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SOLUTION OF ELASTIC AND ELASTO-PLASTIC PROBLEMS

BY THE METHOD OF LINES

Abstract

by

ALEXANDER MENDELSON and JAVED ALAM

An improved formulation of the method of lines (MOL) is pre-

sented. The line method lies mic'- between completely analytical

-methods and completely discrete methods such as finite differences.

The five-point finite difference 77-mulas are introduced to reduce a

se-_ of coupled partial differential equations into a set of simul-

taneous ordinary differential equations. The resulting ordinary

differential equations are solved by a recurrence relation method,

which is found to be very suitable in solving two-point boundary

value probl--'ms.

The formulation is further extended to include the small scale

plasticity effect. The Von-Mises criterion is used for yielding

and isotropic hardening rule is followed to decide for subsequent

yielding. Prantl-Reuss equations are employed as constitutive re-

lations. The resulting nonlinear equations are solved by using the

method known as successive elastic solutions.

For two specific geometries namely the edge notch specimen and

the compact tension specimen, the complete field solutions for

stresses and strains are obtained.
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A numerical experimentation is carried out to establish the

convergence characteristics of the improved MOL. The results for

stress intensity factors (SIF) are also compared with the existing

results obtained by finite element analysis.

The stress intensity factors are calculated for the compact

tension specimen containing curved crack fronts. A thickness aver-

age stress intentity factor is evaluated and it is used to compare

results for fracture toughness.

To explain the tunnelling behaviour in the compact tension

specimen a complete elasto-plastic analysis is carried out, using

the improved formulation. For a straight crack the load versus

crack mouth opening displacement curve obtained by analysis is com-

pared with the experimental plot. The experiments were conducted

at NASA Lewis Research Center. The J-integral values at different

thickness levels of the compact tension specimen are computed to

predict the crack initiation through the thickness.

The results obtained show that the introduction of the five-

point finite difference formulas has considerably enhanced the ac-

curacy of the method of lines. A relatively coarse grid is suffici-

ent to yield an accurate result.

P
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CHAPTER 1

INTRODUCTION

Knowledge of the stress and strain distributions in the neigh-

borhood of a singularity such as the tip of a crack in a beam or

compact tension specimen is of fundamental importance in evaluating

the resistance to fracture of structural materials. In the past

various researchers (1,2) using stress functions and complex variable

approach, solved plane elastic problem for cracked bodies. Gross

et. al. (3) used boundary collocation technique to solve different

planar crack problems. The success of both analytical and numerical

methodsghave placed present fracture mechanics on a firm foundation.

However, many fracture mechanics applications do not involve 	 V

the solution of plane problems. For example, the stress analysis of

corner cracks or surface cracks in practical. structures is a taree-

dimensional problem and rational approach to design of such structures

requires an accurate method of three-dimegsional analyses. As de-

scribed in Reference 4, at present, there is a wide divergence among

the various approximate solutions to such three dimensional crack

problems and in these circumstances structural design using fracture

mechanics must proceed largely on the basis of experience and labora-

tory modeling tests.

A closely related problem occurs during the fracture toughness

testing of standard compact tension specimens as shown in figure 1(a).

Very rigid standard have been imposed by ASTM (5), to ensure that



valid fracture toughness valuot will be obtained in a given toot. Otte

of the retautremlonts to the production of a fati;,ue crack. Mcowevor,

the tat tgoo crack will usually not ctrl+w uniformly across the spoctmon.

thicknoss. i.e. the initially straight crack front will become curved.

`rho crack longth will thus ► vary across the opectmon thicknoso, and

some average vsl%to must be ue ►ed to calculate the fracture toughnoss.

Reference (%) providow a otaudard measure such that if the crack

front curvature as measured oftor the specimen is broktn,is greater

than this standard measure. the toot is tnvalid.

Recant lv. however. Muititest ion ►► have boon made (t+) that the

above standard is too rigid and can be relaxed since the offoct eif

the curved crack front m4v be lams than origtnall y anticipated. Those

suggestions. however. are based oIt rather weak evidence (7) slid it

L4 not vet clear whether the K-194 standard should be relaxed or not

in thin respect. t at	 noodod to a clear dotinitivo analvois of

the ettect of the- crack trout curvature on the stress intensit y fAc-

tor. ►hie of the objoctivos of tit* promont investigation is to per-

form this a ►ialvsts.

lnittal attempts to salve	 tu11v threo-dimonstonol elastic

problems were made b y appivitig cortato boundary corroctian factors

tt% the L isting two dimensional reattlts. rhese approxtmations were

solar base.t on itituittva	 judgoment and resulted Ill	 widely scat--

tared sol ►tt ions Or the same problems. 	 problems

era inherentiv more complex and 
tit 	 all the cases ono has to

''wart to some sort of nt ►martcal techoi.lue Which 104.114 to d 141-Ka
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set of equations to be solved on a digital computer. Mary numerical

schemes are devised to o!)tain the stress and strain distribution in

the neighborhood cf a crack in a three-dimensional body. Notably

among them are Boundary Element Method (8) and Finite Element Method

(9,10,11). Significant progress has been reported in the develop-

ment of both of these techniques. Special crack tip elements are

developed which include the effect of crack tip singularity. However,

the effect of element size and arrangement around the crack tip, on

the convergence of the solution needs more extensive study.

A few attempts were made to determine stress fields near

crack tips having some curvature by using experimental techniques.

McGowan (12) used a 3-J stress freezing technique to investigate

the effect of crack front curvature on the stress intensity factor

distribution in a single edge notch specimen. He reported that the

increase in the crack front curvature decreases the stress intensity

factor (SIF) at the center of the specimen and also the thickness

average stress intensity factor. In his study the value of SIF at

the surface was insensitive to the change in crack front curvature

as well as the Poisson's ratio. This study predicts the behavior,

which is in good agreement with other analyses, but the actual results

have discrepancy of about 35% with an existing finite element analysis.

The discrepancy in the results has been attributed to the difference

in the crack length in the two analyses.

Fourney (13) devised a new technique of analyzing three-dimen-

sional problems utilizing scattered light speckle interferometry. He
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also found that the stress intensity factor increases at the surface

a

due to the presence of crack front curvature. The crack tip singu-

larity was found to be strongest at the center. This was cited as

the reason for tunnelling behavior in a compact tension specimen.

Peirera et. al. (14) carried out a finite element stress analysis

of a compact tension specimen. They distorted the crack tip elements

to model a circular type of crack front. It was found that the local

values of SIF decreases at the center and it rises at the surface of

a compact tension specimen. An average value of SIF based on energy

considerations was also calculated. This value was found to be de-

creasing with increasing crack tunnel depth.

Neale (15) performed another finite element analysis for a non

standard compact tension specimen (W/B - 8) containing a thumbnail

crack. He showed that if the average crack length is calculated

based on ASTM method, then the fracture toughness is overestimated.

Both the previous analytical studies did not use the standard compact

tension specimen as shown in figure 1(a). Peirera et. al. used a

tensile loading which does nct model the actual loading condition.

In their studies a crack length to width ratio (a/W) of 0.25 was used,

while ASTM standard prescribes a range of 0.45 to 0.55. In Neale's

analysis the thickness of the specimen used was 4 of the standard

thickness specified in the ASTM standard. Consequently, the results of

these analyses can not be directly applied to a standard compact

tension specimen.

All these analyse, predict that crack growth will initiate from

the surface of the specimen due to the presence of maximum SIF there.
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This finding is in direct contradiction with the experimental results,

in which a tunnelling behavior is observed. Neale (16) tried to ex-

plain tnis anamoly on the basis of plasticity effects. He performed

an approximate elasto-plastic analysis to improve the numerical

values of SIF. His elastic-plastic thumbnail model indicates that

the maximum stress intensity factor occurs in the central portion of

the compact tension specimen which is in agreement with experimental

observations. However, dui to the approximate nature of the analysis,

there is a need to perform an accurate elasto-plastic stress analysis

to resolve this discrepancy. This is another major objective of the

present investigation.

The recently developed method known in the literature as the

Method of Lines (MOL) was selected to perform the elastic and elasto-

plastic stress analysis of two specimens namely the edge notch speci-

men shown in figure 2 and the standard compact tension of figure 1(a).

In this method there is no prior assumption on the stress field

around the crack tip. There is an extensive literature, primarily

of Russian origin for the method of lines, which has been summarized

to 1965 by Liskovetes (17). The method has been used extensively in

solving problems in the area of fluid mechanics.

Jones, South and Klunker (18) presented an analysis of conver-

gence and stability for the case of linear elliptic partial differen-

tial equations solved by the MOL. They indicated that the results

obtained are of sufficiently high accuracy. It was shown that if

the region of interest is divided into sufficiently few strips by
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the dividing lines then accurate solutions can be obtained by using

h_ 6her order finite difference approximation. In the study by Kurtz

et. al. (19) it was observed that in problems where standard techni-

ques failed to converge the line method was able to produce results.

Hopkins and Wait (20) compared the execution time of MOL with

Galerkin and collocation techniques, which were viewed as finite

element discretization. With very ;ew exceptions, they found that

the line method yields faster results as compared to the other two

techniques for a set of coupled and uncoupled parabolic partial dif-

ferential equations.

The line method lies midway between completely analytical

methods and completely discrete methods such as finite differences.

The basis of this technique is the substitution of finite differences

for the derivatives with respect to all the independent variables

except one for which the derivatives are retained. This approach

replaces a given partial differential equation with a system of

simultaneous ordinary differential equations whose solution can then

be obtained by standard means. These equations describe the depen-

dent variable along lines which are parallel to the coordinate in

whose direction the derivatives were retained.

An inherent advantage of the line method over other numerical

methods is that good results are obtained from the use of a relative-

ly coarse grid. This use of a coarse grid is permissible because

parts of the solutions may be obtained ;n terms of continuous func-

tions. Additional accuracy in normal stress distributions is derived
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from the fact that they are expressed as first-order derivatives of

the displacements and these derivatives can be analytically evalu-

ated. Inherently inaccurate numerical differentation is required

only for evaluating the shear stresses, but this presents no impor-

tant loss of accuracy in this study since they are usually an order of

magnitude smaller than the normal stresses. For problems with geometric

singularities, additional accuracy is derived from using a displacement

formulation since the resulting deformations are not singular.

The method has been shown to be well suited to the solutioq of

certain three-dimensional crack problems, as has beensiccessfully

demonstrated (21,22). Fu and Mali'r (23,24) are the first to report

the application of MOL to elasto-plasticity. The formulation was

presented in terms of displacements and their normal derivatives.

These equations were solved by a combination of power series and

modal matrix method.

Although the MOL has given very good results in a number of

specific geometries as described in the previous references, its

use has been limited heretofore to bodies with rectangular boundaries

(including the crack boundaries), or to the problems of axial symmetry.

Thus, the very important surface flaw problem or curved crack front

problem have noi. been treated. This was primarily due to the limi-

tation in the number of lines that could be used, since the rate of

convergence of the infinite series solutions of the differential

equations decreases as the number of lines increased and as the

dimensions of the specimen increased. It has also been shown in

t-
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reference (18) that the use of the MOL for solving elliptic partial

differential equations can lead to problems of instability if the

line spacing is made too small.

A third major objective of this investigation was therefore to

reformulate the method to avoid or minimize the above difficulties.

This was done by employing 5- point finite difference formulas rather

than the usual 3- point formulas and by devising an algorithm for

solving the three sets of ordinary differential equations for the

two point boundary value problem using recurrence relations. These

innovations have appreciably increased the applicability and accuracy

of the MOL. The elastic formulation is then modified by including

the plastic strain terms to solve an elasto-plastic problem.

A complete formulation in a rectangular cartesian coordinate

system is presented for the newly improved MOL. The governing field

equations are augmented to include the plastic strain terms. To

study the convergence characteristics of the method, complete elastic

solutions are obtained for different numbers of lines for an edge

notch specimen. The stress intensity factors are computed for an

edge notch specimen and a standard compact tension specimen. They

are compared with the existing finite element analyses results to

assess the validity of the MOL. The complete field solutions are

evaluated for both the specimens for the different cases of crack

front curvature. For compact tension specimen of a given material

(AZ-5083) complete elastic-plastic stress analyses are carried out.

Similar analyses are alsu done for specimens with different curved
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crack fronts. Various fracture mechanics parameter such as the

J- integral are evaluated to establish the effect of crack front

curvature.
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CHAPTER 2

SOLUTION OF CRACK PROBLEM BY THE

METHOD OF LINES

In this chapter a method of solution for three-dimensional

elasto-static problems is described. All the underlying assumptions

and the governing field equations are described. An improved method

of lines, in which five point finite difference equations are used,

is employed to obtain a set of second order ordinary differential

equations from the governing coupled partial differential equations.

The second order differential equations are rearranged to foM.1late

a set of first order differential equations and these equations are

then solved by a new algorithm involving recurrence relations,

which was found to be a simpler and an efficient technique to solve

two point boundary value problems. The last section of the chapter

deals with the evaluation of boundary vectors used in the recurrence

relations for an edge notch specimen. The details are also given

for the loading idealization for a compact tension specimen and its

incorporation into the equations of the method of lines.

For all the elasto-static problems discussed in this thesis the

following assumptions shall apply.

a) The deformations are infinitesimal.

b) All deformations are elastic.

c) Materials are isotropic and homogeneous.
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d) Body forces are neglected.

2.1 Governing Equations

Within the framework of linearize ,4 elasticity theory, the field

equations neglecting body forces are listed below.

The equilibrium equations are,

aij,j - U	 i,j - 1,2,3	 (2.1)

where the standard tensor subscript notation is used. Hooke's law

is,

cij - xbij ckk + 2 G c ij	 (2.2)

where a and G are Lame's elastic constants. The strain-displacement

relations are,

cij - Vui,j + uj,i )	 ( 2.3)

The solution must satisfy these equations at all interior points of

the body and, in addition the prescribed conditions must be met on

the boundaries. The above three sets of equations are combined to

form three partial differential equations in terms of displacements.

The resulting equations which are known as the Navier equations of

equilibrium are,

G 
u i•jj	

+ (a + G) 
uj,ji - 

0 i,j - 1,20, (2.4)

For problems formulated in rectangular cartesian coordinates, the

equations can be written as,

t
e
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1) 2u a2u a 
2 
u z	 a av aw

ax ay az

2 2 z

ay az ax

32	 1 ax yay

_	 1 - 2v
where	

C1	 2(_177
 and

=
C2

-	 1
2 1 - v)	

(2.8)

v being Poisson's ratio.

The stress-displacement relations in cartesian coordinates are,

ax I + v 
E 

I 7_77 I (1 - v) ax + v (Ty + TZ) J (2.9)

aya(1 +vE1- iVS 	(1- v)ry +v (T+ ax J (2.10)

°z (1 + v 

E 
1 - 2v	

[(1 - v) ai + v (aX + ay)J (i.11)

0
xy^21

E	 Iav + auJ
+v	 'xx	 ay

(2.12)

°yz Z i + v)	 az + 5i
(2.13)

azx 2(1 +  v	 ^T + azJ
(2.14)
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The method of lines is used to solve the three coupled partial

differential equations given by equations (2.5) through (2.7). For

each problem appropriate boundary conditions are satisfied. In the

next section the line method is described in detail.

2.2 Method of Lines

The recently developed Method of Lines (MOL) has been shown to

be well suited to the solution of certain three-dimensional crack

problems. In this method there is no prior assumption on the stress

field around the crack tip. The line method lies midway between

completely analytical and grid methods. The basis of the method is

substitution of finite differences for the derivatives with respect

to all the independant variables except one, with respect to which

the derivatives are retained. This approach replaces a given partial

differential equation by a system of simultaneous ordinary differen-

tial equation whose solution can then be obtained by standard

means. The equations describe the dependent variable along lines

which are parallel to the coordinate in whose direction the deriv,=-

tives were retained.

Since in three-dimensional elasticity problems solutions of

three partial differential equations are desired, three sets of

parallel lines are constructed. An arbitrary grid consisting of

these three sets of parallel lines is shown in figure 3. The lines

parallel to the x axis are numbered as 1,2,3, -- NY, NY + 1 -- 2NY,

2NY + 1 -- VY, 3NY + 1 -- Z. The lines parallel to the y axis are

numbered 1,2,3, -- NZ, 21Z + I -- 2NZ, 2NZ + 1 -- 3NZ, 3NZ + 1 -- m.

Finally lines parallel to the z axis are numbered as 1,2,3, -- NY.
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NX + 1 -- 2NX, 2KX + 1 -- 3NX, 3NX + 1 -- n. This numbering system

is chosen so that the resulting variables in the computer listings

are identified through double subscripts only. The first subscript

identifies the line along which the variables are calculated whil-s

the second subscript indicates the position along the line. In this

work the lines are constantly spaced with spacings h x , by and hz.

This is done purely for convenience. The advantage of uniform line

spacing is that the resulting ordinary differential equations can be

solved more easily than thoRe that are derived fron non-uniform line

spacing.

The equations of 3-D elasticity are the three coupled partitl

differential equations (2.5-2.7). In this case solutions for the

dependent variables are possible only at points where the three sets

of parallel lines intersect. These points are usually called nodes in

a discretized body. This limitaticr-. is the result of coupling among

the equations, which makes the -?articular selection of ordinary

differential equations valid curly at the nodes. The equations are

developed for a crack specimer as shown in Figure 4. Sin%-e we have

a three fold symmetry, only one quarter of :he specimen is considered.

One should also note the numbering of the various planes.

2.2.1 Reduction of the First Navier-Cauchy Equation and Associated
Boundary Conditions for the Cracked Specimen

For the solution of equation (2.5), the lines parallel to x axis

in Vigure 3 are considered. The x directional displacements of points

along these lines will be denoted as u l . u2 , -- uR . We define vjl,

as the derivatives of the y directional displace-

menta of the same points on these lines with respect to y and wJl,	
3



15	
Ot;IGiNAL PAGE IS
OF POOR QUAL TY

x' 1 2 , 
^'3 ' . . w1  as the derivatives of the z directional displace-

ments of the same points on these lines with respect to z. These

displacements and derivatives can then be regarded as a function of

x only since they are variables upon lines which are parallel to the

x axis.

By the above given definiton, the ordinary differential equation

along a generic line ij in figure 5 may be written as,

2d uij + C
l ( a

2 Z + a22)

dx	 ay	 az ij

= C2 
a 

;I + C2 a w1	 (2.15)
ij	 ij

Introducing 5- point finite differences, the partial derivatives of

u with respect to y and z along the x directional line (ij) of

figure 5 can be written as E_Llows,

2

(a2) ij -	 1 2 	 (-ui-2,j + 16ui-1,j - 30u ij + 16u
i+l,j - u1+2,j)ay	 12h y

(2.16)

and

2

(a u
)	 -	 1	 (_u	 +16u	 - 30u	 + '_6u	 - u	 )

az i^ 	 12h2	
i,j-2	 i,j -1	 ij	 i,j+l 	 i,j+2

z

(2.17)

On substituting equations (2.16) and (2.17) into equation ( 2.15), the

general equation along interior lines is obtained. Thus, 	 ( 2.18)

d2u2 + C1( 
1 2 (-ui-2,j + 16ui-1;j - 30u

ij + 16u
i+1, j 	 ui+2,j ) +	 1 2 X

dx	 12h 
y	

12h z

t

6	 (-u	 + 16u	 - 30u + 16u	 - u
d

i,j -2 	 i,j -1 	 ij	 i,j+1	 i,j +2 )] - C 2 dx 
(v + w)ij
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The rearrangement of the above equation leads to.

	d 
2 
u	 C	 4C	 SC	 SC	 4C

2	 2 - i-2. j -
	 1- u	

j
+(	 +	 ) u i j -	 L X

	dx	 12h 
v	

3h2y 
i-1.	

2h y	 2h =	 3h y

	

C	 C	 4C	 4C

	

ui+l ' j + 1
	 ui+2.j + 12h2 ui.j-2 

3h2- 
ui.j-1	 3h^ ui.j+1

y	 2	 s	 a

+ ,̀
h 
2 ui .j+2 + C2 Tx-(o

 + v)ij

l^
L

(2.19)

Similar differential equations are obtained for the other displace-

ments of the points on the x directional lines. Since each equation

has the terms of the displacements of the points on the surrounding

lines. these equations constitute a system of ordinary differential

equations for the displacements u ll u `	ue .

The equation (2.19) is applicable only to interior lines. For

boundary surface lines and lines adjacent to the boundary surface

lines, the difference expressions for the second derivative will in-

volve imaginary lines outside the boundary. As shown in figure 6.

the imaginary lines below the plane V are designated as 1 fy . NY+lfy

U - NY+1) fy . The imaginary lines lying on the planes adjacent

to plane VI are numbered as 
1 f2 . . . NYf2z and i

fls	
,NYfla respectively.

Similar numbering procedure is followed for the imaginary lines lying

on the planes. which are located adjacent to planes II and III re-

spectively. The arrangement of the planes V. VI. I1 and III is shown

in figure 4. Since three-dimensional elasticity problems have three

boundary conditions at every point of the boundary surface and a
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second order ordinary differential equation needs only two conditions,

the shear stresses at the boundaries are used to eliminate the

imaginary lines outside the surface. While the condition of the pre-

scribed normal traction or displacement will be enforced through the

constants of the homogeneous solutions. The method used to derive

the equations for boundary surface lines and line adjacent to it, is

described in detail in the Appendix A. Appropriate difference equa-

tions are used to express the partial derivatives. For example, to

write the difference equations for the partial derivatives with re-

spect to z for the lines ^ - NY+1 through Q, a backward finite dif-

ference formula is used due to the lack of sufficient grid points to

write central difference equations. On following the procedure des-

cribed in Appendix A, the differential equation for line 1 can be

written as,

1)

C ld 'i +	 ^ [-20u 1 + 17^i 2 + ', u 3 - u4]
dx	 12h`

y

Cl

+	 - [-30u 1 + 30u,
+1 - 2u2NY+1]

12h`
z

d	
"Cl dv ,

C 2 dx ^u + w)1
	

6h dx '1
y

k_.-1u)

similarly the differential equation for the line i - 2NY+1 is

I

d'u f - 2NY+1 + 
Cl

dx `	12112 [-20u
n - 2NY+1 + 17u  - 2NY+2

v

c
+ 4u  - 2NY+3 - u - 2NY+4] +	

i^ X

1211` z
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[-u e - 4NY+1 
+ 16U  - 3NY+1 - 3lu t

 - 2NY+1 +

I (v + w)	
_ C 1 dv

^2 dx	 R - 2NY
+1 6h U l t - 2NY+1

Y

Finally, introducing matrix notation all the ordin

equations along the x directional lines are expres

2

ddb 
[Kx] {u} + d jr(x)}

t x 1 kx z zx 1	 k x 1

where the matrix ( K x] and the column vectors {u} a

given below. r 1
IK 11 I IK121 IK13I 0 0 0 0

NY x NY NY x NY NY x NY

IK21 )	 IK22) IK21 I	 IK24) 	 0	
i 0	 0

iNY^_x NY NY x NY . NY x NY

IK24 )	 IK21I	 IK 11 I	 IK21I	 IK241	 0	 0

I
NY x N1	 NY x NY	 NY x NY	 NY x NY	 NY x NY

0	 1 `_^^	 •ar	 • I ```	 8	 .
`I

0	 0	 Ik24I	 I	 IK21 I	 IK11I	
I	 IK 2I I	 IK24)

NY x NY I NY x NY	 NY x NY	 NY x NY NY x NY

0	 (	 0 0 IK24) IK21)

I
IK22)
	

[KK11)

NY x NY NY x NY NY x NY NY x NY

0	 0 0 IK24) I N2,NZ -2 ) NZ,Nl - 1 IKNZ.NZ)

NY x NY NY x NY	 NY x NY NY x NY

IKx)

kxf
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Where the submatrices are given as follows,

	

I1I 	 1

5C 1 	5C1 I
	

17C

1 	C

	

-^
aII 	 1	 I	 C1

I 3h	 2h'	 112 I	 33h	 I 12h 2v

	

z	 i

4C 1 	j31C1	 5C1I	 4C1	 C
_	 1

0 0

I

0

i

I

0	 0	 0

(K11)

NYxKy

CI5C	 5C	 4C
—^	 - 4C ;	 1 1+_ C1	 1	 0
12h ` v 	3h'	 2h-	 2h'	 3h2y

y z

p

12h2

0
0

p	 0	

^1	

-	
4C1

5C 1 	4C 1 	 C]w5C1 +
12h 2 y 	3h`}

2 22h y	 2h = i	 3h ̀y
	

12h 2
"

p	 0	 0	 !	 C1

2
_	 4C 1 	;3101	 5C1	 4C

]

12h'
j	 y 3h'-	 2	 +	 =	 —^

y	 ^zh y
	

2i 
zi	

3h`v I

p	 I	 I	 C1

0	 0	 1

I	 _	 C1 
	

1'C1	 5C1	 SC
 +

12h'
y

I

3h`	 12h2I	 y	 ^	 y	 3h ` y	 2h'z
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C

[K121 -
	

3 2 [I]
h

z

C

[K13 	 2 [I]
6h

z

C

[K21 I-
	

2 [Il
3h

z

C1
[I]

K241	 212h
z

K	 1 -
	

C 1
[ 

NZ,NZ-7	 - 3h
	

[I]

z

K	
17CI

[ NZ,NZ-11	
12h2 [I)

z

Matrix [I] is an indentity matrix of order :7Y x NY

Note that C is	 217
l---v7

2v1  
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(K221

NYxNY

5C	 31CI^ 1

3h	 12h2

17C
_	 1

12hl^

C
1

;hF

C
1

12h1_

0 0 0

4C1

3n Y F2hr

1 	 31C

 12h'

4C2

- 3
-r

C1

I	 112h2
0 0 0

r

^ I

C 1	 4C1
—,f-	 - -^..
12h	 3h

5C1i

^r
2h

	+ 31C
1 ^ 	 4C1

,	 '22h' I	 3

1	 Cl

111

0	 ^	 0

r	 Y

i

I	 r

~i i

^`  ^ 	 i	 0

0	 0 C1 _	 4C 5C1	 31C 1 f

lb	 142hC

-	 4C 1

I
C 1

12hr 3h 3•h 12h2r y y
Y

0	 i 0 0
C^	 I_

f
12h	 I

4C 1

3hfy

31C1	 31C 1 i	 4C1
+

zn	 lzn	 ;3hr r	 =	 r

_
- 0 0

1

12h

TC1

3h

17C1
- _

2h2

5C2	 31C1

r
r 3h3h	 12h'Z
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%Z,N2] .
NYXNY

SC3	5C1

AT

17C1

11

C1

3hF

C1

1`^

0 0 0

4C3 31C1	 5C1 4C1 C1 0 0 0

3hy 33^ 12r2h	 3h
Y

C3 I	 4C3 5C3	 5C1 4C.1
C1 0 0

Y Y P Y Y

0	 ^..^
0

0 0
C1

112h

4C1

- 3hr
5C1	 5C 1

n+ 3h
4C1
	 I	 C1- 

—
T	 ^'F

3h	 12h
Y y y	 s Y	 Y

0 0 0
C1
^-
12n

4C1
- ^-

3h

31C1	 5C1
+

2h	 3h

4C1
- _

-r3h
Y Y

y	 s
P

C1 C1 11C1 5C1	 5C1

0 '0 0
12h 3h y 1^r 3hh 3h 2sP
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{u}1	 {r1 (x) }

fu} 2

,

i
i

{u! NZ-1

{r2 (x) }

,

{rNZ-1(x)}

{u}

txl
{r (x) 	 I
kxl (2.24)

L {u) NZ 

I	 I 

{r NZ(x) }

where the partitioned column vectors are

I ul	 I	 1 uNY+l I

u2	
uNY+2

i

i
{u}1	 {u}2	 =

NYxl
i
	 NYxi

M1
	

uNY-1
	

u2NY-1

uNY
	

u2NY



i

24

u R-NY+1

uZ-NY+2

u R-1

uY.

(u}NZ

NYxl

11C1v

6h
y 1

C 
1 
v

C2 (v + w)2 + 6h
y1

(rl (x) } •
NYxl

C2 (v, + w) 3

C2 (v + w)NY-2

Clv
C2 (v + w)NY-1 6h

yNY

llcl^
C2 (v + w)^ + 6h

y NY



C2 (v + w)NY+3

C2 	+ w)2NY-2

ci
vC2 (v + w) NY-1
	

y12NY

11C v
C2 (v + w)

2NY + 6h1
y 2NY
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c2 (v + w
)Ny+1 

11C 1v

^ 1C —
y NY+1

C v
C2 (v + w)^+2 + 6h

y 
1 
NY+1

C ) } .
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C v C1w 
•• + 1 I - (;h"l 

C2 (v + w) £-2NY+2 ~hy £-2tn'+1 z £-NY+2 

•• C1w 
C2 (v + w)t-2NY+3 - 6hzlt_NY+3 

I 

I 

I 
I 
I 

I C1w 
• • I I 

C2 (v + w)£_NY_2 - 6h
z 

£-2 
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11C1v	 11C 1 w

C 2 (v + w) i-NY+1	 6hy I
k_N`f+1 + _ h _`k-NY+1

C lv	 11C 1w•1
C2 (v +;) k-NY+2 + 6hy `

k-NY+1	 6h  k-NY+2

11C w
1

C (v + w) £-NY+3 + 6h z ^2	
k-NY+3

i
11C w1

C 2  (v + w) k-2 + 6h Iz 1Z-2

C
1 v
	 11C w

_	 1
C 2 (v + w) k-1	 6hy l k + 6hz Ik-1

11C 1v	 11Ciw

C 2 (v + v) k + 6h + 6h
y ^	 Z k

{rNZ(x))

NY ^:1
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2.2.2 Reduction of the Second Navier-Cauchy Equation and Associated
Boundary Conditions fir the Cracked Specimen

For the solution of equation 2.6, the lines parallel to y- axis

in figure 3 are considered. The y directional displacements of points

along these lines will be denoted as v 1 9 v2 , v3 , . . ., vm. We define

u1 2 , u1 3 ,	 u m as the derivatives of the x directional dis-

placements of the same points on these lines with respect to x and

w1 1' X1 2' w1 3 , - -	
wlm as the derivatives of the z directional dis-

placements of the same polr l.s on these lines with respect to z. These

displacements and derivatives can ti,-n be regaled as functions of y

only since they are variables upon lines which are parallel to the y

axis.

By the above given definition, the ordinary differential equa-

tion along a generic line ij may be written As,

d' ij + C (d2v * dd2vC2 a ul i + C 2 d w^ii	
(2.25)

d 2	 1 dx 2 dz j	 y	 j	 y
y

Introducing S- point finite differences, the partial derivatives of

v along the y directional line ij can be written as follows,

2
(^ 2) ij = 12 (- vi-2,j + 16vi-1,j

 - 3Gwij + 16vi+l,j - vi+2,j)
ax	 12h x

(2.26)

and

1)

( a`v )	 ^_ 1 ^ (- v	 + 16v	 - 30v + 16v	 - v	 )

lj	 12h`z	
i9j-2	 i, j-1	 ij	 i,j+l	 i,j+2

(2.27)
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on substituting equations (2.26) and (2.27) into equation (2.25) the

general equation along interior lines is obtained. Thus,

2

2 + C1 [ 1
12h 
2 (-

vi-2,j + 16vi-1dy	
,j - 30vij + l6v

i+l,j - vi+2,j)
x

+ 12h
1 2 (vi,j-2 + 16vi'j-1
	

30vij + 16v
i,j+1 i,j+2A

z

= C2 
y
( u + w) ij	 (2.28)

The rearrangement of the above equation leads to

d 2vij - C1	- 4C1	5C1	 5C1
+ (

d 2	
12h2 v i-2,j	

3h2 
- 1-1, j 	

2h2 + 2h2 ) v ijy	 x	 x	 x	 z

4C 1	C1	 C1	 4C1

3h2 vi ,j+l + 12h2 v i , j+2 + 12h2 vl , j - 2	 3h2 vl,j-1
z	 z	 z	 z

d	 _	 4C1	 C1
+ C 2 dy (u + w) ij - 3h2 vi+,_,j + 12h2 

vi
+2,j	 (2.29)

x	 x

Similar differential equations are obtained for the other displace-

ments of the points on the y directional lines. Since each equation

has the terms of the displacemnts of the points on the surrounding

lines, these equations constitute a system of ordinary differential

equations for the displacements vl , v2 . . . vm.
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The equation (2.29) is applicable only to interior lines. For

.1
the boundary surface lines and lines adjacent to the boundary surface

lines, the finite difference expressions for the second derivative

will involve the displacements on imaginary lines lying outside the

boundary as shown in figure 7. The shear stress at the boundaries is

used to eliminate the displacements on these imaginary lines near the

surface. While the condition of prescribed normal traction or dis-

placement wil be enforced through the constants of the homogeneous

solutions.

A detailed description of the method used in deriving the equa-

tions for the lines near the boundary, can be found in the Appendix A.

The use of fictitious lines and their subsequent elimination using

the conditions of symmetry and prescribed shear stress at the surface

leads to the following equations for line 1,

d 2v1 	C1

—+	 2 (
-20v1 + 17v

NZ+1 + 4v2NZ+1 - v3NZ+:^
y	 12h 

x

cl

+ 1212 (-30v

1 + 32v2 - 2v 31

z

11C
. 

C 2 
dy (u + w) 1 -	 1 1 1

6h
x

(2.30)

on following the same pr-cedure the ordinary differential equation

for line m can be written as,
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2

d vm	
C1

+
d,2	

12h2 [-v
m-3NZ + 4vm-2NZ + 17v
	 - 20v
m-NZ	

m]

'^	 x

C

12h1 2 
(-v 

m-3+ 
4v 
m-2+ 

17v 
M-1

- 20vmJ

2

	

11C	 11C

C2 
dy 

(u + W)m + 
6h 1 dy ^m + 6h 1 dy jm	

(2.31)

	

x	 z

The comparison of equations (2.30) and (2.31) with equation (2.28)

shows the presence of additional terms on the right-hand side. These

terms appear here due to the consideration of imaginary lines outside

the boundary surface.

Finally, introducing matrix notation, all the ordinary differen-

tial equations along the y- directional lines are expressed in the form

2

	d {v} _ [KI {v} + 1-{ s(Y)}	 (2.32)

Yd 2
y	

y

mxl	 mxm mxi	 mxl

where the matrix [Ky ] and the column vectors {v} and {s(y)} are given

below,

z

+



32

(Ky l .

am

(K 11 1 (K123

i
s

(K131	 I (K'4)	 0 0 0

NZ x NZ NZ x NZ NZ r .^T i NZ xNZ	 I

I

(K21)	 I	 (x22'	 (x21 1	 (K143	
0 0 0

I	 ^

NZxNZ	 NZxNZ	 NZx NZ,

(K 14 1	 IK213	 i	 (K33 3	 (K213	
I	

(K141

^

0 I	 0

I
NZ x NZ ' NZ x NZ	 NZ x NZ	 N2 x NZ	 NZ x NZ

0	
i

0

0	 I	 0 (x141 (x21 3	 (	(K33 1 (K2) l	 (x143I	
.

NZxKZ
1

NZxNZ	 NZxNZ NZxNZ I NZ xNZ

0	 0 0
(K141 (K211

Ii
(K 2z l	 (.(K213

NZ x NZ N Z x NZ KNZ x NZ	 Z x NZ

0

L

0 0

I
(K143 ( K 131 (	 (K121	

(	 (KillNZ x NZ ! NZ x NZ `	 N2 x Nc^NZ x NZ
J

12.33?
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33

[xIII .

NZxNZ

5C15C1

- ^ -2
3h	 3h2

I	 _	 8C1

3h
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17C

[Klz^ . -	 2 [1)
12h

x

C

[K13^ ^	
2 111

3h
x

C

[K14 I -	
2 [1]

12h
x

4C

[K21)	
3h 

2 [1]

x

Matrix [1) is an identity matrix of order NZ x NZ. Note that C1

1 - 2v
is 21-v)

(V} NX
	

isNX(Y) }

a

.mot



{v}

NZxl

vm-2NZ+2

vm-NZ-1

IV) ,,vx
 =

NZxl

vm-NZ+2

V
M-1

V
m-NZ V

m
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where the partitioned column vectors are

I
vl	

vNZ+1

v2	
vNZ+2

{v}1	
{v}2 =

NZxl	
vNZ-1
	 NZxl
	

v2NZ-1

vNZ
	

v2NZ

vm-2NZ+1
	

vm-N Z+1
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Clu
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Clu
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^ C1^
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C 1 u	
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x l m-1	 6hzlm—NZ

Cluj
	 11C1w,

C2 (u + w)
m—NZ 6hxm + 6hz 

Im—NZ
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11C1u
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2.2.3 Reduction of the Third Navier-Cauchy Equation and Associated
Boundary Conditions for the Cracked Specimen

For the solution of equation (2.7), the lines parallel to z- axis

in figure 3 are considered. The z- directional displacements of points

along these lines will be denoted as wl , w2 , w3 , . . . ., wn . We de-

fine u, l , u1 2 , uI 3 , . . ., u n as the derivatives of the x- directional

displacements of the same points on these lines with respect to x

and vj l , v1 2 , v1
39
 . . ., vj n as the derivatives of the y- directional

displacements of the same points on these lines with respect to y.

These displacements and derivatives can then be regarded as functions

of z only since they are variables upon lines which are parallel to

the z axis.

Following the procedure as before, the ordinary differential

equation along a generic line ij may be written as,

d2wi
--^ + C 1 [ 1 2 (-wi-2,j + 16 wi-1,j - 30 wij + 16 wi+l,j
dz	 12hy

- wi+2, j)

+ 12 1 2 (-wi,j-2 + 16 wi,j-1 - 30 w
ij + 16 

wi , j+l - wi,j+2))
x

C2 
dz 

(u + v) ij	 (2.35)

Similar differential equations are obtained for the other dis-

placements of the points on the z- directional lines. Since each

equation has the terms of the displacements of the points on the
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surrounding lines, a system of ordinary differential equations is ob-

tained for lines wl , w2 . . ., wn . The equation (2.35) is applicable

only to interior lines. For boundary surface lines and lines adjacent

to the boundary surface lines, the finite difference expressions for

the second derivative will need the use of the fictitious lines. The

displacements on these fictitious lines is eliminated with the help of

shearing stresses on the free surfaces.

As shown in figure 8, the z- lines 1 through NX are split into

two sets. The first set consists of lines 1 through NXC lying on the

pla:.a Vkb). For these lines a fictitious line is used to write the

finite difference equation, which is subsequently eliminated by using

the shear stress boundary condition on this face. The second set con-

sists of lines NXC + 1 through NX lying on the plane V(a). The w dis-

placements are symmetric with respect to this plane. Therefore,

symmetry consideration helps in eliminating displacements on the fic-

titious lines. A detailed description of the method used in deriving

the equations for the lines lying on the boundary and adjacent to the

boundary, can be found in the Appendix A. For example, the ordinary

differential equation for line 1 is

d2wl	
Cl

+ 12h2 [-20 w

1 + 17 wNX+l + 4 w
2NX+1 - w3NX+1l

d w 
y

Cl [-2U+ 12h2 [-2U wl + 17 w2 + 4 w3 - w4]

x
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11C	 11C

= C 
d 

(u + v) -	
1 du l - _ 1 dz	 (2.36)

2 dz	 1	 6h	 dz 1	 6h	 d 1x	 y

For line NX - 1 the equation can be witten as:

2

d 'N-X-1 + 
CZ [-30 wNX-1 + 32 w2NX-1 - 2 w3NX-11

dz	 12h y

Cl

	+ 12h2
	 wNX-3 + 16 wNX-2 - 31 wNX-1 + 16 wNXI
x

C

= C2 z (u + v)
NX-1 - 6hx d

z`NX	
(2.37)

Finally introducing matrix notation, all the ordinary differential

equations along the z-directional lines are expressed in the form,

2ddz2}	
[KZ I {w} + dz {t(W	 (2.38)

nxl	 nxn nxl	 nxl

where the matrix [Kz I and the column vectors (w) and {t(z)) are given

below,
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[K	 ]
11

rNXxNX

[K	 )
12

[K	 )
13 K

[	 14)
0 0 0

NXxNX NXxNX . NXxNX

[K21J	
^	

[K22 )	 [K21 J 	[K24)	 {	
0 0 0

NX x NX.	 ' NX x NX I NX x NX ! 	 x N

[K24J	
[K21J	 [K11 J	 [K21)	 [K24) 0	 I	 0

I
NX x NX	 NX x NX	 NX x NX' NX x NX	 NX x NC

0

0 0
I
1	
[K

24 J

i

[K21 J 	[K33 J (	 [K21 J 	 I	 [K24J

NX x NX NX x NX	 NX x NX `	 NX x NX:NX x NX

0 0 0 [K24J [K21) [K22 J 	 I	 [K21J
i

NX x NX NX x NX NX x NC NX x NX

0 0 0 [K 24
KNY,NYJ [KNY,NYJ [KNY,NYJ

NX x NX NX x NX NX x NX NX x NX

[KZ )

nxn

(2.39)
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{w}1

{w}

nxl

(2.4(1)

{w}2
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i
i

t
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NXxl
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{W1 NY	
{ t
NY

(Z) }

where the partitioned column vectors are

w1	

wNX+1

wNX
	

w2NX
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2.3 Solution of Differential Equations with Constant Coefficients

The set of A second order differential equations represented by

equation (2.22) can be reduced to a set of 2k first order differential

equations by treating the derivatives of the u's as an additional set

1.1	 P. ut.iTi , .WuM. t: .t	 in, .lefit.irnq

du 	
du 

uQ+l dx ' u^+2 -a
x— etc.

The resulting 2R equations can now be written as a single first

order matrix differential equation

dU . A U + dR(x)
d'x	 1	 dx

(2.41)

where U and R are column matrices of 2k each and A l is 2R x 2R matrix

of constant ..oefficients and are written as follows,

ul

u2

u9,
	 kxl

dul
A
x

du2

dx

du 
dx Xxl

U

2ltxl

(2.42)



dv . A V + dS(y)
dy	 2	 dy

(2.45)
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R	 {0}txl_.	 (2.43)s
{r(x)tkxl

2tx1

and

[01	 1,[I]RxX

	

A
1 
	 ----	 (2.44)

 1

	

2Rx2k	
^Kx} RIXz I (01 W

In the similar manner the second order ordinary differential equation

given by eqution (2.32) can be transformed to a first order ordinary

differential equation and it is given by,

where matrix A 2 and column vectors V and S(y) are

vl

v2

v	 mxl
m

V =	 ----------•	 (2.46)
2mxl dv1

dx

dv2

dx

dvm
dx j^'



dWI = A W'+ dT(z)
dz	 3	 dz

(2.49)

61

{0}mxl
S ( y )	 _	 -- --•--

(s(y))mxl
2mx1 L

ORIGINAL F°t G : t^

OF POOR QUALITY

(2.47)

and

[01 MXm	 [1]mXM

	

A2	 - - ----^--- -- --	 (2.48)
[ K 1^ [01^

	

2mx2m	 y	 i

For the z- directional lines the second order differential equa-

tion given by equation (2.38) is also transformed to a first order

ordinary differential equation. The transformed equation is,

where matrix A3 and column vectors W and T(z) are given below,

wl

w2

w	 nxl
n

dwl

dx

dw2

dx

dw
n	 nxl

dx

W^

2nxl

(2.50)



{p}

T(z) _	 ------

{t(z) }
2nx1

(2•`1)

62

I

ORIGINAL
Of POOR QUAL?'Y

1p)nxe	 i;inxn

3	
(Kzinxn 1pinxnn)cn

(2.52)
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2.3.1 Solution by Recurrence Relations

The system of ordinary differential equations (2.41), (2.45) and

(2.49) can be solved by any number of standard techniques. An algorithm

is derived for obtaining the solution by using a recurrence relation to sweep

through, from one boundary to the opposite one, once, to obtain the

missing boundary conditions and then to sweep through a second time to

obtain the complete solution everywhere. These equations are not in-

dependent of each other. They are coupled to the other equation through

the vectors R, S, and T. Therefore, the solution of the equations can

be achieved by an iterative technique in which the solution for two

sets of different directional lines is used to evaluate the coupling

terms for the third set of directional lines. Then the complete solu-

tion fir this set of directional lines is achieved through the recurrence

relation method described below.

Consider the matrix equation

dU
dx -AU +dx 	(2.53)

Let the x lines be divided into n intervals (not necessarily equally

spaced) with h i the spacing between the (i-1)st and ith nodal points.

Then

Ui - Ui-1 A i 
U 
i + Ai-1Ui-1 R  - Ri-1

h1	
2	 +	 hi

h	 h.

(1	 2
A

1i )Ui	(1 + 2 A1-1 )Ui-1 + (R f - Ri-1)	
(2.54)
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Ui	 (I - 2i	
-1Ai)	

(I + 2 1-1i A)Ui-1

+ (I - 21 Ai ) -1 (R 	
Ri-1)	 (2.55)

or

Ui = 
Li U i-1 + m 

where

-1	
i

Li	(I - 
2i Ai)	

(I + 2 Ai-1)

(2.56)

Mi	(I - 2i Ai ) -1 (Ri
 - Ri-1)

Let

Ui s DiU1 + F 	 (2.57)

Then

Di U1. + Fi + Li Ui-1 + m 

Li (Di-lU1 + Fi-1) + m 

or

(Di - LiDi-1 )U1 = LiFi-1 - F  + Mi

Since U1 is abri.traty

Di Li Di-1

Fi r Li 
Fi-1 + Mi

(2.58)



For station 2, we can write from (2.57)

U 9 = D 2 U 1 + F2

and from (2.55)

U 2 = L 2 
U1+M2

•	 D2 = L2 , F2 = M2	(2.59)

All the Di and F  can now be determined from 2.58, starting with (2.59)

At the last station, i	 n, we have

U  = D  U 1 + Fn	(2.60)

Now parts of the vectors U 1 and Ur are known (usually half the boundary

conditions will be given at each end). Let us write these vectors as

U l,k	 Un,k

U	 =	 L^ _	 (2.61)
1	 U1'u	 n	 Un'u

where k represents the known part of the ^ ,ector and u the unknown part.

Let us further partition D  and F n as

D	 =
a l a2

F	 = S1
n n

CL 3
a 4 I	 a2

(2.62)

4
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So that we can write

Un,k	
a1 a2	 U1,k	 +	 S1	

(2.63)

Un,u	
013 

a4	 Ul,u	 S2
J

Un,k ` al Ul,k + a2 U1,u + B1

Ul u - a21 (Un ^ k - a Ul ^k - sl )	 (2.64)

The vector U1 is now completely known and the complete solution obtained.

It is apparent that if the first part of the vector U 1 is the unknown

part and/or the first part of U  is unknown, then the appropriate relation,

taken from equation ( 2.63), must be used to determine Ul,u'

Thus, suppose the first half of U 1 is unknown, and the second half

known, so that

Ul,u
. t

V1	
tl,k

Then from eq. (2.63)

Un,k al Ul,u + a2 
U 1 + i

and

Ul,u , all (Un.k - a2 Ul,k - a
l )	 (2.65)

Then

or
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similarly if thy• first part of U1'

known, then

U
n,u

U =
n

Un,k

and

Un,k = a3 Ul,k 
+ a4 U 

and

-1
Ui'u a4 Un ^ k - a3

Ul ' u 1
and finally if U l =	 and

Ul,k

Un,k a3 Ul,u + a4U
-

and

Ulu = (X-
3
1 (Un ^ k - a4 U l ^ k - S2 )	 (2.67)

To summarize:

1. The vectors A i and R  are known (R obtained by iteration). If

the spacing between lines is maintained constant, then A i - A is a con-

stant matrix.

2. Calculate the L i and M  from (2.56).

3. Calculate the D i and F  from (2.59) and (2.58).
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4. Partition the matrices Dr and Fn as indicated by equations

(2.62) and (2.63). Note that if there are M lines then the vector U

will have 2M elemenrs and there will be 2M boundary conditions, divided

between stations 1 and n. This will determine the length of the known

and unknown vectors and thus the dimensions of the a's and B's.

5. Calculate the unknown vector Ulu from (2.64) or (2.65-2.67).

The complete vector U1 is now known.

6. The displacements at any station are now computed from ( 2.57).

As noted above if the spacing between lines is constant, i.e., hx , hy,

and h are constants, then A is a constant matrix. It then follows
z

from (2.56) that Li . L is a constant matrix (if h i Is also constant).

Then equations (2.58) read

D.,	 i-1

Fi 
M LFi-1 + M 

Note that although M  varies along the lines, it is only a column matrix.

2„3.2 Incorporation of Prescribed Boundary Conditions of Normal
Stresses or Applied Displacements in tha Recurrence Relations.

The second order differential equations given by equation (2.22)

for the x-lines involve a two point boundary value problem. The first,

half of the boundary conditions are given on face IV and the remaining

boundary conditions are given on face I as shown in Figure 4. In the

case of an edge crack s pecimen they are

cxx I IV s 0	
(2.68)



The subscripts IV and I refer to the boundary planes as shown in

Figure 4. With the help of stress-displacement relations the equations

(2.6$) and (2.69) are reduced to the following equations respectively,

du
ax I IV = lv^ (v + w) IV	(2.70)

and	
dull	

- lVV (v + w) I	 (2.71)

Since the derivatives of v and w will be known on all the points on

the face IV and I, a vector of 
{Ul,k)Zxl 

and 
{Un,k)Zxl 

can be formed by

assembling the derivatives of u in the proper order, as designated in

Figure 6. These vectors will constitute the lower half of the complete

vector used in tLe recurrence relation method. The complete set of

vectors are

{U1,u)kxl

U  =	 (?.72)

2Qx1	 {Ul.kIZxl

{Un,u}Axl
and	 U  =	 (2.73)

2zx2	 {Un,k } 4xl I

As described in the previous section using equation (2.66) the remaining

half of the vector U  can be calculated and a forward sweep is made to

obtain the solution at every grid point. This procedure presents a
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problem because bc:h the boundary conditions are Neumann's t ype and

due to this the solution can be determined only upto an arbitrar y con-

stant. The presence of rigid body displac:emen;s makes matrix a 3 in

equation (2.66), a singular matrix. To suppress the rigid body dis-

placement, the displacement u k 1
i 
is set to zero. This leads to a

rearrangement of matrices a3 and a4 in equation (2.66). Once

(U1,u)kxl is determined by using the rearranged equations, a forward

sweep is carried out to determine the solution at all the grid points.

The known value of u2k11 is saved before t%e sweep is carried out.

To maintain the consistency the newly calculated value of 
u20 1 is

replaced by its old value.

The second order differential equation given by equation (2.32)

for the set of y-directional lines is again a two point boundary value

problem. Half of the boundary conditions are prescribed on face V

and the remaining half of boundary conditions are given on face iI.

The face V and face II are the boundary planes as shown in Figure. 4.

It also shows the cracked face designated by the plane V(b). This

leads to two kinds of boundary conditions for the points lying on the

plane V. The face V(b) is P. traction free surface, therefore all the

y- lines, starting from this face will satisfy the following boundary

condition,

ayy'V(b) ' 0
	

(2.74)

Due to the symmetry of v-displacements with respect to the plane V(a),

all the lines starting from this face will satisfy the condition,
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vIV(b) - 0
	

(2.75)

using the stress-displacement relations equation (2.74) can be reduced

to

dv	 _ _ y du dw
dy I V(b)	 1-v (dx + dz)V(b) (2.76)

The equations (2.75) and (2.76) are assembled into a vector form by

following the sequence of numering of the y-directional lines as shown

,	 11

in Figure 7. The assembled vectors are 
Vl,k 

and Vl,k . Using these

vectors, the vector V 1 at face V is written as

V1	-

2mxl

r

I	 ,
Vl,u

Vl,k

if

Vl,k

Vl,u

where Vi u and Vl ,u represent the unknown parts of the vector V1.

Rest of the boundary conditions are obtained by utilizing normal

traction at the face II. As shown in Figure 2, in the case of tensile

loading we have an applied normal traction a on this face. Using

the stress-displacement relation, we can write,
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dv	 o (1 + y) (1 - 2v)	 _	 v	 du d_w

dy l ll	{ E	 (1 - v)	 }II	 (1 - v)
 (du 

+ dz)I7

(2.77)

The equation ( 2.77) is arranged to form the vector V
a,K
,. The vector

Vn at face II can now be written as

s

V
V s	

n,u

n
Vn,k

(2.78)

Vrepresents the unknown par` of the victor	 Following the
n,u

recurrence relation method, an equation similar :o the equation (2.57)

is formulated and given by

n-Dn V1 +Fn 	 (2.79)

The evaluation c f m, trices D  and Fn is described in the previous sec-

tion 2.3.1. The determination of unknown vectors V ; and V" differsV; and
 l,u

slightly from the procedure given in the section 2.3.1. The details

of the procedure used to calculate vector V 1 can be found in Appendix

B. Once the complete vector V1 is known, using the recurrence relation

method, the uisplacements v and S are obtained az all the grid points.

Th,_ secord order ordinary differential equation for the set of

z- directional lines given by the equation (2.38) is a two point boun-

dary value problem. As shown in Figure 4, ha lf of the boundary conditions

are obtained by setting ill the w- displacements equal to zero on the

plane VI due to symmetr7. This leads to
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Wl,k 0 (2.80)

nxl

on the boundary Mane III, the prescribed normal tractions are zero.

This leads to a set of equations for each grid point on this plane.

These equations in vector form can be written as

W -{L) - -	 ({u} + {0 ]	 (2.81)
n 	 dz 

nxl	
1 v	 nxl	 nxl

nxl

once again the vectors W l and W  are formed as

Wl,k
W1 =

2nx1	 Wl,u
6.

and

W
n,u

W  -

	

	 (2.82)
W^•k

the general equation connecting the vectors W 1 and W  is

Wn -Dn W1 + n	 (2.''..

The matrices D  and Fn can be partitioned as shown in equation ( 2.63).

Appropriate matrix equations are extracted to solve for WThe
l,u*

complete solution for w- displacements and its derivative w is obtained
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for all the grid points by carrying out a forward sweep operation,

described in section 2.3.1.

2.4 Loading Idealization for Compact Tension Specimen

One of the major objectives of this investigation is to study the

compact tension specimen. Figure 1 (a) shows a standard compact tension

specimen and the loading on it. The idealized model of this specimen

used in the present study is shown in Figure 1(b). The pin loading

applied on the spec imen is approximated by a parabolically varying

shear type loa^ing. The resultant force due to the applied shear load-

ing is maintained equal to the actual applied pin load (25).

This type of prescribed shear loading can not be incorporated into

the solution of the ordinary differential equations in which the normal

traction boundary conditions have been used. The equations for y- lines

are slightly modified to include this type of traction boundary condition.

The y- directional lines whose equatiors are directly affected by this

are 1, 2, . . NZ and NZ + 1, NZ + 2 . . 2NZ.

The traction any at the boundary face IV is

any IV - -T(Y)
	

(2.84)

where T(y) is the prescribed surface, traction. Its variation in y-

direction is expressed as

	

T() - 4 To (h) (1 - h)
	

(2.85)

TQ is the maximum value of prescribed surface traction at y 
2 

and h

is the semi length of the specimen as shown in Figure 1(b). The
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inclusion of this leads to a new equation for the y- directional line

1. The modified equation is

d 2v 1 	C1

d 2 + 12h2 [- 20v
1 + 17v

NZ+1 
+ 4v

2NZ+1 - v3NZ+l]
y	 x

c

+	
1 [- 30v

1	2+ 32V - 2V

12h	

3]

z

11C
= C2 dy (u + 

w) 1 	 6h 1 d,	
.Vl [ T ]	 (2.86)

X	 y'

where G is the shear modulus of the material. Similarly the equations

for lines 2 through NZ can be written. The equation ( 2.86) is the

T
same as the equation ( x.30) with the additional term of - 6h"Cl [],

x

which appears due to a non -zero prescribed surface traction. The

modified equations for line 2 through NZ also include this additional

term. The other terms for these equations remain the same as befoze.

The ordinary differential equations for the line NZ+1 through 2NZ are

modified by adding additional term of 
6h 

T 
Gy) 

to the original equations.
x

The details of the method used to derive these equations can be found

in the Appendix C.

Introducing the matrix notation, all the ordinary differential

equations along the y- dire c tional lines are expressed in the form,

t
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t_ 1	 .. _ .,.:^

d2{2 = [Ky I {v) + ^{s(Y)} + {s*(Y)}	 (2.87)

dy

W- 	 MM mxl	 mxl	 mxl

The equation (2.87) is similar to the equation (2.32) with an ad%:ition

of a new vector {s*(y)} whose components are

NZxl

{s*(Y)} {s2(Y)}

mxl
NZxl

{O}m-2NZ

where i
1

{s*1(y)
lic T G6-h—

NZxl
x

1

and 1

1

{ S2(y)}	 =
T^

6h
NZxl x

(2.88)

once again by following the procedure described in section 2.3, the

equations ( 2.87) are reduced to a set of first order ordinary differ-

ential equations aiid the new set of equations are,
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dy- A2V + d y) + S* (y)
	

(2.89)

Definitions of vectors V, S(y) and matrix A2 are given by equations

(2.46), (2.47) and (2.48) respectively. The vector S*(y) is a new

addition and defined as

{0}mxl

S* ( y) -

2mxl	 {s*(y)}=1

The equation (2.89) can not be solved by the direct application of

the method of recurrence relation described in section 2.3.1. It

will require some small modification due to iresence of vector S*(y).

Let the y lines be divided into n intervals with hi being the

spacing betweer, the (i-1)st and the ith nodal points. Then,

Vi - Vi-1 Ai Vi + Ai
-1 

Vi
-1 Si - Si-1 Si + Si-1

r	-	
2	

+	 h	 +	
2	

(2.90)
i

The above equation can be rearranged as

h i 	-1	 h
Vi - [I - 2 Ai )	 [ I * 2 Ai-1 ] Vi-1

h-1	 h
+ [I - 2 Ai)	 [Si - Si-1 + 2 (Si + Si-i)1

Li Vi + M 



where

hi	 -1	 hi
Li 	[I - 2 Ai ]	 [ I + 2 Ai-1^

h	 -1	 h

Mi = [ I - 2 Aid	 [S i - 
Si-1 + 2 (Si + Si-1))
	

(2.91)

we see an appearance of new terms in the M  vector. Once these modi-

fied M  vectors are calculated, the procedure described in the section

(2.3.1) is followed.
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CHAPTER 3

SOLUTION OF ELASTO-PLASTIC PROBLEM USING THE

MaTHOD OF LINES

In this Chapter a three-dimensional elasto-plastic material be-

havior formulation for the governing field equations in incremental

form is presented. The method of lines is extended to include the

non-linear plastic strain terms. The solution procedure is special-

ized for the two geometries considered herein, but can easily be ex-

tented to other geometries.

3.1 Governing Field Equations

The material is assumed to be isotropic and homogeneous. The

deformations are considered to be small and quasi-static. The Von

Mises criterion given below is used to determine the yield condition

at each material point.

o - ^ [(Qx - oy' + (oy - 0z) 2 + (0Z - ox ) 2e 

+ 6 02 + 0 2 + 0 2 )) 
1/2

(s.l)
xy	 yz	 zX

Subsequent yield surfaces are determined by using the rule of isotropic

hardening. Prantl-Reuss relations are employed for constitutive

equations relating the plastic strain rates and stresses.

In the plastic range the strains are in general not uniquely

determined by the stresses, but depend on the whole history of loading.



Therefore, the load is applied in increments as fractions of the tota:

E '	 loading and the equations are written in the incremental form. Let E_

e
F	 be the total strain after the kth loading step. Following the conven-

tional tensor notation it can be written as

i,j s 1.2,3
Cij 

02 
Cij 

+ Eij + AEi
P	

(3.2)

where C e is the strain due to the elastic deformations, Eij is theij
accumulated plastic strain through the (k-1)th loading step and ACij

is the plastic strain due to plastic flow in the kth increment. The

equation (3.2) is rearranged as

Ei = E - Ei - Eij	 i j 	j	 j (3.3)

The elastic strain8 are related to stresses in the following manner,

G.
Eij	

^ - dij E G
kk	 (3.4)

The incompressibility condition in tensor notation is

Eiim

and

I^Eii a 0

(use of the double subscript represents the summation over that sub-

script.)

on making use of the equation (3.4) and !3.5), the equation (3.2) can
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be modified as,

oij	 (^+ v) Eij + aij ( 1 + v) ( 1 - 2v) Ekk	 ( 1 + v) 
(Eij + Eij)

(3.6)

For small deformations, strain-displacement relations are,

Eij s 2(ui,j
 + uj'i)	 (3.7)

Introducing equation ( 3.7) into equation (3.6) leads to

aij	 2 1 - v) (ui,j + uj,i ) + dij ( 1 + v) (1 - 2v ) uk,k

( 1 + V) (Ei
j + AEil	 (3.8)

The equation (3.8) represents the constitutive relations for the elaso-

plastic materials. The equilibrium equations for zero body force are

aij,i	
0
	

(3.9)

A set of equations similar to the Navier-C&ucny equations for the elasto-

plastic material are obtained on substituting equation (3.8) into the

equations (3.9). These equations are,

1

uj,ii + 7--2v  uk,kj ` 2(Eij,i + 4Eij,i^ 	 (3.10)
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The equation (3.10) is essentially similar to the equation (2.4) ex-

cept the addition of the plastic strain terms on the right hand side.

For convenience the following non-dimensional quantities are introduced,

- x_
x^

B

y	 (3.11)

-
Z

z 
B

	

E	 E

	

xx	 E - Y
	xx EO	 xy C 

	

E	 E

	

Eyy - -a	 E yZ . ' Z 	(3.12)

	

O	 O

_	 E	 E
	ZZ	 -	 zX

E	 E

	

ZZ = E	 ZX - E

	

O	 O
Q

where	 F-0J - E
O

E is the Young's modulus and a  is the yield stress of the material.

	

s OXX	 Q s Y
	xx a 
	 xy a 

	

CT - Q-y	 E yz 
= 

o z
	 (3.13)

	

O	 O

	

azz	 aZX
z71	 oo	 zx	 Qo



where B is the thickness of the crsck specimen. The substitution of

non-dimensional quantities E i' , aij and ui into (3.8) and (3.10) leads

to the following non-dimensional equations,

oxx ' (1+vl 1 -2v) (1 -v) aX+vr+vrz

-(r_Tv)( ems +^xx 	(3.15)

6yy ' (I + v) 1 (1 - 2v) [v ax + (1 - v) a + vai)

Tr 
1
	 (EPyy + AEyy ) (3.16)fv

czz ' (1 + v) 1 (1 - 2v) [ VTR
 + vaX + a - V) a )

(1 + V) (€z I, ♦ L^.Ez z) (3.17)

Q	 1
	

2u + av ) _	 1	 (E?	 + AEP )	 (3.18)
xy	 2(1 Y v) ay	 ax	 (1 + v) xy	 xy

Q 	 + aw ) _	 1	 (Ep + 
Alp i	 (3.19)

yz 2 1 _+v) .i ay	 (1 + V) yz	 yz
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azx	 1 + v [ 'cox + az j (1 +v)	 x(e zx + fi)	 (3.20)

2-	 2-	 2-
au +c(au + au)_c a (Lv +aw)
ax2 	1 a`y2	 a-2	 2 dx 3y 	 z

+ 2c1 [ aR xy. + €xx + r ( €yx + nryx)	 ( 3.21)

+ 'dz (ezx + AEzx) )

a2-	 2- 	
u aw

a
-2
-2 + c 1 (

a

a

-2
 + 

2!:V)
az 

s 
c2 aya-[aax + azj

y

+ 2c1(ax (EX
y + DEX	 ay) + ,ry (Ey + Alpy	 (3.22)y) 

+ a2 
(Ez

y 
+ ^ezy)l

a 2w	 2w	 w

a22 + C1 ax2
(
a

 + 

a2

ay
2) s c 

a
2 aI [ 

au- + avayl

+ 2c1 [ax ( EX, + aEX z) + y (Ey z + ^ey z )	 (3.23)

and

+ az (EZ Z + Dezz)l
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where

1-2v
C 1	 21-v)

and

C	 -
1

v)

3.2 Solution of Elasto-Plastic Problem

The equations (3.21), (3.22) and (3.23) are compared with the

Navier-Cauchy equations (2.5) through (2.7) described in Chapter 2.

In the new equations, the field quantities x i 's and ui 's are used,

which are now non-dimensional quantities defined by the equations

(3.11) and (3.12). Anot-r difference between these two sets of

equations, is the presence of additional terms containing plastic

strains. These differences do not alter the solution procedure

described in the preceding chaptEr. The line method is still used

to solve the equations (3.21) thro:,gh (3.23).

The equations (3.18) through (3.20) give the value of shearing

stresses. Since the plastic shearing strains are always zero on the

free surfaces, e.-cept in the case when the shearing traction is

prescribed on the boundary, the plastic strain terms can be dropped in

these equations for the boundary shearing tractions. The new equations

will be in terms of non--dimensional quantities, but the type of
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equations remains the same as used in Chapter 2 to eliminate the

imaginary lines at the boundaries. This result offers considerable

help in extending the method described in the previous chapter for

the elasto-plastic problem. To achieve the complete equivalence we

define the non-dimensional spacings hx , by and h  as

hx

hx B

_	 h
h = y
y	 B

h
h a z
z	 B

(3.24)

where hx , hy and h 7 are the line spacings for the x, y, and z sets of

lines as shown in Figure 3 and B is the thickness of the cracked speci-

men.

Ordinary differential equations for the set of x- directional

lines are obtained by replacing xi , u  and hi (1	 1 9 2 9 3) by the

corresponding non-dimensional quantities x i , ui , hi (i - 1,2,3) in

equation (2.22). 'king the matrix notations, the new equations for

the elasto-plastic case are

2	 _	 _
ddx2)	

[Kxl{u) + H{r(x)) + dX {ri(x)) + {r2(x))	 (3.25)

Zxl	 R.xZ W	 bd	 Qsl	 Rxl
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Matrix [Kx I and vectors {u}, {_(x)} are obtained from the equations
(2.23) and (2.24) by using the corresponding non-dimensional quantities.

The vectors 
{rl 

(x)} and {rZ (x)} are new additions to the equations
containing terms of plastic strains. They are considered functions of

x along the x- directional lines &A expressed as follows,

2C (e+ mXx)

1

2C1(Exx + AEP
Xx
 2

2C1(EXx + AEXx)^

2C 1 (Ex + €X

	

x	 x)I

	

2C1[, (EYx+ 	 AEYx ) + , (ezx + Aezx)J1

2C [a (gyp + Aep ) + a (EP + AEp1 ay yx	 yx	 az	 zx	 zx )]2

i

2C1((ep + 0Ep ) + a (ep + G Ep )J	a y yx	 yx	 TZ zx	 zx Q-1

1C1 ` r(EYx + AeXx) + zz (Ezx 
AeXx)]

{ri (x) }

zXl

and

{rp (x) }

Ul

(3.26)

(3.27)
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The equation ( 3.25) is modified by following the procedure describ,d

in section (2.3) to obtain a set of first order ordinary differential

equations. These equations in matrix form are

dl	 d R(x)	
dRl(x)	

p -
dx	

A1ll + dR
	 +	 dx	

R2(x)	 (3.28)

The vectors Ri (x) and RZ (x) are defined as

r
1o} zx 1

Rl (^) s	 {rl(x)}zxl	
(3.29)

and

{o } kXl

R2 (R)	
{r2(x)}^xl
	

(3.30)

The definitions of other matrices and vectors used in equation (3.28)

are the same as given by the equations (2.42) through (2.44) but in

this case non-dimensional quantities are employed to formulate the

resnective matrices.

For the set of y- directional lines. The equation (2.32) is ex-

pand-d to include the plastic strain terms. Using the matrix notation

acid the non-dimensional quantities,the new second order ordinary

differential equations for the elasto-plastic case are,
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. [K } {v} + d {—.=SX. I + a (sp (0) } +	 (3.31)

	

dy	 y	 dq	 dg	 1	 2

	

mx1	 mxm mxm	 Mxl	 mxl	 mxl

The matrix [K y } and vectors {v}. {g(y)} are obtained by following a

similar procedure used for equations (2.33) and (2.34). The vectors

{gi(y)) and {s2(y)) are new additions containing the terms of plastic

strains. They are considered functions of y along the y- directional

lines and expressed as

2C1(Eyy +  AT Py)^
1

2C ( Ep + Acp )^
1 yy	 yy 2

{$1(5)}
	

0.32)

mxl

1(Y) }
mxl

2C1(Epy + 6TP
M-1

2C (rp + prp )
1 yy	 yy m

2C ( a (Ep + ptp ) + 
a 

(ep + pep )}

	

1 5X xy	 xy	 '^ zy	 t 

2clta
^(ex + eeX )	 +	 (Ez + pEi

	

y	 y	 y	 v)}

2C 1 (,Sâ -(rP + Ar-P ) + i (EL + Alp ) 1

	

Y	 y	 y	 ZY m-1

and

(3.33)

2C [ a ( [p + pip ) + ,? (r	 + pE p ) }
1 ^ xy	 xy	 df zy	 iy 

m
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A set of first order ordinary differential equations are derived from

the equation (3.31) by following the procedure described in section

(2.3). Introducing the matrix notation they are written as,

dSp (y)
d̂ = a2v + 

d a(y) + d_ + s2,y )	 (3.34)
y	 y	 y

The vectors Sp (y) and SZ (y) are defined as

{o }
§P (

y ) =	
mxl	

(3.35)
1	 {si(y)}mxl

and

{o }mx l
S p (y) _	 (3.36)

2	
{ 2(y)}mxl

The definitions of the othe- matrices and vectors usee in equation

(3.34) are the same as given by equations (2.46) th ough (2.48), but

in this case non dimensional quantities are employed to formulate

the respective matrices.

Similarly the ordinary differential equations for the set of z-

directional lines are obtained by extending the equation (2.38) to in-

cl ,lde the plastic strain terms. Using the matrix rotations, the new

equations for the elasto-plastic case are

2	 _ddG)	

[KzI {w} + dz {t (Z) ) + di {ti (
_

z) } + {t2 (z) }	 (3.37)

nx1	 nxn nx1	 axl	 nx1	 nx1
1
3

a
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The matrix (x zI is formed by using the non-dimensional spacings E 

and by in place of h  and by in various submatrices of matrix [K z]

given by the equation ( 2.39). The vectors {w} and {t(z)} are formed

by using the non-dimensional quantities in the equation ( 2.40). New

vectors {ti (z)} and {t2 (z)} are considered functions of z along the

set of z- directional lints. They are expressed as follows,

{L1 (z)}

nxl

2C 1 	Z (EP+ 	 uEZZ)^
1

2C1(Ezz + Arpzz 
2

2C1 
(EP
ZZ + 

eEZZ)^

n-1

2C
1 (E ZZ 

+ eEZZ)^
n

and

(3.38)

1

(3.39)qt2(z))

nxl

2C1 [alt xz + eex z) + 5(Eyz + eey z ) ] 1

2C 1 [ aX z	 z	 z(EX + eE x + ay( ey + eeyz)]

2C1 [Ig xz + eexz' + ay(Ey z + eEyz)l
n-1

2C1[ax(Exz + Aex
z) + a (eyz + eEyZ)]

n
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A set of the first order ordinary differential equations are derived

from the equation (3.37) using the procedure described in the section

(2.3). The equations in matrix form are,

dTp(z)
dW

dz	
A 3W + ddiz) +
	

di	 + 
T2 (z)	 (3.40)

The vectors Tp (z) and T? (z) are defined as,

{o }

TP(Z)	
nxl	

(3.41)

1	
{tl(z)}nxl

_	 {o) nx I
and	 T1(z)	 (3.42)

{t2(z, nxl

The definitions of the other matrices and vectors used in equation

(3.40) are the same as given by equation (2.50) through (2.52), but

in this case non-dimensional quantities are employed to formulate the

respective matrices.

The equations (3.28), (3.34) and (3.40) represent a set of two

point boundary value problems, in which half of the boundary conditions

are prescribed on one face and the revaining boundary conditions, in

general, are given on the second face. They are either in the form

of prescribed displacements or normal tractions. For example, for the

set of x- directional lines, we have prescribed surface tractions on

the face IV and face 1, as shown in Figure 4. To obtain the starting
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vectors for the recurrence relations method, the stress displacement

relations given by equations (3.15) through (3.20) &re used, while the

procedure essentially remains the same as described in section 2.3.2.

The augmented recurrence relations given by equation (2.91) are used.

The equations (3.28), (3.34) and (3.40) are coupled differential

equations. The coupling terms on the right hand side involve u, v, w,

their derivatives and plastic strains eij (i,j - 1,2,3). The solution

is obtained in an iterative manner and the same iteration is used to

evaluate both the displacement terms ane the plastic strain terms. The

solution of these equations yield a field solution for the displacements

ui 's and the total strains E. , eyy and e rZ . The total shearing strains

are obtained by using the equation

E ij - 2 (u i,j + uj,i)	 i,j - 1,20	 (3.43)

if j

The actual evaluation will involve the use of three-point finite

difference equations. To calculate the plastic strains we make use of

the following equations (26).

AE
CepCep

 - 3E 
(2 E^ - E ^ - Ez)

	

},stet 	 y

n^
Aey - 3-e t (2Ey - E-Z - €X)

et

AE
FEZ -	 (2e - E	 - E )

	et	 y	 x	 y
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DE _^

AEP _	 p E
xy	 Eet xy

AE
P =

^E	
P

y z 	yzet

or

AE

_p _ p €

zx ^ zx	 (3.44)

k-1
where	 C	 Eij - E Ei^	 i,j - 1,2,3	 (3.45)

1

k refers to the current increment number.

2	 2	 2

Eet - T
	

1	 '	 Z	 1	 ,I(Ex - E 
Y ) 

+ (E 
Y - 

E
L
) + (E 

z - 
E 

x )

	

2	 ,	2	 ,	 2 i

+ 6(Exy) + 6(Eyz) + 6(EzX) ] 2	 (3.46)

_ 2

and	 ^E	
het	 3 1	 oe,k-1
p 

do	
(3.47)

1 + 3 (1 E v)(dEe)k-1
P

1 do
The term F 

(dE
e
 )k-1 is deterained from the stress-strain diagram of
P

the material. The non-dimensional effective stress o is defined as
e

Je -I(ax - Jy ) 2 + (Jy - o z ) 2 +	 2(o z - ax)

+ 6(a 2 + a2 + a2 )] 2	 (3.48)

	

xy	 yz	 zx
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The method, applied to the present problem is known as the method of

successive elastic solutions (26). At first an elastic solution is

obtained. It is scaled up such that the highest stressed node point

in the grid reaches the incipient yield condition. For the subsequent

loading the loading path is divided into a number of sufficiently small

increments. The iterative procedure for determining the incremental

plastic strains for each load increment is as follows,

1) The applied load is calculated by adding the loading increment

to the °urrent load level.

2) Initial values of plastic strain increments are all assumed to

be zero in the beginning of the load increment.

3) Obtain the field solution for the total strains Eij (i, j - 1,2,3)

by solving the equations (3.28), (3.34) and (3.40).

4) Calculate the modified total strains from equation (3.45) and

evaluate the equivalent modified total strain € et from equation

(3.46).

5) rind the equivalent plaatic strain increment 
AE  

from equation

(3.47) in which 
ae,k-1 

is the dimensionless value of the

equivalent stress at the end of the previous increment of load-

ing. For the first lead increment and also for the case where

there was no plastic flow under previous loading, 
ae,k-1 is

equal to the dimensionless yield stress Q o , i.e., unity.

6) Calculate rsw set of incremental plastic strains from equations

(3.44) .

i
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7) Check for the convergence of the incremental plastic strains.

The convergence criterion used is

€ml _ r.
N 
	 yy+m EYy+m

mil
E:	

(3.49)
yy,m

N	
< EPS

N represents the total number of yielded nodes, while n is iteration

number and m is a grid point identifier. The value of the EPS is chosen

depending upon the desired accuracy of the solution. Repeat steps 3

tj 6 until the convergence is achieved on the incremental plastic

strains.

R) Sum the plastic strain increments and return to step 1.

Once the successive approximation procedure has converged, the

stresses are calculated at all the grid points. The schematic repre-

seatation of the method is given below,

1

3
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CHAPTER 4

STRESS INTENSITY FACTORS AND

J-INTEGRAL DETERMINATION

The stress intensity factor (SIF) and the path independent

J-integral propoa.:o by Rice (27) are most commonly used fracture

mechanics parameters. Considerable effort (28,29,30) has been de-

:rated to develop the techniques for an accurate determination of

these parameters.

In the next section a commonly used technique to evaluate the

stress intensity factors is discussed. Finally, a procedure is

given to determine the }a.:'1 independent J-integral.

4.1 Determination of Strt,ss Intensity Factors

The stress intensity fac*_a: (SIF) is defined as

K = Eft Q (2,,R) n	(4.1)I	
R-+0 

y

where Qy is the stress ahead of ci 'k tip, R is the distance measured

from the crack tip. n is the singularity of the stress field in the

neighborhood of the crack. It was found however, that due to the

coarseness of the grid used, the usual extrapolation techniques did

not yield accurate results. The precise crack tip location is also

unknown, except that it is approximately midway between two lines.

To overcome these problems, a procedure described in reference (22)

is followed. In this method two terms in the displacement series

expansions around the crack tip are retained rather than one. This

also permits to determine the actual crack tip location from the

computed results.
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v(

y=0 aK I R2n r KI (R)	 (4.2)
I

where a is a function of Poisson's ratio, and r is the crack edge

position correction, measured from the originally assumed mid point

position. Using displacement data from the adjacent nodes to the

crack edge in equation (4.2), values of the aKI, 
L

RT and r are calcu-

lated for each value of z. The distance R is measured from the halfway

point between nodes specifying boundary stresses and displacements,

respectively. A plane strain condition is assumed to exist all through

the thickness of the spec{mep., except at the surface. Correspondingly

a would be equal to 3.56 for the plane strain case and 4.0 for the

plane stress case.

In the case of the curved crack fronts, the v- displacement values

are extrapolated along the normal directions tc the crack front, with

the help of nodal displacements. These values are used in equation

(4.2) to evaluate the local stress intensity factors through the thick-

ness of a cracked specimen.

4.2 J-integral Determination

Rice (27) developed a path independent integral, known as the

integral in the literature. This integral is associated with the

change in energy of a body due to the crack growth and it is expressed

cis

fau
J = 	 (W(e) dy — Ti u ds)
	 (4.3)

r



A

1

Here r is a curve surrounding the notch tip as shown in Figure 9(a).

The contour integral is evaluated in a counter clockwise sense,

starting from the crack surface. The strain energy density W(e) is

defired as
E
mr

W(e )	 (aij d e ij	 (4.4)
0

and the traction vector Ti is

Ti M aij nj	(4.5)

u  is the displacement vector.

The consideration of singular terms associated with the stress environ-

ment near the crack tip in a linearly elastic body, in the evaluation

of equation (4.3) leads to well known relationships as obtained by

Rice (27). These relations are,

2
J s l E v KI	 (for plane strain)

(4.6)

J W 
E 

K2	(for plane stress)

The equations (4.6) could be used to determine stress intensity fac-

tors by computing J-values which can be obtained without a detailed

knowledge of the stress and strain field, very near the crack tip.

By taking advantage of geometric and loading aymmetry about the x

axis, retangular paths are chosen to calculate J- integral values.

For a rectangular path shown in Figure 9(b) the contour integral for

J can be written as,
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2
J - 2 J [W(e) - ax Ex axY av ]dy

1

3
+ 2	 (axY ex + aY 

2x) 
axJ

2

4
+
 2 1

W(e) - ax 
ex zy ax)dY	 (4.7)

3

where

W(e) - J%Ia x dc  + ay dEy + a  dc 
0

+ 2a
xY 

dex 
Y 
+ 2a 

Y 
z 

Y
de z + 2a

zx dc
zX)	 (4.8)

The coordinates of the points shown in Figure 9(b) are used as inte-

gration limits in equation (4.7) and the integrations are calculated

using the trapezoidal formula of numerical integration.
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CHAPTER 5

RESULTS AND DISCUSSION

A computer program was written to solve the elastic problem for

the different cracked specimens. This program was later modified to

include the plasticity terms. Since the ordinary differential equa-

tions are coupled, a successive approximation procedure was used to

obtain the solution. The computation for ail the examples were per-

formed on IBM 370/3033 time sharing computer.

5.1 Single Edge-Notched Tensile Specimen

The new formulation of the MOL was first applied to a single edge

notched specimen in tensile loading. The specimen shown in Figure 2

has dimensions, W/a = 2, B/a = 3,L/a = 3.5, where a, B, W and L are

the specimen crack length, thickness, width and length respectivcly.

Figure 10 shows a plot of the dimensionless maximum crack opening

versus the number of grid lines. We note the following:

1) This displacement approaches smoothly an asymptotic value. 2) The

value obtained in reference (31) using the old formulation of MOL, is

in error b y approximately 17% whereas the error using the same number

of lines with the new formulation i,, only about 3 percent from the

asymptotic value. Furthermore, 12 x- grid lines were the most that

could be used in reference (31), before the solution diverged. 3) A

comparison with the results obtained in reference (32) usins, finite

elements, indicates that the present solution using 16-x lines, is

essentially correct since it was indicated in reference (32) that the

value obtained there may be as much as 25 percent luw.
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The dimensionless stress intensity factor for this specimen at

the mid thickness is shown in Figure 11 versus the number of x grid

lines. Again, the value obtained in reference (31) using the old

formulation is in error by about 8 percent, whereas the new formulation

with the same number of grid lines is in error by about 3 percent from

the asymptotic value.

Figure 12 shows the stress distribution ahead of the crack tip

at the mid thickness for different grUs. Note *hat the same distri-

bution is obtained with 12, 14 or 16 x grid lines. The larger the

number of x grid lines, however, the closer the crack tip is approached,

and the more accurate is the stress intensity factor calculation.

The variation of the stress intensity factor through the thickness

of the specimen is shown in Figure 13. The SIF decreases approximately

15 percent in going from the center of the specimen to the surface.

5.2 Compact Tension Specimen.

The standard compact tension specimen (CTS) shown in Figure 1(a)

is considered next. The dimensions of this specimen are W/a - 2,

1^/a - 1, L/a - 2.4. The load was assumed to be parabolic shear load

:long the pin load line as shown in Figure 1(b).

Figure 14 shows the dimensionless crack opening displacements for

this specimen. As is seen, there is very little difference between the

midplane and surface displacements. The experimental value from refe-

rence (25) is also shown and it is seen that good agreement is obtained.

The variation of stress intensity factor through the thickness cf

the compact tension specimen is shown in Figure 15. Also, shown in

this figure are some of the results obtained by finite elements in
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reference (11), which treats the Battelle Benchmark geometris, (33).

Several different methods were investigated in reference (11) for

e- •aluating the stress intensity factors from the finite element results.

These were displacement substitution, modified displacement substi-

tution, virtual crack extension and contour integration methods, desig-

nated as methods D, E, V, and J respectively in reference (1

In the displacement substitution method, the displacement at the

vertex and mid-edge nodes in the special elements on the face of the

crack were used. Since a coarse mesh was used in reference (11), an

extrapolation was done on the values of SIF obtained by displacement

substitution from the vertex and mid-edge nodes and the method is

named as modified displacement method.

In the virtual crack extension method the evaluation cf the energy

change is made corresponding to a small adjustment in the position of

any point on the tip of the crack in any direction. As shown by Rice

(27), the component J  equals the rate of change of energy per unit

area of crack extension at a point in the direction of the x- axis.

The path independent J- integral proposed by Rice (27) is used in the

method J.

The results of methods D, E and V have been plotted in Figure 15

together with the results obtained herein using the MOL. The results

obtained from MOL lies approximately midway between the methods V and

E. The result from the two-dimensional plane strain solution given in

ASTM E399-78(5) is also shown in Figure 15. The MOL result is only

0.6 percent higher than this result at the ctnter where plane strain is
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expected to exist. The two dimensional solution is obtained by boun-

dary collocation method and believed to have an accuracy of 0.2 percent

fox a CT specimen. Note also the drop of approximately 15 percent in

SIF value as one moves from center to the surface of the specimen.

From the above results it is apparent that the line method of

analysis as modified herein appreciably increases the accuracy and

reduces convergence problems.

5.3 Curved Crack Front Specimens

The method of lines was next applied to curved crack front (CCF)

problems. The compact tension specimen in tensile loading is consi-

dered first. An accurate geometrical description of a curved crack

front is net possible if a coarse grid such such as NX - 12, NY - 6,

NZ - 5 is used. Therefore, two fine grids of NX a 20, NY - 7, NZ - 5

lines and NX - 20, NY - 7, NZ - 7 lines were used in the subsequent

analyses. Since approximate parabolic curves were used in the study it

was difficult to assign a single measurement for the crack front curva-

ture. To describe this curvature, therefore a parameter called crack

tunnel depth is defined as the difference between the crack lengths at

the center and the surface of the specimen. Thus an increasing crack

tu:inel depth reflects an increasing crack curvature.

Figure 16 shows a plot of the local stress intensity factor for

a CT specimen in tensile loading. Curve 1 shows the SIF variation

with thickness for a straight crack front. For this case maximum SIF

occurs at the center of the specimen and it drops by 13 percent on

the surface. This trend is in accordance with the previously reported

results of Raju (10). For the crack tunnel depth of 0.1 it is seen
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that ,IF decreases at the center by 9.5 percent, while at the surface

its value increases by 20.5 percent. Similar type of variation is

rep>rted by Pereira et. al. (14). However, a direct comparison of

the results is not possible because they used a different crack and

specimen size. For higher crack tunnel depths the maximum SIF value

no longer occurs at the surface. It shifts to the adjacent interior

point of the grid. This trend is not reported in reference (14),

probably because a crack length (a/W) of 0.25 was used which is 1/2

of the one used in the present study and more importantly three layers

of elements were used in the thickness direction, making it probable

that the maximum SIF value was missed.

Figure 17 shows the variation of non-dimensional SIF for the CT

specimen with assumed parabolic loading alone, the crack line instead

of tensile loading. The dimensions of the specimen are the same as

before. Once again for the crack tunnel depth of 0.097 the local SIF

value decreases at the center while its value rises at the surface of

the specimen. For the higher crack tunnel depths the trend of lower-

ing, the SIF value at the center of the specimen continues. The

maximum SIF no longer occurs at the surface, but it shifts in the

interior of the specimen. This is similar to the observed trend for

the tensile loading.

A possible explanation for these trends could be given by consi-

dering the various effects which have direct bearing on the SIF values.

The rise in the SIF value at the surface is mainly due to the presence

of a crack front with curvature. However, there are two other effects
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which are responsible for the reduction in the SIF value at the surface.

Firstly, the existence of plane stress condition at the surface jeods

to a drop in SIF value (an approximate drop of 15 percent was observed

for a straight crack front). Secondly, due to the presence of a curve(:

crack front, the crack length decreases at the surface as compared to

th? center, leading to a reduction in the SIF value. As it could be

seen that for the smaller crack tunnel depth the effect of curvature

is dominant over other effects and thus the maximum SIF value r:curs at

the surface. However, for the curved crack fronts with larger crack

tunnel depths, the effect of reduction in the crack length seems to be

dominating. Consequently the SIF value at the surface no longer remains

maximum. A combination of the three effects, mentioned earlier, deter-

miles the location of maximum SIF value through the thickness of the CT

sp !cimen.

Figure 18 shows the variation of center, surface and thickness

average stress intensity factors with increasing crack tunnel depth for

a _'T specimen. The stress intensity factors are non-dimensionalized

with the respective values of SIF occuring for a straight crack. The

thickness average stress intensity factor (K av) is calc+ilated by taking

average of the SIF values across the thickness. It is reflective of

the average stress environment existing near the crack tip. Note that

non-dimensional SIF value at the center of the specimen keeps on de-

creasing as the crack tunnel depth increases. However, the value of

SIF at the surface increases only up to a certain crack tunnel depth.

The thickness average SIF also decreases with increasing crack tunnel
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depth. Similar behavior for the thickness average SIF was observed

by McGowan (12) in his study on a single edge notch specimen. This

clearly shows that the presence of curved crack front can si'nificantly

change the -clue of SIF. The lowering in the value of SIF indicates a

reduction in stress concentration near the crack tip. Consequently, the

specimen can withstand higher loads before showing any appreciable crack growth.

In Figure 19 the change in the thickness average SIF is plotted

against a non-dimensional curvature parameter n. The value of n corres-

ponds to a difference between the average crack length (a av) and the

surface trace of the crack divided by average crack length (aav).

The calculation of aav is done by computing an average of the three

crack measurements taken at the center of the crack front and midway

between the center and the end of the crack front on each side. This

definition of aav is in accordance with the ASTM standard E399-78 (5).

The standard restricts the length of either surface trace of the crack

to more than 90 percent of the average crack length (a av ). Based on

this criterion, the ASTM region is marked on the Figure 19. Any test

in which the specimen shows a surface trace within the marked region,

will be considered a valid test. It could be seen that for the case

when there is a surface trace of 90 percent of a av in the specimen,

there is a 7.0 percent lowering in the thickness average stress intensity

factor. This shows that the use of plane strain formula given in

references (5) will result in an overestima-ion of the fracture toughness

of a material by 7.0 percent.

On the basis of experimental results and three-dimensional analysis

of Pereira et al. and Neale (14,15), recently, an amendment has been
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incorporated (40) to extend the limit on the surface trace of the crack

to 85 percent of the average crack length. This corresponds to a n

value of 15 percent. A drop of 12.5 percent in t't.a value of thi.Aness

average SIF can be observed from the Figure 19 for this value of n.

This is an increase n, 5.5 percent over the previous value and implies

that the use of two-dimensional plane strain formula will result in an

overestimation of the fracture toughness by 12.5 percent. These figures

provide a fairly good estimate of overestimation of the fracture tough-

ness if the CCF is present in the test specimen.

5.4 Effect of Plastic Flow

The increase in SIF values at the surface of the CT specimens with

different curved crack fronts indicates that the crack initiation will

start from the surface of the specimen. This is contradictory to the

experimentally observed behavior of crack tunnelling. It has been

suggested that certain amount of plastic flow takes place at the surface

which results in lowering of the SIF values there. To verify this an

elasto-plastic stress analysis was carried out for the CT specimen.

The material considered in this study was At-5083. A stress-strain

diagram for this material is shown in Figure 20. The yield stress (a 0,;

is taken as 12.417x10 3 psi and the value of elasticity modulus (E) is

estimated from the test data provided in reference (34). The plasticity

a()lution was obtained by following an incremental solution procedure.

Tlie total numer of increments needed for complete elasto-plastic analysis

were between 20 and 26. The incremental load 
vT 

was taken approximately
0

equal to 0.075. For one increment, the complete elasto-plastic solution

took approximately 6 minutes of CPU time on the IBM 370-3033 computer

1__- 3
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and for the convergence criterion described in Chapter 3, a fixed value

of 0.001 was taken for EPS.

In Figure 21 the variation of non-dimensional crack opening dis-

placement along the width of the CT specimen i3 shown. These displace-

ments are extrapolated to determine the crack mouth opening displacements

of the specimen. The displacements considered herein are at the center

of the specimen for a Atraight crack front. The different curves re-

present increasing applied load levels.

An experiment was performed to obtain the load versus crack mouth

opening displacement (CMOD) for the compact tension specimen at NASA

Lewis Research Center. The specimen was made according to the ASTM

Standard E399-78 (S). It was loaded in an MTS automated testing system

equipped with a load cell capacity of 2C Kips. The loading was stroke

controlled having a rate of 0.02 inch/minute. The main feature of the

testing system included a closed-loop, servo controlled hydraulic oper-

ation. It was fully computer operated. A clip guage satisfying the

requirements of the ASTM E399 standard was mounted on the specimen to

measure the CMOD.

The stroke controlled software developed at Lewis Research Center

was used for the data acquisition. The load and the corresponding CMOD

constitute a data point. These data points were stored on hard disc

with an acquisition rate of 1000 data points in half a second. A real

time plot of load versus CMOI) was drawn on a flat bed plotter.

The load versus CMOD results of the experiment were also printed

in a tabular form on a line printer. This numerical data is utilized

to draw the experimental curve on Figure 22. Also shown on this figure
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is the results obtained from the MOL. At incipient load level where

plastic flow begins, the difference between the experimental displacement

and the calculated value is 5 percent. There seems to be a fairly good

correlation between the results obtained by the experiment and the cal-

culated value.

A complete elasto-plastic Enalysis was carried out for three

different crack fronts. These crack fronts are shown in Figure 23.

Tle first crack front (CCFO) is a straight crack while the other two

(CCF1, CCF2) have some curvature. The growth of the plastic zone with

lead for a straight crack front is shown in Figure 2.. The growth is

shown at three different locations through the thickness of the rpecimen.

at the center, RI. the surface and some plane adjacent to the surface.

Location adjacent to the surface was chosen because of maximum plastic

strain (eyy) there. This growth of plastic zone is different from the

conventional two-dimensional plane model. Note also the growth of the

plastic zone at the back surface of the specimen. In this zone the

plastic strains 
€Yy 

are compressive due to the bending component cf the

load. For the two other crack fronts CCF1 and CCF2 the development of

the plastic zone growth is shown in Figures 25 and 26.

To compare the plastic zones for different crack fronts. the highest

load level of 2.5 kips was chosen. At this load level the plastic zones

at the three different locations in the thickness of the specimen are

plotted in Figure 27. At the center, the plastic zone sizes are approxi-

mately the same for CCFO and CCF1, while it is considerably smaller for

CCF2. On the surface the plastic zone is bigger for the CCF2. Note

also the presence of a small elastic region within the plastic sore.
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This large growth of the plastic zone 1s anticipated for CCF-", due to

Lite rise in stresses at the surface of the specimen. The plastic zone

growth is smaller for the CCFO at the surface as compared to CCFl.

The stresses are relieved due to the large plastic flow at the

surface, when the curved crack fronts are present. This explainer the

beginning, of crack advancement at the center of the specimen. The

presence of triaxial constraint due to the stress a zz at the center also

contributes to t'ie tunnelling behavior of the crack.

5.5 Calculation of J-Integral

The J-integral proposed by Rice (27) plays an important role in

the non-linear fracture mechanics. It was shown that for linear and

non-linear elastic materials, this integral is path independent.

Furthermore, based on energy considerations, it was proven to to equi-

valent to energy release rate per unit crack extension. This conclusion

is very important because it removes the need of accurately determining,,

the stresses near the crack tip. J is also c,ed in predicting the

el;.,tic- I lastic crack growth ; 5). In the present study J values are

calculated for different curved crack fronts to analvze t,.^ behavior

of crack growth in the compact tension stec:.men.

Nine different paths were • chaser, to evaluate the J values it

different thicknesses of the CT spe i;nen. These h.ihs are shown in

Fif;urc ?R. The non-dimensional J values at three different locations

are plotted in Figures 29,30 and 31. The,- results are for ., stra-),,,"t

crack front at increasing load levels. The following observations

are made. 1) For the loads which are close to the load for incipient

plastic flow, the J values remain nearly the same for different paths.

i
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2) For the higher load levels some perturbation is observed in the

J-values along the different paths. Similar trends are reported in

reference 36 in which a two-dimensional elastic-plastic analysis of a
s

CT specimen is carried out. 3) As we move from center to the surface

of the specimen the path independence property of the J-integral de- 	 -

teriorates.

The use of two-dimensional definition of the J-integral in a

three-dimensional analysis is debatable but as reported in reference

(37) that due to the symmetry of the specimen it is enough to consider

only one component J  of the general three-dimensional vector J. An

equation to evaluate J  was given, which is similar to the two-dimen-

sional definition of the J-integral with the addition of a surface in-

tegral term. The detaVz of the equation can be found in Appendix D.

it was further shown in the same study, that the surface integral does

not significantly change the numerical value of J. Only at the surface

does its evaluation have some effect on the J-integral values. Based

on this, in the present study the two dimensional definition of J is

:adopted.

Figure 32 shows the different paths used to evaluate J-integral

values for the curved crack front CCF1. All the paths are the same as

used before with the exception of the paths chosen at the surface.

Since the crack length is smaller at the surface due to ' the curvature,

all the paths are shifted toward the left. Once again the J values are

plotted for different locations through the thickness of the specimen

in Figures 33-35. It is observed that for lower load levels the J-integral

is essentially path independent but for the higher loads this property

does not hold good.
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In Figure 36 different paths, used for the curved crack front

are shown. Note the shifting of paths towards the left at locations

to - 0.375 and s - 0.5 due to the presence of the curved crack front.

The J-integral values are plotted for different paths and locations

In Figure 37-39 for GCF2. Once again. it is observed that path

Ind
e
pendent property of 3-integral is closely followed only for the

loads which are closer to the load at which plastic flow begins and

at the center of the specimen.

From the above results it is cleat that J-integral has sigtnific-ant

path dependence immediately adjacent to a crack tip under small-scale

yielding conditions in an elastic-plastic material. Parks (38) and

McNeekingt (39) have also reported similar results. This may be due to

the unloading; which occurs at the nodes near the crack tip because of

the plastic flow. These observations very seriously challenge the role

of J as a parameter characterizing the crack-tip stress field . at

least for materials m.idelled by the Von Miser flew theory.

In view of there observations it was difficult to Choose a ropre-

seutative .1-integral value for each of the leading; case:. A reasonable

choice for J can be obtained by considering Figure 40. The non-dimes

si gnal values of the strays intensit y factor were calculated usiii )^ thy,

.1 values obtained from the path 1. Similar calculations are mi0v !ot

the SIF using; the average J values which are obtained by averaging; all

the J values for paths 3 through 9. These numerical values of SIF and

the SIF values obtained from Crack opening displacements are plotted in

Figure 40. it can be seen that the SIF values obtained tram the J-integral
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values for the path 1 are very close to the SIF values from crack

opening displacement. While the average J values do not yield an

accurate result as one proceeds towards the surface of the specimen.

Because of this reason the results from the path 1 for the J-integral

are accepted as good estimates for further analysis.

The non-dimensional 3-integral values as a function of load, ob-

tained from the use of path 1 are shown in Figures 41-43. Curves for

the three different crack fronts are shown in the figures. From figure

41, it could be seen that at the center of the specimen, the J values

for CCF1 and CCF2 are lower than the values for CCFO, but at a load of

2.3 kips the J values of CCFO and CCF1 coincide while for CCF2, it

continue to remain lower. On the surface, the J values remain higher

for CCF1 and CCF2 for the smaller load levels as shown in Figure 43.

But, as load increases this no longer remains true and the J values

go down considerably for CCF1. The J values for CCF2 also fall below

the J values of CCFO. This shows that due to the plastic flow, J-

integral value decreases at the surface for the curved crack fronts

as compared to straight crack front.

The variation of J obtained from path 1 is plotted through the

thickness on Figures 44-47. For the straight crack front the J values

for the lower loads are maximum at the center and minimum at the surface

as shown in Figure 44. With the increase in load this trend is slightly

modified. The J-integral value at the center still remains the maximum

but the minimum value shifts from the surface to some interior point.

For CCF1 and CCF2, the J value is maximum at the surface for the loads

close to load at which plastic flow begins. For higher loads this trend
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reverses for CCF1. The maximum value of J shifts to the center of the

specimen while for CCF2 the maximum values do not occur at the center

but shifts to an interior point.

The existence of a critical J* value is assumed at which crack

advancement starts. From Figure 45, it is obvious that for CCF1 after

some plastic flow, the crack advancement will start at the center of

the specimen, not at the surface as predicted by a purely elastic analysis.

Similsr behavior was deduced from the approximate elastic-plastic model,

developed by Neale (16) for a CT specimen. This is in full accordance

with the crack tunnelling behavior observed during the experiment. For

CCF2 the maximum J value will occur at the center of the specimen, as

the shift in maximum J value towards the center could be seen in Figure

46 with the increase in load.

L
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SUMMARY AND CONCLUSIONS

An improved formulation of the method of lines (ML) is presented.

The five point finite difference fcrmulas are introduced to achieve

more accurate results. The resulting ordinary differential equations

are solved by a recurrence relation method. It is a well suited method

for solving two point boundary value problems. Two specific geometries

namely the edge notch specimen and the compact tension specimen are

considered. For both the geometries, complete field solution for the

stresses and strains were obtained.

To establish the convergence characteristics of the newly improved

MOL, the field solutions were obtained for edge notch specimen for

different grid sizes. On comparing the maximum crack opening and the

stress intensity factors for different grid sizes, it was found that

the solution converges to an asymptotic value. Even the coarse grid

such as NX - 12, NY - 6, NZ - 5, yielded fairly good results and the

CPU time was only of the order of 2.5 minutes.

For the compact tension specimen maximum crack opening displacement

was compared with experimental results and were found to be in good

agreement. The SIF value at the center of the compact tension specimen

was only 0.6% higher from the value given in the ASTM standard (reference

(5))•

Only smaller grid sizes such as 0X - 12, NY - 8, NZ . 8 could be

used in the old method of lines. For the bigger grid sizes the solution

became instable. This places a serious restriction on the shape of the
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crack fronts which could be used to study the effect of crack front

curvature on the local stress intensity factors. By introducing the

new modifications in the MOL, it became possible to use bigger grid

sizes such as NX - 20, NY - 7, N7. • 7. Presently, only the core size

and the CPU time seem to limit the size of the grid.

The complete solutions were obtained for the compact tension

specimen in tensile and shear loading, containing different crack

fronts. For the purely elastic case, it was found that as the crack

front curvature increases the SIF value at the center of the specimen

decreases while increasing at the surface. For higher values of crack

front curvatures the maximum value of the SIF occur at an interior

point located adjacent to the surface. These results indicate that

for the specimen containing a curved crack front, the crack growth will

initiate at the surface of the specimen. This conclusion is in direct

contradiction with the experimental observations in which a tunnelling

behavior is observed, but can be explained by the presence of plastic

flow.

A thickness average SIF value was computed. It is assumed that

it reflects the average stress environment near the crack edge. On

the basis of this, it was estimated that use of the ASTM formula

(reference (5)) will lead to an overestimation of the fracture toughness

by 7 percent if the curved crack front present in the compact tension

specimen just satisfies the ASTM limit on the surface trace of the crack,

providing no plastic flow occurs. It was further estimated that the

proposed amendment in the ASTM standard on the surface trace cif a
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crack will lead to a maximum overestimation of the fracture toughness

by 12.5 percent.

To investigate the effect of plastic flow in the compact tension

specimen, the equations of the method of lines are augmented to in-

clude the plasticity terms. Complete elasto-plastic analysis were

carried out for three different cases of crack fronts, which include

the case of straight crack front.

To check the accuracy of the elasto-plastic analysis, the load

versus crack mouth opening displacements were compared with experimen-

tal results. The experiment was conducted at NASA, Lewis Research

Center. The two results were found in good agreement.

The growth of the plastic zones are compared for a straight crack

and two curved crack fronts. The maximum plastic zone occurs at the

surface for the curved crack front with the maximum curvature. This

qualitatively explains the reason for the initiation of crack growth

at the center of the specimen. Due to the large plastic flow at the

surface. the stresses are relieved.

To further investigate this. the J-integral values are computed

at different locations for each of the crack front. In general, it is

observed that the J values are path independent for the lower loads.

As the extent of plasticity increases, this property of path independence

breaks down. It was also found that as we move from the interior

to the surface, this property deteriorates. In view of these results,

one specific path was chosen to comrai:e different J values. The choice

of the path was based on a comparison between the SIF values obto'ned

from the J-integral values and the SIF values computed using the crack
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opening displacements. For this path it was observed that at the load

levels close to the elastic conditions the J values are higher at the

surface and lower at the center for the curved crack fronts. As the

load increases, the trend reverses itself and for the curved crack

front with small curvature, the maximum of J value occurs at the center.

This provides a quantitative explanation of crack initiation at the

center of the specimen. This conclusion can not be drawn from a purely

elastic analysis.

6.1 Concluding Remarks

The new improvements in the method of lines, have considerably

enhanced the accuracy and the stability of the method. Converged

results can be obtained by using :alatively coarse grids. It was

observed that increase in the number of lines in one direction only,

can lead to an instable solution. In some cases this instability

could be removed by adjusting the spacings, used for the application

of the recurrence relation method. These spacings were selected in

such a way, that they were approximately equal to each other in all

the three directions. This was established purely on the basis of

numerical experimentation. At this stage, a rigorous mathematical

analysis of error estimates and stability of the method is desirable.

Inthe present work, one particular constant grid size, was cnosen

for each direction. This use of the constant grid size to approach

crack tip as close as possible, leads to a 1E-ge number of equations

to be solved. In any future work this problem can be alleviated by

using a varying grid size.



The present formulation of the elastic-plastic problem is based

on the successive elastic solution method. It is observed that rate

of the convergence *love down as the extent of plasticity increases.

The solution procedure start to diverge when the plastic zone starts

growing in the compression zone of the compact tension specimen. This

shows that present formulation cannot predict large non-linear effects.

It will need some modifications to obtain solution for large plasticity

effects.

The iterative scheme of the method of lines was based on the

successive approximation procedure. This scheme is simplier to

adopt, but needs more iterations. To cut down on the iterations, for

the elastic case a successive over-relaxation (SOR) parameter was tried.

An improved guessed solution was obtained by combining the solution

for the current and previous iteration with the help of a SOR parameter.

This improved guessed solution was used to carry out the next iteration.

In the case of a grid, NX - 20. NY - 7, N2 - 5, the numbgr of iterations

were reduced from forty-seven to twenty-eight, when a SOR parameter

of value two was used. This leads to a considerable saving in the

computer time. Such parameters could be studied in more detail to

accelerate the convergence rate of the present method of line.
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Figure 1(a). Standard Compact Tension Specimen,
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Figure 1(b). Idealized model of Standard Compact Tension
Specimen.

Figure 1. Standard Compact Tension Specimen and its
idealized model.
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Figure 2. Single Edge-Notched specimen with tensile loading.
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Figure 4. Six Faces of one quarter part of the complete
specimen.
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b) A rectangular path with coordinate numbering.

Figure 9. Path for the determination of J-integral.
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Figure 24. Growth of plastic zone with increasing load
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Figure 29. Non-dimension' J-integral values for different
paths at the center of the CT specimen with a
straight crack front for increasing load.
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Figure 35. Non-dimansional J-integral values for different
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Figure 48. Schcmatic representation of computer program MAIN1
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Figure 49. Schematic representation of compu ter program MAINZ



Figure 50. Schematic representation of computer program MAIN3



175

ORIGINAL PAGE IS
OF POOR QUALITY

I
INPUT	 i

INIT
RF

CCV

1 FOR14D	 I

WD I SP I	 ----a FnR^^RC ` - ..R R

I FORMRF I
UDISP 1	 j DORMRF

IN4

	

	
I DFORMD I

OUTPUT

Figure 51. Schematic representation of computer prog.am MAIM



ORIGINAL. PAGE 19

176 	
OF POOR QUALITY

INPUT --	 PRF

MATIN
FO RMD

J
PCCV	 FORMR

PWDISPSHED

PUDISP	 PFORM

h1AIN5	 SHEAXYL-4LPDORM

J
SHEAYZ ^_	 DFGRMD

EFTRES

PLSTRN

MATADD

STRESS

Figure 52. Schematic representation of computer program MAtN5



177

APPENDIX A

Formulation of the Governing Ordinary Differential Equations

for the Lines Located at the Surface and

Adjacent to the Surface of the Cracked Specimen

For boundary surface lines and lines a,'jacent to the boun-

dary surface lines, the difference expressions for the second

derivative will involve imaginary lines outside the boundary.

Since three-dimensional elasticity problems have three boundary

conditions at every point of the bounding surface and a second

order ordinary differential equation needs only two conditions,

the shear stress at the boundaries is used to eliminate the imag-

inary lines outside the surface while the condition of the pre-

scribed normal traction or displacement will be enforced through

the constants of the homogeneous solutions.

A.1 Derivation of Ordinary Differential Equation for x - Direc-

tional Lines

Let us take the x-directional line which is formed by the

interaction of x - z and x - y coordinate planes of a solid (Fig-

ure 6). The ear stress for *he free surface is given by

ayxI x-z Coordinate plane - 0 	 (A.1)

or au/ay + av/ax - 0	 (A.2)
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At line 1 using the imaginary displacement uiy of the ficti-

tious line l the equation (A.2) can be written as

fy
u2 - ul	 av I	 _dv I

2 by	 dx 1	 dx 1

or u1f y . u2 + 2 by (dv/dx) 11	 (A.3)

The plane x-y is one of the symmetry planes and u displace-

ments are ;symmetric with respect to this plane.

The fictitious displacement u1fy is used to write a forward

'inite difference equation for the partial derivative with respect

to y, while two fictitious displacements u
flz 

and uf2z are used to

write a central difference equation for the partial derivative with

,•espect to z. The ordinary differential equation for line 1 is

written as

(d 
2 

U 1 /dx 2  ) + (Cl /12 h 2 ) [11 u1 f y - 20 u  + 6 u 2 +
Y

4 u3 - u4 ] + ( C1 /12 hZ )[_ 
ulflz + 16 ulf2z

- 30 u l +16 u NY+1 u2NY+7]

C	
+

d	
(A.4)2	

dx (v  w 1

Due to the symmetry considerations,

+ u  
flzs 

u2 NY + 1

f2z
and	

my + 1	 (A.5)
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on substituting equations (A.3) and (A.S) into equation (A.4), we

obtain

( d2u1/dx2 ) +( C1/12 h 2 ) [- 20 u  + 17 u2 + 4 u3 - u41

+(C1/12h= )[-30 u1+30uy+1-2u2NY +11

C2 
dx 

(S + v) l - (11 Cl/6 by ) (dv/dr) 1 ;A.6)

Similarly for line 2, by making use of the fictitious line

1 f and symmstry the ordinary differential equation can be written as

(d2u2/dn2 ) + (C1/12 h2	[ - ulfy + 16 u  - 30 u2 +

16 u3 - u4] +(Cl/12 h2 [ - 30 u2 + 32
 UXY

 + 2 -

d
2 u2 NY + 2'j" C

2	dx (v + w) 2	(A.1)

Note the use of the central difference equation for the par-

tial derivative with respect to y. The fictitious displacement

ulfy is once again eliminated by the use of equation (A.3), and

the resulting ordinary differential equation for line 2 is written

as follows

( d2u2/dx2 ) + (Cl/12 h 2 ) [16 u1 - 31 u2 + 16 u3 - u4]

+(C
1
/12 hi ? [ - 30 u2 + 32 u

NY + 2 - 2 u2 NY + 2 }

C2 
dx 

(v + w)
2
 +(C

1
/6 b y )( dv/dx) 

1	
(A.8)

Bounding line 3 to NY - 2 do not require the use of any fic-
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titious line; however the symmetry considerations will be used to

derive the ordinary differential equations. Foi the line NY - 1

the ordinary differential equation can be written as

(d2uNY - l /dx2 ) + (C1 /12 hy) [ - uN.Y - 3 + 16 uNY - 2

- 30 uNy - 1 16 uNY uNYf Y] + (C 1 /12  hi) [ - 30 x

uNY-1 +16 u2 NY-1-2 u3 NY-11

^"	

d	
(A.9)2 ax 

(v 
+ w) NY - 1

where y^.	 is the displacement at the fictitious line fy and
NY

it is eleminated by making use of the shear stress boundary

condition at that face

Yx face II	 0	 av/ ax + 21u/ ay - 0 (A.10)

The equation (A.10) can be expanded as

fy -
uNy	 Ny - 1 _ a _ dv I

2 by	 d 	 by

oru fy - UNY - 1 - 2 b y (dv/dx)I	 (A.11)
NY

The elimination of uNYfy from the equation (A.9) with the

help of equation (A.11) results in the following ordinary differ-

ential equation for the line uNY - 1

(d2UNY - 1 /dx2 )+(C1 /12 by ) [" uNY- 3 + 16	 - 2
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-31 uNy _ 1 +16 uNy ] +(Cl/12 h2) [-30 u y _ 1+

d'16 
u2 NY - 1 - 2 u3 NY - 1]	 C2 dx (v + w) NY - 1

-(C1/6 h y)(dv/dx)I
NY	(A. 12)

In the similar manner the ordinary differential equation can

be written for the line NY, except that now a backward finite dif-

ference equation has to be used to write the difference equation

for the partial derivative with respect to y. For example

(d2u Ny/dx2 )+(Cl/12 hy) [ - uNY - 3 + 4 u
NY - 2 +

6 uNy-  1 - 20 u + 11 uhf y]+ ( C1 /12 h%) [-	 30x

u + 32u2 NY - 2 u3 NYC	 C2 
dx	 (v + w) NY

(A.13)

Once again, the displacementu fy on the fictitious lineNi

NY fy is eliminated with the help of equation (A.11) and it leads

to following ordinary differential equation for the line NY,

(d2u
NY

/dx2)+(C1/12 by )[ - uNY - 3 + 4 uN, _ 2 + 17x

uNY _ 1 - 20 uNy ] +(C3/12h 
2 [ - 30 uNy + 32 u2 	-

2 u3 NY ] - C2 dx (v + w)	 t• (11/6 by ) (dv/dx). NY

(A.14)
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The ordinary differential equations for lima NY + 1 through L -

NY can be written in the similar manner. For line 2 NY + 1

through ,t - 2 NY there is no need to take sys try into consider-

ation to write finite difference equations for the partial differ-

entials with respect to s, since there are enough points available

in the grid to write central difference equations.

For the lines 1. - 2 NY + 1 through L in addition to

shearing stress XY , the shearing stress 
aey 

is also incorporated

into the ordinary differential equations. This is done to elimin-

ate the displacements appearing due to the use of fictitious lines

while writing difference equations for the partial derivatives

with respect to z. For example

azz I I- NY + 1 - 0	
au/3z + aw/ax - 0	 (A.15)

For the fictitious line .0 - NY + 1, the above equation can be

written as

fz
u 1- NY + 1 

_ 
uJ-- 2NY + 1 -	 dw,

2hz 	dx	 NY+1

or

f z dw-	 I11
u 1-NY +i UA- 2 NY+1 -(2 hz) tdx).0-NY+1

(A. 16)

Similarly by making use of the fictitious line 	 -1-2 NY + 1,

the shearing stress Qxy is reduced to the following equation,

C `-^>



I

t

PAGE Ig
183 Qu"

f7
u A in+i^n,,^-2NY+Y+thy	 ^-3W+1

(A.1T)

The ordinary differential equation for the ,Lae J.- 2 NY + i

Is written below,

( d2 
*Jo-2 NY + IL/dz^+(C1/12h2	€ 11 of yi.- Y 1R + 1 `

20 uA- 2 n + 1 +6 uJ.- 2 Ff + 2 + 4 u J, 2 NY + 3 -

uA- 2NY + 4] + ' a/lIhz)[-ul-4NY+1+16x

u1-3NY+1 -30u 	2NY+1 +16 9.1-NY+.1

ufs.lr NY + 1 ]` C2 A (~ + ~) .j- 2 NY + 1	 (A•18)

Elimination of ufyJ. 2 NY + 1 and ufsA- NY + 1 from the
equation (A.18) with the help of equations (A.16) and (A.17)

results in the following ordinary differential equation,

( d2uJ- 2 NY + 1/dx2)+(C1/12 hy) [ -20 uJ- Z NY + 1 +

17uA_ 2NY+2 +4u .1- 2NY+3 -uL-2NY +41+

(C1/12hs)[-uA-4NY+1+16u	 3NY+1 -

31 u j- 2 NY + 1 + 16 u,l- 
NY - 1I • C2 A (v + ;)J.- 2 NY + 1

-(C1/6 hYXdv/dw) ,I - 2 NY + 1 -(Cl/6 hs) x

(da/dx) -G- NY + 1	 (A.19)

i = =

a1
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The sane method is used to construct the ordinary differen-

tial equations .for the remaining lines. Appropriate difference

equations are used to express the partial derivatives. For example

for lines.L - NY + 1 through J., to write the difference equation

with respect to z, a backward finite difference formula has to be

used. Since there are not enough grid points to write central

difference equations.
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A.2 Derivation of Ordinary Differential rations for y - Dirac-

tional Lines

The first y-directional line is formed by the intersection of

y-a and y-x coordinate planes (Figure 7). The shear stresses on

theme planes are utilised to eliminate the fictitious lines. The

shear stress for the free surface y-a is

0 y y-a coordinate plane - 0 	 (A.20)

or

Way+ Wax -0
	

(A.21)

Wing the imaginary displacement 
vlfx 

of the fictitious

line 
lfx 

the equation (A.21) is written as

fx
"NZ +1-vl

2 hx	- dx'1
or

vlfx - vNZ + i + 2 hx(dvldx) 1
	

(A.22)

The plane x -y is one of the symmetry planes and v - displace-

ments are symmetric with respect to this plane. The fictitious

displacement 
vlfx 

is used to write a forward finite difference

equation for the partial derivative with respect to x. For the

partial derivative with respect to a, a central difference equa-

tion is used by using two fictitious displacements vlfla and

a=
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v f2z .	 differential
1	

The ordinary	 equation for line 1 is written as

(d2v1/dy2 WC /12 b2 [ 11 
v
lfx - 20 v1 + 6 vim + 1 +

4 v2	
+ 1 v3 NZ + 1 ]+ (C1/12 hs) [- vlf lz + l6x

d
IV 

f 2z1	 - 30 vl + 16 v2 - v3^	 CZ dy (u + 0) 1 (A.23)

Due to sy=etry

flz
v 	 a v3

and

f 2zvl 	v2	 (A. 24)

Substitution of equations (A.22) and (A.24) into the equa-

tion (A. 23) leads to

2v1/dy2) + (C1 /12 hX(d 	 ) [ - 20 v  + 17 vNz + 1 + 4x

v2 NZ + 1 - v3 NZ + 13+(Cl/12 h2 [- 30 vl +

32 v2 - 2 v3	 C2 dy (u + W) 1 -(11 C1/6 h,)x

(du/dy) 1	 (A.25)

In the similar manner by making use of fictitious line and

the appropriate finite difference equations, the ordinary differ-

ential equation can be Written for lines 2 through NZ - 2.

^ s
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To write the equation for lime NZ - I t there is a need of

fictitious line in the s direction. Lot we denote tbo displace-

vent as this fictitious line by vRZ . This displacemient will be

eliminated by mddit use of shear stress ays on the fres surface:

a,. I boveditt plane III ` 0

leads to

ar/as + Way - 0	 (A.26)

on expanding the equation (A.26) at lime NZ, we have

fa _	 _ dv
V NZ vNZ - 1	 dy I M

h
s

or

vNZ	 vNz - 1 - 2 h s( d^dy)I NZ	 (A.27)

In the similar m w , 2r the displacement on the fictitious line

NZ - 1 f is denoted by 
vfx - 1 • SinceNZ

Qyx, Bounding plane IV ` 0

leads to a u/a y + a V/a x - 0	 (A. 28)

on expanding the equation (A.28) at line NZ - 1 leads to

fx
v2 NZ-1

-v
 NZ - 1	

d
dy

 INZ-1
hx

f

i
t
I	 ..

1

4

or
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fx
'NZ - 1	

v2 NZ - 1 +(2 hx)(dv /dx)I NZ - 1	 (A.29)

on making use of these two fictitious lines the ordinary equation

for the line NZ - 1 can be written as

(d2vNZ - 1
/dy2) + (Cl/12h2) [ 11 vNZ - 1 - 20 x

vNZ-1 +6 v2NZ-1
+4v

3NZ-1 -v4 NZ -13 +

(C1/12hz) [-vNZ-3+16 v
NZ-2 -30vNZ-1 +

16 vNZ - vNZ	 C2 dy (u + V) 
NZ - 1	

(A.30)

fx
The fictitious displacementsvNZ - 1 and v NZ

fz
 are elimin-

ated by substizutin-, equations (A.28) and (A.29) into the equation

(A.30) and the resulting equation is

(d2vNZ - 
1My2 WC1/12h2 ) [— 20 v

NZ - 1 + 17 v2 NZ - 1

ra

+4 v3 NZ -1 
v4 

NZ

16 vNZ - 2 - 31 vNZ -

-(I1 Cl/6 hx)(d

- 1	
+(C1/12hi) - v

NZ - 3 +

1 + 16 vNZ	 C1 dy (u + w)N7. - 1

u/dy) NZ - 1 - (Cl /6 hx)(dw/dy)I NZ

(A. 31)

Using the method described above, the ordinary differential

equations for the lines NZ through m - 2 NZ can be written. An

appropriate choice of fictitious line and the difference equation

will always lead to a ordinary differential equation. From this
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equation the displacement due to fictitious line is eliminated by using

the shearing strew at the boundary surface. !or example, for

line a - 2 NZ + 1 through a, we need to utilize shearing stress

ayx on the free bounding pleas I. In addition to this, for lines

a - NZ - 1, a - NZ, a - 1 and a we need additional conditions

which are provided by the shearing strew vyz on the free bounding

surface on face III.

The ordinary differential equation for the line a can be

written as

(d2a/dy^+(Cl/12 hR ) [ - a , 3NZ + 4 va - 28Z +

6 a-pZ-20 vs +11vafx ^ + (Cl/12 h2	 a-3

+4 a- 2+6	 1 20 a+11 sfz 	 C 2

Note the use of backward finite difference equations for

both the partial derivatives. The displacements afx and afz

on the fictitious lines are eliminated from the equation (A.32)

by asking use of the sharing stress at the free surface in the

following manner,

Qyx plane I	 0

Way + Wax - 0 (A.33)
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The equation (A.33) can be written as

fx _	 _	 du
U a - NZ ^-	 dy

2h	 m
s

or

vmfx	 ; - 
NZ -(2 hx)(du/dy 

1a	
(A.34)

Similarly

vmfx . vm - 1 -(2 hz) (dw/dy)	 (A.35)

With the help of equations (A.34) and (A.35) the two dis-

placements which do not belong to grid displacements are eliain-

ated and the new ordinary differential equation for the line m is

(d2vm/dx2W C1 / 12h2 ) [- vm - 
31;Z + 4 vm _ 2NZ +

17 
v
m - NZ - 20 m ] +(C1/12 

h22 ) [ vm - 3 +

4 vm - 2 + 17 vm - 1 - 20 ^ ] C2 dy (u + w) m +

(11 C 1 A hx) (du/dy) m +(I1 C116 h,)(dw /dy) m	 (A.36)
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A.3 Derivation of Ordinary Differential Equations for a - Direc-

tional Lines

As shown in Figure 8, the lines 1 through VXC are on the

cracked face While lines 14XC + 1 through NX are on the uncracked

face. By asking use of fictitious lines the ordinary differential

equation for line 1 can be written as

(d2W1 /ds2)+(Cl/12 h2 ) [ 11 v fy - 20 r + 6 w	 +y	 1	 1	 IQ7I + 1

$ W2M + 1 w 3NX + 1^ +(C1 /12 hx )Ill 
wlfx _ 20 v1 +

6 W2 + 4 w3 - v4 1 ` C2 ds (u + v) 1 	 (A.37)

Where wiay and wlfx are the displacmmts on the fictitious

line l fy and l fx . The shear stress

axs I plane IV a 0	 (A.38)

leads to

au/ a: + aw/ ax . 0
	

(A.39)

The abnve equation is expanded for the line 1 as follows,

fx	 duV - Wl	
ds	 1---- h --x

or

vlfx a v2 + 2 h  (du/ds) 1	 (A.40)

Siailarly by asking use of the shearing stress on face v(b)
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we can write

w1fy . wNX + 1 + 2 hy (dv/dz)1 1	(A.41)

on substituting the equations (A.40) and (A.41) into the equation

(A.37) leads to the following differential equation for the line 1

(d'w /dz2)+(C1/12 by ) [- 20 wl + 17 wpx + 1 +

4 w2 NX + 1 - w3 NX + 1 J +(C
1/12 hx [- 20 w1 +

17 w2 + 4 w3 - w4 J s C2 dz (u + v) 1 -(11 Cl/

6 hx) (du/dz) 1 -(11 C1 /6 h^(dv/dz)I 1	 (A.42)

Similar procedure can be used to write the ordinary differ-

ential equations for the lines 1 through NXC. The w displacements are

symmetric with respect to the plane v(a). This consideration

helps in eliminating the displacements on fictitious lines. For

example by making use of tvo fictitious lines NX - 1fly and

NX-1f2y in y-direction the ordinary differential equation for

the line NX - 1 can be written as follows

W2wNX - 1/dz2)+(C1/12 h2 )[- wNX - 3 + 16 wNX - 2

wNX -
 1 + 16 wNX - wNX J +(Cl/12 by )[ -

wNX - 1	 + 16 wNX - 1	 -	 wNX - 1 + 16w'NX- 1

w3xX - 1 J	 C2 d (u + V) NX - 1	 (AA3 )
dz

I 



f 2y
xWXX - 1	 w2 NX - I

The displacement" 	 can be expressed as
Ex

xNX , 11IX-1 - 2 h,, (du/ds) `NX	
(A.45)

With the help of the equations (A.44) and (A.45) the fictitious

displacements xx	 ,any- 1	
and x11Xf?yl	 are 	eliminated from

the equation (A. ) and the resulting ordinary differential equa-

tion for line NX - 1 is

(d2w11X - 
1/dz2WC

1/12 hy ) [-30 
xNX - 1 

+ 32 ''w2 NX - 1

- 2x
3NX- 1 3+(C1/12h

X ) [- wNX-
3+16wNX-2

d'
31 

xNX - 1 
+ 16 

xNX ] C2 dz (u + x)NX - 1 -

(C1/6 hx) (du/dz), NX	 (A.46)

Similar procedure is followed to write the ordinary differ-

ential equations for lines NX + 1 through n.
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APP=1.X B

Application of the Recurrence Relation Method For

y-Directional Lines

As shown in Figure 4, the presence of crack divides the

face V into two faces, namely face V(a) and V(b), respectively.

The face V(b) is a traction free surface. All the y-lims starting

from this face will satisfy the follmdng boundary condition.

0	 (B.1)

On +he face V(a), al? the prescribed v-displacements are zero.

Hence, the y-directional. line: starting from this face will

satisfy,

v Iva) - 0
	

(B.2)

Using the stress - displacement relation equation (B.1) can be

reduced to

(dv/dy)^v(L)	 -	 l v v (du/dx + dw/dz )V(b)

(B.3)

The souations (3.2) and (B.3) can be assembled into a

vector form by following the sequence of ordering of the y-direc-
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tional lines. The assembles- vectors are 
V1,k 

and V1,k . The

hector V at face V can be written as foLbms,

Vl,u

•

Vl,k

V1 '.	 Vl:k	 (3.4)

Vl,u

	

L	 J 2=2
where V1Du and 

Vl,u 
represents the unknown part of the vector.

To get the remaining boundary conditions the tr ction coalition at

face II is used. In the case of tensile loading we have an applied

c at the face, as shown in Figu._•e 2. using the stress-displace-

ments relation, we can write

(dv/dy) I II s E	 1+v	 -i - 2vV)
(1

1 v v (du/dx + dw/da) II
	(B'S)

The equations (B.S) are again assembled into a vector form

and are written as

	

Cr	
l + v 1 - 2vn,k	 E	 1 - v)

V	
.

l -v (u +W) II	 (B.6)

Ii

f	 `

."41 ; caeplete vector at face 11 can now be written as
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Vn - V	 (3-7)

1 
n.k 

J 2md

inhere, V n'U represents the uWknown part of the vector. Following

the recurrence relation method, an equation similar to the aqua

Lion (3.96) Is written below

V n 
JOB Dn V1 + Fn	 (3-8)

The evalutation of matrix D n 
and Fn is described In Chapter

2. For convenience matrix Dn and vector F a is partitioned and the

equation (B.8) can be rewritten as

Vi'u

	

v 
n,u

	

0	 a	 0	 0 *1

	

11 12 13 14	 Vi,k

	

n,k	 2	 22 23 24	 V119 ,k	 2

	

If	 Vol	 (B.9)

1*U.J

Where order of various mati

I
V ntu	

mmi	 V 1,u

I

V n,k	
gal	 V 1,k

Aces Is

I	 •t
a X1	 V 1,k Uzi

)X1 V 
It	

(a-mt)xl
1,U

NINE	 013 
SMS

021 	 323



f
012 a:(a.'m)	 014	 ^a(f-s )

622 as(a-10	 024	 NK(U-S )

where a^ • U : KXC

The equation (B.9) is expanded as,

Vn,k s 021 Vl,u + 022 Vl,k + 023 Vl,k +

024 Vl,u + 02

The above equation could be rearranged as

n,k	 [021 024, Vl,u + (022 ' 023) Vl,k

Vl,u	 Vl,k

+ 02

or

Vl'u	
-1	 Vl,k

v'	 ' (021 024	 %.k - 022 023 Vto

l,u	 t,k

- 02	 (B.10)

With the help of (B.10) all the unknowns in the vector V1

can be determined. Once the complete vector V1 is known, using

the recurrence relation method displacement v and v are obtained

E

f
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at all the grid points.

M

In the absence of normal stresses at face II of the speci-
•

man, the equation (3.3) needs to be modified by setting o equal

to zero. ,Another thing which deserves attention at this point is

the adjustment of equation (B.9) for the situation in which curved

crack front is present. In such cases the lines are divided in

two sets. The first set satisfies the boundary condition given

by the equation (B.1). Total number of the** lima is given by

NFREE. The second set of lime satisfy the equation (B.2) at its

starting boundary and total number of such lines is given by XM.

Once again the governing equation is similar to the equation (3.9)

but now the vector V1 can not be partitioned as shown in the

equation (B.9). The distribution of the known and unknown ale-

meets of vector V1 is dependent upon the way it is decided to

fix particular grid point on face V, which in turn depends upon

the shape of the curved crack front. To solve this new matrix

equation, the vector V1 is rearranged so that it could be writ-

ten as in the equation (B.9). Now m' is no longer equal to

NZxNXC, but its new value is equal to NFREE. The change in the

arrangement of V1 vector requires a rearrangement of D. matrix to

maintain the same original equations. This is achieved by inter-

changing the columns in Dn matrix. For example, if vi is inter-

changed by vj in V1 vector, then the column i in matrix Dn will

be replaced by its j th column while in the place of column j the

elements of column i vIll be placed. This adjustment gives rise
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to a modified D. and V, vector. The advantage of this procedure

Is that after this rearrang- -ot, exactly the same procedure can

be followed as wMIsIned before for the straight crack. Once the
•

modified vector V Is known, with the help of information for

each Individual grid point on face v the vector V1
 is constructed.

Finally it is used to obtain solutions for • Y and v for all the

grid points using . .the equation (2.91) of the recurrence relation

method.
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Derivation Of The Differential Equations For

y-Directional Lin" For Shear Loading

The y-directional lines whose equations are directly affected

by the shear loading are 1, 2, .....NZ and NZ + 1, NZ + 2, ....2 NZ.

The shear stress 
Qyx at face IV is

Qyx IV - - T(y)	 (C.1)

where T(y) is expressed as

T(y) - 4T o (y/h) (1-y/h)
	 (C.2)

T o is the maximum value of shearing stress at y - h/2, and

h is the semi length of the specimen as shown in Figure 1(b).

Using the stress-displacement relation, the equation (C.1)

can be written as

i ( au/ ay) + ( av/ax) 1V - - T(y)/G 	(C.3)

G is the shear modulus of the material. Using the procedure

followed to reduce the second Navier - Cauchy equation to an

ordinary differential equation, the modified equation for the

line 1 is written as



Dae to sy=etry

f la
v 
	

= v3

and

f 2
v 
	 a v2 (C.S)

The equation (C.3) can be expanded for line 1 in the follow-

ing manner,

	

v1fx + v
NZ + 1 du	 _ t<Y)

' -2 h	 dyx	
1	 ^

or

v1fx - 
vNZ + 1 +( 2 hx)[(du/dy) 1 + ('r(Y)/G)] (C.6)

Elimination of fictitious lines v1fx, vlfla and v1f2a from

equation (C.4) with the help of equations (C.S) and (C.6) leads to

(d2v1My2) + (C1/12 h2 	- 20 v1 + 17
 VNZ

 + 1 +

4 v
2NZ + 1 v3NZ + 1 ] + (C1

/12 h2 ) C - 30 v1

t	 ^

r

f	 ;
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32 v2 - 2 v3 ] = C2	
ya	

(u + w) 1 - ll (Cl /6 h x )x

(du/dy) 1 -(11 Cl/6 hx )(T(y) /G)	 (C.7)

In a similar manner equations for lines 2 through NZ can be

mcdified. A comparison of equation (C.7) with the equation (2.30)

shows that the two equations are nearly the same except the addi-

tional term of -(11 C 1/6 hx)(T(y)/G) which appears due to a non-

zero prescribed shearing stress oxy . The modified equations for

line 2 though NZ also include the additional term -(11 C1/6 hx)

(T(y)/G). Other terms for these equations remain the same as before.

The equation for line NZ + I is written as

(d2vNZ + 1/dy2
)+(C1/12 h2 )I- vN21+ 1	 + 16 vNZ + 1

-	 vNZ + l + 
16vNZ + 2 vNZ + 3 +(Cl/12 hX )x

-vIfx+l6 
vI - 30 v NZ + 1 + 16 v 2NZ + 1 v3NZ +11

= C2 dy	 (u + W) NZ + 1	
(C.8)

Due to symmetry of v displacements

f2z
vNZ + 1	 vNZ + 2

flz
vNZ + 1	 = vNZ + 3	 (C.9)

On substituting the equations (C.6) and (C.9) into the equa-
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tion (C.8) leads to the following ordinary differential equation

for the y-directional line NZ + 1,

(d2vNZ + 1
/dy2 ) + (C1/12 hz ) [ ° 30 vNZ + 1 +

32 
vNZ + 2 - 2 vNZ + 31 +(Cl/12 h  ) [ 16 v  -

31 v
NZ + 1 + 16 

v
2NZ + 1 - v3NZ + 11

C2 
dy 

(u + 
w)NZ + 1 + (C1/6 x)(du/dy) 1 + (Cl/6hx)(T(Y)/G)

(C.10)

Once again the difference between equation.(C.10) and the

one used in section 2.2.2 is only the additional term (C1 /6 hx)X

(T(y) /G),appearing due to the prescription of a non-zero shearing

stress. The equations for lines NZ + 2 through 2NZ will also have

this additional term of (C /6 h x) (T(y) /G).

Introducing the matrix notation, all the ordinary differen-

tial equations along the y-directional lines are expressed in the
9

form	 j

2
d 
2 

tv
	 s

(Ky) t

v 
J+ay is (Y)j+ is*(Y)

dy

mxl	 mxm mx1	 mxl	 mxl

(C.11>
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APPENDIX D

Three Dimensional J- Integral

The definition of J-integral presented in this appendix is

taken from reference (37). Consider the section of three dimen-

sional crack front shown in Figure 47. The surfaces, S 1 . S 2 and

S3 surruunds the crack front. The component J x of the general

i
J-integral vector J is given as

Jx	 J r (Wdy - 
aij nj 

ui x dsj)

(aiz ui,x)/,z 
dS	 (D.1)

2+S3

where i - 1, 2, 3 and r is a circular path as shown in Figure

47. W is strain energy density, aij is stress tensor and u  is

referred to as displacement vector.

In two dimensional plane stress problems 0 i becomes zero

and Vie equation for J  becomes the same as given by Rice (27). In

the case of plane strain problem o Zz is not zero but its variation

through the thickness is zero. Therefore, the surface integral

term drops from the equation (D.1) and once again the equation for

JX becomes the same as given by Rice (27).
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APPENDIX E

Description And Listing Of The Computer Programs 	 I

In this appendix a description of the computer programs used

in the present study is given. A complete listing of all these

programs including subprograms is attached at the back of the

thesis. In writing the various programs r, strict modular approach

was followed. This has helped in writing many subprograms which

are commonly shared by several main programs.

The program was divided into five main programs. This was

done to divide one complete run into several small runs. This was

done to safeguard against the failure of computer system . The

schematic representation of the computer program MAIN1 is sham

in Figure 48. This program is employed to evaluate the various

matrices needed for the x-directional calculations. At the end of

the computer program run, all these matrices are stored on the

virtual disc storage. Computer programs X.AIN2 and MAIN3 whose

schematic representation are given in Figures 49-50, are also used

to calculate different matrices used for y and a-directional cal-

culations. The outputs from these programs are also saved on the

virtual disc storage.

A dynamic storage allocation scheme was used for all the
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programs. Consequently whenever there was a change in the number

of grid lines, only the DIMENSION statements in the main programs,

need to be modified. Due to the serious round off error problcm,

all the calculations for the x-direction were performed in

double-double precision (128 bit word size). For the other two

directions the double precision was sufficient.

The computer program MAIN4 is used to obtain the elastic

solution for different cases. The subroutines UDISP, CCV, and

WDISP perform the calculation for x, y and z-directional lines,

respectively. In the case of tensile loading subroutine CCV was

replaced by subroutine CVDISP. The subroutine OUTPUT ir, used to

print the results for the displacements and their derivatives.

The normal and shear stresses are calculated with the help of sub-

routines STRESS, SHEAXY, SHEAYZ. The effective stress at each

grid point can be computed by using subroutine EFTRES. The output

from the pr-,gram MAIN4 was also stored on the virtual disc.

Four virtual tapes are needed to ruin the program MAIN4. The

stored matrices which were originally calculated by programs MAIN1,

MAINZ and MAIN3 are read inti three sequential virtual tapes. The

fourth virtual tape is needed to write the output of program

MAIN4 on the virtual disc.

Program MAIN5 is used for the elastic-plastic stress analy-

sis. Its schematic representation is shown in Figure 52. There

are many subroutines which are shared by this program with the

program MAIN4. Due to the addition of plastic strain terms many



{

old subroutines were modified. Nate the presence of new subpro-

grams PUDISP, PCCV and PWDISP, used to perform calculations for

the x, y, and z-directional lines, respectively. This program uses

five virtual tapes. Three tapes are utilized to read the different

matr_ces generated by the programs MAIN1, MAIN2, and MAIN3. The

remaining other two virtual tapes are used to read and write the

solution, at the beginning and at the end of the increment.

This format of programming provided considerable flexibility

and a very Lood protection in case of computer systems failure

during the execution of the program. In case of a system failure,

only the solution for the current in---_--°' '- '-L• -4.4°- _°- U-

recomputed by using the stored solut

i
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