f r om t h e  12-parameter func-  
t i o n ,  a re  shown i n  f i g u r e s  5  and 6 f o r  t h e  composi t ion i n t e r v a l  C0.01, 0.991. 
The 10-parameter r e s u l t s  a re  g e n e r a l l y  q u i t e  s i m i l a r  except  t h a t  n o t i c e a b l e  
d i f f e r e n c e s  appear i n  t h e  heptane p a r t i a l  mo la l  excess en tha lpy   AH^ f o r  
n-heptane mole f r a c t i o n s  l e s s  than  0.1. 

The e thano l  - n-heptane b i n a r y  subsystem a t  30' C possessed two impo r tan t  
c h a r a c t e r i s t i c s :  a  r a t h e r  complete exper imenta l  coverage o f  t h e  compos i t ion  
range down t o  v e r y  d i l u t e  so lu t i ons ,  and t h r e e  exper imenta l  da ta  s e t s  f r om 
t h e  i so therma l  d i l u t i o n  c a l o r i m e t e r  which cou ld  be used t o  v a l i d a t e  our  
assessment o f  t h e  p o t e n t i a l  sys temat ic  e r r o r  magnitudes i n  such exper iments.  
N e i t h e r  o f  these  two e x i s t  a t  50' C, where we have o n l y  t h e  da ta  o f  Shatas 
e t  a l .  ( r e f .  18) .  S t i l l  i t  would be i n s t r u c t i v e  t o  c o n f i r m  t h a t  equa t ion  ( 4 )  
can s t i l l  be used t o  represen t  t h e  SAVN da ta  f o r  t h i s  b i n a r y  a t  50' C because 
t h e  da ta  f o r  t h e  f u l l  t e r n a r y  system a r e  a l s o  a t  50' C and we w i l l  be l o o k i n g  
a t  t h a t  s h o r t l y .  The parameters f o r  t h e  5-parameter ( L  = 1 )  case and t h e  

X1 
Figure 5. - Partial molal enthalpy ot ethanol in ethanol(1) - 

n-heptane(2I binary system at 30' C as calculated from L = 2 
representation of data. 

I I I I I I 

0.0 0 . 2  0.4 0.6  0 . 8  1.0 

X2 
Figure 6. - Partial rnolal enthalpy of n-heptane in ethanol(1) - 

n-heptanel2) binary system a t  30' C as calculated from L - 2 
representation of data. 



TABLE I 1  I. - LEAST SQUARES REPRESENTATION OF ETHANOL(1) - 
n-HEPTANE(2) BINARY SYSTEM AT 50" C 

12-parameter ( L  = 2) case are given in table I I 1  together with the mean resi- 
dual and the standard deviation. A plot of the 5-parameter representation 
is shown in figure 7, and the corresponding residuals for the 33 experimental 
points are displayed in figure 8. Since we feel that the experimental accu- 
racy is generally about +(1 to 2 percent) for isothermal dilution calorimetry 
and since the ethanol - n-heptane results at 30' C seem to be a particular 
corroboration of this impression, it seems reasonable to conclude that the 
SAVN data for ethanol - n-heptane at 50' C 5re represented well within their 
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Data of Shatas et at. (ref. 18) 
Values calculated from L = 1 

representation of data 

- 1888 
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X1 
Figure 7. -Excess enthalpy of ethanol(1) - n-heptane(2) 

b inary system at 50' C. 

A Data of Shatas et al. (ref. 181 
Values calculated from L = 1 
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Figure 9. - Excess enthalpy of chloroform(1) -n-heptane(2) 
b inary system at 50' C. 

A Data of Shatas et al. (ref. 18) 
+ 1 Percent of calculated 

values 

Figure 8. - Difference between observed excess enthalpy and 
tha t  calculated f rom L = 1 representation of data f o r  ethanol(1) - 
n-heptane(2) b inary system at 50' C. 

I A Data of Shatas et al. (ref. 18) 

Figure 10. - Difference between observed excess enthalpy 
and that  calculated from L = 1 representation of data 
for chloroform(1) - n-heptane(2l b inary system at 50' C. 



experimental  accuracy by t h e  5-parameter representat ion.  Although t h e  
12-parameter f u n c t i o n  does g i ve  a  smal le r  standard dev ia t ion ,  i t s  use i s  
probably no t  warranted because o f  t he  l i m i t e d  number o f  experimental  p o i n t s  
and t h e i r  presumed accuracy. The o n l y  da ta  over lap  seems t o  occur a t  an 
ethanol  mole f r a c t i o n  o f  about 0.71. The d i f ference i n  t h e  r e s i d u a l s  a t  t h i s  
composit ion imp l i es  t h a t  t h e  i n t e r n a l  consis tency o f  t h e  da ta  i s  probably no 
b e t t e r  than about 4 ~ - m o l - l .  

L i k e  t h e  ethanol - n-heptane b inary,  t h e  chloroform - n-heptane b i n a r y  a t  
50° C can a l so  be represented q u i t e  w e l l  a t  t he  L = 1 l e v e l .  Th i s  i s  dem- 
onstrated,  f o r  t h e  27 SAVN po in t s ,  i n  f i g u r e s  9 and 10. The f i v e  parameters, 
t he  mean res idua l ,  and the  standard d e v i a t i o n  are tabu la ted  i n  t a b l e  I V .  

TABLE IV. - LEAST SQUARES REPRESENTATION 

BINARY SYSTEM AT 50' C 

The ethanol  - n-heptane and ch lo ro form - n-heptane b i n a r i e s  are s i m i l a r  
t o  each o the r  because both are  h i g h l y  endothermic and both  can be adequately 
represented w i t h  L  = 1 a t  50' C. The t h i r d  b i n a r y  p a i r ,  ch loroform- 
ethanol ,  d i f f e r s  f rom t h e  o ther  two because i t  i s  exothermic over a  p o r t i o n  
o f  t h e  composit ion range and endothermic over t h e  complement o f  t h i s  range. 
Thus i t s  excess enthalpy has an s-shaped, o r  sigmoid, appearance. The param- 
e ters ,  t h e  mean res idua l ,  and t h e  standard dev ia t i on  f o r  L = 1 and L = 2 
obta ined by f i t t i n g  the  34 SAVN experimental  p o i n t s  f o r  t he  chloroform- 
ethanol  b i n a r y  are g iven i n  t a b l e  V. The res idua ls  f o r  t he  12-parameter 
representa t ion  a re  shown i n  f i g u r e  11, which makes i t  c l e a r  t h a t  they  gener- 
a l l y  l i e  w e l l  w i t h i n  the  +1 percent  envelope. While t h e  f i v e  parameters, 
L  = 1, g i ve  a  poorer representa t ion  o f  t h e  data, t he  f u n c t i o n  does reproduce 
t h e  general t rends  i n  t he  da ta  q u i t e  w e l l  as i s  shown i n  f i g u r e  12. These 
chloroform-ethanol b i n a r y  r e s u l t s  a re  s i m i l  a r  t o  t h e  ethanol  - n-heptane 
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TABLE V -  - LEAST SQUARES REPRESENTATION OF CHLOROFORM(1) - 
ETHANOL(2) BINARY SYSTEM AT 50' C 

Mean res idua l  

Standard d e v i a t i o n  



Figure 11. - Difference between observed excess enthalpy 
and that  calculated f rom L. 2 representation of data for  
chloroform(1)-ethanol(2) b ina ry  system at  50' C. 

I 8  - 1288 
A Data of Shatas et al. (ref. 18) 

c 1 Percent of  calculated values - 

Figure 12. -Excess enthalpy of chloroform(1) - n-heptane(2) 
b inary system at  50' C. 

- 

- A Data of Shatas et al. (ref. 181 
Values calculated from L = 1 

r e s u l t s  a t  30. C i n  t h e  sense t h a t  t h e  a d d i t i o n  o f  t h e  parameters a!:) and 

bi;) t o  t h e  f i v e  L = 1 parameters improves t h e  r e p r e s e n t a t i o n  s i g n i f i -  

c a n t l y .  The seven parameters g i v e  a  s tandard d e v i a t i o n  o f  3.4, n o t  much d i f -  
f e r e n t  f r o m  t h e  12-parameter r e s u l t s .  As w i t h  e thano l  - n-heptane a t  30' C, 
i t  seems l i k e l y  t h a t  one c o u l d  ach ieve a  +1 pe rcen t  r e p r e s e n t a t i o n  o f  t h e  
da ta  w i t h  f i v e  a p p r o p r i a t e l y  se l ec ted  parameters. 

Our r e s u l t s  f o r  t h e  t h r e e  b i n a r y  subsystems suggest a  reasonable  conc lu -  
s i on :  The excess e n t h a l p i e s  o f  these  t h r e e  v e r y  non idea l  b i n a r y  s o l u t i o n s  
can be represen ted  w i t h  a  p r e c i s i o n  t h a t  exceeds ou r  es t ima te  o f  exper imenta l  
accuracy and even exceeds t h e  accuracy es t imates  o f  t h e  more o p t i m i s t i c  ex- 
per imenters .  Th i s  was ach ieved w i t h o u t  u s i n g  t h e  f u l l  c a p a b i l i t i e s  o f  t h e  
f u n c t i o n a l  f o rm  ( 3 )  and i m p l i e s  t h a t  a  s i g n i f i c a n t  f r a c t i o n  o f  b i n a r y  so lu -  
t i o n s  can be regarded as members o f  t h e  c l a s s  o f  s o l u t i o n s  d e f i n e d  i! r e f e r -  
ence 1. We can now proceed t o  l ook  a t  t h e  f u l l  t e r n a r y  system a t  50 C. 

Ch lo ro fo rm - Ethanol  - n-Heptane Ternary  System 

6 

The t e r n a r y  system presen ts  a  much more d i f f i c u l t  case f o r  a  number of 
reasons. We have a l r eady  ment ioned t h a t  a  t e r n a r y  system demands many more 
exper imenta l  measurements and t h a t  t h i s  i s  accompanied b y  an i nc rease  i n  t h e  
p o t e n t i a l  f o r  i n t e r n a l  d a t a  i n c o n s i s t e n c i e s  because of t h e  two-dimensional  
composition space. For the particular ternary system we are now considering 
we have o n l y  t h e  284 SAVN exper imenta l  p o i n t s  w i t h  no c o r r o b o r a t i n g  e x p e r i -  
menta l  r e s u l t s  f r om  o t h e r  sources which m igh t  h e l p  t o  judge t h e  accuracy o f  
t h e  measurements. Furthermore these  d a t a  o f f e r  e s s e n t i a l l y  no i n f o r m a t i o n  
which m igh t  be used t o  e s t a b l i s h  t h e i r  i n t e r n a l  cons is tency .  The importance 
o f  d a t a  cons i s t ency  and i t s  p o t e n t i a l  e f f e c t  on t h e  f i t t i n g  of these  d a t a  
have been d iscussed e a r l i e r .  W i t h i n  t h e  c o n t e x t  o f  a  t e r n a r y  system i t  i s  
p o s s i b l e  t o  m i t i g a t e  p a r t i a l l y  t h e  e f f e c t  o f  d a t a  i n c o n s i s t e n c i e s  b y  s e l e c t -  
i n g  a  f o r m  f o r  t h e  f i t t i n g  f u n c t i o n  which e f f e c t i v e l y  produces a  decoup l ing  
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among the three binary subsystems and the interior. This confines the effect 
of inconsistencies to each of the four subsets and prevents the interaction 
of inconsistencies among the four. This was the procedure used by Shatas 
et al. (ref. 18) and Morris et al. (ref. 17) in generating a representation 
of their own data. This is not an option which we permit ourselves because 
(1) we want a self-consistent representation of the experimental results, 
(2) dilute solution consistency requirements are built into the function we 
are testing, (3) it would be unwise to attempt to subvert these consistency 
requirements, which were dictated by experimental considerations, and (4) a 
deterioration in the representation of the binary subsystems might serve as 
a qualitative indicator of data inconsistencies. 

As we have already mentioned, Shatas et al. (ref. 18) give their results 
as excess enthalpies and, for the interior points, this necessitates the use 
of an excess enthalpy for the initial binary solution. Table VI gives our 
estimates of the compositions of the initial binary mixtures as well as our 
estimates of the excess enthalpy values they assigned to these mixtures. We 
estimated the binary compositions from their tabulated compositions with an 
uncertainty of about 0.0001 in the mole fractions. The excess enthalpy val- 
ues were calculated from these compositions and the functions they give for 
the least squares representation of the binary subsystems. There is some 
uncertainty in this calculation for the ethanol - n-heptane binary starting 
solutions. The reason is that when using their parameters we were unable to 
reproduce the standard deviation and the maximum deviation for the 50' C data 
in their table IV. We calculate 2.5 and 10.9, while they list 2.9 and 7.6, 

TABLE V I .  - ESTIMATED INITIAL BINARY 
PROPERTIES FOR INTERIOR POINTS OF 

CHLOROFORM( 1) - ETHANOL(2) - 
n-HEPTANE (3) TERNARY 

SYSTEM AT 50' C 



f o r  t h e  s tandard d e v i a t i o n  and t h e  maximum dev ia t i on ,  r e s p e c t i v e l y .  T h i s  
disagreement c o u l d  have a  number o f  causal  f a c t o r s .  It migh t  r e f l e c t  a  
t ypog raph i ca l  e r r o r  i n  t h e i r  t a b l e .  I t  migh t  a r i se ,  perhaps, because t h e y  
used more s i g n i f i c a n t  f i g u r e s  f o r  t h e i r  parameters than  t h e y  tabu la ted .  It 
m igh t  a l s o  rep resen t  numer ica l  d i f f i c u l t i e s  i n  t h e i r  e v a l u a t i o n  o f  t h e  f i t t e d  
f u n c t i o n .  I n c i d e n t a l l y  t h e r e  a re  some minor  t ypog raph i ca l  e r r o r s  i n  t h e  
supplementary t a b l e  I 1  f o r  t h e  Shatas e t  a l .  ( r e f .  18)  paper. It appears 
t h a t  column headings on pages 2 and 3  a re  in terchanged and on page 3 t h e  mole 
f r a c t i o n  0.3814 should a c t u a l l y  be 0.8814. 

For  each i n t e r i o r  p o i n t  o f  t h e  SAVN da ta  s e t  we c a l c u l a t e d  a  hea t  of  
m i x i n g  f r om equat ion  ( 3 )  by us ing  t h e  t a b u l a t e d  excess en tha lp i es ,  t h e  
es t imated  va lues i n  t a b l e  V I I ,  and t h e  f o rmu la  

where, of course, t h i s  fo rmu la  can o n l y  be used f o r  an index i such t h a t  - - 
xi - xi f 0. These hea ts  o f  mix ing,  t oge the r  w i t h  t h e  hea ts  o f  m i x i n g  f o r  

t h e  t h r e e  b i n a r y  subsystems, were then  f i t t e d  i n  a  l e a s t  squares sense t o  
equa t ion  ( 4 )  w i t h  N = 3 and L = 1 o r  L = 2. The parameters which were 
ob ta ined  a r e  presented i n  t a b l e  V I I ,  and t h e  s tandard d e v i a t i o n  f o r  each o f  
t h e  t h r e e  b i n a r y  subsystems, t h e  i n t e r i o r  po in t s ,  and t h e  complete da ta  s e t  
a re  shown i n  t a b l e  V I I I .  A comparison o f  t h e  s tandard d e v i a t i o n s  f o r  t h e  
b i n a r y  subsystems w i t h  t h e  corresponding va lues i n  t a b l e s  I 1 1  t o  V shows a  
cons iderab le  d e t e r i o r a t i o n  i n  t h e  r e p r e s e n t a t i o n  o f  t h e  b i n a r y  data. The 
heats  o f  m i x i n g  f o r  i n t e r i o r  p o i n t s  a re  two-point  f u n c t i o n s  ( o f  x; and x; 

o r  of  x and i i )  and cannot be presented g r a p h i c a l l y  i n  a  convenient  way: i 
Consequently we o n l y  show t h e  behav io r  o f  t h e  r e p r e s e n t a t i o n  f o r  t h e  b i n a r y  
subsystems i n  f i g u r e s  13 t o  15. The degrada t ion  o f  t h e  r e p r e s e n t a t i o n  i s  
obvious and may o r  may n o t  be a  r e f l e c t i o n  o f  i ncons i s tenc ies  i n  t h e  data.  
The L = 2 r e p r e s e n t a t i o n  g i ves  a  cons ide rab l y  sma l l e r  s tandard d e v i a t i o n  
than  L = 1, and undoubtedly L = 3 would show a  s u b s t a n t i a l  improvement 
over  L = 2. We f e l t  t h a t  i t  was unnecessary t o  c a r r y  o u t  t h e  L = 3 com- 
p u t a t i o n  because even a t  L = 2 more than  70 percen t  o f  t h e  hea t  o f  m i x i ng  
r e s i d u a l s  were sma l l e r  than  2 percen t  o f  t h e  excess en tha lpy .  We have a l -  
ready expressed t h e  o p i n i o n  t h a t  t h e  accuracy f o r  b i n a r y  s o l u t i o n s  i s  about 
+ ( 1  t o  2 pe rcen t ) ,  and t h e  accuracy f o r  a  t e r n a r y  system i s  c e r t a i n l y  no 
b e t t e r  and i s  p robab ly  somewhat worse. Furthermore, when we compared t h e  
L = 2 f u n c t i o n  ob ta ined  by f i t t i n g  t h e  hea ts  o f  m i x i n g  w i t h  t h e  L = 2 
f u n c t i o n  ob ta ined  b y  f i t t i n g  d i r e c t l y  t h e  excess e n t h a l p i e s  t a b u l a t e d  b y  
Shatas e t  al., we observed d i f f e r e n c e s  as l a r g e  as 25 ~ - m o l - l  a t  about 23  
percen t  o f  t h e  284 p o i n t s .  These d i f f e r e n c e s  range t o  more than  5 percen t  
and o f t e n  exceed 2 percen t  r e l a t i v e  t o  t h e  c a l c u l a t e d  excess en tha lpy  where 
t hey  occur.  These two reasons cause us t o  b e l i e v e  t h a t  t h e  expansion o f  
degree L = 2 i s  an adequate r e p r e s e n t a t i o n  o f  t h e  data.  Fur thermore t h a t  
such a  seemingly innocuous a l t e r a t i o n  o f  t h e  da ta  as t h e  i n c o r p o r a t i o n  o f  
i n t e r p o l a t e d  excess e n t h a l p i e s  f o r  t h e  i n i t i a l  b i n a r y  s o l u t i o n s  should a f f e c t  
t h e  r e s u l t s  so s t r o n g l y  i s  a  compe l l i ng  argument aga ins t  unnecessary pre-  
p rocess ing  o f  data.  

We found here, as f o r  t h e  b i n a r y  systems, t h a t  severa l  c o e f f i c i e n t s  seem 
t o  c o n t r i b u t e  l i t t l e  t o  t h e  r e d u c t i o n  o f  t h e  sum o f  squares and p robab l y  



n-HEPTANE(3) TERNARY SYSTEM AT 50' C 



TABLE V I I I .  - STANDARD DEVIATIONS FOR CHLOROFORM(1) - 
ETHANOL(2) - n-HEPTANE(3) TERNARY SYSTEM AT 50° C 

A Data of Shatas et al. (ref. 18) 
+ 1 Percent of calculated value 

1-2 Binary subsystem 

1-3 Binary subsystem 

2-3 Binary subsystem 

I n t e r i o r  

Ternary system 

Figure 13. - Difference between observed excess enthalpy for 
ethanol(2) - n-heptane(3) b inary subsystem a t  50' C and 
tha t  calculated f rom L = 2 representation of chloroform(1) - 
ethanol(2) - n-heptane(31 te rnary  system. 

A Data of Shatas et al. (ref. 18) 

2 0  t 1 Percent of calculated value 
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Figure 14. - Difference between observed excess enthalpy 
for chloroforml l l  - n-heptane(3) binary subsystem at 
50' Cand  that calculated from L = 2 representation of 
chloroform(1) - ethanol(2) - n-heptane(3) ternary 
system. 
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A Data of Shatas et al. (ref. 18) A 

2 1 Percent  of ca lcu la ted va lues 
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F igu re  15. - Di f ference between observed excess en tha lpy  
for  chloroform(1)-ethanol(2) b ina ry  subsystem a t  50' C 
a n d  t ha t  calculated f r om L = 2 representat ion of ch l o ro -  
form(1)  - ethanol (2)  - n-heptane(31 t e r n a r y  system. 

could have been set to zero without seriously affecting the representation. 
It appears that five to seven of the coefficients for L = 2 make insignifi- 
cant contributions to the reduction of the sum of squares. 

Acetone-Chloroform-Methanol Ternary System 

The situation with this ternary is much the same as what we encountered 
with the previous ternary system. Here we have available only the 196 points 
measured by Morris et al. (ref. 17) (MAVN) at 50' C and no experimental in- 
formation on accuracy. However, there are overlap regions in the acetone- 
methanol and chloroform-methanol binary subsystems which supply a small 
indication of internal data consistency. Like Shatas et al., Morris et al. 
also tabulated the excess enthalpies for the interior points rather than the 
heats of mixing so that we again estimated the compositions of the initial 
binaries and their excess enthalpies. The estimations were made in exactly 
the same way as was done for the SAVN data. The results of the computation 
are shown in table IX, and again the compositions are uncertain to about 
0.0001 in the mole fractions. 

There is nothing to be learned by fitting separately the binary sub- 
systems of the MAVN data which has not already been seen with the SAVN data. 
Th-erefore we shall proceed directly to the full ternary system. The 196 
values for the heats of mixing in the MAVN data set were fitted in a least 
squares sense to equation (4) with N = 3 and L = 1 or L = 2. The param- 
eters which were obtained are presented in table X, and the standard devia- 
tion for each of the three binary subsystems, the interior points, and the 
complete data set are shown in table XI. The resulting representation of 
the excess enthalpies and the residuals for each of the three binary sub- 
systems are shown in figures 16 to 21. The residuals for each of the three 
binary systems are close to being within the +1 percent envelope. The over- 
lap region for the acetone-methanol binary implies an internal consistency 
for this binary of about 1.5 ~ - m o l - ~ ,  while the chloroform-methanol internal 
consistency seems to be about 5 to 15 J-mol-1. It is interesting that the 



TABLE IX .  - ESTIMATED I N I T I A L  BINARY PROPERTIES FOR 

INTERIOR POINTS OF ACETONE(1 )-CHLOROFORM(2) - 
METHANOL(3) TERNARY SYSTEM A T  50' C 



TABLE X. - LEAST SQUARES REPRESENTATION OF ACETONE( 1 )-CHLOROFORM(2)-HETHANOL(3) 

TERNARY SYSTEM AT 5 0 °  C 



TABLE XI. - STANDARD DEVIATIONS FOR ACETONE(1) - 
CHLOROFORM(2)-METHANOL(3) TERNARY SYSTEM AT 50' C 
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Figure 16. - Excess enthalpy for acetone(1)-chloroform(2) 

b inary subsystem at 50' C. 
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Figure 17. - Difference between observed excess enthalpy 

for acetone(1)-chloroform(2) b inary subsystem at 50' C 
and  that  calculated f rom L = 2 representation of acetone(1) 
chloroform(2)-methanol(3) te rnary  system. 
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Figure 18. - Excess enthalpy for  acetone(1)-methanol(3) b ina ry  
subsystem a t  50' C. 
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Figure 20. - Excess enthalpy for chloroform(2)-methanol(3) 

b ina ry  subsystem a t  50' C. 
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Figure 19. - Difference behveen observed excess enthalpy for 
acetone(l1-rnethanol(31 b ina ry  subsystem a t  50' C and  that  
calculated f rom L = 2 representation of acetone(1)-chloro- 
forml2)-methanol(3) t e rna ry  system. 
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Figure 21. - Difference between observed excess enthalpy for  
chloroforml2)-rnethanoll31 b ina ry  subsystem a t  50' C and  
that  calculated from L = 2 representation of acetone(1)- 
chloroform(2l-methanol(3) te rna ry  system. 



r e s i d u a l s  f o r  t h e  exothermic  acetone-ch loroform b i n a r y  a re  a l l  p o s i t i v e  and 
t h e  r e s i d u a l s  f o r  t h e  endothermic acetone-methanol b i n a r y  are, w i t h  one ex- 
cep t ion ,  nega t i ve .  Th i s  c o r r e l a t i o n  a l s o  seems t o  apply ,  w i t h  l e s s  e x a c t i -  
tude, t o  t h e  exothermic  and endothermic r e g i o n s  o f  t h e  chloroform-methanol  
b i n a r y .  As w i t h  t h e  SAVN data, 70 pe rcen t  o f  t h e  hea t  o f  m i x i n g  r e s i d u a l s  
were sma l l e r  t han  2 pe rcen t  o f  t h e  excess entha lpy.  When we compared t h e  
L  = 2  f u n c t i o n  ob ta ined  by  f i t t i n g  t h e  hea ts  o f  m i x i n g  w i t h  t h e  L = 2  
f u n c t i o n  ob ta ined  b y  f i t t i n g  t h e  excess e n t h a l p i e s  tabu1 t e d  b y  M o r r i s  P e t  al . ,  we aga in  found d i f f e r e n c e s  as l a r g e  as 25 J-mol- and percentage 
d i f f e r e n c e s  g r e a t e r  than  5  percen t .  However, i n  c o n t r a s t  t o  t h e  r e s u l t s  
w i t h  t h e  SAVN data,  o n l y  10 percen t  o f  t h e  196 p o i n t s  e x h i b i t e d  a  d i f f e r e n c e  
of  10 ~ - m o l - l  o r  l a r g e r .  Consequent ly we again  f e l t  t h a t  i t  was unnecessary 
t o  c a r r y  o u t  t h e  L  = 3 computat ion and t h a t  t h e  expansion o f  degree L  = 2  
was an adequate r e p r e s e n t a t i o n  o f  t h e  system. 

ELECTROLYTE SYSTEMS 

We have chosen two c a t e g o r i e s  o f  aqueous s o l u t i o n s  o f  s t r o n g  e l e c t r o -  
l y t e s  t o  serve as t e s t  cases f o r  t h e  r e p r e s e n t a t i o n  o f  exper imenta l  da ta  b y  
t h e  subspace f u n c t i o n s  o f  r e f e r e n c e  1; One i s  t h e  two-dimensional subspace 
H20-NaC1 o f  t h e  t e r n a r y  system H20-Na -C1-, and t h e  o t h e r  i s  t h e  thyee-  
d imensional  subspace H20-NaC1-CaC12 o f  t h e  qua te rnary  system H20-Na - 
c ~ + ~ - c I - .  These s o l u t i o n s  were se lec ted  because ( 1 )  b o t h  a re  h i g h l y  non- 
i d e a l  and da ta  e x i s t  over  t h e  e n t i r e  c o n c e n t r a t i o n  range f r om v e r y  d i l u t e  
s o l u t i o n s  t o  sa tu ra ted  s o l u t i o n s ,  ( 2 )  t h e r e  a re  l a r g e  q u a n t i t i e s  o f  r e a d i l y  
a v a i l a b l e  exper imenta l  d a t a  f r om  severa l  k i n d s  o f  exper iments,  and ( 3 )  b o t h  
a re  o f  cons ide rab le  s c i e n t i f i c  and t e c h n o l o g i c a l  i n t e r e s t .  Exper imenta l  
d a t a  f o r  these  s o l u t i o n s  have accumulated over  a  l o n g  t i m e  span and t h e r e  
seems t o  be a  l a r g e  v a r i a b i l i t y  i n  accuracy. Because t h e  d a t a  r ep resen t  
such a  d i v e r s i t y  o f  exper imenta l  techniques,  we cannot make any o v e r a l l  es- 
t i m a t e  o f  accuracy. Furthermore i t  would be v i r t u a l l y  imposs ib l e  t o  make an 
independent assessment o f  each t y p e  o f  measurement w i t h  any degree o f  assur-  
ance. As a  r e s u l t ,  we s h a l l  use t h e  exper imenters '  c la imed accuracy, which 
g e n e r a l l y  i s  more an es t ima te  o f  r e p r o d u c i b i l i t y  and p r e c i s i o n  than  accuracy, 
b u t  i t  shou ld  se rve  as a  coarse i n d i c a t i o n  o f  da ta  q u a l i t y .  

We s h a l l  use 18.0154 as t h e  f o rmu la  we igh t  f o r  water,  58.4428 f o r  sodium 
c h l o r i d e ,  and 98.074 f o r  ca l c i um  c h l o r i d e .  The energy u n i t  w i l l  be t h e  
4.184-5 c a l o r i e  because t h a t  i s  t h e  u n i t  f o r  much o f  t h e  exper imenta l  data .  

H20-NaC1 S o l u t i o n s  

We s h a l l  focus  ou r  a t t e n t i o n  on t h e  hea ts  o f  d i l u t i o n ,  hea ts  o f  so lu -  
t i o n ,  and hea t  c a p a c i t i e s  o f  aqueous NaCl s o l u t i o n s  over  t h e  temperature 
range o0 t o  200' C and f r om v e r y  d i l u t e  s o l u t i o n s  t o  t h e  s a t u r a t e d  s o l u t i o n .  
We s h a l l  use t h i s  combinat ion o f  d a t a  t o  o b t a i n  a  r e p r e s e n t a t i o n  o f  t h e  ex- 
cess en tha lpy  f o r  these  s o l u t i o n s  over  t h e  e n t i r e  temperature and compos i t i on  
range. The s t o i c h i o m e t r i c  c o e f f i c i e n t s  vi,  f o r  t h i s  system a re  g i v e n  i n  
t a b l e  X I I ,  which a l s o  g i v e s  ou r  l a b e l i n g  o f  spec ies.  The f o rm  o f  t h e  expres- 
s i o n  f o r  t h e  excess en tha lpy  i s  ob ta i ned  f r om equa t ion  (65)  o f  r e f e rence  1 
and, o f  course, i s  used w i t h  N = 3 and M = 2. 



TABLE  X I I .  - STOICHIOMETRIC  
COEFF IC IENTS vi p FOR 
AQUEOUS SODIUM CHLORIDE 

SOLUTIONS 

The hea ts  o f  d i l u t i o n  AHdil and t h e  i n t e g r a l  ( o r  t o t a l )  hea ts  o f  s o l u t i o n  
bHint i n  t h e  combinat ion xq  AH^^^, xu hHint, u = 2, a re  j u s t  s p e c i a l  cases 
of  t h e  hea ts  o f  mix ing,  and i t  i s  these combinat ions which a r e  most d i r e c t l y  
r e l a t e d  t o  t h e  measurements. They a re  e x p r e s s i b l e  i n  terms o f  t h e  excess en- 
t h a l p i e s  as shown i n  equa t ion  (3 )  w i t h  q  c a l c u l a b l e  f r om t h e  express ion  ( 7 )  
w i t h  i rep laced  b y  u = 2. 

Here x o  i s  t h e  f i n a l  compos i t ion  and, f o r  hea ts  o f  d i l u t i o n ,  iT i s  t h e  
P r 

i n i t i a l  composit ion. The excess heat  c a p a c i t y  i s  t h e  temperature d e r i v a t i v e  
o f  t h e  excess entha lpy.  



Our sources f o r  heats  o f  d i l u t i o n  were f i v e  papers ( r e f s .  20 t o  24) 
cove r i ng  a  t ime  span o f  more than  50 years.  The most r e c e n t  da ta  a re  f r om 
Messikomer and Wood ( r e f .  20), who r e p o r t e d  78 measurements a t  temperatures 
o f  25', 50°, 75', and 100' C and i n i t i a l  composi t ions f r om a  m o l a l i t y  m  of 
5  down t o  0.07. They f e e l  t h a t  t h e i r  c a l o r i m e t e r  has an accuracy of k0.2 
percen t  a l though t h e  r e p r o d u c i b i l i t y  o f  t h e i r  measurements i s  cons ide rab l y  
worse than  t h a t  f o r  smal l  hea ts  o f  d i l u t i o n .  The 166 p o i n t s  f r om E!sor and 
Anderson ( r e f .  21) a re  d i s t r i b u t e d  over  t h e  temperature i n t e r v a l  40 t o  
80' C i n  10 degree increments and a t  i n i t i a l  m o l a l i t i e s  f r om 0.07 t o  6.1. 
Ensor and Anderson make no es t ima te  o f  t h e  accuracy o f  t h e i r  measurements. 
Gulbransen and Robinson ( r e f .  22) made t h e i r  measurements on s o l u t i o n s  whose 
i n i t i a l  m o l a l i t i e s  were i n  t h e  i n t e r v a l  0.006 t o  0.3 and a t  5  degree i n c r e -  
ments f r om 10' t o  25' C. T h e i r  t a b u l a t e d  u n c e r t a i n t i e s  v a r y  w i t h  composi t ion 
and temperature b u t  t y p i c a l l y  i m p l y  t h a t  t h e  r e p r o d u c i b i l i t y  i s  about + ( 1  t o  
2  pe rcen t )  a l though some p o i n t s  a re  l e s s  reproduc ib le .  They l i s t  58 values. 
Robinson ( r e f .  23) p rov ides  o n l y  e i g h t  values, and these a re  f o r  d i l u t e  so lu -  
t i o n s  w i t h  i n i t i a l  m o l a l i t i e s  f rom 0.01 t o  0.1 and a t  a  temperature of 25' C. 
Again t h e  r e p r o d u c i b i l i t y  i s  g e n e r a l l y  about + ( 1  t o  2  pe rcen t ) .  The o l d e s t  
da ta  a re  t h e  64 p o i n t s  ob ta ined  b y  Randal l  and Bisson ( r e f .  24). We have ob- 
served what, t o  us, seem t o  be i n c o n s i s t e n c i e s  b o t h  i n  t h e i r  t a b l e  V I I  and 
t h e i r  t a b l e  I X .  I n  t a b l e  V I I  some o f  t h e i r  f i n a l  concen t ra t i ons  appear t o  
be i n c o n s i s t e n t  w i t h  t h e  i n i t i a l  concen t ra t i ons  based on t h e  g i ven  i n i t i a l  
we igh t  o f  s o l u t i o n  and t h e  we igh t  o f  t h e  added water.  Since, i n  many i ns tan -  
ces, t h e  r e s u l t i n g  s o l u t i o n  was used as t h e  i n i t i a l  s o l u t i o n  f o r  another  
d i l u t i o n ,  these  e r r o r s  t end  t o  propagate through t h e  t a b l e .  Accord ing ly  we 
r e c a l c u l a t e d  t h e i r  composi t ions f r om t h e  t a b u l a t e d  weights  and accepted t h e i r  
va lue  o f  m o l a l i t y  f o r  t h e  i n i t i a l  s o l u t i o n  i n  any g i ven  sequence of d i l u -  
t i o n s .  We then  c a l c u l a t e d  a  hea t  o f  d i l u t i o n  f r om t h e  composi t ion and t h e i r  
va lue  f o r  t h e  hea t  absorbed a f t e r  f i r s t  conve r t i ng  i t  f rom a  4.182 J  c a l o r i e  
t o  a  4.184 J  c a l o r i e .  The changes i n  m o l a l i t y  were u s u a l l y  l e s s  than  0.05 
except  f o r  t h e  f i r s t  t h r e e  exper iments,  f o r  which t h e  change was about 0.1. 
A  s i m i l a r  i ncons i s tency  was found i n  t h e i r  t a b l e  I X ;  b u t  s i nce  t h e  composi- 
t i o n s  were determined by  ana lys is ,  we accepted them and r e c a l c u l a t e d  t h e  hea t  
o f  d i l u t i o n  f r om t h e  composi t ions and t h e  measured hea t  absorp t ion ,  aga in  
c o n v e r t i n g  t o  t h e  4.184 J c a l o r i e .  The changes i n  t h e  heat  o f  d i l u t i o n  were 
g e n e r a l l y  l e s s  than  0.25 c a l o r i e .  

The hea t  o f  s o l u t i o n  measurements we used a l s o  cover  a  t i m e  i n t e r v a l  of 
n e a r l y  50 years.  The more r e c e n t  da ta  a r e  f rom Gardner, M i t c h e l l ,  and 
Cobble ( r e f .  25) and C r i s s  and Cobble ( r e f .  26). The s o l u t i o n s  which were 
formed g e n e r a l l y  had m o l a l i t i e s  f r om about 0.002 t o  0.04. The C r i s s  and 
Cobble da ta  nom ina l l y  range f r om 0' t o  95' C w i t h  5  degree increments be- 
tween 0"  and 25' C and 10  degree increments between 25 and 95" C f o r  a  t o t a l  
of  58 p o i n t s .  Gardnerd M i t c h e l l ,  and Cobble g i v e  t h e  r e s u l t s  f o r  a  t o t a l  of 
17  measurements a t  115 , 150°, and 200' C. Gardner e t  a l .  f e e l  t h a t  t h e i r  
average e r r o r s  ( r e p r o d u c i b i  1  i t y  ) a re  approx imate ly  25 t o  50 c a l o r i e s .  The 
r e p r o d u c i b i l i t y  e r r o r  o f  t h e  C r i s s  and Cobble measurements i s  as l a r g e  as 
+73 c a l l m o l  and as much as 10 pe rcen t  o f  t h e  hea t  o f  s o l u t i o n ,  b u t  more 
t y p i c a l l y  i t  seems t o  be + ( 1  t o  2 pe rcen t ) .  The o l d e r  hea t  o f  s o l u t i o n  
measurements a re  f r om L i p s e t t ,  Johnson, and Maass ( r e f s .  27 and 28), who mea- 
sured t h e  hea ts  o f  s o l u t i o n  a t  25' and 20' C. There were 20 measurements a t  
25" and 15 measurements a t  20' C w i t h  a  r e p r o d u c i b i  1  i t y  o f  about 0.1 percen t  



or better for molalities greater than 0.5. For the more dilute solutions the 
reproducibility was somewhat worse. The solutions ranged in molality from 
about 0.04 to a saturated solution. Since Lipsett et al. used a 4.1825 J 
calorie, we converted their values to a 4.184 J calorie. 

The excess heat capacity of a solution is not measured directly, but for 
aqueous electrolyte solutions the experiment determines the heat capacity of 
the solution relative to the heat capacity of the solvent, water, and this is 

then reported as an apparent heat capacity for the solute c:. The excess 

heat capacity can be calculated from the apparent heat capacity by using the 
expression 

* 
where Cu is the constant pressure heat capacity of the pure species. Picker, 

Leduc, Philip, and Desnoyers (ref. 29) give 13 values of the apparent heat 
capacity at a nominal 24 C and molalities from 0.01 to 2. They estimated 
their values to be precise (reprod cib e?) to ?3 ~-mol-l-~-l at molal- 
ities bepw P.l and to k0.5 J-mol-Y-K-l above 0.1 molal. At m = 0.1 the 
3 J-mol' -K- represents about 4 percent of the apparent heat capacity. 
After we had completed our calculations for this report, we learned that 
Desnoyers et al. (ref. 30) had discovered a systematic error in the calorime- 
ter used by Picker et al. and had given a method to correct for the error. 
The effect of the cor ection is to lower the apparent molal heat capa iti s E B by about 3 J-mol-l-K-' at the lower concentrations and about 2 J-mol- -K- 
above m = 1.0. The corrections are ab0ut.a 4 percent effect below m = 0.4, 
increasing to 13.5 percent at m = 2. We felt that it was not necessary to 
redo the calculations with the corrected data because they are only a small 
fraction of the total collection of data and because we are not attempting a 
critical evaluation of data. Randall and Rossini (ref. 314 report 19 values 
for the apparent heat capacity at 25" C with molalities ranging from 0.04 to 
2.3. Their estimate of the error in their measurements translates into k0.6 
percent near a molality of unity and increases for more dilute and more con- 
centrated solutions. This becomes about 23 percent at a molality near 0.1. 
The Randall and Rossini data were converted to 4.184 J calories from 4.182 J 
calories. Likke and Bromley (ref. 32) reported 35 values of the specific 
heat at 20 degree increments between 80' and 200' C. Their claimed accuracy 
is k0.3 percent, and the molalities run from about 0.35 to 2.25. We conver- 
ted these heat capacities to excess heat capacities by subtracting the mole 
fraction averages of the pure species heat capacities. 

The implementation of equations (11) and (12) requires the heat capaci- 
ties of the pure species. For NaCl we used the experimental data of 
Leadbetter and Settatree (ref. 33) and Morrison and Patterson (ref. 34) as 
reported in appendix B of the paper by Baron, Leadbetter, and Morri..son 
(ref. 35). We interpolated in the data by fitting a cubic polynomial to the 
data in the interval 200' to 500' C and then calculating the necessary val- 
ues. For water we used the constant pressure heat capacities at saturated 



TABLE X I I I .  - CONSTANT PRESSURE 

HEAT CAPACITIES OF SODIUM 

CHLORIDE AND WATER AT 

SELECTED TEMPERATURES 

c o n d i t i o n s  which a re  t a b u l a t e d  i n  t a b l e  5b (p .  161) o f  t h e  c o m p i l a t i o n  by 
Schmidt ( r e f .  36).  The s p e c i f i c  numer ica l  va lues  t h a t  were used a re  g i v e n  
i n  t a b l e  X I I I .  

To accommodate t h e  temperature dependence o f  t h e  data,  we must make an 
e x p l i c i t  cho i ce  f o r  t h e  temperature dependence o f  t h e  parameters i n  equa- 
t i o n  (8) .  We have no i n f o r m a t i o n  t h a t  m igh t  gu ide  us i n  making an optimum 
choice,  and so we s h a l l  s imp ly  use c u b i c  po lynomia ls  i n  temperature.  

where TO = 298.15 K and AT = T  - '9 . It was p o i n t e d  o u t  i n  r e f e r e n c e  1, 
i n  t h e  d i s c u s s i o n  f o l l o w i n g  equa t i on  64), t h a t  n o t  a l l  parameters a re  neces- 
s a r i l y  independent f o r  some cho ices  o f  t h e  s t o i c h i o m e t r i c  c o e f f i c i e n t s .  T h i s  

H20 (11 Temperature, 
" C 

NaCl 

24.15 

25 

80 

100 

120 

140 

160 

Heat capaci ty,  
-1 -1 

cal-K -mol 

12.021 

12.024 

12.266 

12.359 

12.458 

12.558 

12.654 

------ 

------ 

18.071 

18.153 

18.278 

18.450 

18.683 



TABLE X I V .  - LEAST SQUARES REPRESENTATION ( L  = 1) OF EXCESS ENTHALPY 

OF SODIUM CHLORIDE - WATER SOLUTIONS FROM 0' TO 200 '  C 



a p p l i e s  t o  aqueous s o l u t i o n s  o f  sodium c h l o r i d e ,  where i t  i s  p o s s i b l e  t o  de- 

t e r m i n e  o n l y  t h e  comb ina t ions  ( b i t )  + b!:? and ( b i i )  + b$)) r a t h e r  t h a n  t h e  

f o u r  parameters  s e p a r a t e l y .  O f  course  ad i t i o n a l  c o n d i t i o n s  c o u l d  always , . be 

imposed t o  separa te  them, b u t  we s h a l l  n o t  do so. The parameter a:;) must 

be s e t  t o  z e r o  f o r  t h e  excess en tha lpy ,  b u t  ah;) may be r e t a i n e d  as a  f i t- 

t i n g  parameter because p u r e  NaCl i s  i n a c c e s s i b l e  f r o m  i t s  s o l u t i o n s ,  which 
become s a t u r a t e d  a t  a  m o l a l i t y  somewhat g r e a t e r  t h a n  6. 

The parameters f o r  t h e  L = 1 r e p r e s e n t a t i o n  o f  t h e  excess e n t h a l p y  a r e  
g i v e n  i n  t a b l e  X I V .  The mean and t h e  s tandard  d e v i a t i o n  o f  t h e  r e s i d u a l s  
f o r  each o f  t h e  t h r e e  subsets  o f  d a t a  and f o r  t h e  whole d a t a  s e t  used i n  t h e  
f i t t i n g  a r e  g i v e n  i n  t a b l e  XV. T h i s  t a b l e  a l s o  c o n t a i n s  t h e  co r respond ing  

TABLE XV. - MEAN AND STANDARD DEVIATION OF RESIDUALS FOR 

L = 1 REPRESENTATION OF SODIUM CHLORIDE - WATER SOLUTIONS 

va lues  f o r  t h e  h e a t s  o f  s o l u t i o n  and d i l u t i o n  a l though  t h e y  were n o t  f i t t e d  
d i r e c t l y .  S ince  t h e  h e a t s  o f  d i l u t i o n  a r e  two-po in t  f u n c t i o n s ,  we s h a l l  

X 2  A H d i  1 

X 2  A H i n t  

A C ~  

A l l  d a t a  

A H d i l  

A H i n t  

d i s p l a y  g r a p h i c a l l y  o n l y  t h e  hea ts  o f  s o l u t i o n  and t h e  exce2s hea t  c a p a b i l i -  
t i e s .  F i g u r e  22 shows t h e  r e p r e s e n t a t i o n  o f  t h e  20 and 25 C d a t a  of L i p -  
s e t t  e t  a l .  ove r  t h e  e n t i r e  c o n c e n t r a t i o n  range. The r e s u l t s  f o r  t h e  C r i s s  
and Cobble measurements a r e  shown i n  f i g u r e  23 and t h o s e  f o r  t h e  Gardner 
e t  a l .  measurements i n  f i g u r e  24. The cu rves  i n  t h e  l a t t e r  two f i g u r e s  were 
c a l c u l a t e d  f o r  t h e  e x a c t  temperatures co r respond ing  t o  t h e  data,  and nominal  
temperatures a r e  used o n l y  as l a b e l s .  I t  i s  s u r p r i s i n g  t h a t  t h e s e  low con- 
c e n t r a t i o n  va lues  o f   AH^"^ a r e  rep resen ted  so w e l l  because t h e  f a c t o r  x,, 
u = 2, c o n s i d e r a b l y  reduces t h e i r  impor tance i n  t h e  f i t t i n g  process.  The 
p o r t r a y a l  of t h e  e x c t s s  hea t  c a p a c i t y  i s  presente; as f i g u r e  25; he re  t h e  
p o i n t s  l a b e l e d  a t  25 C a r e  a  composi te  o f  t h e  25 C d a t a  o f  Randa l l  and 
R o s s i n i  and t h e  uncor rec ted  24.15' C d a t a  o f  P i c k e r  e t  a l .  I n  a d d i t i o n  t o  
t h e s e  r e s u l t s  f o r  t h e  c u b i c  tempera tu re  dependence we a l s o  per formed t h e  
f i t t i n g  w i t h  q u a d r a t i c ,  l i n e a r ,  and c o n s t a n t  temperature  dependencies. The 
s tandard  d e v i a t i o n s  f o r  t h e  complete  d a t a  s e t  i nc reased  i n  t h e  sequence 1, 
1.8, 4.3, 47 as t h e  degree o f  t h e  po lynomina l  i n  tempera tu re  decreased. 

Standard 
d e v i a t i o n  

0 . 3 3 9 ~ 1 0 ' ~  

.333x10'~ 

.276xlo- l  

.331x10-l 

.253x l o 2  

.583x 1 o2 - 

Number o f  
p o i n t s  

374 

110 

6 7 

551 

374 

110 

Mean 

0 . 3 8 8 ~ 1 0 ' ~  

- .996x10'~ 

.720x 1 o - ~  

. 3 3 1 x 1 0 - ~  

-.879x101 

.368x101 
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Figure 22. - Integral heat of solution of sodium chloride 

i n  water at 20°and 25' C. 
Figure 23. - Integral heat of solution of sodium chloride 

i n  water at oO. 5'. lo0, 15'. 20'. 25'. 35'. 45O. 55O. 
65O, 75O, 85O, and  95' C. 

Figure 24. - In t  rat heat of solution of sodium chloride %' i n  water at 115 . 150°, and 200' C. 
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Figure 25. - Excess heat capacity of aqueous sodium 
chloride solutions at 25'. 80'. 10l0. 120°, 140°. 
160°, 180°, and 200O C. 



Judging from figures 22 to 25 and the relative inaccuracy of the data as 
expressed by the experimenters' own estimations of random error, it seems to 
us that L = 1 gives an adequate representation of the experimental measure- 
ments. Naturally, expansions of degree L = 2 and L = 3 would reduce the 
standard deviation, but we feel it to be an unnecessary refinement in the 
present circumstances. 

Statistical analysis of the reliability of least squares parameters 
posits that (1) random errors are independent, are normally distributed about 
the mean, and have an identical variance for each value of the independent 
variable, and (2) the variance of the normal distribution can be estimated 
by the square of the standard error of the estimate. It is generally con- 
ceded that the residuals are not distributed so conveniently, that is, norm- 
ally with mean zero. This is easily illustrated by constructing a histogram 
to depict the distribution of residuals by' dividing the interval (-my -) into 
subintervals so that the area under the normal distribution is the same for 
each subinterval. If the residuals are distributed in the postulated manner, 
then the histogram will be rectangular. The greater the deviation from rect- 
angularity, the greater is the deviation from the postulated distribution. 
The least squares program we used automatically constructs such a histogram 

Frequency 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
Interval 

Figure 26. - Dist r ibut ion of residuals f rom f i t t ing of aqueous solutions of 
sodium chlor ide relative to a normal  d is t r ibut ion of mean zero and var i -  
ance equal to  standard e r ro r  of estimate. 

with 20 subintervals, and this is shown as figure 26. The distribution of 
residuals diverges considerably from normal, being much more sharply peaked 
than the normal distribution. 

H20-NaC1-CaC12 Solutions 

Heretofore, we have rigorously confined ourselves in our tests to using 
only experimental data which were directly measurable and could be obtained 
without the establishment of a phase equilibrium. But now we make a complete 



aqueous NaC1-CaC12 solutions. The value of the chemical potential is as- 
certained by establishing a phase equilibrium between the water vapor and the 
solution and by invoking the equality of chemical potentials as the condition 
of equilibrium. The caliber of the data is now affected not only by the 
quality of the measurements, but also by the extent of our knowledge of water 
vapor properties. Because the vapor is pure, the demands on our knowledge 
are not as severe as when dealing with a vapor mixture. Yet errors in vapor 
properties will contribute to the total error. 

Our sources ~f~information about the excess chemical potential of water 
in solutions at 25 C will be measurements of vapor pressure, isopiestic 
ratio, freezing point depression, electromotive force, and diffusion. All 
of these data will be combined to extract a representation of the excess 
chemical potential A for these solutions over their complete composi- 
tion range. The stoichiometric coefficients and our labeling of species are 
given in table XVI. The expression for the excess chemical potentials is 
obtained by combining the first members of equations (62)  to (64) of refer- 
ence 1 and grouping terms. The conversion to relative quantities is done as 
in equation ( 6 5 )  of reference 1. 

TABLE XVI. - STOICHIOMETRIC COEFFICIENTS 
vip FOR AQUEOUS SODIUM CHLORIDE - 

CALCIUM CHLORIDE SOLUTIONS 



Th is  form o f  t h e  f u n c t i o ?  w i l l  be app l ied  t o  da ta  f o r  t h e  excess chemi- 
c a l  p o t e n t i a l  o f  w5ter a t  25 C w i t h  u = 1, M = 3, and N = 4. Much o f  t h e  
da ta  w i l l  be a t  25 C. However, some in fo rma t i on  f o r  aqueous s o l u t i o n s  of 
NaCl i s  a t  temperatures d i f f e r e n t  from 25O C. These da ta  w i l l  be converted 
t o  2 5 O  C by us ing  t h e  expression (8)  f o r  t h e  excess en tha lpy  and t h e  l e a s t  
squares parameters determined f o r  NaCl s o l u t i o n s  tabu la ted  i n  t a b l e  XV. We 
used t h e  fo rmula  

where AH i s  t h e  p a r t i a l  mo la l  excess en tha lpy  f o r  species a. The expres- 
s i o n  f o r  'AH has a  f o rm i d e n t i c a l  t o  equat ion (14) and, o f  course, we s h a l l  
o n l y  use theu L = 1 p a r t .  Even though o n l y  water, and no t  NaCl o r  CaC12, 
i s  access ib le  f rom aqueous so lu t ions ,  we s h a l l  impose t h e  c o n d i t i o n s  

= 0  f o r  a l l  U. To see t h a t  t h e  impos i t i on  o f  these c o n d i t i o n s  i s  
APuu -. 

permiss ib le ,  we l e t  w t ake  t h e  f i x e d  value w = 1. Then v = 1 and, by * W 

W 
and consequent ly equat ions ( 7 7 )  and (83) o f  re fe rence 1, P = P ~ ( u )  = P,, 

we must s e t  A,(') = 0 because we are  dea l i ng  w i t h  t h e  excess chemical 
WW 

p o t e n t i a l  o f  water. For  u f u we w i l l  r e l y  on t h e  d iscuss ion  f o l l o w i n g  
equat ion (41)  o f  re fe rence 1. There i t  was shown t h a t  one cou ld  i n t roduce  - 
a t rans fo rma t i on  o f  parameters such t h a t  pi = pi + ni, where t h e  ni a re  

- N 
independent o f  composit ion. Thus u U  = pG + 

"0' 
where nu = niviU, and 

i = l  
t h e  s i t u a t i o n  here i s  i d e n t i c a l  t o  t h e  one discussed there. That i s ,  t h e  
va lues of %, u # W, cannot be determined f rom in fo rma t i on  on p alone 

W 

and, i n  t h i s  context ,  a re  a r b i t r a r y .  Th i s  a r b i t r a r i n e s s  pe rm i t s  us t o  use 
/l\ 

be::) = 0, u f U, and hence when we apply  equat ion (14) t o  da ta  f o r  t h e  ex- 
t l \  

cess chemical p o t e n t i a l  o f  water, i t  i s  pe rm iss ib le  t o  se t  AI.I\"= 0  f o r  
a l l  a. 

uu 

We have t h e  o p t i o n  of work ing w i t h  t h e  experimental  da ta  e i t h e r  as t h e  
excess chemical p o t e n t i a l  o r  as t h e  osmotic c o e f f i c i e n t .  The r e l a t i o n s h i p  
between t h e  two i s  g iven  i n  equat ion (92)  o f  re fe rence 1. When working w i t h  
aqueous e l e c t r o l y t e  so lu t ions ,  t h e  more common choice by f a r  i s  t h e  osmotic 
c o e f f i c i e n t .  Yet we f e e l  t h i s  t o  be a  poor choice f o r  severa l  reasons: 
(1) The chemical p o t e n t i a l ,  and no t  t h e  osmotic c o e f f i c i e n t ,  i s  t h e  funda- 
mental  thermodynamic q u a n t i t y  and f o r  t h i s  reason alone i t  should be g iven  
precedence. ( 2 )  The d e f i n i t i o n  of t h e  osmotic c o e f f i c i e n t  can be viewed as 
a  we igh t ing  of t h e  excess chemical p o t e n t i a l  o f  t h e  so l ven t  which emphasizes 
t h e  d i l u t e  s o l u t i o n  values a t  t h e  expense o f  t h e  concentrated s o l u t i o n  
values. Yet, g e n e r a l l y  speaking, d i l u t e  s o l u t i o n  measurements are t h e  most 
d i f f i c u l t ,  t h e  l e a s t  r e 1  i ab le ,  and t e c h n o l o g i c a l l y  t h e  l e a s t  impor tan t  f o r  
t h e r e  t h e  chemical p o t e n t i a l  i s  e s s e n t i a l l y  t h a t  o f  pure  water. ( 3 )  The 
l i m i t i n g  va lue o f  t h e  excess chemical p o t e n t i a l  i s  known e x a c t l y  f o r  i t  i s  
i d e n t i c a l l y  zero. By cont ras t ,  t h e  l i m i t i n g  va lue  o f  t h e  osmotic c o e f f i c i e n t  
can never be known exper imenta l l y  f o r ,  i n  t h e  l i m i t ,  i t  has t h e  inde termina te  



form 010 and can be evaluated o n l y  i f  one knows how t h e  excess chemical po- 
t e n t i a l  approaches zero. But t h i s  demands t h e  performance o f  t h e  experimen- 
t a l l y  impossib le task  o f  passing t o  t h e  l i m i t .  ( 4 )  F i n a l l y ,  as demonstrated 
i n  re fe rence 1, we cannot even be sure t h a t  a unique l i m i t i n g  va lue e x i s t s .  
For a l l  o f  these reasons we w i l l  shun t h e  osmotic c o e f f i c i e n t  and f a v o r  t h e  
excess chemical p o t e n t i a l  o f  t h e  so lven t  i n  our  computations. O f  course, we 
cannot avoid i t  e n t i r e l y  because t h e  experimental  r e s u l t s  a re  t abu la ted  as 
osmotic coe f f i c i en ts  and must be converted t o  excess chemical p o t e n t i  a1 va l -  
ues be fore  being used. 

Experimental measurements are a v a i l a b l e  f o r  sodium c h l o r i d e  so lu t i ons .  
We have decided t o  r e s t r i c t  ourselves t o  da ta  obta ined f rom vapor pressure 
and f r e e z i n g  p o i n t  depression experiments. Gibbard, Scatchard, Rousseau, and 
Creek ( r e f .  37) made vapor pressure measurements f o r  NaCl s o l u t i o n s  whose 
m o l a l i t i e s  ranged f rom 1.0 t o  6.1 and covered t h e  temperature range 25" t o  
100" C. From t h e i r  measurements t hey  c a l c u l a t e d  56 osmotic c o e f f i c i e n t s ,  
t a k i n g  vapor nonideal i t y  i n t o  account w i t h  t h e  second v i r i a l  c o e f f i c i e n t .  
They d i d  n o t  es t imate  t h e  accuracy o f  t h e i r  osmotic c o e f f i c i e n t s ,  b u t  they  
d i d  g i v e  u n c e r t a i n t i e s  f o r  t h e i r  pressures and temperatures. A t  25" C these 
combine t o  g iven an u n c e r t a i n t y  i n  t h e  osmotic c o e f f i c i e n t  o f  almost 4 per- 
cent  a t  a m o l a l i t y  of 1, w h i l e  a t  a m o l a l i t y  o f  6 t h e  u n c e r t a i n t y  i s  about 
0.5 percent.  A t  100" C t h e  corresponding numbers a re  0.9 and 0.2 percent.  
Pepela and Dunlop ( re f .  38) a l so  made vapor pressure measurements f o r  NaCl 
s o l u t i o n s  b u t  o n l y  a t  25" C. The m o l a l i t i e s  extended f rom 0.5 t o  n e a r l y  6. 
We co r rec ted  t h e i r  13 osmotic c o e f f i  i e n t s  f o r  vapor phase n o n i d e a l i t y  o f  S water by  us ing  t h e  va lue o f  -1194 cm 4 0 1 - I  f o r  t h e  second v i r i a l  c o e f f i c i e n t  
ca l cu la ted  f rom a formula g iven  by McCul lough e t  a l .  ( r e f .  39). The values 
Pepela and Dunlop c l a i m  f o r  t h e i r  u n c e r t a i n t i e s  i n  temperature and pressure 
are  h a l f  t h e  values c i t e d  by  Gibbard e t  a l .  The 38 vapor pressure measure- 
ments of L i u  and Lindsay ( r e f .  40) were made a t  25O C i n t e r v a l s  from 125" t o  
300" C and a t  nominal m o l a l i t i e s  o f  0.1, 0.25, 0.5, and 1.0 f o r  NaC1. They 
c la im  t h a t  a t  m = 1 t h e i r  measurements have a r e p r o d u c i b i l i t y  which v a r i e s  
f rom about 0.2 t o  0.5 percent.  The r e p r o d u c i b i l i t y  was worse a t  lower con- 
cen t ra t i ons .  Gardner ( re f .  41) and Gardner, Jone:, and De Nordwall ( r e f .  42) 
a l l  made high-temperature measurements, up t o  270 C, a t  m o l a l i t i e s  f rom 0.5 
t o  3.0. We discarded t h e  Gardner e t  a l .  values a t  a m o l a l i t y  o f  1, because 
Gardner observed t h a t  t h e i r  e a r l i e r  measurements a re  probably  low, and used 
t h e  remaining 25 measurements. The f i n a l  s e t  of vapor pressure measurements 
are t h e  36 values of Olynyk and Gordon ( r e f .  43) a t  20°, 25", and 30 C and 
m o l a l i t i e s  from 2.2 t o  6.1. The r e p r o d u c i b i l i t y  o f  t h e  osmotic c o e f f i c i e n t s ,  
c a l c u l a t e d  from t h e i r  t abu la ted  values o f  water a c t i v i t y  and t h e i r  c i t e d  
r e p r o d u c i b i l i t y  f o r  these a c t i v i t i e s ,  i s  b e t t e r  than 0.2 percent.  Scatchard 
and P ren t i ss  ( re f .  44) g i v e  28 values f o r  t h e  f r e e z i n g  p o i n t  depression of 
NaCl so lu t i ons .  The m o l a l i t i e s  run  f rom very  d i l u t e  so lu t ions ,  m = 0.0008, 
t o  almost m = 1.3. The excess chemical p o t e n t i a l  o f  water a t  0"  C can be 
ca l cu la ted  from these da ta  by t h e  fo rmula  

where AH i s  t h e  p a r t i a l  mo la l  excess enthalpy o f  water i n  s o l u t i o n  and 
 AH^ i s  tKe heat of fus ion  o f  pure water. We approximated t h e  temperature 
dependence o f  t h e  heat  o f  us ion  by a l i n e a r  f nc t ' on  o f  temperature, us ing  f Y !  t h e  values 1436.3 cal-mol- and 8.911 cal-mol- -C- f o r  t h e  heat o f  f u s i o n  



and the heat capacity of fusion at 0' C given in National Bureau of Standards 
Circular 500 (ref. 45, p. 539). The values at 0' C can be converted to val- 
ues at 25' C with equation (15). In actuality, we separately evaluated the 
integral involving the heat of fusion in equation (16) and combined the con- 
tribution of the partial molal excess enthalpy in equation (16) with the 
contribution arising from equation (15) in a second calculation. 

The data we have discussed for aqueous NaCl solutions comprise a total 
of 196 experimental values for the excess chemical potential of water. We 
must point out that, in order to convert some of the high-temperature data 
to values at 25' C, we had to extrapolate our expression for the excess en- 
thalpy of aqueous NaCl solutions. This expression was generated with data 
covering the temperature range 0' to 200° C. 

We were fortunate to have available two recent critical evaluations of 
the osmotic.coefficients of CaC12 solutions at 25' C (refs. 46 and 47) 
covering i sopiestic, vapor pressure, freezing point depression, electromotive 
force, and diffusion measurements. Although both reviews called on the same 
sources of data, their interpretations and uses of that data differed as did 
some of their designations of experimental points as unreliable. The result- 
ing two tabulations of "experimental" osmotic coefficients displayed differ- 
ences as large as 0.005. These diffences are a commentary on the difficulty 
and subjectivity of critical evaluations of data. Quite arbitrarily we 
chose to rely on the tabulations compiled by Rard, Habenschuss, and Spedding 
(ref. 46) for the osmotic coefficients at 25' C. We used directly all of 
their collected values with one exception. That exception was the values 
they give for osmotic coefficients deduced from electromotive force and dif- 
fusion measurements from 11 sources. These are relative measurements and, 
by quadrature of the Gibbs-Duhem equation, can give only differences is osmo- 
tic coefficients. If is the osmotic coefficient at a molality m, 
its value at iii, y the !ac12 activity coefficient at m, and 7 its value 
at i, then 

is the integrated Gibbs-Duhem equation. If m = 0, then this can be recog- 
nized as the usual relationship connecting - solute activity coefficients and 
osmotic coefficients. However, choosing m = 0 is both an unnecessary and a 
nontrivial assumption for it requires the integrand to be sufficiently well 
behaved near zero to be integrable and necessitates an extrapolation of ex- 
perimental data to zero concentration. We preferred not to set ; to zero 
and to determine the 11 reference values , self-consistently during the 
fitting. We chose our reference composition for each set of measurements as 
the lowest concentration in that set and evaluated the integral in equa- 
tion (17) by using the representation of the integrand given by Rard et a1 . 
They compiled a total of 343 points, excluding the 11 reference values, of 
which 71 are from electromotive force and diffusion measurements, 20 are from 
vapor pressure measurements, 10 are from freezing point depression measure- 
ments, and the remaining 242 are from isopiestic experiments. 

There is only limited information on aqueous solutions containing both 
sodium and calcium chlorides. Robinson and Bower (ret. 48) performed isopi- 
estic experiments on mixed NaC1-CaC12 solutions at 25 C. They carried out 
equilibrations among 87 solutions, 18 containing only NaC1, 16 containing 



TABLE X V I I .  - LEAST SQUARES REPRESENTATION OF WATER(1) - SODIUM CHLORIDE(2)  - 
CALCIUM CHLORIDE(3)  TERNARY SYSTEM AT 2 5 "  C 



TABLE XV I I I .  - MEAN AND STANDARD DEVIATION OF RESIDUALS I N  Apu/RT 

FOR WATER - SODIUM CHLORIDE - CALCIUM SYSTEM AT 25' C 

o n l y  CaCl , and 53 c o n t a i n i n g  mixed so lu tes .  There were 10  s e t s  of e x p e r i -  5 ments, an t h e  r e s u l t s  were expressed as i s o p i e s t i c  r a t i o s  r e l a t i v e  t o  NaC1. 
They made no e s t i m a t i o n  o f  t h e  accuracy o f  t h e i r  r e s u l t s .  We e l e c t e d  t o  r e -  
express t h e i r  i s o p i e s t i c  r e s u l t s  r e l a t i v e  t o  CaC12 and t o  determine t h e  osmo- 
t i c  c o e f f i c i e n t s  o f  t h e  16 CaCl2 s o l u t i o n s  s e l f - c o n s i s t e n t l y  d u r i n g  t h e  f i t -  
t i n g .  Thus t h e r e  a re  e f f e c t i v e l y  7 1  p o i n t s .  

The parameters i n  equa t ion  (14)  were ob ta ined  i n  t h e  f o l l o w i n g  manner: 
F i r s t ,  we made an i n i t i a l  es t ima te  o f  t h e  excess chemical  p o t e n t i a l  o f  water  
f o r  t h e  27 r e f e r e n c e  s o l u t i o n s ,  and w i t h  these  we c a l c u l a t e d  t h e  va lues  f o r  
those  s o l u t i o n s  which were dependent on them. The va lues  f o r  a l l  610 so lu -  
t i o n s  were t hen  f i t t e d  t o  equa t i on  (14)  i n  a  l e a s t  squares sense, t h e  r e s u l t -  
i n g  parameters were used t o  c a l c u l a t e  improved es t imates  f o r  t h e  27 r e f e r e n c e  
va lues and t h e  process was repea ted  u n t i l  t h e  c a l c u l a t i o n  converged. To 
check on t h e  convergence we examined t h e  d i f f e r e n c e  between t h e  es t imated  and 
c a l c u l a t e d  va lues  f o r  each o f  t h e  16  re fe rence  va lues used w i t h  t h e  m i x t u r e  
data.  A t  convergence t h i s  d i f f e r e n c e ,  expressed as a  d i  fe rence  i n  excess B chemical  p o t e n t i a l  d i v i d e d  b y  RT, was l e s s  than  7 . 5 ~ 1 0 -  f o r  each o f  t h e  
16 va lues.  Th corresponding d i f f e r e n c e  i n  t h e  16 osmot ic  c o e f f i c i e n t s  was 7 l e s s  than  5x10' . Ins tead  of u s i n g  t h i s  i t e r a t i v e  process we c o u l d  have 
c a l c u l a t e d  t h e  parameters d i r e c t l y  i n  much t h e  same way t h a t  we manipu la ted 
t h e  hea ts  of d i l u t i o n  f o r  NaCl s o l u t i o n s .  Though l e s s  e f f i c i e n t ,  we found 
t h e  i t e r a t i v e  process t o  be more conven ien t  f o r  us i n  t h e  p resen t  case. 

The l e a s t  squares parameters, f o r  degrees o f  expansion L = 1 and 
L = 2, a re  p resen ted  i n  t a b l e  X V I I .  The mean r e s i d u a l s  and t h e  s tandard  de- 
v i a t i o n s  i n  t h e  excess chemical  p o t e n t i a l  o f  wa te r  d i v i d e d  b y  RT a re  shown 
i n  t a b l e  X V I I I  f o r  t h e  NaCl data,  t h e  CaC12 data,  t h e  m i x t u r e  data,  and f o r  
t h e  e n t i r e  da ta  se t .  A comparison o f  t h e  s tandard  d e v i a t i o n s  leads  us t o  
i n f e r  t h a t ,  i n  go ing  f r om L = 1 t o  L = 2, t h e  major  improvement i s  i n  t h e  
r e p r e s e n t a t i o n  o f  t h e  CaC12 and m i x t u r e  data.  P l o t s  o f  t h e  excess chemical  
p o t e n t i a l  of water  i n  aqueous NaCl and CaC12 s o l u t i o n s  a re  shown i n  f i g u r e s  
27 and 28 f o r  t h e  L = 1 rep resen ta t i on .  A l though t h e  L = 1 represen ta -  
t i o n  i s  i n f e r i o r  t o  t h e  L = 2 r ep resen ta t i on ,  i t  can be seen f r om these  
f i g u r e s  t h a t  i t  does rep resen t  t h e  genera l  t r ends  o f  t h e  da ta  q u i t e  w e l l .  
The d i f f e rences  between t h e  observed and c a l c u l a t e d  va lues  f o r  t h e  L = 2  
r e p r e s e n t a t i o n  a re  shown as f i g u r e s  29 and 30. From t h e  l a s t  two f i g u r e s  i t  
i s  c l e a r  t h a t  t h e  exper imenta l  da ta  a re  represen ted  w i t h i n  t h e i r  s c a t t e r  w i t h  

Sodiun chlor ide  

Calcium chlor ide  

Mixture  

A l l  data 

- 
L = 1  Number 

of 
points  

196 

343 

7 1 

610 

Mean 

0 . 7 5 4 ~ 1 0 ' ~  

.402x10-~ 

-.698x10'~ 

.169x10-~ 
I 

Standard 
devia t ion 

0 . 5 1 2 ~ 1 0 ' ~  

.495x10'~ 

.154x10'~ 

.376x10'~ 
1 

L 1 2  
- 

Mean 

0 . 1 1 6 ~ 1 0 - ~  

-.184x10'5 

.359x10-4 

.352x10-5 

Standard 
devia t ion 

0 . 3 8 7 ~ 1 0 ' ~  

.138x10-~ 

.377x10-~ 

.106x10-~ 
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Figure 27. -Excess chemical potential of water divided by 
R T  for aqueous sodium chloride solutions at 25O C 

Figure 29. - Difference between observed excess chemi- 
cal potential of water divided by RT for sodium chloride 
solutions a t  25O C and values calculated from L = 2 
representation of H20-NaCI-0Cl2 system. 

Experimental data 
- Values calculated f rom L =  1 

representation of H20-NaCI- 
-2.88 CdCI2 system 

\ 

Figure 28. - Excess chemical potential of water divided by 
RT for aqueous calcium chlor ide solutions a t  25' C. 
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Figure 30. - Difference between observed excess chemi- 

cal potential of water divided by RT for calcium chlor ide 
solutions a t  25O C and values calculated from L = 2 
representation of H20-NaCI-CdCI2 system. 



L = 2 and that there is no reason to pursue the L = 3 or L = 4 cases. 
There is a marked contrast in the behavior of the NaCl and CaCl2 residuals. 
The CaCl2 residuals exhibit marked periodicities, whereas the NaCl residuals 
are quite random in appearance. This raises questions as to what might be 
the causative factors. The chief difference between the data for NaCl and 
CaCl2 solutions is that for the former none of the data came from isopiestic 
measurements, whereas for the latter fully 213 of the points were isopiestic. 
The L = 2 CaC12 residuals have extrema at the approximate molalities 0.7, 
1.6, 2.6, 4.6, 6.2, and 7.9, and in this molality range the dominant contrib- 
utors of isopiestic data are Spedding et al. (ref. 49) (versus KC1 reference 
solutions) and Rard and Spedding (ref. 50) (versus H2SO4 reference solu- 
tions). The residuals for these data, in the representation of the osmotic 
coefficient generated by Rard et al. (ref. 46), can be seen in their figure 1 
and seem to have extrema at molalities near 1.0, 1.8, 2.6, 4.2, 5.6, 6.8, and 
7.9. In the Staples and Nuttall representation these same data have extrema 
at about 0.9, 1.7, 2.2, 4.2, 5.9, and 7.4 as shown in their figure 4. The 
near concurrence of these extrema can hardly be regarded as coincidental es- 
pecially in view of the fact that (1) three different functions were used for 
the representation of the data, (2) there were three different treatments of 
the experimental data during the fitting process, and (3) Rard et al. and 
Staples and Nuttall used different values for the osmotic coefficients of the 
reference H2SO and KC1 solutions. Staples and Nuttall (p. 391) say that 4 their H2S04 re erence values agree to within 0.25 percent with the values 
used by Rard et al., and this is less than the uncertainty in the values 
themselves, which seems to be between 9.3 percent and 9.5 (ref. 51, 
p. 379). For KC1 the difference was a correction for vapor nonideality ap- 
plied by Rard et al. but not by Staples and Nuttall. This correction should 
lower the osmotic coefficient of KC1 by about 0.0014 and, indeed, CaCl2 
osmotic coefficients obtained relative to KC1 are about 0.001 higher in the 
Staples and Nuttall tabulation than in the Rard et al. tabulation. The use 
of different reference values seems to implicate the isopiestic experiments 
as the sources of the extrema in the residuals rather than the reference 
values themselves although this is merely conjecture and far from a cer- 
tainty. Composition uncertainties alone imply potential errors in the CaC12 
isopiestic ratios of about 9.3 percent versus KC1 (ref. 49) and 20.25 per- 
cent versus H SO4 (ref. 50) values comparable to the scatter in figure 30. 

The L = 5 representation seems to reproduce the data to within experi- 
mental uncertainties. As we have already mentioned in previous examples, if 
one were interested in economy of representation, one could find a number of 
parameters for both L = 1 and L = 2 which contribute little to the reduc- 
tion of the sum of squares and could be set to zero without seriously affect- 
ing the representation. 

CONCLUDING REMARKS 

We have attempted to fit the thermodynamic functions of a class of non- 
ideal solutions, defined in a companion report (NASA TP-1929), to several 
different kinds of experimental data for electrolyte and nonelectrolyte 
solutions. All of the cases we have examined show that the functions are 
suitable for the representation of highly nonideal , real solutions within 
experimental error over their entire concentration range. Even for the 
highly nonideal solutions with which we have dealt, there always seemed to 
be unused flexibility in the function used for the fitting. This situation 



happily portends the inclusion of many other nonideal solutions as members 
of the defined class. Only time and many more tests can show just how preva- 
lent are the real members of this defined class. 

Our tests of the composition-dependent functions have relied on the 
availability of copious quantities of experimental data, but that is not a 
prerequisite for the use of these functions. They can also be used to inter- 
polate and extrapolate limited collections of data. As a case in point we 
can consider an N-ary nonelectrolyte solution. If we had only information 
on the properties of the (!) binary subsystems, then we could sti 11 approx- 

imate the properties of the complete N-ary system to a degree of expansion 
L = 2. In the absence of any data whatsoever one could even rely on esti- 
mated properties generated by some approximation such as "corresponding 
states." Of course, the quality of the approximation will ultimately be 
determined by the quality and quantity of the data used to generate the 
approximati on. 

Lewis Research Center 
National Aeronautics and Space Administration 
Cl eve1 and, Ohio, December 15, 1981 
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