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ABSTRACT

The method of matched asymptotic expansions is used to study the gener-
ation of Tollmien-Schlichting waves by free stream disturbances incident on
a flat plate boundary layer. Near the leading edge the motion is governed
by the unsteady boundary layer equation, while farther downstream it is gov-
erned (to lowest order) by the Orr-Sommerfeld equation with slowly varying
coefficients. It is shown that there is an overlap domain where the
Tolimien-Schlichting wave solutions to the Orr-Sommerfeld equation and an
appropriate asymptotic solution of the unsteady boundary layer equation
match, in the matched asymptotic expansion sense. The analysis léads to a
set of scaling laws for the asymptotic structure of the unsteady boundary

1ayer.
1. INTRODUCTION

!t is well known that laminar to turbulent transition in boundary
layers is strongly influenced by unsteady disturbances in the free stream.
This is often the result of a sequence of events that begins with the
excitation of spatially growing Tollmien-Schlichting waves by the

free-stream disturbances. This so-called receptivity1 phenomenon was

1The term ‘receptivity' was first introduced by Morkovin (ref. 1).
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discussed in a recent review article by Reshotko (ref. 2). When the
free-stream disturbances are periodic in time and of sufficiently small
amplitude, the Tollmein-Schlichting waves will also be periodic.

The receptivity problem differs from classical stability theory in that
the former is a boundary value problem while the latter is an eigenvalue
problem. Since the time harmonic Tollmien-Schlichting waves are eigenvalues
of the Orr-Sommerfeld equation, which applies in the downstream region where
the mean flow is nearly parallel, one can always add an arbitrary multiple
of these waves to the solution of the boundary value problem and stﬁ]] sat-
isfy the boundary conditions and the governing equations, unless an upstream
boundary condition (i.e., an initial condition) is imposed at the start of
the boundary layer. Thus, fhe Tollmien-Schlichting waves will be decoupled
from the solution to the boundary value problem in a time-stationary flow,
unless this upstréam boundary condition is imposed.

An analogous situation arises in the temporal stability problem
(ref. 3). Here a prescribed initial disturbance field can be coupled to tem-
porally growing instability waves by imposing appropriate initial condi-
tions. The solution is usually required to satisfy causality in the sense
that it is assumed to be identically zero before the disturbance is 'turned
on' at some prescribed initial time. There have been attempts to apply
causality arguments to time-stationary (i.e., steady state) flows in order
to explain the observed coupling befween instability waves and the external
disturbance field, but, as argued by Rienstra (ref. 4), it is hard to see .
how initial conditidhs imposed in the distant past can affect the
steady-state solution. The upstream initial condition appears to be the
appropriate one to impose in this case.

However, the resulting spatial initial value problem is considerably

more difficult than the temporal problem. Near the leading edge of the



boundary layer (actually within a region that occupies the first few wave-
lengths of the boundary layer), the divergence of the meanvflow has a first
order effect on the unsteady motion, rather than being a higher order effect
that can be treated as a 'slowly varying' correction to classical parallel
flow stability theory. In this region, inertia terms involving the
cross~stream component of the mean flow velocity have to be incliuded in the
lowest order equation for the unsteady flow. However, one can neglect
unsteady pressure fluctuations across the mean boundary layer, which is
still relatively thin (on a wavelength scale). The flow is then governed by
the unsteady boundary layer equation rather than by an Orr-Sommerfeld
equation with slowly varying coefficients.

This latter equation, whose eigensolutions are the Tolimien-Schlichting

waves, is only valid further downstream. The upstream initial condition for

the solution to this equation should therefore be that it 'match', in the

'matched asymptotic expansion' sense (ref. 5), onto a solution of the

unsteady boundary layer equation in some intermediate region that overlaps

the unsteady boundary layer and Orr-Sommerfeld regions.

The main purpose of this paper is to carry out this matching in a
formal but systematic way. This allows us to determine the dominant
Reynolds number scaling of the amplitudes of the Tollmien-Schlichting waves;
j.e., to determine their amplitudes to within an 0(1) constant. The
determination of this constant, which involves the numerical solution of the
unsteady boundary layer equation, is beyond the scope of this paper. It
will be carried out in a subsequent paper by analytically continuing the
unsteady boundary layer solution into the complex plane.

In order to reduce this problem to its simplest terms we restrict our

attention to a two-dimensional incompressible flow over an infinitely thin



flat plate. The amplitude of the disturbance field is assumed to be small
relative to the mean free-stream velocity, u_, and the equations are
linearized about the mean flow. Since the unsteady flow is assumed to be
time stationary only a single harmonic component of the disturbance field,
say of frequency w, need be considered. Finally, we assume that the
Reynolds number based on the 'convective' wavelength U /w of the dis-
turbance is large. Even though we assume that the plate is inifinitely
thin, we ultimately show that our principal results apply to any flat plate
whose ‘'nose radius' is O(Um/w). We could easily have considered the
finite thickness flat plate at the outset, but this would have complicated
the presentation.

Our approach is to take the reciprocal of this Reynolds number, which
we denote by e6, as a small parameter and obtain a uniformly valid
asymptotic expansﬁon in this parameter. We suppose that the streamwise wave
number of the imposed disturbance (i.e., its inverse spatial scale) is2
0(w/U_). Then allowing ¢ > O while assuming that x = mx*/Um
is order one, where x' denotes the stream-wise distance from the
leading edge (fig. 1), one obtains the unsteady boundary layer equation to
Towest order of approximation (ref. 6). |

Lighthill (ref. 7) obtained asymptotic solutions to this equation that
are valid close to and far from the leading edge and connected them using
the Karman-Pohlhausen method. In later work by Rott and Rosenzweig (ref 8),
Lam and Rott (ref. 9), and Ackerberg and Phillips (ref. 10), the two

asymptotic solutions were joined by analytical series and numerical methods.

2Notice that this includes the zero wave number disturbance

corresponding to a uniform oscillation of the stream (as a plane acoustic

wave in the incompressible limit).



However, one only needs to know the asymptotic form of the unsteady
boundary layer solution as x » = (i.e., far downstream) in order to show
that it can be matched onto the Tollmien-Schlichting wave solution of the
Orr-Sommerfeld equation. This asymptotic behavior was studied by Rott and
Rosenzweig (ref. 8), Lam and Rott (ref. 9), and Ackerberg and Phillips
(ref. 10). Their work shows that the solution develops a double layer
structure in this downstream region (actually this structure begins to
develop when x = 1; see fig. 1). The inner layer is a Stokes shear-wave
flow to lowest order, and the outer flow is a modified Blasius motion. In
fact, this flow will be identical to a Stokes shear wave to lowest order

(ref. 10) whenever the inviscid velocity perturbation becomes independent

of x for large x.

4Ackerberg and Phillips (ref. 10) show that this limiting asymptotic
behavior is not approached monotonically, but rather through a progressively
more damped oscillation about the asymptotic Stokes wave-type solution.
They argue that these oscillations are represented mathematically by a
discrete set of exponentially small ‘asymptotic eigensolutions' of the
unsteady boundary layer equation, which were originally discovered by Lam
and Rott (ref. 9). Like the Stokes-type solution, these asymptotic
eigensolutions exhibit a double layer structure. Ackerberg and Phillips
(ref. 10) used the method of matched asymptotic expansions to obtain
expressions for these eigensolutions that are uniformly valid in n for
0 < n< =, where n is the Blasius variable; i.e., it is the cross-stream
coordinate divided by the local thickness of the steady boundary layer.
However, it turns out that these expressions are not qqite correct as they
stand. Thus, it is shown in section 3 that fhey still ;atisfy the unsteady
boundary layer equations to the same degree of approximétion when they are
multiplied by x*  for any constant 1. But, it is also shown that
there is only one value of exponent t for which the next order equations

|



can be solved, and this solvability condition uniquely (i.e., to within a
constant factor) determines the lowest order asymptotic eigehso]utions.
Ackerberg and Phillips (ref. 10) and Lam and Rott (ref. 9) point out
that the Stokes-type solution is essentially 'incomplete' because it is
uniquely determined independently of the upstream conditions that must
always be imposed when solving a parabolic partial differential equation.
The downstream unsteady boundary layer solution, therefore, consists of the
Stokes layer-type solution supplemented by a set of asymptotic
eigensolutions. The arbitrary constants that multiply these solutions can
be determined from the upstream conditions. This was done numerically by
Ackerberg and Phillips (ref. 10), who used the asymptotic eigensolutions of
Lam and Rott (ref. 9). These solutions, be%ng exponen%ia]]y small compared
with the Stokes-type solution (which is an asymptotic power series in
x’"/z), are negligible in the strict Poincere' sense, which, while not
explicitly excluding exponentially small terms, does not specify.or
confirm their existence. But table makers have Tong known that such terms
must often be included in order to obtain numerically satisfactory results
(see e.g., ref. 11 and ref. 12, pp. 266-268), and Ackerberg and Phillips
argue that the Lam and Rott eigenfunctions are numerically significant in
the downstream part of the boundary layer. Moreover, it is now generally
recognized that strict Poincere' expansions are quite often‘incomplete, even
when the general term in the expansion is known. Modern researchers often
interpret asymptotic expansions in the complete sense of Watson (ref. 12,
p. 543 and ref. 13) rather than in the Poincere' sense. Dingle (ref. 14,
pp. 19 and 20) points out that retention of exponentially small terms is not
only necessary for computational purposes, but also for ensuring that the
expansions have the same analytical properties as the original function.
Although no entirely satisfactory definition of completeness has yet been
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given (ref. 14, pp. 19 and-20; ref. 11 and ref. 12, p. 543), it is clear
that asymptotic eigenfunctions must be included in any complete solution to
the present problem. However, we cannot be sure that the resulting solution
will then be complete in the sense that no other functionally independent
asymptotic eigensolutions are possible. In fact, Brown and Stewartson
(ref. 14) found an entirely different set of discrete asymptotic eigensolutions of
the unsteady boundary layer equation, which, they argue, better represent
the physics of the flow. There may also be asymptotic eigensolutions with a
continuous spectrum. However, Brown and Stewartson's asymptotic
eigensolutions may not be independent of the asymptotic eigensolutions of
Lam and Rott, and either set of eigensolutions may, therefore, be used to
obtain a complete solution; i.e., it may be possible to express any linear
combination of one set as a linear combination of the ofher. After all, the
wave equation has a complete set of plane wave solutions and a complete set
of cylindrical wave solutions in any region that does not include the
origin. An even more relevant example is provided by Murdock and Stewartson
(ref. 16), who show that the asymptotic solution to a model equation, not
unlike the unsteady boundary layer equation, can alternately be expressed as
the sum of two different sets of eigensolutions and that each of these sums
can be re-expanded to yield the other. However, this example tends to
indicate that it is the solutions belonging to the continuous spectrum of
the asymptotic unsteady boundary layer equation that can be re-expanded in
terms of the asymptotic eigenfunctions of Brown and Stewartson. This issue
will be discussed more fully in a forthcoming paper.

The ‘'asymptotic eigensolutions' of Lam and Rott, which are proportional
to exp - A0x3/2, where 2o is a complex constant, oscillate with a

wavelength (~'x'1l2) that decreases with increasing x, while the mean

boundary layer thickness increases at the same rate. Thus, the wavelength
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of the unsteady motion must ultimately become comparable to the boundary
layer thickness, and the cross-stream pressure fluctuations, w~hich are
neglected in the unsteady boundary layer approximation, will then Become
jmportant. The Lam and Rott eigensolutions, which are based on this
approximation, will then be invalid (i.e., they will not be asymptotic
solutions to the full Navier-Stokes equations).

We obtain new solutions, which apply further downstream than asymptotic
eigensolutions of the unsteady boundary layer equation, by using a
generalization of the method of multiple scales (ref. 17, pp. 276-282) and
considering the limiting form of the governing equation as ¢ » 0 with
X, = czx (rather than x) held fixed. This leads to solutions that apply
when x = O(e'z) (fig. 1). They are essentially the classical
large-Reynolds-number, small-wave-number- approximation to the
TolIimien-Schlichting wave solutions of the Orr-Sommerfeld equation,
appropriately corrected for slow variation in boundary layer thickness.
Thus, they decay exponentially fast in the downstream direction when X1
is relatively small and at least one of them exhibits exponential growth
when X1 is sufficiently large. Since most of the asymptotic
TolIlmien-Schlichting theory predates the systematic use of matched
asymptotic expansions3, and since the classical theory does not account

for the variations in boundary layer growth, it is necessary to rederive

3Graebel (ref. 18) has made some progress toward introducing the method of
matched asymptotic expansions into the theory, but his results cannot be
used for the purposes required herein. Smith (ref. 19) obtained a solution
that is related to the one obtained herein, but his scaling is different and

his results cannot be used directly.



many results from the modern point of view - though we do attempt to use
existing results as much as possible. The present approach leads to a set
of asymptotic scaling laws for the unsteady motion, which we summarized in
figure 1. The treatment of the nonparallel flow effects is somewhat
different from that used in previous studies of this effect (see, e.g.,
Saric and Nayfeh, ref. 20; Gaster, ref. 21). In this regard, it is worth
noting that both the amplitude and phase of the present solution are
unambiquously determined to within an arbitrary constant.

The present solution corresponds to the case where the ‘'critical' layer
is near the wall so that there is only a single viscous layer. But there
are two inviscid regions outside this wall layer - a main inviscid region
where the unsteady velocity is quasi-steady and, therefore, has the same
cross-stream profile as the mean flow, and an outer region where unsteady
effects are important, but where the mean flow is near uniform (fig. 1).
This three-level structure is similar to the triple-deck structure found in
steady boundary layers (Stewartson, ref. 22; Messiter, ref. 23; Smith,

ref. 19).

Unlike the classical Tollmien-Schlichting solution, the preseﬁt result
is multiplied by a slowly varying function of x that is determined by a
solvability condition for the next order so]utiont

Finally, we show (in section 5) that there exists an overlap domain
(where x is large and X1 is small) in which each of these outer
Tollmien-Schlichting-like solutions match, in the matched asymptotic
expansion sense (ref. 5), with a Lam and Rott asymptotic eigensolution of
the unsteady boundary layer equation. However, only the lowest order
asymptotic eigensolution matches onto a Tollmein-Schiichting wave that

exhibits spatial growth.



The amplitude of each Tolimien-Schlichting wave is equal to ¢S

times a function whose order of magnitude is unity. Matching with the
asymptotic eigensolutions allows us to determine the exponent s. The 0(1)
function is only determined to within a constant factor whose evaluation
involves the numerical solution of the unsteady boundary layer equation, but
this constant is of much less importance than the cS factor. The

implications are discussed at the end of section 6.

The progressive wavelength reduction of the Lam and Rott asymptotic
eigensolutions that we referred to above is a sort of 'tuning' mechanism,
which allows free-stream disturbances to couple with Tollmein-Schlichting
waves, even when the streamwise wavelengths of the former are vastly
different from those of the latter. In section 5, we show that this .
reduction occurs because the asymptotic eigensolutions can produce no
pressure fluctuations and must, therefore, behave somewhat like convected
disturbances propagating into a region of decreasing streamwise velocity.

Since a convected disturbance is one with zero convective derivative,
(a/at) + U(a/ax+), where U is the mean velocity, its phase must be

t —.I}dx+/u) and its wavelength must therefore decrease in the streamwise
direction if U does. The importance of explaining this wavelength
reduction mechanism was emphasized by Reshotko (ref. 2, p. 344).

The Stokes-type solution, of the boundary layer equation, remains
uniformly valid in the downstream region and is, therefore, completely decoupled
from the Tolimien-Schlichting waves. On the other hand, there may be other
asymptotic eigensolutions of the unsteady boundary layer equation that do
not have this property, and these may give rise to additional
Tollmien-Schlichting waves. However, neither the eigenfunctions associated
with the continuous spectrum nor the discrete eigenfunctions of Brown and

Stewartson undergo enough wavelength reduction to become
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Tollmien-Schlichting waves, and these are the only sets of asymptotic
eigenfunctions that have been identified thus far. We do not pursue this
question here, but merely note that the present results show that a
spatially growing Tollmien-Schlichting wave will be generated if the lowest
order Lam and Rott asymptotic eigensolution constitutes a functionally
independent component of the asymptotic expansion of the solution to the

unsteady boundary layer equation4. no matter how small it may be and no

matter what other components may be present. We believe that the present
analysis then provides a complete description of the physics of the
generation process, including the spatial evolution of the
Tolimien-Schlichting waves before they reach the lower branch of the neutral
stability curve.

There have been some previous studies of the boundary layer receptivity
problem. Murdock (ref. 24) studied the response of an incompressible flat
plate boundary layer to a plane uniformly pulsating stream by numerically
solving the fully nonlinear parabolized Navier-Stokes equations in a limited
region of the downstream boundary layer. He imposed an upstream boundary
condition at the forward edge of this region that required his solution to

equal the Stokes layer solution at this point.

4In the forthcoming paper alluded to above, we show that the lowest order

Lam and Rott eigensolution actually does constitute such a component. This
is done by ana]yfically continuing the solution of the unsteady boundary
layer equation (obtained by a very accurate numerical procedure) into the
region of the complex plane where the lowest order Lam and Rott
eigensolution is dominant. This also allows us to fix the constant that
multiplies this solution, and, consequently, the constant that muitiplies

the unstable Tollmien-Schlichting wave.
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The present work implies that free-stream disturbances that enter the
mean boundary layer near the leading edge (i.e., within about a wavelength),
where the effect of mean flow divergence is very important, can induce
unsteady motion in the boundary layer that decays exponentially as it
propagates downstream until cross-stream inertia effects destabilize the
flow and the motion turns into a spatially growing instability wave.
However, the unsteady disturbance takes on the character of a decaying
Tolimien-Schlichting wave (i.e., it has the same cross-stream velocity
profile and represents a propagating wave) well within the unsteady boundary
layer region, that is, at a point where x= 1. It is shown that the
cross-stream inertia effects ultimately inhibit the progressive wavelength
reduction, which is responsible for producing them, and a sort of
quasi-equilibrium is reached.

Professor E11 Reshotko of Case Western Reserve University and Professor
Franklin K. Moore of Cornell University made many helpful comments during

the course of this work. Bruce Auer carried out the numerical computations.

2. FORMULATION

We consider a two-dimensional incompressible flow of density p and
kinematic viscosity v over a semi-infinite flat plate as shown schemati-
cally in figure 1. Far upstream the motion consists of a uniform flow with
velocity U_ plus a small amplitude harmonic perturbation of frequency w.
We suppose that the velocity V' = {u,v} has been nondimensionalized by
U_. We also suppose that the time t has been nondimensionalized by

1

w ~ and that the Cartesian coordinates X = {x,y} have been nondimension-

alized by U-/“' The plate is assumed to be located at y = 0, x > 0.
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In the absence of viscosity, the velocity at the surface of the plate
would be of the form
it
u=1¢H u,(x)e . v=0, x >0 (2.1)

where u_ is assumed to be much less than one. In the general case the mo-
tion is governed by the two-dimensional momentum and continuity equations,
which can be written in terms of the dimensionless vorticity -f and stream

function Y as

KL ,; = AR (2.2)

N = AY (2.3)

where a(n,Y)/a(x,y) denotes the Jacobian (an/ax)(a¥/ay) - (av/ax)(sa/ay),

s denotes the Laplacian (azlaxz) + (azlayz), and

e® = vu/v? (2.4)

is the reciprocal of the characteristic Reynolds number of the problem. The

velocity components are given by

Y
u=— V=-ay (2.5)

so that on the surface of the plate

Y _
Y = 3y = 0, y =0, x>0 (2.6)
We are interested in the case where

€ << 1 (2.7)

135



P 0(u_) (2.8)

|

and

x—l

0(1)

Then x/e6, the Reynolds number based on the distance from the leading
edge, will be 1arge5 and the viscous effects will be confined to a rela-

tively thin region near the surface of the plate. Hence, the boundary con-
dition at infinity is that ¥ match smoothly onto the inviscid solution at
large values of y/e3. In fact, when the perturbation wu_ is identically

zero the resulting steady flow is given by the extended Blasius series

(Goldstein, ref. 25, p. 142)

Yoy = ed V2t 3F(n) + 0<e6:'21n(ce'3))E (2.9)

where §g,n are parabolic coordinates defined in the usual way by

zZ =x t iy = X2 (2.10)

n (2.11)

>
"

™
+

and F is the Blasius function, which is a solution of

F'*' + FF'* = 0 (2'12)
F(0) +F'(0) =0 (2.13)
~F'(n) + 1+ exp. small terms aS n <+ = (2.14)

5Ne are excluding a relatively small region near the leading -edge, but we

shall see that this need not concern us here.
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where the prime denotes differentiation with respect to n. Even though o
appears in the nondimensionalization of (2.2) and (2.3), it is clear that it
does not appear in the Blasius solution (2.9).

Since we are interested in small amplitude motion, it is natural to
linearize the solution about the Blasius solution (2.9). We only retain the
linear terms in this amplitude expansion, but it will be necessary.to con-
sider higher order terms in the expansion in e. Herver, these will all be
of lower order than c6(n2/52). Then it follows from (2.9) that we can ap-
proximate the steady solution by the Blasius so]ution~/2k3gF(n)' and

seek a solution of the form

e [s/? eF(n) + w(e% et 4L ] (2.15)
where
[¥] << ] &F(n)|

Moreover, equations (2.10) and (2.11) imply that
X = 52[1 + 0(e6n2/;2)] (2.16)

2
d
a‘f = 4|xl2 = 452[1 + 0(e6n2/52)] (2.17)

and that, to within this approximation,

n = ye-3/‘/'27 (2.18)
Substituting (2.10), (2.11), and (2.15) into (2.2) and (2.3), subtract-
ing (2.12), and neglecting quadratic terms in ¢, we obtain, upon'using
the approximation (2.17) to eliminate ldz/dxl and the approximation (2.16)

to reinsert the variable x in place of ¢,
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e g [ L]

Y (—;7 'Zv) + 0(velh); nX > 0 (2.19)
where
.2 2
el 2% L i L (2.20)
an X
and

This equation is sufficiently accurate to serve as a starting point for the

present analysis. It must be solved subject to the boundary conditions

IV
v = T 0 for n=0, x>0
since equation (2.18) shows that n = 0 on the surface of the plate. The
solution to (2.19) must match onto the inviscid solution for large n.

3. UNSTEADY BOUNDARY LAYER REGION

We first consider the limit ¢ + 0 with x = 0(1). With the present
nondimensionalization, this corresponds to letting the disturbance Reynolds
number become infinite while keeping the streamwise distance at about a

wavelength UQ/w from the leading edge. Then, in view of (2.8),"
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v = bo(xyn) + 0(c%) (3.1)
and "'O satisfies

52

; ' || 1 - 1
“¥onn " Fnax (F Yon - F WO) T 2% (Fwon)‘L‘f 7x%0nnnn

This equation can be integrated with respect to n to obtain the line-

arized unsteady boundary equation

. 3 My 1 3 1 )
(—1 +F W)wOn P s (FwOn) = 2% Yonnn = h(x) (3-2)

where h(x) is determined by the free stream pressure distribution. In
fact, since this equation must be solved subject to the free stream boundary

condition (see (2.1) and (2.1%))

uy = c3wy = (2x)'1/2¢On + u_(x) * exp. small terms as n + = (3.3)

it follows from (2.14) that

h(x) = JZT(—:—; - i)um(x) (3.4)

On the surface of the plate, ¥ satisfies

wo = Won = 0’ n = 0 (3'5)

Equation (3.2), being essentially the boundary layer approximation to

Navier-Stokes equation, neglects pressure variations across the layer, but
accounts for the divergence or nonparallelism of the mean flow in that it
2

)

retains inertia terms, like V(azw/ay , where V is the mean cross-stream

velocity.
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As we indicated in the introduction, our interest here is in showing

0(1), will match

that the solution to this equation, which applies when x
in the 'matched asymptotic expansion' sense (ref. 5) onto a Tollmien-
Schlichting wave solution as x becomes large. For this purpose we need
only know the large x asymptotic expansion of the former solution, which,
as we already indicated, consists of a Stokes-type solution plus a number of
rasymptotic eigensolutions' which account for the effects of the upstream
conditions. The Stokes-type solution remains uniformly valid in the
downstream region, and is, therefore, effectively decoupled from the
Tolimien-Schlichting wave that exists in that region. We therefore need
only consider the asymptotic eigensolutions.

We consider only the asymptotic eigensolutions of Lam and Rott
(ref. 9). Their work precedes the use of matched asymptotic expansion, but

Ackerberg and Phillips (ref. 10) rederive their results using this

approach. We refer mainly to this more modern work 6, which clearly shows
that the asymptotic eigensolutions provide asymptotic solutions to the
unsteady boundary layer equations, which are uniformly valid in n for
0 < e < =» and exhibit a two-layer structure with adjustment to the wall

boundary conditions taking place across a thin inner layer of the same

thickness as the Stokes layer.

6The Ackerberg and Phillips analysis was restricted to the case of
constant wu_, but the asymptotic eigensolutions do not depend on u_, and
therefore remain unchanged in the more general case considered herein. Of
course, the arbitrary constants that multiply these eigensolutions will be

strongly dependent on the precise nature of u (x).
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In fact, in the present notation, their formula for the asymptotic

eigenfunctions becomes7

(203230

Ya.g p. = C9g(xsnle as X+« (3.6)

where C denotes an arbitrary constant,

_9. ‘IEI F'(n) + O(x'3/2) in the main boundary layer;n = 0(1)

gy =< ? - : 3.7
0 U3 / (o - 3)w(3)d5 (3-7)
. 0

- +0(x3%)  for n=o0(x!/?)
/ w(%)ds
\_ 0

F' is defined by (2.12) to® (2.14),

Uy = F'(0) = 0.469%. . . (3.8)
\ e-71r1'/4/c2/2 (3.9)

w(o) = Ri(z,) (3.10)

¢, = (1 - doa)e, ©(3.11)

o = JZT n = y/c3 (3.12)

it

7lt is important to note that Ackerberg and Phillips use an e time

-it

dependence, while we use e ~, so our results are essentially the complex

conjugates of theirs.

8
Note that we set g = +2/3 5 rather than -2/3 n, as was done by

Ackerberg and Phillips.
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th

and <, denotes the n root of

t
Ai(;n) =0 for n=1,2, 3, ... (3.13)
Here Ai and Ai denote the Airy function and its derivative in the
usual notation (Abramowitz and Stegun, ref. 26, pp. 446 and 448). Since the

roots of (3.13) all lie along the negative real axis, we can put

t = p e im with o > 0. (3.14)

It is easy to see that (3.6) oscillates with increasing rapidity (i.e., the
-1/2) as

X + o,

wavelength of the oscillation decreases like x

Ackerberg and Phillips (ref. 10) show that this result is a homogeneous
solution of the unsteady boundary layer equation (3.2)g to within an error

3/2

that is smaller than (3.6) by a factor 0(x ~'°). However, as shown in ap-

pendix A, vc = XT*A.&P. also provides a solution with this property for any
constant «.

The reason for this ambiguity is that, since (3.6) involves both expo-
nential and algebraic functions, and since exponentially small functions are

always negligible compared with algebraically small functions, (3.6) must

-9
really be treated as an expansion of the form Cgoe B.L. where

3/2

= =a(2x)7'°/30% + v 1n x + o(In x)

o 0

B.L.

In this sense, the amplitude function is determined by higher order terms in
the expansion. Ackerberg and Phillips only worked out the lowest order term
in their expansion, while the exponent 1 1is determined by the higher

order terms.

9Our dependent variable differs from that of Ackerberg and Phillips

by a factor of x1/2.
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One way to determine this quantity is to begin with an expansion of the

form

I

(20372130
)e as X + o, (3.15)

v, = x’(g0 + 9 * ...

where % is given by (3.7), and show that there is only one value of =«
that leads to an equation for 9 that possesses a solution. This amounts
to using the method of multiple scales (ref. 17, pp. 276-282) and treat-
ing x' as the slowly varying amplitude function, which is determined
solvability condition of the higher order problem. This procedure is

carried out in appendix A, where it is shown that t is given by

3 /agp
[T omgon ()] o

T =- 0 (3.16)

4 / (096 - go)w‘ do
0

and gq and w are given by the second line of (3.7) and by (3.10), re-

spectively.

4. THE ORR-SOMMERFELD REGION

Since arg. x» = -n/4, equation (3.15) represents a downstream

. . -1/2
propagating wave whose wavelength is decreasing like x / . Then the

cross-stream velocity perturbation

3w
Vl = -€ 3X (4'1)

will eventually become large relative to the streamwise velocity perturbation
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3 3% (4.2)

This produces a significant cross-stream pressure fluctuation through the
transverse momentum equation, and the unsteady boundary layer equation
(3.2), from which‘(3.15) is derived, becomes invalid. In fact, substituting
(3.15) in 73, where 2 is defined by (2.20), shows that the second term

in the resulting expression will eventually be proportional to

(2xx:3/U6)2

and therefore when x = 0(e'3), it will certainly not be negligible com-
pared with the first term, as was assumed in deriving the unsteady boundary
layer equation (3.2). However, it turns out that (3.15) breaks down at even
smaller values of x. This occurs because aullay = e3 azway2 is small in
the outer portion of the boundary layer, and avllax = —e3 azwlax2
therefore becomes significant at smaller values of x there.

We therefore seek a solution to (2.19) that is valid when

x| = e x; 0<rc<3 (4.3)

remains of order one as e » 0 and which extends the asymptotic unsteady
boundary layer solution (3.15) into this region; that is, which matches the
latter solution asymptotically as Xq * 0.

The form of (3.15) suggests that this solution will be of the form

X

(i/cb)fnc(xl,c)dx
v = cGS(Xl,n,e)e 0 (4.4)

where «x and G are 0(1l) and

b=r/2 (4.5)

"
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and the constant s will be determined by the analysis.

Substituting (4.4) into (2.19) we obtain

3r/?

-li.?eh‘ U(3caxG+2u2Gx) -céaxwzuze') + U6
@ x 1 1 1 SYAS X

: 2 2 U 2_ 2 F 2 2 u' 6+r
-U(D -u)le*"’-(—l'(D-a)G"?;(—l-(D—G)DG""E?]'.'DGt"'O(E )

uniformly in n (4.6)

where D =z 3/a3n, the primes denote totul derivatives with resbect to n, the

subscript X1 denotes partial or total derivatives with respect to X1»

1/2 | |
R = R(x)) = \/'2?(/;3 - (le/e”ﬁ) . (4.7)

o =alx) = 3T T R(x)), (4.8)
¢ =clxy) =8/ eln))y (4.9)

' & denotes the Orr-Sommerfeld operator

)
2= (o? - o) - arflu - )0 - ad) - ut] (4.10)
| and as can be seen from (2.5), (2.15), (2.16), and (2.18)

U =U(n) = F'(n) (4.11)

is the mean flow velocity in the direction along thekplate.

The phrase ‘uniformly in n,.which appears at the end of equation
(4.6), is intended to imply that we have retained sﬁfficient terms to ensure
that the approximation remains valid for all n, even in local regions |

where the terms involving higher derivatives with respect to n can become
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large and in regions where U and/or its derivatjves become small (i.e.,
near the wall and at the outer edge of the Blasius boundary layer). Notice,
for example, that even though the effective Reynolds number R will always
be large and o and/or ¢ will always be small, we have included terms
involving these quantities on the left side of (4.6), which presumably
contains only the lowest order terms.

Equation (4.6) is, then, to lowest order of approximation, just the
Orr-Sommerfeld equation with coefficients a«, c, and R that are slowly
varying functions of x; that is, they are functions of the 'slow variable'
Xy - However, a, ¢, and R are not all independent, but, as can be seen

from (4.7) to (4.9), are related to each other and to x; by

aC = "le 5[3_(r/2)] = e6R (4.12)

Of course, a« and c correspond to the wave number and wave speed, respec-

tively, in (4.10).
Since (4.6) has slowly varying coefficients, it is appropriate

(ref. 20) to put
G = A(XI)Y(THX]_) i (4-13)

where A 1is a 'slowly varying’ function of x) to be determined by the

analysis. Then (4.6) becomes

3r/2
1 € d In A 6+r
RELY = - (“1 —ax; " “2) *olem ) (4.14).
H 2(3U - 2¢) + U 2y
] =la - 2¢) U y - UD%y (4.15)

and
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Hy = aaxl(gu C o)y 4 [u-' + o230 - 2¢) - unz]Yxl + 2+1 [DZ(FDy) - 2;3 D(Fzy)]
(4.16)

It follows from (3.5), (4.4), and (4.13) that we must require
y=0y=0 at n=0 (4.17)

and it is appropriate to require that Dy vanish exponentially as
ne -~ (4.18)

Since the effective Reynolds number R s always large in the present

approximation, it is only appropriate to consider the asymptotic (as R » =)
solution to (4.14). Fortunately, the asymptotic theory'of the
Orr-Sommerfeld equation has been highly developed by Tollmien (refs. 27 and
28), Lin (refs. 29 and 30), and many others.

As we indicated in the introduction, our interest is in showing that
(4.14) has an eigensolution (i.e,, a solution satisfying the homogeneous
boundary conditions (4.17) and (4.18)) that matches the damped asymptotic
eigensolution (3.15) when x; 1is small and develops into a growing (i.e.,
unstable) eigensolution when Xy = 0(1)).

Now it can be seen from (3.15), (4.4), and (4.8) that matching with
(3.15) can only occur if a ~ xle3'r as x; + 0, which, in view of (4.3),
implies that o must be small in this region. But it is also known (ref.
13, p. 306 or ref. 31) that o 1is small and in the vicinity of the neutral
stability curve when R is large. Hence, it is appropriate to restrict our
attention to the case where a 1is small.

However, it can be seen from (4.10) and (4.14) that R actually ap-

pears in the combination «R in the Orr-Sommerfeld equation, and the asymp-
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totic theory for large R and small o« must really be an asymptotic theory

for large oR and small a. But it follows from (4.7) and (4.8) that

aR = 2X1K(X1,e)/c(3r/2) (4.19)

will certainly be large in the present case.

It remains to choose the scaling exponent r. As we already indicated,
we would like to do this so that x; will be of order one in the vicinity
of the lower branch of the neutral stability curve. The asymptotic theory
of the Orr-Sommerfeld equation for large oR and small a (ref. 13,
pp. 279-281 or ref. 31) shows that o« = O(c) in this region. Hence it
follows from (4.8) and (4.9) that we must put

r = 2 (4.20)
Then
a = e;, C = eE (4‘21)
where
a = Fxl x (4.22)
and
Tk (4.23)
are 0(1).

It is important to notice that, even though «, and consequently, &
and c, are 0(1), « does depend on €, and therefore possesses an
asymptotic expansion in this parameter. However, it is clear from (4.3) to
(4.5) and (4.20) that this expansion need only be carried out up to, but not
including, terms 0(:4), since (see (4.3), (4.5), and (4.20)) the latter
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can always be incorporated into the 'slowly varying' function A(xl),
which enters (4.4) via (4.13). Thus, in the present approach, the slowly
varying amplitude function, which is usually introduced to account for
nonparallel flow effects (Gaster, ref. 21; Saric and Nayfeh, ref. 20), is
merely the natural continuation of the asymptotic expansion of «.

At this point one might be tempted to simply use the results of the
asymptotic theory of the Orr-Sommerfeld equation, but since our aim is to
obtain a uniformly valid solution by the method of matched asymptotic ex-
pansions, and since most of the asymptotic Orr-Sommerfeld theory predates
the introduction of this technique, it will be necessary to rederive some of
the results from this point of view. However, we have tried to keep the
analysis as close to the classical approach as possible and use existing
results wherever we can.

Since a« and ¢ are both small, classical theory (ref. 31) suggests
that the solution will exhibit a three-layer structure in the n
direction. There will be (1) é viscous wall layer that contains the
critical layer; (2) a main inviscid layer where the flow is quasi-éteady and
nearly parallel, since a and c appear only in the higher order terms
here; and (3) an outer inviscid region where unsteady effects and streamwise
variations are important, since o enters the lowest order solution in this

region. We first consider the inviscid layers.
4.1 The Inviscid Region

The solution in the main inviscid layer corresponds to the limit

e + 0 with n =0(1). We therefore seek an expansion of the form
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v = vgln.xg) + evy(n.xq) + 0(e2) | (4.24)

Since «, and consequently a and E}'depend on e, the conventional
approach would be to also expand these quantities in e (ref. 17, pp. 68-71),
but it turns out to be simpler to leave them unexpanded and deter-
mine their e dependence during the course of the analysis. _This intro-
duces extraneous higher order terms into the analysis, but of course no ad-
ditional error is incurred by retaining such terms. They can be eliminated
at any stage of the analysis by re-expanding the solution, if this turns
out to be desirable. Terms such as Y9 and Y will then depend on e, as
well as the indicated arguments but we simplify the.notation by suppressing
this dependence. Another reason for leaving @ and ¢ unexpended is to
keep the analysis as close as possible to classical stability theory.

Matching with the wall layer solution will require that the lowest

order normal velocity component of this solution vanish at the wall, so we

must take

v9(0,xy) = 0 (4.25)

The solution in the outer inviscid region corresponds to the limit

e+ 0 with 7= 0(1), where
= en (4.26)
In this region the expansion must be of the form
Y = Ty(Foxy) * eFp(Foxg) + 0(F) - (4.27)

When condition (4.25) is imposed, the first two terms of these two expan-

sions can be determined independently of the solution in the wall layer.
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The procedure is straightforward'andAis relegated to appendix B. The re-

sult is that the solution in the main inviscid layer is given by

n

vy = U - (Ce) - eal ( - l)dn'+ n|+ 0(e2) (4.28)

C"—-‘
N

where we have set Kz(xl) = 0, since it represents a higher order correction
to the normalization 'constant', which we have already set equal to unity
because it can be incorporated into the slowly varying function A(xl).

The more complete expansion is given to within an error of 0(55) by
(B-16) and (B-20) through (B-24) with the functions ., 8,5, 9, appropri-
ately re-expanded for small values of c = ec. Since the latter expansion
proceeds in bowers of c, it is clear that the entire outer expansion is a
power series to all orders in e and that dropping terms 0(un) introduces
an error 0(e") uniformly in c. However, we have not as yet expanded the
wave number «, and consequently ¢ and o, in powers of e. This will
introduce logarithmic terms into the expansion.

4,2. The Viscous Wall Layer and the Characteristic Equation

The solution in the viscous wall layer corresponds to the limit

E"O ;:0(1).

where

nle (4.29)

n
We therefore seek an expansion of the form
- - 4
Y = Ch(XI-C)YO(n.Xl) + ¢ 74(11.)(1) + ., .. (4.30)
where
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b(Xl,C) =1+ Cbl(Xl) + Czbz(xl) + 83(]n C)b3(X1)

Equations (4.19) and (4.20) show that
8 = e(aR)3 2 (2x0) 13 (4.31)

is of order one. Inserting (4.20), (4.21), and (4.29) to (4.31) into (4.14)
to (4.16), using (4.11) and (A-5), and equating coefficients of like powers

of € yields

£00=0 (4.32)

— —=3 d InA | =
.wa4 = -UOCB <H1 —ax—l—' + H2> (4.33)

. |
¢ =0 - 1a§z'3<—2 - 1)52 (4.34)

and the functions ﬁl and H2 are defined by

i:'-l = 5.(?0 - ﬂD'Yo)g (4’35)

|
nN

0

=]

<

where

3 = —p- 1 m2n—y V0 _3(— T o=
F 2t (g - 050) * 7= 00ig) - —2 (50 - 307)  (4.39)

The boundary condition (4.17) implies that
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= DYO =0 at ;{: 0 (4.37)
and

Equation (4.32) was used by Lin (ref. 31) to describe the Tollmien-
Schlichting waves in the neighborhood of the critical layer. Its solution

is well known. Thus, introducing the new independent variable

Upn
- -0, 4.39)
4 ¢0< = > (

213 _ ~5wil6

where

-5wil6g (aRu6)1/3c/u6,. (4.40)

ty = € c8/(Uy)

into this result shows that d2§b/dc2 satisfies Airy's equation

2.
d A1 _ tai = 0. (4.41)
dg

It follows that

_ — 4 4 o o~
Yo = 2] * apm * a3f df/. Ai (T)dg (4.42)
"1 “1

where, in order to satisfy (4.37), the arbitrary functions of X1s 81+ 3ps

and as, must satisfy

g0 c
3 = -a3/ dcf Ai(T)dT (4.43)

1 “1
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Ug ‘0

a2=_c_—c0a3f Ri(c)de (4.44)
| "1

and the subscript 1 on e« is used to indicate that the path of integration

tends to infinity in the sector -n/3 < arg ¢ < «/3.

The inner expansion (4.30) must now be matched onto the solution in the
main inviscid region. This will ultimately determine the expansion of « in
terms of ¢ that was alluded to above. For reasons that will become clear
subsequently, it is convenient to simultaneously determine‘all terms through
O(c4 In €¢) in this expansion. The 0(64 In €) term arises (see eq. (4.64)
below and the equation preceding (4.65)) because the term

4 T &l -
e In (- 2ug) & (€ - ugn
< C ) 2U' 0 )

appears in e4§h at large values of 7§. It is therefore convenient to arti-
- ficially introduce this term at an earlier stage of the expansion than it

would normally occur. To this end we put

Ty - U}
G 7 O @ifm e A+ oY) as ¢+ 0, 7= 0(1)
(4.45)
where
B T

Wi (4 3 ) 0 = %Y (4.46)

Dy, - ¢ ac In (-2 y

T w? "( 5 °>

and E4(;) is 0(1) for n = 0(1).
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Since the integral in (4.42) vanishes exponentially fast as ¢, and

hence m., go to infinity, it follows that
:6?0 - eb(a; + aé;) + exp. small terms as n +w (4.45)

Introducing the outer variable nin place of n and re-expanding, we find

that the 3 term outer expansion of the 3 temm inner expansion of_W'(See ref. 32,

p. 90) is given by

- 4
— ;e +0 . - =
€Wz 52 (e7) ¢ e+0 n=0(1) (4.46)
€ a ]
1+ﬁ——7]n(-€CﬂJ0)
2 ZUO

which is independent of " and depends only on the slow variable X;- Moreover,
it is easy to show from (4.64) below that WA is a polynomial in n at large

values of n and, therefore, cannot introduce additional logarithmic terms into

the outer expansion of W.
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We, therefore, carry out the matching in terms of the variable W rather than
in terms of the basic variable y.

Since (4.11) and (A-5) show that

U= Ugn + 0(n’) as 1+ 0 (4.47)

it is clear that, to the order of approximations being considered,'ﬁ- should

match with the limiting value as n + 0 of the outer variablell

W(n) = = E0r= Uy, (4.48)

where vy 1is given by (B-16) with the 0(:4) terms omitted, i.e., by -

The latter quantity is expressed in terms of & by (B-20) and & is, in
turn, given by (B-21). in which the O(uz) term can be omitted to the
present level of approximation.

Inserting (B-20) and (B-21) into (4.48) we obtain

W= 0=y * 0(e) = - g {(1 - )2 + e + az[agz -1 - c)4n]]}
+ 0% as e~ 0, n = 0(1) (4.49)
where

n1=2f u? (uz—

n
n

“JF‘

) dn|dn + 0(c) (4.50)

[emg

10y =u+iva= -c/W(0) is the ‘inviscid function' that appears in the

characteristic equation of classical stability theory (ref. 30, p. 37).
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and we have put

Y]

4 1
Ss(l—c) I:U-,—(-U—_—a--no]

1, 2 1 1 2 1 2 2
= 00 ue - dn + 2c - T - U+ —r - dn [+ 0(c")
f( uz) ! up? U ( U3 u2> " '
n

n

(4.51)
In obtaining the expansions in (4.50) and (4.51) it is 1mp6rtant to
keep in mind that the outer 1imit corresponds to letting e + 0 while
n¢ 0 is held fixed so that ¢ = ec must eventually become less than U
in the integrands of (B-22) through (B-24).
It is easy to see from (4.47) through (4.51) that W is independent
of n to within an error 0(e4) when 7 = n/e = 0(1). Moreover, compar-

ing (4.45) with (4.28) and using (4.47) shows that
ba, = U} + O(e) (4.52)

Hence, it follows from (4.21), (4.43), (4.44), and (4.49) through (4.51)
that the 3 term inner expansion of the 3 term outer expansion (of W) will
equal the 3 term outer expansion of the 3 term inner expansion, which is

given by (4.46), if we put

0 0
) —
1 3 ac eC t
+ Vi € ——l3' ]n(-ﬁ =F (CO) (4-53)
U0 0

where
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1 1 (4.54)

is the Tietjens function and Jl’ JZ' J3 are constants defined by

- 2 1 1
3y = U <J -t U_’Z‘Z) dn (4.55)
0 n
0
1 2 1 2
Ja. = —U! ( - + U - + )dn (4.56)
2 0 37 7 3 V4
U ] UAn Uln
A (%) (Yn)

and

Not surprisingly, this is precisely the characteristic equation that is ob-
tained from the classical large aR small a asymptotic so]ution to the
Orr-Sommerfeld equation with the irrelevant higher order terms in ¢

neglected (Lin,11 ref. 31, see p. 294 of appendix and equation immediately fol-
Towing (12.5); also ref. 13, pp. 279-282). It applies when ¢ =

O(a). Its solutions are the eigenvalues of the Orr-Sommerfeld equation that

correspond to the Tollmien-Schlichting instability waves.

M There are some minor typographical errors in eq. (7) of Lin's appendix

and a prime is missing in his eq. (12.5).
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The neutral stability curve, which divides the region of growing in-
stability waves from the region of decaying waves, cbrresponds to real val-
ues of a and c. The solution to (4.53) corresponding to the lower branch
of this curve is given to lowest order in a and c (i.e., to lowest order

in ¢) by (ref. 31, eq. (12.7) and ref. 13, pp. 281-282)
c = 2.296 a/U] ' (4.57)

5, 4

R = 1.002(U6) [a (4.58)

The first of these shows that, as was anticipated, « is indeed of order ¢
in the vicinity of this curve while the second shows that oR is large
there.

The difference between the present result and that of conventional sta-
bility theory is that «, ¢ and R are no longer independent, but are re-
lated to each other and to X; by equations (4.7) through (4.9) with
r=2. (see also (4.12)). Then since only « and Xy appear in the
actual solution (4.4), it will be helpful to eliminate «. ¢ and R and
express the characteristic equation (4.53) entirely in terms of x and

X] - To this end we integrate by parts to obtain

4 4 4 4
/ d;/ Ai('c”)}?c=;/ Ai(r.)dc-/ thi(c)de (4.59)
“1 "1 ! "1
Hence it follows from (4.41) that equation (4.54) can be written as
Ailcy)
t 0
Fl(cg) = 1 - = (4.60)
g -/z Ai(zg)de
1
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On the other hand, it follows from (4.23) and (4.31) that (4.40) can be

written as
- g 2m1/6 (V?l/.c>2’3 (4.61)
where |
X, = 2% JUL2 (4.62)
1 = X1/ .

Inserting (4.22). (4.23), (4.60) and (4.61) into (4.53) yields

. %312
it
0
~3/2 ~3
o ina 32\ sz [, 2K Y XY
ce %o Xy 1 —— -
iy 2
eiﬂ/4(~1c0)3/283 e'hr/4cc3)/2
- = In :
2 Uoc x{72 U0
= H(tq) = 0 0
= o' = 3 (4.63)
Ai(tg)dc

These equations determine the exponent «x in the solution (4.4) as a
function of the 'slow variable' X1 and the small parameter e. They are
accurate to within an error O(e4), but, as we already indicated, there is
no need to determine « with any greater precision because the higher
order effects can now be accounted for by the slowly varying amplitude

function A(xl).
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4.3 Determination of Slowly Varying Amplitude Function Solvability

The amplitude function A, which enters the solution (4.4) through
(4.13), is determined by the requirement that previously neglected 0(c4)
terms in the inner and outer expansions matth in some overlap domain. We
therefore have to find the 0(e4) solution in the inviscid region and the
solution ?a in the viscous wall layer. It is shown in appendix C that
(4.33), the boundary condition (4.38), and the requirement that it grow at
most algebraically fast as n + =, determine ?; to within an arbitrary
multiple of '?b, which can only effect the complete solution by introducing
an 0(e4) change in its normalization. The solution in the main inviscid
region, correct to 0(c4), is determined by (B-16) and (B-20) through (B-24)
to within an arbitrary normalization factor, which is equal to unity to low-
est order in e. Thus, it turns out that the solution in the main inviscid
region will only match the wall layer solution ?; when the slowly vary-
ing amplitude function A(xl) is appropriately adjusted.

The latter solution is given by (C-17). Although it is rather compli-
cated, we only need to know its asymptotic behavior as e -,

Introducing (4.39) into (C-17), expanding for large T, using (4.45),
(C-11), (4.52), and the equation preceding (4.31), introducing the new

arbitrary function

and neglecting O(e) terms, we obtain
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3
] n ] [}
97 C 3 sgn(2n - 3) (%“) ( ”0“) 1 <‘““o>
P nT —) "\" =) "\ =
2U'0 €C Ce eC
N=
e B R LW S
le 1 dx, dxl

a, + ¢ ® ' _
S At / * d-,,-_ia,siu())/ (ﬁlﬂ%.g_lﬂ+n2>m "
0
0

0(3_1) as n o+ w (4.64)

+

Now it is clear that any term involving 2" for n > 0 (including those

4-n)

involving the logarithms) can only be matched by the 0f(e term in the

outer expansion (4.24) and it is not hard to prove that the matching actu-
ally occurs for all n > 0. The 1In e terms have already been accounted
for and the term involving the arbitrary function Ei can be matched by
adding (4.28) multiplied by _ie3 onto the outer expansion. This leaves
the n-independent terms and the term involving 1In n itself. They must
clearly be matched by the 0(e4) term in the outer expansion, which is

given by (B-16).

It is not hard to show that

3
_3 -
Y§ = EETE Inn - l%' :E: Anc";(3 ")+ 0(n n n) as n =+ 0
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where the An are constants (i.e., they are independent of xl) whose exact

form is unimportant for our purposes. Moreover, it follows from‘(4.47) that

(4.28) is equal to e[(E/Ua) - ¢c)] at n=0. Comparing this with (4.45) and

using the equation preceding (4.31) we see that 3 = (E7U6) -Cc+0(e). It.
therefore follows from (4.47) that the n-independent terms in (4.64) and

(B-16) can only match if

3
—dinA_ a ., a ~ —n—(3-n)
S A T 2, A
n=0
= wUgBi(c,) (Hl d_(‘j."_ﬁ + F[) - / rt dn,  (4.65)
cU0 0

where the R; are 0(1) constants (related to the An) and the last inte-
gral is given by (C-16). This equation determines the slowly varying ampli-
tude function A(xl).
5. MATCHING OF ASYMPTOTIC EIGENSOLUTION AND TOLLMIEN-SCHLICHTING WAVE

We must now show that as x; = e2x » 0, the downstream solution (4.4),
which applies when Xy = 0(1), matches the asymptotic eigensolution (3.15),
which describes the 1imiting downstream behavior of the solution in the un-
steady boundary layer region where x = 0(1). This will be done in three
stages. First the exponential term in (4.4) will be shown to match the ex-
ponential term in (3.15). Then the function vy, which enters through

(4.13), will be shown to match gox"ll2

and, finally, it will be shown that
the slowly varying function A becomes equal to xg1+1/2). Then (4.4) and

(3.5) will match if s is set equal to -(2t+1).
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5.1 Matching of Exponential Terms

As we already indicated, equations (4.61) and (4.63), which are only
accurate to O(ea), contain irrelevant higher order ferms due to their
implicit dependence on «. We can eliminate them by expanding « 1in an
appropriate asymptotic series in e and then re-expanding the result.

Since H 1is an analytic function of Lo it is clear that «x must

have an expansion of the form

K = ¥, *oexg t csz + 93(1n s)KB + 0(53) (5.1)

Inserting this into (4.61) and (4.63), expanding H in a Taylor series about

. 2/3
T e—51t1/6 (ﬁ/xo) . ‘ (5.2)

and equating coefficients of like orders of e we obtain

H(zgg) = To/2 (5.3)
~3/2
K X, d
;l= _,32 in/4 1/2?1 2 -——3—} 1 H' (240) (5.4)
0 Ty,
. 2 5/2
2 - 1 [1 H (COO)COO] (K1> + "11[,4 (_) J (K—1>/H'(C )
KO -3 H ZCOO’ OO 1 KO 00
35 73312 J
i2~/2 (M 13Y /.
"7 ‘001 —3 %2 -5 |/ " (50 (5.5)
%00 %00
K
3 3 1w/4 1/2~3/2
O v AT /” (290) (5.6)
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where H(;OO) is defined in (4.63) and the primes on H denote derivatives

with respect to 00°

Since

/ 00
Ai(g)de

!

cannot become infinite as §i + 0, it follows from (4.63) and (5.3) that
either (1) o0 * 0 or (2) that A;(coo) + 0 in this limit. But expanding
(5.2) and (5.3) for small ;i and 200 shows that condition (1) can only
occur if arg. Ky = 5#i/8, which corresponds to an upstream propagating wave,
or if arg. X0 has increased by more than a factor of 2n from its value at
the neutral curve, where (4.57) and (4.58) hold. In the latter case, the
eigensolution would have to exhibit growth upstream of the neutral curve -

which certainly cannot occur. Hence we must conclude that

Ai(coo) +0 as xy * 0 (5.7)
It therefore follows that

200 * %n (5.8)

for some n = 1,2,..., where 4 is determined by (3.13), which can be
thought of as the characteristic equation for the asymptotic eigensolution
(3.15). Thus the limiting form of the characteristic equation for the
Orr-Sommerfeld equation coincides with the characteristic equation for the
asymptotic eigensolutions.

Equation (5.3) has been solved numerically. The results are shown in

figure 2.
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On the Tower branch of the neutral stability curve the solution to
(4.53) is given by (4.57) and (4.58) to lowest order of approximation in
a=¢ca and C = ec. These equations must therefore determine the neutrally
stable solutions of (5.2) and (5.3) (i.e., the solutions corresponding to
real xo) when a, ¢, and R are expressed in terms of Ko and ?&. |

Substituting (4.57) and (4.58) into (4.12) and (4.40), using (5.1), and
noting that ty = tyy + O(c). we find that gy, = (2.296) (1.002)/3 exp,
(-5i/6) and ¥} = 2xq/(U'0)% = (2.296)*/%  (1.002)2/% = 3.033 on the Tower
branch of the neutral stability curve. The figure shows that the curves
pass through this point. It also shows that 00 approaches -1.0188 as
§1 + 0. As can be seen from the table on p. 478 of Abramowitz and Stegun
(ref. 26), this is the smallest root of (3.13) (i.e., it is equal to gq).
This provides a numerical verification of our conclusion that (3.13) is the

appropriate limiting form of the characteristic equation (5.3).

It now follows from (4.3), (4.20), (4.62). and (5.2) that

Kg * i ‘/?xl x/Ué = ie ‘/Zx A/Ué as  x; 0 (5.9)

. 1 2 2
where A is given by (3.9), or more precisely, kg = ig\/2x A/U0 + 3C0x1 + o(xl)

as xl*»O, where Co is an 0(1) constant. On the other hand, it follows

from (4.41), the right side of (4.63), and (5.7) that

. T ~
H'(coo) + esm/ztgoAi(coo)//./~ 00 Ai(z)dt as Xy =+ 0
. -
and
-1
' (g 1M (200) + 7 oo [’i‘ Go * "”'(‘oo)] as x;+ 0.
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Table 10.13 on p. 478 of Abramowitz and Stegun (ref. 26) and equation (5.7)

therefore show that both 'H'(COO) and H'tOO/H"(coo) are non-zero constants

when ;1 = 0. Hence it follows from (5.4) through (5.6), (4.62), and (5.9)

that
j
K, + 5 C X3/2
1 72%171
Ko * 2 szl 4 (5.10)
2
Ky 3 C3X1
J

as  xq + 0, where Cl' C2, and C3 are 0(1) constants. We therefore con-

clude from (4.3), (4.20)., (5.1), and (5.9) that
X
(i/¢€) fnc(xl,e)dx
o 0

3/2
- A (2 .
= exp {- _(3,63__ + 1:3)(2 (Cox + C1x1/2 + CZ) + ‘iC356(]n e)X3}+ 0(:4)

3/2
=a{2x)7" /304
)] e 0 (5.11)

3.2 4
= [} + e x (COX + C1 \/Y + Cé) + 0(e
when ¢ + 0 and x = 0(1).

It therefore follows from (4.5) and (4.20) that the exponential term in

(4.4) does indeed match the exponential term in the asymptotic eigensolution

(3.15).

Equations (4.61) and(4.63) were solved numerically to determine x as a

function ot x;. The results, which are plotted in figure 3. show that Imve s
zero when xq is on the neutral stability curve. The dashed curve is a

plot of the real and imaginary parts of the right side of (5.9) with 2

given by (3.9) for n=1. (Note that Reir = Jmixr = 0.6876 in this case.)

The ¢ = 0 curves represent 0 » the lowest order approximation to « . Thus,

the figure shows that (5.9) holds for the lowest order eigenvalue and

that « =« x4 as x; < 0 with ¢ 0.
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5.2 Matching of Amplitudes
We first consider the main inviscid region where n = 0(1). Inserting

(4.23), (5.1), (5.9). and (5.10) into (4.28) shows that

iUy
A ‘/ZY

Comparing this with the first line of (3.7) and using (4.11) shows that

y+ U+ +0(e3)as x1+0

y + gol ‘/27 as xq + 0 with n= 0(1) (5.12)

Hence the amplitudes match to within a power of x, which will be accounted

for when we match A and x".

We now consider the solution in the wall layer where 7 = n/e = 0(1)
and y = c?o + O(ez).
It follows from (4.23), (4.61), (5.1), (5.2), and (5.8) through (5.10)

that

T U firyZ)  as xp+ 0 (5.13)
and

8 * %n as  x; -+ 0 (5.14)

Inserting these into (4.39) we find that
Ty as x; + 0 (5.15)

where ¢, is defined in (3.11) with o given by (3.12). Inserting this
together with (5.13) into (D-1), introducing o as a new vari-
able of integration, and comparing the result with the second line of (3.7)

shows that (5.12) also holds in the inner viscous layer where 7 = 0(1).
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5.3 Matching of Slowly Varying Amplitude
In view of (5.12) and the results of section 5.2, the matching of the
slowly varying Tollmien-Schlichting wave. given by (4.4) and (4.13), and the

asymptotic eigensolution (3.15) will be established once it is shown that

Alx) + x:(; *1/2) as x, + 0 (5.14)

where <t is given by (3.16) and A 1is determined by (4.65).

For this purpose we can replace Cos C, and « by their first approxi-
mations 00 nal, and ‘/E;;.KO’ respectively (see eqs. (4.22), (4.23),
and (5.1)). Then since Bi‘(co)Ai(z), and cowi(c), where Wi 1is defined
by (C-6), are both 0(1) as tg * &, and T+ g (ref. 26,
pp. 446 and 447), it follows from (C-16) and (5.9) that the second
term on the right side of (4.65) will certainly be negligible relative to
the first as x; * 0.

Expanding (5.3) for small X1 shows that acoolax1 remains bounded

as x; + 0. On the other hand, it follows from (5.9) that

Hence it follows from (D-1) and the chain rule for partial differentiation

that

Mo 1 -, Mg /2%y

1 — —
3%, 2x1 Y0 7 3t 3% =7 ?YI Yo' (DYO)

ac/an

Inserting c = nal into (4.39) and using the result together with (5.9) to

eliminate ¢ now yields
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) P ——
37{ + - ?;I (YO - nDYO)

Inserting this together with (3.12), (5.9) and ¢ = xal into (4.36) shows

H + - ?})q' [(—Y-O - ;D;O) + %" (-T-\- .D_Z?O - anYo) '.% ('3)‘ ('_Y-O - %_D-—O)} as Xl + 0

(5.16)

It follows from (4.35), (4.42). and the approximation (4.52) that

UgnBi'(zg) f A A dn
0

is order one and will not go to zero as x; = 0. Then since « does go to
zero, the first term on the left side (4.65) can be neglected. The remain-
ing terms on the left side become equal to a constant and can, therefore, be
neglected, since it follows from (4.35) and (5.16) that the first term on
the right side of (4.65) increases at least as fast as xIl as x; -+ 0.
Hence (4.65) can be approximated by the first term on its right side.

Inserting (4.35), integrating by parts, and using (4.37) and (4.39) this

becomes

AN 1 = v
[ [(YO - nDYO) g———drgl—A- + H] Ai dn =0
Inserting (5.16) into this result, using (4.24) and (5.12) to elimi-

nate ?b in terms of gp and introducing the function o defined in

(3.12) as a new variable of integration yields
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d'ln‘A_.Z'r*‘l
dx1 2x1

as X; =+ 0

Integrating with respect to X1 and making the appropriate choice
for the integration constant shows that (5.14) is satisfied and that (4.4)
does indeed match (3.15) as Xy * 0.

6. DISCUSSION OF RESULTS

The preceding analysis implies that Tollmien-Schlichting waves are gen-
erated by free stream disturbances in the relatively small region near the
leading edge where the motion is governed by the unsteady boundary layer
equation. These disturbances do not generate Tollmien-Schlichting waves in
the downstream region where the motioﬁ is governed by the Orr-Sommerfeld
equation. This is consistent with Murdock's (ref. 24) numerical results.

The remnant of the unsteady boundary layer solution oscillates about a
Stokes shear—layer type of solution with progressively decreasing amplitude.
Mathematically, these oscillations are represented by asymptotic
eigenso]htions. In this paper, we consider only the asymptotic eigensolutions
of Lam and Rott (ref. 9), whose wave length decreases with increasing distance

-1/2). This reduction in spatial scale

downstream (it decreases like x
gives rise to cross stream inertia effects, which are absent in the unsteady
boundary layer region and which can eventually (i.e., when x = O(e—z))
destabilize the flow - causing it to behave like a spatially growing

Tollmien-Schlichting wave.
The reduction in wave length (and consequently in phase speed) allows

free stream disturbances to couple with Tollmien-Schlichting waves even when

the wave length of the former is very much larger than that of the latter.12

]zReshotko (ref. 2, p. 344) states that "In all cases including that of

tunnel sound. understanding of the mechanisms by which a forcing disturbance
of a given frequency and prescribed phase velocity excites a free disturb-
ance of the same or related frequency but different phase velocity is of

great importance."



The reduction occurs because the asymptotic eigensoiutions satisfy a homo-

‘geneous equation, which does not contain a free stream pressure term to bal-
ance the temporal acceleration term. Since the latter term cannot be en-
tirely balanced by viscous effects, it must, in the main, be balanced by the
convective acceleration term,

The temporal and convective acceleration terms would balance exactly if
the phase ¢ of the disturbance were

dx
t-J r

Near the wall, U « n « X/\/;, so that

$ -t « x3/2

Thus, the wave length of this disturbance decreases like x"llz.

The wave length of the asymptotic eigensolution (3.6) decreases like
x'll2 for a similar reason, i.e., because it behaves somewhat like a
convected disturbance that penetrates into a region whose mean velocity is
decreasing like x_1/2.

The Lam and Rott asymptotic eigensolutions match onto Tollmien-
Schlichting waves far downstream in the flow. The characteristic equation
(4.63), which determines the eigenvalues of these waves, has one root for

each of the asymptotic eigensolutions ot the unsteady boundary layer

equation. (Qnly the lowest order asymptotic eigensolution of the unsteady

boundary layer equation turns into a spatially growing Tollmien-Schlichting

wave. The remaining eigensolutions match onto Tollmien-Schlichting waves

that continue to decay.
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Figure 3 shows that the imaginary part of the wave number x of the former
Tollmien-Schlichting wave decreases very rapidly with increasing downétream
distance when ;& = 2x1/U62 > 0.3. In this way, the lowest order
asymptotic eigensolution, which is at first quite highly damped, eventually
turns into a growing disturbance.

The figure also shows that the real part of the wave number (i.e., the
reciprota1 wave length) at first increases with X1 reaches a maximum when

?& = 2x1/(Ub)2 is near unity, and remains relatively constant thereafter.

Thus the initial wave length reduction, which occurs because of the absence of
pressure fluctuations, ultimately produces the pressure fluctuations needed
to keep the wave length relatively constant. One might say that a quasi-equilibrium

condition is reached when x, is 0(1). Our numerical solution of (5.2) and (5.3) shows

that K0 // vﬁ§;' is relatively independent of Xy for the Tollmien-
Schlichting waves corresponding to the remaining asymptotic eigensolutions.
The real part of the exponent in (4.4) is a measure of the amount of
dampina the Tollmien-Schlichting wave undergoes. This quantity multiplied
by —53 is, to the lTowest order of approximation, equal to %nfxoc (xl)dxl,
0

which is plotted in figure 4 as a function of the normalized distance

)”

;1 = 2x1/(U' It attains its maximum value at the neutral stability

0

point,which occurs at

~n
X

, =3.03 when ¢ = 0. Beyond this point it be-
gins to decrease until it becomes negative, which indicates that the insta-
bility wave has grown beyond its initial upstream value. The maximum damp-

ing is roughly equal to -3.62 when the characteristic Reynolds number c'6

is 104.
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It follows from (4.2), (4.4), (4.5), (4.13), (4.20) and the remarks at
the end of the first paragraph of section 5 that the streimwise velocity
fluctuation associated with the Tollmien-Schlichting wave is given by

X
(i/c ) fg(x
+€)d
e 0 e )dx

-2

3y
ul = € C(le)

l)ﬁ (6.1)

"1/2A(x

where 1 is given by (3.16) and, ir, the main part of the boundary layer (see

(4.28)),

3 _y o+ 0(e)
on

With the normalization of A implied by (5.14), C is the constant that

multiplies the appropriate asymptotic eigensolution as the unsteady boundary

layer equation.

Since the slowly varying function A(x]L/\/EI; is 0(1), the dominant Reynolds
number dependence of the amplitude of the Tollmien-Schlichting wave is given
by the factor 2T,

It is worth noting that the results of this paper are entirely indepen-
dent of the nature of the free stream velocity perturbation u_. More
importantly, they also apply to any finite thickness flat plate whose mean
pressure gradient is sensibly zefo in the downstream region where x > 1.

The unsteady Blasius boundary layer equation (3.2) still holds in this re-
gion, but its asymptotic solution now corresponds to a different 'upstream
hboundary condition’. This will no doubt have an important effect on the
constants that multiply the asymptotic eigensolutions, put as we have already

indicated, we have not attempted to calculate these here.
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APPENDIX A
AMPLITUDE CORRECTIONS FOR ASYMPTOTIC EIGENSOLUTIONS
It was shown by Lam and Rott (ref. 9) that (3.2) possesses the homogene-
ous solution (i.e., a solution with the free stream forcing term h put

equal to zero).

Ve = (2x)H1¢ pix) - iﬁx—z—_—lg [zxp, + p(x)]F'(n) (A-1)
where p(x) can be any differentiable function of x and F(n) is the
Blasius function defined by (3.12) through (3.14).

Ackerberg and Phillips point out that (A-1) can be considered as an
eigensolution for the outer flow since awclan satisfies a homqgeneous
outer boundary condition. However it does not satisfy the wall boundary
conditions (3.5) but, as shown by Ackerberg and Phillips (ref. 10), it can be
asymptotically matched onto an 'inner solution' that does satisty these
conditions.

This latter solution is obtained by introducing the new independent

variables ¢ (which is defined in (3.12)) and

a = E—l = X_l/d (A-2)
into (3.2) with h = 0 to obtain
ay + 23/20F¢ + 83y - 202’:'(0‘\]7 - a;; )
cao oo o o0 oa

+ . V? 03F“(o$'o - u?;o) = 0 (A—3)

where we have put

v(o,a) Wc(n,x) (A-4)
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The variable o 1is presumed to be of order one in the wall layer.
Then it follows from (3.2) that n will be small and we can approximate the

Blasius function by the first two terms in its Taylor series expansion

o 2 (Ug) "’

UA .
F:-z—n ——-5-:————+... as TI"O (A—S)

Inserting this into (A-3) and dropping terms that are higher order than

o and o av/2a, we obtain

~ 3 4 ) ~ ~ 3 2~ "~
4y + 41wo + ‘[? a UO(owcm - wo) =7 [‘/? a” (o wcc - zowo)

aogo
+ 0 0703(0$;a - 4¢°)] (A-6)

Inserting the expansion (3.15) into this result, we find upcn equating co-

efficients of 1ike powers of o that

Lo = (0125717 |ac(ogt - g0) + olgt - 20g!
pf1 * 0'¢ 9% - 99 0 0
+ A (0gt - 4g.)ed (A7)
43 0 0
where we have put
3
_d . d d_ )
Lp:dn3"'1—£+l(ﬂdo-) (A8)

and the primes now denote differentiation with respect to o.
Equation (3.5) implies that 9% and g9, must satisfy the wall

boundary conditions
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' .0 at o =0 - | (A-9)

n

1
o]
o

9

9, =9/ =0 at o=0 | (A-10)

Equation (A-6) is the same as Ackerberg and Phillips equation (4.4) for
the o dependent part of the inner solution. They showed that the solution
to this equation that satisfies the wall boundary conditions (A-9) and does
not grow exponentially fast as o + O (which is required in.order that it be
able to match a solution of the form (A-1)) is given by the second line of
equation (3.7) above. This proves our contention that x' times the
Ackerberg and Phillips solution satisfies the governing equations to within
an error 0(a3) times that solution - at least in the inner region. We
will complete the proof of this assertion when we show that matching with
(A-1) requires p to be equal to x' times the p given by Ackerberg and

3

Phillips plus terms that are smeller by a factor of a”.

Ackerberg and Phillips show that
90 ~ Yp (%-* o) + exp. small terms 3S 0 + w (A-11)

The right side of (A-7) therefore behaves like

- N 3 . ’,
- (Ué)t [A;T + 20 * Ag (% + %3)] g, exp. small terms as o +
It follows that
g, ~ (u)? Gx o) 517 g (A-12)
2 IR (R O By %

where K 1is a constant.
On the other hand, inserting (A-¢), (A-5) and (3.12) into (A-1), we

find that for small n the outer solution behaves like
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Z 4
> Utae  (UL)E (ao)
b~ Jéz pla) - =— (p - ap ) U XYM t ... as n-+20

Hence inserting (A-11) and (A-12) into (3.15) we see that the inner and

outer solutions will match if we put
3

P =Pyt (A-13)
where
(1-27) x 22141(3a%)
Po = S—= Ui ¢ (h-14)

p =(K+ TUé>p (A-15)
1 VZo 0 -

Incerting this into (A-1) we see that the lowest order solution is indeed
equal to x* times Ackerberg and Phillips outer solution given by the

first line of (3.7).
In order to determine <t we multiply both sides of (A-7) by dw/co

and integrate the result from zero to infinity. But since w(o) satisfies

Airy's equation

dzw
=+t (o * iw=0 (A-16)
da

we find upon integrating by parts and using (3.11), (3.13), and (A-10) that

” >, 2 Z
da pql a = - ~—7 =% do - (;o+1)w——2—-do
do© do do
0 0 0

- [i9410) - 29,(0) Aiteq) = 0

It tollows that t s civen by (3.16)
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APPENDIX B
CONSTRUCTION OF INVISCID ORR-SOMMERFELD SOLUTION
Inserting (4.19) through (4.23) into (4.14) through (4.16) we find

— 2 d 1l 1 2,2 5
_Q’Ryz e3’|C |EUD —U")(-—T:T&y"' yxl) —?-)qD (D +FD)7]+ 0(e™)

(B-1)

where
222y _ gy (B-2)

Lo = (U - @) (08 - 5F)

is the Rayleigh operator, which governs inviscid perturbations of a paraliel

shear flow.
Introducing the outer variable (4.26) into (4.14) and noting that

U~ 1+ exponentially small terms as n + «, we obtain

Lov = ie3C [(D2 - 339 (d—(‘jgi—"— - Yx1> - 33;le

- ?)1(—1 (1 + D (D° - EZ){I + 0(eh) (8-3)

where

.s?R = (1 - €€)(D% - 39) (B-4)

This result applies when % = 0(1) as ¢ + O.

Inserting (4.24) into (B-1) and equating coefficients of like powers

of €, we obtain
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UDZYO -~ Uy = 0 (B-5)

2

(U - U )y, = EDZYO (B-6)

The solution to (B-5) that satisfies (4.25) is to within an unimportant

normalization constant

= U (B-7)

The solution to (B-6) is

_ 1
vy = -€ * UKy f (‘l? - 1)dn M I KoU (B-8)

where Kl and K2 can be any functions of the slow variable Xq - Notice
that the integral will exist because U + 1 + expohentially small terms as
n+ o,

Inserting (4.27) into (B-3) and equating coefficients of like powers

of ¢ we obtain

(D¢ - 32)?0 -0 (B-9)
“’2 —2 ~
(0" -e™)3; = 0 (B-10)

where D = d/dm.
For downstream propagating waves the real part of a will always be

positive. Then the solutions to these equations that satisfy (4.18) are

58



— Py

3. =K, e°"

S (B-11)
‘-~ ¥  -an

Yl = K2 e

where Kl’ K2

Hence for small W

are arbitrasry functions of Xq-

T ~K (1 - can) + .:E2 + 0(e%) as T+ 0

Inserting (B-7) and (B-8) into (4.24) and expanding for large n yields

y~1—e(E-K2)+eKln+0(c2) as n + w

These two solutions will match if we put

Kl =1
(B-12)
and
K1 = -a (B-13)

Inserting (B-7), (B-8), and (B-13) into (4.24) yields (4.28).
Inserting (4.24) into the right side of (B-1) and using (2.12), (4.11),
(B-5) through (B-8). and (B-13). we obtain

]
— — [}
Loy = ictT qrurr LIntAC) ‘:i"c) + 7%1- [F (111)] + 0(c”) (B-14)

Similarly, inserting (4.27) into the right side of (B-3) and using (B-9)
through (B-11) and (B-12) we obtain
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Hence, upon putting

n
. 4= )= d 1n AcC Fa - f1 d InA 1
Yy =y, - ie €{C - + a - u - £>dn +n
H chl 6x1U2 (thl dxl > / (UZ

(B-16)
when n = 0(1) and
Y= Ty - ewad (,“; - d-%;f) eon (B-17)
when n = 0(1), we see that
Fovy = 0(7),  n=0(1) (8-18)
and
23 =0, w=o(1) (B-19)

R™H

?h vanishes at infinity and Ty and ?h match asymptotically in some
overlap domain (since the second members of (B-16) and (B-18) already have
this property).

Thus, to within errors 0(:5) and 0(:4), respectively, H and ?h
are governed by the homogeneous Rayleigh equation with a = ¢e@ and ¢ = eC
both small and with ?h being the asymptotic extension of v, into the
outer region where n = O(e'l). A number of investigators obtained uniformly
valid asymptotic solutions to this equation for the 1imit a = ea + 0. The

solution to the present problem is therefore most easily obtained by re-
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expanding such a solution for small values of ¢ = ec. Since we shall only
need to know the logarithmic derivative of Yo the most convenient solution
for the present purposes is probably the one given by Miles (ref. 33) which he
obtained by transforming the inviscid Rayleigh equation into a Riccati

equation. His result can be written as

Dy

H u' 1 5
= - + O{a B-20
Y T—=< o c)zn (a™) ( )
f = 1 + Q.+ af, + 29 (B-21)
TS R
) 2 2
1 (U - c) (1 -c)
Q. = - - d B-22
0 (1 - )2 [(1 - )% (- cf‘{l " (8-22)
n
2 2
nl = - ?-1——? / (U - C) no dn (8—23)
n
2| 2% 2 |
8, = - (U -1c¢) —— * 9 dn (B-24)
(1 -c)
n

A simple derivation is given in Reid (ref. 13, p. 279).
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APPENDIX C
SOLUTION OF INHOMOGENEOUS WALL LAYER EQUATION
In this appendix we obtain the solution to (4.33) that satisfies (4.38)
and does not grow exponentially fasf m + . Since (4.33) is an inhomogene-
ous Airy's equation for .52;;, it follows from (4.32), (4.39), (4.40), and
the asymptotic behavior of the Airy functions (Abramowitz and Stegun, ref. 26,

pp. 446 and 449) that if Bz;h is not allowed to grow exponentially fast

as n + », it must be given by

0% = €1 (x )07, * (%) (c-1)

where we have put

- 4
r(mxy) = wilgeg | Ai(x) / <F1 i%;’l—"+ ﬁ2> Bi(z)dt

- )

4
. 1 o .
- Bi(z) / <F1 "—dr;‘l—‘i + H2> Aie)dd,  (C-2)
"1
Bi 1is the second linearly independent Airy function, and & is an arbi-

trary function of the slow variable X -

Using the lowest order of approximation for the coefficients in ?b
when evaluating 'ﬁi and 'ﬁé introduces an error O(cs) into the analysis,
which is negligible in the present approximation. Hence it follows from the

equation preceding (4.31) and from (4.52) and (4.42) that
vy - nDyy = a; + exp. small terms as o+ w (C-3)
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and

~da1 U
~ odx

U 3 _
+ o = — (al +Z Ugn | + exp. small terms as n+= (C-4)
1 1 c3:

H

where H is defined by (4.36).

Inserting these into (4.35), using the result together with (4.39) in
(C-2), and noting the Ai and Bi both satisfy (4.41) we obtain upon inte-
grating by parts and using (4.23), (4.31), and (4.40) to simplify the result

(ugm? Tlay + T }

= - — + > [—EB -2 - ;Owi(c)] + exp. small terms as n -+ =

(C-5)

where we have put

Wi(g) & -n [A'i(()

4 4
Bi(t)dt - Bi(g) Ai(z)dc} (C-6)
>/”1

Using the asymptqt'ic expansions of the Airy function (ref. 26, pp. 448 and

%o

449; see also ref. 13, pp. 283 and 284 for a detailed discussion) we find

1

-7 + O(c_a) as n =+ o (C-7)

Wi(e) =

Hence it follows from (C-1), (C-5), and (4.39) that the solution to (4.33)

that grows algebraically as & + = can be written as
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, 24
U0 n .

_ _ _ ECRCE
va = e (x)yg * e (x)n + e3(x) -

2 &y
20} 0

where

+,—

r (n)

"
ler }
——

3
e
+

and 92 and

In order to satisfy (4.38) we must choose them to be

fnofjr*(f)dfd;
~/g.m rtdn

Integrating by parts and using (4.39) we obtain
0

0 n - - -
[[nr+(ﬁ)ﬁﬁ=ﬁg /(%6-1>r*d;

Inserting (C-2) into (C-9) and using the fact that Ai

11 (3p + ©)c

ey = 3 ——5—— -
3 1_2- U.
0

3 &(ay + )
=-7T 0 "

satisfy (4.41) to eliminate ¢tAi

parts, using (4.39) and the fact that
Cos, Con -1
Ai Bi' - Bi Ai' =«

(Abramowitz and Stegun, ref. 26, p. 446.)
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[ 1) ) 1] . /"/“ (@) dn dn (c-8)

[ _(31_+ E)_z_o:l= oY as
[

e, are, as yet, arbitrary functions of the slow variable X -

(C-9)

(C-10)

(C-11)

(C-12)

and Bi both

and ¢Bi, we obtain upon integrating by

(C-13)



(C-14)
Inserting (C-5), (C-7), and (4.35), carrying out the second integral
over T, and using (4.31), (4.37), (4.39), (4.40), (C-3), and (C-4) we obtain

CH +c da

c t o d In A 1
T {r d; = 1C - a -
UO‘O / x4 1 dxyg dxq

+ B%(co) / (Frl __(}M H ) AP dn (C-15)
0

Similarly it can be shown by integrating by parts that

t - . . i 1w d InA 0
./0. I dn = —'ICOUO / l}'l —?—— + H2 Vo
0

1

Uy _, cla; +c)| cla +e)| _
—n (al + Uon) VELT + 2“U6C dn (C-16)

+

2c 0

where Wi 1is defined by (C-6).
Substituting (C-15) into (C-12), substituting the result into (C-10),

and finally inserting that result along with (C-11) into (C-8) we obtain
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- a3, +¢ da
- ¢ ~ 1“1 d In-A 1
vg = e1(x1)vg * ey(x) <“ - U'(;) - ¢ A | ax] © dx
d In A | wi P e
+ q B1(c0) Ffl —* HZ Ai dn [- 7 5
1 . 20
0
4 z t [l¢ 1
X = |In =— + = -1} - +
2o [ 3 ‘0( %0 ) :| 3
N
+ _/ f rT(®)dn dn (C-17)

@ o
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APPENDIX D
TRANSFORMATION OF WALL LAYER SOLUTION

In this appendix we simplify the solution (4.42).
Inserting (4.43) and (4.44) into (4.42) and using (4.59) to eliminate.

the double integrals in the result yields

Lo 4 L0
70 = a, / tAi(g)de + c/ Ai(zg)de - CO/ Ai(c)de
cnl «©

¢ 1
Ulng %o
+ 9_ 0 j{ Ai (g )de
C

"1

Inserting (4.39) to eliminate n and using (4.44) and (4.52) to eliminate

14
E/ (tx - QAT
0

YA =
Lo Ai(g)de

!

33 yields

(D-1)
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