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APPLICATIONS OF FILM THICKNESS EQUATIONS*

In this closing chapter a number of examples of applications
of the film thickness equations for elliptical contacts developed
throughout the text are presented to illustrate how the fluid-film
lubrication conditions in specific machine elements can be
analyzed. In the first exampie the reader is introduced to the
relatively simple situation of a single steel ball rolling on
plane, concave, and convex surfaces lubricated by a mineral oil.
Typical dimensions of the Hertzian contact zone, the magnitude of
the Hertzian contact stresses, and representative central and
minimum film thicknesses are calculated to illustrate the problem
and to generate an appreciation of the physics of the situation.

Typical roller and ball bearing problems are then considered,
and in the latter case the concept of an equivalent load per unit
length is introduced. In each case the influence of lubricant
starvation is considered.

A simple involute gear is analyzed, and the film thickness
predictions based on the elliptical-contact equations presented in
Chapter 8 are compared with those for line contacts presented
several years ago by Dowson (1968). The application to gears is
then extended to a simplified form of one of the continuously
variable-speed drives (CVD) now being introduced into road

vehicles and aircraft equipment.

*Published as Chapter 13 in Ball Bearing Lubrication by Bernard J.
Hamrock and Duncan Dowson, John Wiley & Sons, Inc., Sept. 1981.
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The case of a railway wheel rolling on a wet or oily rail is
then considered, since this introduces an interesting and slightly
more complicated problem in contact mechanics.

An application of the film thickness equations for highly
deformable or "soft" materials has been selected in the field of
synovial joints. The éna]ysis of elastohydrodynamic lubrication
in load-bearing human joints is a more speculative example because
the understanding of various aspects of the tribological behavior

of synovial joints is incomplete.

13.1 Contact and Lubrication of a Steel Ball on Plane,

Concave, and Convex Steel Surfaces

Consider a steel ball with a diameter of 10 mm and a density
of 7800 kg/m°. The mass of the ball will be 4.084 g and the

weight about 0.04 N. If the ball and the steel on which it rolls

oll

both have a modulus of elasticity E of 2x1 N/m2 and a

Poisson's ratio v of 0.3, the effective elastic constant E' is
given by

E 11

E' = ) 5 = 2.2x10
-V

N/m2

Dry contact between the ball and plane, concave, and convex
surfaces of the form shown in Figure 13.1 is considered first.

The concave and convex surfaces shown in Figures 13.1(b) and (c)




are each assumed to have radii of 10 mm in the plane perpendicular

to the direction of rolling.

13.1.1 Dry Contact Between a 10-mm-Diameter Steel Ball
and the Flat Surface of a Semi-Infinite Steel Block

The essential features of the Hertzian contact conditions for
the geometry depicted in Figure 13.1(a) can be determined by the
methods outlined in Chapter 3. Values of the semimajor a and
semiminor b axes, the maximum local compression g, and the
maximum Hertzian compressive stress have been calculated from
equations (3.13), (3.14), (3.15), and (3.6), respectively, for
loads ranging from the static weight of the ball (0.04 N) to 1000
times this value (40 N).

The geometry is depicted in Figure 13.1(a) and it is evident

that
ax = ray =5 mm
Y‘bx rby— o)
Thus
;_= rl +r1 =.é_+1 - (2.26)
X ax bx @
giving Ry = 5 mm. And
_é_=r1 +r1 =%+l (2.27)
y ay by ®



giving Ry = 5 mm. Hence

1 1

= ﬁ_'+ —
X

1,1 (2.24)
y5'5

Of 4=

giving R = 2.5 mm. With Ry/Rx = 1 the approximate
expressions for the complete elliptic integrais of the second and
first kinds (equations (3.29) and (3.30)) and the ellipticity
ratio k (equation (3.28)) indicate that

F= 1.5971, &F= 1.5277, k = 1.0339
The actual Hertzian contact zone will of course be circular such
that k = a/b = 1, but these approximate values have been used to
calculate the results shown in Table 13.1.

It is evident that even under the small static weight of the
ball of 0.04 N a high maximum compressive stress of 151.9 MN/m2
is generated in the center of a Hertzian contact circle with a
radius of about 11 um.

The differing values of the semimajor and semiminor axes a
and b arise from the use of the approximate expression (3.28).
In reality k = 1 for this geometry, and the cprrect value of the
elliptic integrals of the first & and second & kinds should be
1.571. The true radius of the Hertzian contact circle generated
by the static weight of the ball would be 11.09 um, the maximum
local compression 0.0246 uym, and the maximum compressive stress
155 MN/mC.

The small divergence between the correct predictions from the
Hertzian analysis and the values presented in Table 13.1

demonstrates the utility of the approximate procedure outlined in



Chapter 3. Furthermore it has been shown that even smaller
discrepancies will arise for values of k > 1, as shown in
Table 3.1.

Both the radius of the contact circle and the maximum contact
stress increase slowly with increasing load in proportion to the
one-third power of the load. It is nevertheless instructive to
recognize that modest loads can produce such high contact stresses
and that the radii of the contact circles in this representative

example are expressed in tens or hundreds of micrometers,

13.1.2 Dry Contact Between a 10-mm-Diameter Steel Ball and a

10-mm-Radius Groove in a Semi-Infinite Steel Block

The geometry considered in this example of dry contact
between a 10-mm-diameter steel ball and a 10-mm-radius groove in a
semi-infinite steel block is depicted in Figure 13.1(b). It can

be seen that

Thus
L 1,1
X

giving Ry = 5 mm. And
1 1 1
ﬁ;’* 5710



giving Ry = 10 mm. The relationship (2.17) is satisfied and
hence the direction of x coincides with the semiminor axis of
the Hertzian contact ellipse.

From equation (2.24)

1 1,1
R™5 10
giving R = 10/3 mm. With Ry/Rx = 2 the approximate
expressions for the complete elliptic integrals of the second and
first kinds (equations (3.29) and (3.30)) and the ellipticity
ratio k (equation (3.28)) yield
€= 1.2987, F= 1.9452, X = 1.6067

The contact dimensions and maximum compressive stresses for
the same range of loads as that considered in Section 13.1.1 are
recorded in Table 13.2.

This general geometry of a ball rolling in a groove is
encountered in a number of bearing applications, including

recirculating ball bearings and the well-known deep-groove ball

bearing.

13.1.3 Dry Contact Between a 10-mm-Diameter Steel Ball

and a 10-mm-Radius Steel Cylinder

In the case of dry contact between a 10-mm-diameter steel
ball and a 10-mm-radius steel cylinder the ball is loaded against
the cylinder as shown in Figure 13.1(c). In this case

Cax = ray =5 mm



rbx = , I"by = 10\mm

Thus
1 1.1
— = + —
va T
giving Ry = 5 mm. And
L_l+%_
-5
‘Ry 0
giving Ry = 10/3 mm. In this case the condition represented by

equation (2.17) is not satisfied, and the semiminor axis of the
contact ellipse:thus coingides with the circumferential direction
and the semimajbr axis with a generator on the cylinder.

It has been explained in Section 2.2.4 that the convention
for coordinates is to take x to be coincident with the semiminor
axis; and if this does not emerge in any example, it is necessary
to change the coordinate directions. In the present case it is
important to take the axes x',y' to lie in the directions shown
in Figure 13.1(c). Thus R , = 10/3 mm and R,, = 5 mm and

Y
from equation (2.24)

1.3 .1
R=T0 5
giving R = 2 mm.

With Ry./R*. = 3/2 the approximate expressions for the
complete elliptic 1ntegfa1s of the second and first kinds
(equations (3.29) and (3.30)) and the ellipticity ratio k
(equation (3.28)) yield

&' = 1.3982, & = 1.7719, k' = 1.3381



The contact dimensions and maximum compressive stresses for
the range of loads considered in Section 13.1.1 are shown in
Table 13.3. It should be emphasized that the major axis of the

contact ellipse coincides with the surface of the cylinder.

13.1.4 Lubrication of a 10-mm-Diameter Steel Ball Rolling

on the Flat Surface of a Semi-Infinite Steel Block

The Hertzian contact conditions for the lubrication of a
10-mm-diameter steel ball rolling on the flat surface of a
semi-infinite steel block have been considered in Section 13.1.1.
[f the ball now rolls over the flat steel surface with a velocity
of 1 m/s in the presence of a lubricant having an atmospheric
viscosity ng of 0.05 N s/m2 and a pressure-viscosity
coefficient « of 2.0x1078 m2/N, the corresponding

dimensionless speed U and materials G parameters become

o4 0.05x1 11

0 _ _ 4.545x10"
E'R, 7 2.2x10M « 0.005

U=

1

G = of' = 2.0x1073 x 2.2x10M = 4400

For a static ball weight of 0.04 N the dimensionless load
parameter becomes

E 0.04
E'RS 2.2x10°% x (0.005)

-9

> = 7.273x10

The first problem is to ascertain the regime of fluid-film

lubrication in this example in which the ellipticity ratio k




equals 1. This can be achieved by calculating the dimensionless

viscosity gy and elasticity 9 parameters from

equations (12.2) and (12.3), respectively, and then referring to

Figure 12.1.

GW

gv = UT = 0.8195
W8/3

gE = -——UZ = 0.096

It is at once evident that the isoviscous-rigid lubrication
regime operates, and hence the appropriate minimum film thickness

equation is (6.22).

2
, ApU -1 (%a
Hmin = HO = 178 (!a T 0.131 tan 2— + 1.683
where
R
y
Q = v = 1
a Rx
and
L 1 B
b =T+ 273aa =%
Thus
H . =128 x - u? (3.0406) = 140.1 u*
min = QB'E? : = . a?
or
H . = 5.471x1073 = min
min = 7° = —F;_



In this case R - 0.005 m and hence the minimum film thickness

is 27.4 ym. This is seen as a very substantial film thickness
when compared with a typical surface roughness of steel balls used
in ball bearings of about 0.1 um.

It is also worth noting that the predicted rigid-isoviscous
film thickness is much greater than the theoretical
elastohydrodynamic minimum fiim thickness given by equation (8.23).
hmin

min R
X

1]

0.68;0.49,-0.073 ; _ -0.68k,

H = 3.63 uV-°%Y- 2y

3.63 x 9.271x107°

x 60.99 x 3.927 x 0.4934

39.77x107°

This corresponds to a minimum film thickness of 0.20 um, which is
only some 0.73 percent of the rigid-isoviscous prediction. The
fact that the rigid-isoviscous prediction considerably exceeds the
elastohydrodynamic film thickness confirms the fact that the
former lubrication regime prevails.

If the ball rolis more slowly over the plane, the
rigid-isoviscous and elastohydrodynamic predictions become
coincident when

2.649x1018 Y2 = 429.0 08

or

U = 1.090x10~12

This values of U corresponds to a rolling speed of 0.024 m/s,
With g, and g adopting values of 1778 and 167, respec-
tively. It can be seen from Figure 12.1 that these values fall

close to the broken line representing the boundary between the
10



jsoviscous-rigid and piezo-viscous-elastic, or elastohydrodynamic,
regimes of lubrication for an ellipticity ratio of unity.

It is interesting and instructive to recognize that at
rolling speeds less than 0.024 m/s, which is about 0.94 in./s, a
10-mm-diameter steel ball rolling on a steel surface in the
presence of a lubricant of viscosity 0.05 N s/m2 will experience
elastohydrodynamic lubrication under its own weight. It is at
once clear that nominal point contacts can readily experience the
important mode of fluid-film lubrication that is the subject of
this book. It must, however, be emphasized that the film
thickness generated by a rolling speed of 0.024 m/s is only
0.016 um, a value that is quite small when compared with the
surface roughness of precision engineering components. It is also
significant that this film thickness is very similar in magnitude
to the local elastic compression shown in Table 13.1 for a load of
0.04 N.

The influence of load on minimum film thickness for a rolling
speed of 1 m/s and loads ranging over two orders of magnitude is
recorded in Table 13.4 for the lubrication regimes relevant to
this situation. The values for the piezo-viscous-rigid (PVR)
lubrication regime in Table 13.4 were obtained from equation
(12.9). As the load increases from the static weight of the ball
by a factor of 10, the minimum film thickness falls to one
hundredth of its initial value, with the mode of lubrication being

isoviscous-rigid. As the load increases further, elastic

11



distortion of the solids and influence of pressure on viscosity
cause the isoviscous-rigid regime of lubrication to give way to
the elastohydrodynamic, or the piezo-viscous-elastic, regime at a
load of about 0.5 N, as shown in Figure 13.2.

This remarkable ability of the Tubricated conjunction to
preserve a near-constant minimum film thickness at high loads is a
most important result of the influence of high pressures on both
lubricant viscosity and elastic deformation in the phenomenon of

the lubrication of nominal point contacts.

13.1.5 Lubrication of a 10-mm-Diameter Steel Ball Rolling

in a 10-mm-Radius Groove in a Semi-Infinite Steel Block

It was fouﬁd in Section 13.1.2 that the approximate
ellipticity ratio k for the lubrication of a 10-mm-diameter
steel ball rolling in a 10-mm-radius groove in a semi-infinite
steel block was 1.6067. The essential features of the Hertzian
contacts for a range of loads are displayed in Table 13.2. The
value of R, is again 0.005 m, and the values of the
diménsionless groups U, G, W, gy, and gg remain the same as
those recorded in the previous section for a lubricant with an
atmospheric viscosity of 0.05 N s/mz, a pressure-viscosity
coefficient of 2x10‘8 m2/N, and a rolling speed of 1 m/s.

For the isoviscous-rigid regime of lubrication

o]
It
x| 2
ke
"
N

and



Hence

AbU -1 {%a
Hmin = HO 128 ua —w" 0.131 tan T + 1.683
or

9 y2 U2
Hyin = 128 % 2 x Tg 5 (3.18%4) = 459.27 7

h

-2 min
Hmin = 1.7935x107° = Rx

The minimum film thickness h = is thus 89.7 um. This increased
minimum film thickness results from the improved conformity
between the ball and the groove.

The corresponding elastohydrodynamic minimum film thickness

is given by

0.68

h .
o min 0.49,-0.073 -0.68k
Hoin R = 3.63 U W (1 -e )

G

3.63 x 9.271x1078 x 60.99 x 3.927 x 0.6646

53.57x10™°

This corresponds to a minimum film thickness of 0.27 um, which is
only 0.30 percent of the isoviscous-rigid prediction. The mode of
lubrication is thus clearly isoviscous-rigid, with the film

thickness being greater by a factor of 3.27 than that achieved by

a similar ball rolling over a flat surface. The advantages of

13



conformity are clear as far as both contact stresses and film
thicknesses are concerned.

The influence of load on minimum film thickness for a rolling
speed of 1 m/s is shown in Table 13.4. The appropriate
lubrication regimes are also indicated. |

It is again evident from Figure 13.3 that, as the load
increases from the static weight of the ball, the film thickness

falls rapidly in the isoviscous-rigid regime of lubrication.

13.1.6 Lubrication of a 10-mm-Diameter Steel Ball Rolling

Along a 10-mm-Radius Steel Cylinder

In this case the major axis of the Hertzian contact ellipse

coincides with the direction of rolling such that Rx =5 mm

and Ry = 10/3 mm. The ratio of the semiminor to semimajor axes
is given by equation (3.28) as Kk = 0.7989. The value of R,

is again 0.005 m, and for the same conditions as those considered
in Sections 13.1.4 and 13.1.5 the dimensionless quantities U, G,
W, gy, and g remain constant.

For the isoviscous-rigid regime of lubrication

Ry 2
%3 < R;" 3

14



and

Ap = I’?f%7332 = %
Hence
ApU Y el \ :
Hmin = H0 = 128 @ —W—-[§.131 tan (?f> + 1.68%]
or
Ho =128 x 5 x %-ﬁi (2.976) = 63.49 ﬁ;

h .
-3 min
Hmin = 2.479X10 = —-RT(—
The minimum film thickness is this situation, which exhibits the
Towest degree of geometrical conformity, is thus only 12.4 um.

The corresponding elastohydrodynamic minimum film thickness

is given by

h .
min 0.68.0.49
min _R;— = 3.63 U G

W0-073(1 _ ¢~0.68k)

pa o]
1

8

3.63 x 9.271x107" x 60.99 x 3.927 x 0.4191

]

33.78x107°

This corresponds to a minimum film thickness of 0.17 um, which is
the smallest of the elastohydrodynamic film thicknesses for the
three geometrical configurations considered. It is only

1.4 percent of the isoviscous-rigid prediction, and this regime
clearly governs the rolling of the ball at 1 m/s under its own

weight.

15



The influence of load on minimum film thickness for a rolling
speed of 1 m/s and for a range of loads is again shown in Table
13.4. The appropriate lubrication regimes are also indicated.

In this case the transition from an isoviscous-rigid regime
of lubrication to elastohydrodynamic, or piezo-viscous-elastic,

conditions occurs earlier than in the previous examples.

13.1.7 Summafy

Throughout Section 13.1 we have considered the Hertzian
contact and lubrication of a 10-mm-diameter steel ball on plane,
concave, and convex steel surfaces. The examples have been
presented in full to illustrate how the material presented earlier
in the book can be used to analyze lubricated nominal point
contacts. The results demonstrate the essential features of the
major regimes of lubrication encountered in these simple
geometrical configurations.

In the next section we turn to the analysis of

elastohydrodynamic lubrication in roller and ball bearings.

13.2 Rolling-Element Bearings

The equations for elastohydrodynamic film thickness developed
in Chapter 8 relate primarily to nominal point contacts, but they
are sufficiently general to allow them to be used with adequate

accuracy in most line-contact problems. This will be demonstrated

16



in this section in relation to a cylindrical roller bearing and in
Section 13.3 in relation to spur gears.

A radial ball bearing will also be analyzed in the present
section, and the influence of lubricant starvation will be

considered.

13.2.1 Cylindrical Roller Bearing Problem

The minimum elastohydrodynamic film thicknesses on the inner
and outer races of a cylindrical roller bearing having the
following dimensions will be calculated. This particular bearing
problem was analyzed on the basis of elastohydrodynamic theory for

line contacts by Dowson and Higginson (1966)

Inner-race diameter, d, . . . .. ... ... .. 64 mm, or 0.064 m
Outer-race diameter, d, . . . ... ... .... 96 mm, or 0.096 m
Diameter of cylindrical rollers, d . . . . . . . 16 mm, or 0.0l6 m
Axial length of cylindrical rollers, . . . .. 16 mm, or 0.0l16 m

The most heavily loaded roller experiences the following

conditions:

17



Radial load on the most heavily loaded roller . . . . . . . 4800 N

Radial load per unit length on the most

heavily loaded roller . . . . . . . .. .. 4800/0.016 = 0.3 MN/m
Inner-ring angular velocity, Bi e v v v o ot e e e e 524 rad/s
Outer-ring angular velocity, wy . . . . . .. . o000 L L. 0

ﬁhpricant-vis;osity_at atmospheric pressure
~aﬁd‘thg_eff’eg_t_ive!operating' temperature of
tne'béarihé; h0'. N R YL
Viéébsit;ﬁpréSSQre coefficient, a « . « . « & ¢« « « . 2.2x1078 m2/N

Modulus, of elasticity for both the rollers

and FingS, E v v v v e e e e e e e e e e e 2.075x101L N/m2
Poisson's ratio, v . . . . « v v v o . . e e e e e e e e e e 0.3

Calculation

Since we are dealing with a cylindrical roller and not a
ball, it is necessary to return to the basic relationships of
equations (2.26) and (2.27) in order to calculate the effective

radii of curvature Rx and R,, rather than to equations

y? ,
(2.28) and (2.29), which involve the angle 8 and the conformity
ratio f.

With reference to Figure 13.5 we can write

Fax = 0.008 m, ray = o

18




0.032 m, r

rbX,'|= by’.i=°°
Fpx,o = 0-048 M, 1y o ==
Then
1 1 1 >
R, ; - 0.008 ' 0.032 = 0.032 (2.26)
giving Ry j = 0.0064 m
1115
Re.o  0-008 ~ 0.048 ~ 0.088
giving Ry o = 0.0096 m
Rl =‘___1#.+%=0
y,i 7
giving Ry j ==
_l__.=J£-+;l =0
"yo ° 7
giving Ry,o =
E' = . 2 5 = 2.28x10M N/mP
1 - 1-w
a ., b
Ea Eb

For pure rolling the surface velocities u relative to the
lubricated conjunction are given for both ball and roller bearings
by equations (2.50) to (2.52). For a cylindrical roller g = 0;

hence

(2.50)

where de is the pitch diameter and d 1is the rolier diameter.

‘. do * d; _ 0.096 + 0.064

R > 5 = 0.08 m (2.1)

19



Hence

2 2
0.08° - 0.016
u = o [524 - 0] = 10.061 m/s

The dimensionless speed, materials, and load parameters for the

inner- and outer-race conjunctions thus become

nau '
U. = = = 6.895x10
T ER 5 2.28x101 x 0.0064

Gi = aE' = 5016

0, = F > = 1?800 > = 5.140x107*
E'(R, ;)¢ 2.28x10™ x (0.0064)
nAuU
gy - 0 0.0l 10061 4 711
X,0 2.28x107" x 0.0096
6, = of' = 5016
W, = P 4800 - 2.284x107"

L (Rx 0)2 ~ 2.28x10M x (0.0096)2

The appropriate point-contact elastohydrodynamic film
thickness equation for a fully flooded conjunction was developed

in Chapter 8 and recorded as equation (8.23).

h . -
Hmin - _glﬂ = 3.63 UO.68GO.49w—0.073(l _ e—O.b8k) (8.23)

X
In the case of a nominal line contact k = « and equation (8.23)

reduces to

H .

0.68.0.49,-0.073
min = 3-63 UTT0G0 W

20



Ball - inner-race conjunction:

h .

Ho. = =" _ 363 x 1.231x1077 x 65.04 x 1.738 = 50.5x107°
min Rx j

and hence

h . = 0.0064 x 50.5x107°

m = 0.32 um

Ball - outer-race conjunction:

h_.
min
Hmin = Rx ) = 3.63 x 9.343x10

-8 6

x 65.04 x 1.844 = 40.7x10™

and thus

-6

h in = 0.0096 x 40.7x107" = 0.39 um

ml

It is clear from these calculations that the minimum film
thickness in the bearing occurs at the ball - inner-race
‘conjunction, where the geometrical conformity is least favorable.

In their 1966 book Dowson and Higginson proposed a minimum
elastohydrodynamic film thickness equation for nominal line
contacts of the form

« N

g* o _min _ 4 ¢ GO.6U0.7w-0.13
==L
where
W= F
TR

% being the unit length of the roller. In the present example

£ = 0.016 m and hence

W, = 200 - 2.056x10~"
2.28x10"% x 0.0064 x 0.016
W = 4800 = 1.371x10_4

° " 5 28x10M x 0.0096 x 0.016
21



Thus H. = 61.7x107° and H; = 49.0x107°, giving

(hy) . = 0.39 ym and (h,)
min min

The original line-contact predictions of film thickness thus

0) = 0.47 um.

exceed the predictions based on extrapolations from the new
point-contact theory by about 20 percent. It should, however, be
noted that the nominal point-contact theory predictions are

conservative from the design point of view.

Influence of Lubricant Starvation

The predicted minimum film thickness of 0.32 um should just
about ensure elastohydrodynamic lubrication in well-produced
roller bearings. However, the calculation was based on the
assumption of a fully flooded conjunction; and if this condition
is not satisfied, a reduced minimum film thickness will ensue.

The role of lubricant starvation has been discussed in
Chapter 9, and in Section 9.4 attention was drawn to the important
zero-reverse-flow boundary condition. In the absence of any
specific information about the extent to which the inlet to an
elastohydrodynamic conjunction in a roller bearing is filled with
lubricant, it is reasonable to assume that the zero-reverse-flow
inlet boundary condition operates. Dowson, Saman, and Toyoda
(1979) have shown that, in pure rolling, elastohydrodynamic
conjunctions achieve only 70.3 percent of their predicted fully
flooded film thicknesses when the zero-reverse-flow boundary

condition operates. In the present example the inner and outer

22




raceway minimum film thicknesses would thus be

(hmin)i

0.703 x 0.32 = 0.22 um

= 0.703 x 39 = 0.27 um

~—
|

13.2.2 Radial Ball Bearing Problem

We now turn to the type of problem that did much to promote
the studies of elastohydrodynamic theory for nominal point
contacts upon which this book is based. Considerable difficulty
had been experienced in applying elastohydrodynamic theory for
line contacts to the conjunctions encountered in ball bearings.

Consider a single-row, radial, deep-groove ball bearing with

the following dimensions:

Inner-race diameter, d; . . . . . .. .. .00 0.052291 m
Outer-race diameter, d, . . . . . ... ... .. ... 0.077706 m
Ball diameter, d . . ¢« ¢« ¢« ¢« ¢« o v v o o o o o s o o 0.012700 m
Number of balls in complete bearing, n . . . « ¢« ¢« ¢ ¢« ¢« ¢ o « & Y
Inner-groove radius, ry . . . . o oo .. 0.006604 m
Outer-groove radius, ro . . . . . ..ol 0.006604 m
Contact angle, B v ¢ v ¢« v v v v o v 0 0 v o 0 e 0 e e e e 0
rms surface finish of balls, fb ............ 0.0625 um

rms surface finish of races, fr ............

A bearing of this kind might well experience the following

operating conditions:

23



Radial Toad, F\. . . . . . . v v v v i v v i i et v v v 8900 N
Inner-ring angular velocity, Bi v o o v o 0 0 o o .« « « 400 rad/s
Quter-ring angular velocity, wy
Lubricant viscosity at atmospheric pressure and

effective operating temperﬁture of bearing, ng . - - 0.04N s/m2
Viscosity-pressure coefficient, « . . . . . . .« e e e 2.'3x10‘8 m2/N
Modulus of elasticity for both balls and rings, E . . . 2x1011 N/m2

Poisson's ratio for both balls and rings, v . . . . . . . . .. 0.3

Calculation

It will be assumed initially that the lubricated conjunctions
receive sufficient lubricant to enable them to be treated as fully
flooded. The objective is then to determine the minimum
elastohydrodynamic film thicknesses on the inner and outer races.

The essential features of the geometry of the inner and outer

conjunctions (Figures 2.13 and 2.19) can be ascertained as follows:

Pitch diameter (eq. (2.1)), de = 1/2 (d, + di) ...... 0.065 m
Diametral clearance (eq. (2.2)), Py=dg-d;-2d ... 1.5x107° m
Race conformity (eq. (2.3)), fi = fo =rfd ¢ ¢ v e e e e e e 0.52
Equivalent radius (Table 13.5), Rx,i = d(de - d)/2d . . 0.00511 m
Equivalent radius (Table 13.5), X,0 = d(de +d)/2d . . 0.00759 m

R

Equivalent radius (eq. (2.29)), Ry j fid/(Zfi -1) ... 0.165m
bl

R

Equivalent radius (eq. (2.29)), fod/(2fy-1) . . . 0.165m

]

y,0
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And the curvature sums

1 1,1
= = 201.76
Ri "Ryi Ryi
giving Rj = 4.956x10‘3_m and
1 1,1
— = = 137.81
Ro Rx,o Ry,o
. -3
giving R = 7.256x107° m. Also, Ry,i/Rx,i = 32.35 and
Ry ofRy o = 2L.74.

The nature of the Hertzian contact conditions can now be

assessed.

Ellipticity parameters:

[}
—
L]
o
W
w
(Vo)
AN
)
-
. -
S——
o
(@)
(3%
(@]
i}

k. 9.42 (3.28)
i Rx,1
R 0.636
k. = 1.0339 (-229> = 7.09 (3.28)
0 R
X,0
Elliptic integrals:
- 0.5968
g] = 1.0003 +-(m—.-)—= 1.0188 (3.29)
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- 0.5968
& = 1.0003 + = 1.0278 (3.29)
0 iRy’ole,oi

R,

F; = 1.5277 + 0.6023 1n (RL‘_) = 3.6205 (3.30)
X,

— Ry 0

#, = 1.5277 + 0.6023 n R |- 33823 (3.30)

The effective elastic modulus E' is given by

2 2.198x1011 N/m2

E' = (3.16)

To determine the load carried by the most heavily loaded ball
in the bearing, it is necessary to adopt an iterative procedure
‘based on the calculation o? local static compression and the
analysis presented in Chapter 3. Stribeck (1907) found that the

value of Z was about 4.37 in the expression

F o=

F
max

r

SN

where

Fmax = load on most heavily Toaded ball

Fr = radial load on bearing

n = number of balls

However, it is customary to adopt a value of Z =5 in simple
calculations in order to produce a conservat ive design, and this

value will be used to begin the iterative procedure.

Stage 1: Assume Z = 5. Then

Fray = —g- = g x 8900 = 4944 N (3.47)
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The maximum local elastic compression is

1/3

- -
F
5; =7 |(=— (= - 2.90x10° m  (3.15)

1/3

_ -
F
so=ﬁ)(59><m“> - 2.877x10™° m (3.15)
\2 8, A\ £

The sum of the local compressions on the inner and outer races

-5
6=28;%8,= 5.779x10 " m

A better value for Z can now be obtained from

- A7 (3.48)
Py
l-%
2.4917 1+ —.[T - 1>
since L N
S
p 5
d _ 1.5x10
- - 0.1298
28 " 5.779x107

Thus from equation (3.48)

Z=4.551
Stage 2:
Z = 4,551
4.551 x 8900
Fmax = g = 4500 N

2.725x10™° m

o
1

2.702x10—5 m

(g
1
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§ = 5.427x10™° m
p
d
- = 0.1382
Thus
4,565

N
1

Stage 3:

Z = 4,565

4.565 x 8900
Frax = 9 = 4514 N

2.73lx10—5 m

o
]

2.708x10™° m

o
I

§ = 5.439x10_5 m

Pa )
- 0.1379

Thus
Z = 4,564

This value is very close to the previous value from stage 2 of

4.565, and a further iteration confirms its accuracy.

Stage 4:
L = 4,564

4.564 x 8900
Frax = g = 4513 N

2.731x10_5 m

o
]

o = 2.707x107> m ‘

©
]

§ = 5.438x10™° m
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Pd
»o = 0.1379

and hence

Z = 4.564

The load on the most heavily loaded ball is thus 4513 N.
Elastohydrodynamic Minimum Film Thickness

For pure rolling (Table 13.5)

= 6.252 m/s

mo—w.i

The dimensionless speed, materials, and load parameters for the

inner- and outer-race conjunctions thus become

nad X
Uy = gro— = 0.04 x 8.252 ___ 3. 22710710
X,i 2.198x10"" x 5.11x10”
6, = of' = 2.3x10~8 x 2.198x10! = 5055
Wy = —F—— - s 7.863x107"
E'(R, ()% 2.198x10%" x (5.11)%x10
oY 0.04 x 6.252 -10
U, = Tp— = o 5 = 1.499x10
x,0 2.198x10"" x 7.59x10”
GO = af' = 2.3x10—8 X 2.198x1011 = 5055
W, = F > = 114513 ——r = 3.564x10"
£'(R, )¢ 2.198x10" x (7.59)°x10

The dimensionless minimum elastohydrodynamic film thickness in a

fully flooded elliptical contact is given by equation (8.23).
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h .
min -~ ,0.68.0.49,,-0.073 -0.68k
Hmin = T;— = 3.63 U G W (l - e )

(8.23)

Ball - inner-race conjunction:

(h

)
min’ . -0.68K.
i 0.68.0.49, ,-0.073 i
(Hoip) = ——— = 3.63 U7"°%" " "W (1 -.e )
i X, i
= 3.63 x 2.732x10-7 X 65.29 x 1.685 x 0.9983
(H . ) = 1.09x107
min’, v
Thus
-4
(hmin). = 1.09x10 Rx,i = 0.557 um

1

The lubrication factor A discussed in Section 3.5.2 is found to
play a significant role in determining the fatigue life of
rolling-element bearings. In this case

h 6

i . 0.557x10”

A = = = 3.00
i 172 I72
(2 + £2) [(0.175)2 + (0.0625)2] " “x107®

Ball - outer-race conjunction:

(hpin) -0.68%
0 X,0
- 3.63 x 2.087x10”/ x 65.29 x 1.785 x 0.9919
_4
(Hm.n)o - 0.876x10

Thus
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) = 0.876x107* R = 0.665 um
o >

(hmin

In this case the lubrication factor A is given by

6
2 2] -6
[(0.175)2 + (0.0625)2] " x10

Once again it is evident that the minimum film thickness
occurs between the most heavily loaded ball and the inner race.
However, in this case the minimum elastohydrodynamic film
thickness is about three times the composite surface roughness,
and the bearing lubrication can be deemed to be entirely
satisfactory. Indeed, it is clear from Figure 3.16 that very
little improvement in the lubrication factor F and hence the
fatigue 1ife of the bearing could be achieved by further improving

the minimum film thickness and hence A.
Application of Line-Contact Equations

In Chapter 8 attention was drawn to the possibility of using
the e]astohydrodynamic line-contact equations in association with
the effective length of the contact designed to produce the same
maximum or mean pressures in the actual elliptical and equivalent
rectangular conjunctions. In the present example the contact is
highly elongated, with ellipticity ratios of 9.42 and 7.09 on the
inner and outer races. It is therefore likely that the modified
line-contact equation will give reasonable predictions of film

thickness in this case.
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The semimajor axis is determined by

1/3
6K°ZFR
a = ( g > (3.13)
Thus considering the inner-race conjunction only,

1/3

d =

2
(6 x (9.42)% x 1.0188 x 4513 x 0.004956) - 2600 un

v x 2.198x10%1
and for equal maximum pressures £ = 4/3 aéﬁ = 3531 um, while
for equal mean pressures £ = 3/16 nzaé'; = 4902 um.
We can now examine the results of using each of these
effective lengths in the e]astohydrodyhamic minimum film thickness

equation for line contacts.

Hmin = 2.65 U

0.7 0.54N-0Ll3

G (8.26)

where W is now F/E'Ryf, Thus

-0.13
(Hysn) ,

- 4.6415x107° (W)
1 .

-4

and for equal maximum pressures (H = 1.12x107 7, while

min)i
T e

min)i = 1.16x10 . If the

major axis of the contact ellipse (2a = 5200 um) had been used,

for equal mean pressures (H

the result would have been ( = 1.17x10’4.

Hmin)i
The percentage differences from the elliptical-contact result

of 1.09x10'4 obtained earlier are 2.4 and 6.9 percent when

values of ¢ corresponding to equal maximum and mean pressures

are used, respectively. The percentage difference obtained when

the major axis of the major ellipse is used is 7.7 percent. It is

clear that, in this example, little error is introduced by
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Judicious use of the line-contact equation. Furthermore the
example demonstrates that the best agreement between the nominal
point- and Tine-contact predictions is achieved when the
equivalent load per unit length is calculated on the basis of

equal maximum pressures.
Influence of Lubricant Starvation

The film thicknesses calculated in this example have been
based on the assumption that the conjunctions were adequately
lubricated. In reality, very little lubricant is required to
satisfy this condition, as will be shown.

In Chapter 9 it was shown that an elliptical
e]astohydrodynamié conjunction can be considered to be fully
flooded if the Tubricant fills the clearance space at or beyond a

dimensionless distance upstream from the center of the Hertzian

* 3
Zone, m = Xinlet/D, given by

2 0.56
* RX
m =1+ 3.34 o Hmin (9.4)
Now
1/3
b = (?ﬁFR> (3.14)
aKE"

and for the ball - inner-race conjunction

1/3
b [6.x1.0188 x 4513 x o.?g4956 - 2.760x10~% m
T x 9.42 x 2.198x10
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Thus

2 0.56
m =1+ 3.34 [( 0.00511 ) x 1.09x10°4 T = 1.530
2.760x10"

In this case the conjunction is deemed to be fully flooded if
the clearance space is filled with lubricant for a distance of
only half a Hertzian semiminor axis in front of the Hertzian
contact zone. Even when the conjunction is starved of lubricant
such that the full film forms at half the fully flooded distance
of 0.530 in front of the Hertzian contact zone, a respectable
lubricating film is formed.

In Chapter 9 it was shown that th? starved elastohydrodynamic
minimum film thickness is given by

~ 0.25

-1

H. _=H. (& (9.8)
min,s min (m* _ 1)

For the ball - inner-race conjunction this becomes

-\0.25
0.265 0.25
Hmin,s = Hnin (UTS?U) = Hpipn(0.5)
or
Hmin,s = 0.84 H .

The effect of this quite severe lubricant starvation is to reduce

the minimum film thickness by only 16 percent.

34



13.3 Power Transmission Equipment

In this section we consider the application of the
elastohydrodynamic minimum film thickness equations to two forms
of power transmission equipment. The first example is a simple
involute spur gear, and the second is a simplified form of one of
several types of continuously variable-speed drives that are now
being developed and that are being used increasingly in aircraft

equipment and road vehicles.

13.3.1 Involute Gears

It is well known that the contact between gear teeth at a
distance S from the pitch line in a pair of involute gear wheels
having radii Rl and R2 and a pressure angle ¥ can be
represented by two circular cylinders of radii (R1 siny + §)
and (R2 sin ¢ - S) rotating with the same angular velocities
2, and 2, as ihe wheels themselves. Indeed this
observation forms the basis of the two-disc machine that has been
used so extensively and effectively in experimental studies of
gear lubrication in general and elastohydrodynamic lubrication in
particular. The problem has been considered by Dowson and
Higginson (1964, 1966), and in the present case we demonstrate how
the minimum elastohydrodynamic film thickness equation for
elliptical contacts can be appliied to this nominal line-contact
problem. The general geometry of the configuration is shown in

Figure 13.6. 35



Consider a pair of involute gear wheels having radii of 50
and 75 mm and a pressure angle of 20°. Let the angular velocity
of the larger wheel be 210 rad/s (~2000 rpm), the width of the
gear teeth 15 mm, and the load transmitted between the teeth
22,500 N. Let the essential properties of the lubricant and the

materials of the wheels adopt the following values:
2
ng = 0.075 N s/m

o = 2.2x1078 me/N

E = 207 GN/m®
v=0.3

Calculate the minimum film thickness on the pitch line. Then

Rl = 0-075 m, Y‘ay = o0
R2 = 0.050 m, Y‘by = o0
R 92
" Gear rate:R—=§ = 1.5
2 1

Radii of cylinders = (Rl siny +8§) = R1 sin y
rax = 0-075 sin 20° = 0.02565 m

and
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(R2 siny - S) = R, sin ¥

or

o = 0-050 sin 20° = 0.01710 m

Hence

1 1 1
R, ~ 0.02565 * 9ooI7To = 38-99 * 58.48

giving Ry = 0.01026 m
) QlRl sin ¢ + 92R2 sin ¥

u 5 - QR sin ¥= 210 x 0.02565 = 5.387 m/s
SR 2.275x101 N/mé
1-
v
Thus
naU
U= o= —LOE X538 g 7310710
x  2.275x101 x 0.01026
6 = of' = 5005
We—t - 22,500 ” = 9.395x10™%
£'(R)7  2.275x10™ x (0.01026)
and
K = o
Now
- 3.63 x (1.731x10710)0-68 , (5005)0-49 y (9.395x107%)70-073 4 1
_ 3.63 x 2.302x10~7 x 64.97 x 1.663
H =0 9o3x10'4
min = °°

The minimum film thickness thus is
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-4
hmin = Hmin X Rx = 0.903x10 ~ x 0.01026

or

hmin = 0.93 um

The line-contact formula for minimum elastohydrodynamic film

thickness is

0.7.0.54,-0.13

Hoso = 2.65 107605y (8.26)
where
F 22.500 _4
w = 1 = 2 T~ = 6.426)(10
E'RIL ™ 5 275x10M X 0.01026 x 0.015
Hence §
Hoio o= 2.65 x (1.731x10720) 07 x (5005)0-54 x (6.426x107%)70+13
- 2.65 x 1.468x10~7 x 99.47 x 2.600
4
Hmin = 1.01X10

The line- and point-contact minimum film thickness predictions
thus agree to within 12 percent. Again it should be noted that
the point- or elliptical-contact equation yields the lower of the
~two film thickpess predictions.

The lubrication factor A is defined as

h
A = > m]; 172 (3.125)
(fr + fb)
_ 0.93 _0.93
= > 5 112 = 07283
[(0.3)" + (0.3)"]

2.2
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It is thus clear from Figure 3.16 that the pair of involute
gears considered in this example should enjoy the benefits of a
reasonably satisfactory elastohydrodynamic minimum film
thickness. However, the figure also indicates that some
improvement in the life of the gears could be anticipated if A
could be increased to about 3. In practical situations such an
improvement would probably be achieved by increasing the lubricant
viscosity ng or by decreasing the rms surface roughness o

of the wheels.
13.3.2 Continﬁous]y Variable-Speed Drive

Interest in 0il-film or rolling friction drives for power
transmission equipment dates back to the last century. A patent
application for a variable-speed drive using discs with toroidal
surfaces and rollers that could be tilted to change the speed
ratio was fL]éd in 1899, Since that time many different
configurations have been designed, and several were included in a
survey published by Cahn-Speyer (1957). A particular and more
recent form of this type of drive, known as the Perbury gear, has

been described by Fe]]owé, et al. (1964).
Geometrical Calculations

Consider the double toroidal layout shown in Figure 13.7 in
which three symmetrically arranged rollers that can be tilted to

change the ratio of input to output speeds are located on each
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side of the central disc. Power is delivered to the end discs,
which either incorporate a mechanical end loading device sensitive
to input torque or; in an improved version, a hydraulic loading
cylinder applying a load proportional to the sum of the input and
output torques (i.e., proportional to the forces to be transmitted
to the lubricant film). Afroller control mechanish automatically
ensures that the power transmitted through the unit is distributed
equally between the six rollers. Such continuously variable-speed
drives provide a smooth transmission of power, typically over a
speed ratio range of about 5:1, in a jerk-free manner.

The life and efficiency of continuously variable-speed drives
of this nature depend on the characteristics of the lubricating
films between the rollers and the toroidal surfaces. The traction
characteristics are beyond the scope of the present text, but it
is posSib]e to show how the lubricant film thickness can be
calculated. _

The radii at the inner and outer'conjunctiéns between a
single roller and the toroidal surfaces on the driving and driven
discs are shown in Figure 13.8. If subscripts a and b are
used to identify the roller and toroidal discs, respectively, it

can be seen that

Inner conjunction:

Y'ax =T, ray = nr
__ 2 '~ I-rsing _
"bx = Sing " sing > 'by=""

40




Hence

1 _ 1,1 _ 1, sing (2.26)
Rx,i ax rbx r Z-rsing

giving Ry j = r[1 - (r/Z) sin ¢], and

1 1 1 1 1
R =7 + T (2.27)
Y, ay by
giving Ry i = [n/(1 - n)]r
Quter conjunction:
r._=r,r_ =nr
ax ay
z Z+rsing
"bx sin ¢ sing > by ="
Hence
1 1,1 1 sin ¢ (2.26)
Rx,o ax rbx ry Z+*rsing
9iving Ry o = r(1 + (r/Z) sin ¢)
; =f+r1=%_% (2.27)
Y,0 ay by

giving Ry o = [n/(1 - n)]r

Elasticity Calculations

If the end load carried by each roller is F, the normal load

at each of the inner and outer conjunctions F¢ is given by

F
F¢ = cos ¢

Consider a continuously variable-speed drive of the form shown in

Figures 13.7 and 13.8 in which
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F = 16,000 N
$ = 30°
r = 50 mm

Z =62.5 mm
n=20.7

E = 2.075x10%1 N/m?

v=20.3
Then

E_ 2.075x10M

11
- 5 = 097 = 2.28x10
-V

E' =

Inner conjunction:

R, ; =0.05(1 - 0.8 sin 30°) = 0.03 m

Ry 5 = (I_g;g_7) X 0.05 = 0.1167 m

11, 1
R = 0.03

giving R = 0.02387 m

&= 1.1537 (3.29)
F = 2.3459 (3.30)
K = 2.453 (3.28)

a=|—e = 2949 um (3.13)
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b =

=N
< 1<'¢ ) = 1202 ym (3.14)
nKE"'

3F¢ 2
Pmax = -2;-6-5 = 2.49 GN/IT]

The Hertzian contact zone is thus represented by a relatively

large ellipse in which the ratio of major to minor axes is about

2.45,

Outer conjunction:

o = 0.05(1 + 0.8 sin 30°) = 0.07 m

Ry
0.7
R_Y,O = ('1——_——0—.7>X 0.05 = 0.1167 m
1 1 ., 1
R = 0.07 * 0.1167
giving R = 0.0438 m
Ry.o 01167 | oo
Reo | 007
Fp= 222000 _ 18,475
cos 30
& - 1.3583 (3.29)
F - 1.8355 (3.30)
K = 1.431 (3.28)
o \L/3
GFZFbR
a = 7 = 2662 um (3.13)
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& a\1/3
b =( “) = 1860 um (3.14)
wKE *

Pmax =335 = 1.782 GN/m

The greater geometrical conformity at the outer conjunction
provides a larger, less-elongated Hertzian contact zone than that -

developed at the inner conjunction.
Elastohydrodynamic Film Thickness

If it is assumed that the input dfsc rotates at 314 rad/s
(3000 rpm) and that the lubricant has an atmospheric-pressure
viscosity at the effective operating temperature of
0.0045 N s/m2 and a viscosity-pressure coeffigient of 2.2x10‘8

m2lN, then for pure rolling

nau
0 - 0.0045 x 0.05 x 314 - 1.0329x10'11

U: = =
VUER i 2.28x10M x 0.03
nal
U, - Elg _ 0.0045 xlg.os X 318 _ ( 4a07,10-11
X,0 2.28x107" x 0.07
G = aof' = 5016
Fo 18,457 4
W = 5 = B » = 0.8995x10
E'(R, )¢ 2.28x10"" x (0.03)
Fo 18,457 _4
NO = 7 = li - y. = 0.1652X10
E'(R, )¢ 2.28x107 x (0.07)
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The minimum film thickness in elliptical conjunctions under

elastohydrodynamic conditions is given in dimensionless form by

H - _Elir_] = 3.63 U0.68G0o49w—0.073(1 _ e-0.68k) (8.23)
X
Hence
Ho = 3.63 x (1.0329x10711)0-08 4 (5016)°49 x (0.8995x107%)70+073

) (1 - ¢~0-68x2.453

- 3.63 x 3.385x10™C x 65.04 x 1.9740 x 0.8114
- 1.280x10™°
and
(i) = 0:38 um
Similarly
H = 3.63 x (0.4427x10711)0-88 (5016)0-49 x (0.1652x1074)=0-073
« (1 - -0-68x1.43L,
_ 3.63 x 1.9026x107C x 65.04 x 2.2340 x 0.6221
- 0.6243x107°
and
(h,m.n)O = 0.44 um

The power is thus transmitted through elastohydrodynamic films
having minimum film thicknesses at the inner and outer
conjunctions of 0.38 and 0.44 um, respectively. These are quite
acceptable film thicknesses, but for maximum Tife of the
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components and a lubrication factor A (see equation (3.125)) of
3, it is clear that surface finishes comparable to those achieved
in rolling-element bearings are required.

The large axial loads cause substantial, but not excessive,
contact pressures of the order of 2.5 and 1.8 GN/m2 on the inner
and outer conjunctions, respectively. The Hertzian contact
ellipses are quite large, having major axes of lengths 5898 and
5324 um at the inner and outer conjunctions. It has been assumed
that pure rolling occurs in each conjunction, but there will
inevitably be spin losses in these conjunctions. The calculation
of these losses, which probably account for most of the energy
dissipation in such devices, requires a detailed knowledge of the

lTubricant rheology and the shape of the elastohydrodynamic film.
13.4 A Railway Wheel Roliing on Wet or 0ily Rails

Loads transmitted between locomotives and rails cause
Hertzian contacts to be created between the wheels and the rails
that are typically of area 10‘4 m2. These contacts play a
vital role in supporting the loads and providing guidance to the
system, as outlined by Barwell (1974), and they are the regions in
which traction is developed for driving, accelerating, and braking
the train.

A valuable survey of studies of traction between railway
wheels and rails has been presented by Pritchard (1981). The

considerable variation in coefficients of friction, or traction,

has been attributed to varying track and weather conditions. The
46



coefficients range from about 0.1 to 0.4, and low adhesion is
nearly always associated with wet or oily rails. It is well known
that light drizzle or mist is associated with low adhesion, and
bad sites have been identified where locomotives regularly drip
0il or where excessive grease from railside lubricators reaches
the rail. The films of contaminants are normally very thin;
Pritchard (1981) has quoted thicknesses estimated to be only a few
molecular layers. Solid debris is generally associated with
low-adhesion films, and rust in the form of oxides and hydrated
oxides of iron with silica, iron carbide, and free iron appears to
be the major constituent. When autumn leaves fall on the rails
and are subsequently crushed by the wheels, a low-friction film is
generated which adversely affects traction in woodland areas.

The mode of lubrication by wet, oily, or contaminant films on
rails is generally believed to be boundary, but the possibility of
elastohydrodynamic action has been considered by Barwell. It is

this question that forms the subject of this section.

13.4.1 Hertzian Contacts Between Wheel and Rail

An illustration of the construction of a modern track and
locomotive driving wheel presented by Barwell (1974) 1is shown in
Figure 13.9. High-quality steel tires with a thickness of about
76 mm (3 in.) are shrunk onto forged steel wheel centers. An
important geometrical feature is the slight coning of the tires to
facilitate automatic steering of the wheel sets as they roll along

the track. This normally prevents contact between the wheel
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flanges and the rail. Studies of the Hertzian contact conditions
for this situation have been presented by Barwell (1979) and the
Engineering Sciences Data Unit (1978).

In this example it is assumed that the rail section
transverse to the direction of rolling has a radius of 0.3 m, that
the Tocomotive wheel has a radius of 0.5 m, and that the angle of
coning is 2.86° (tan‘10.05). The essential features of the
Hertzian contact between the wheel and the rail are calculated for

the following conditions:

Radial load carried by each wheel . . . . . . . . . e e e 10° N
Modulus of elasticity of wheel tire and rail . . . 2.07x1011 N/m2

Poisson's ratio . &« v ¢ ¢ v 6ttt e b e e o e s e e s s e e e 0.3

For these conditions

11

. _E___2.07x10"" _ 11, 2
E' = 7= S0aT - 2.2747x10"" N/m

Initial Calculation

If the coning of the tires is neglected and the contact is
deemed to be equivalent to a wheel in the form of a circular
cylinder of radius 0.5 m rolling on a traék with a transverse
radius of 0.3 m, as shown in Figure 13.10(a),

Y‘bx = oo, l"by = 0.3 m
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Then

1 _ 1,1 1,1 (2.26)
R; Tax Tbx 0.5
giving Ry = 0.5 m, and
1 1 1 1 1
e (2.27)
_Ry Tay Tby 0.3
giving Ry = 0.3 m. Also,
1 1 .1 1,1
e T (2.24)
R RX Ry 0.5 0.3
giving R = 0.1875 and
Ry
= 0.6
Ry

Since 1/R, ¥ llRy, it follows at once that the semimajor axis

of the elliptical Hertzian contact lies in the direction of

rolling.
Now
- 0.5968
& = 1.0003 + = 1.9950 ‘ (3.29)
R IR,
_ R
& = 1.5277 + 0.6023 1n 2 = 1.2200 (3.30)
X
and
r 10-6360
K = 1.0339 (%) = 0.7471 (3.28)
X
Hence

o (113 ) . 1/3
_ [6KEFR 6 x (0.7471)" x 1.9950x10” x 0.1875 (3.13)
as= 7E! 11

v x 2.2747x10

5.597 mm
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1/3

o _ (2R3 _ (6 x 1.9950x10° x 0.1875 (3.14)
= = T :
oRE ! » x 0.7471 x 2.2747x10 ,

= 7.491 mm

MEEIE

1.2200 2 10°
¢ x 1,990 x 0.1875J\ 1"y 0.7471 x 2.2747x101]

0.0915 mm (3.15)

and

3F 2 -
Prax = 735 = 1-139 GN/m (3.6)

Allowance for Coning

If the angle of coning is taken into consideration, the
conjunction is represented by a wheel of truncated conical section
rolling on a rail having a transverse curvature. In this case the
section of the wheel or truncated cone in the principal plane of
rolling is an ellipse, and it is necessary to determine the
effective radius of curvature rax for the situation shown in
Figure 13.10(b). Another consequence of coning is that the normal
force or reaction on the Hertzian contact is slightly in excess of
1x10° . |

Now with reference to Figure 13.10(b)

5
Fa—to o IO _ ) oo125x10° N
cos e cos 2.86
A-pSin(0 *o) _,cose 50528 _ 541876y
sin(90 - 29) cos 2e cos 5.72
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2 2 .
B=r+Asinotane=r<58 _ 0,558 2.86°
cos 2o cos 5.72
The effective radius
2.312
r = [1 +2(dY/dX) J
ax 7
d y/dX X=0

and since the ellipse is specified by

v e [1 i (%)2]1/2

(%S(x) T, = 2)1/’2

(dz )_ A8
= 377
dx (A2 _ x2)

Hence
A 0.501876
Fax = A (E) = 0-501876<6756r25r)
Fax = 0.5025 m
For this geometrical configuration
Fax = 0.5025 m, ray = o

Thx = rby =0.3m

Hence

RX = 0.5025 m, Ry =0.3m

(Ry/Rx) = 0.5970, R = 0.18785

7 = 1.0003 + g-'%gi‘i = 2.0000

y X

F = 1.5277 + 0.6023 1n (Ry/Rx) = 1.2170
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and

r 106360
X = 1.0339 (ﬁl) = 0.7447 (3.28)
X
Hence
1/3 ) 5 1/3
) (fE%EFR _ |6 x (0.7447)° x 2.0000 x 1.00125x10° x 0.18785
nt’ x X 2.2747x10%
- 5.595 mm ' (3.13)
- 1/3 5 1/3
6¢FR 6 x 2.0000 x 1.00125x10" x 0.18785
y n x 0.7447 x 2.2747x10
= 7.513 mm
1/3

D&

13
= 1.2170 ( 9 ) 1.00125x10
¢ x 2.0000 x O.I8785\ " "4 7447 x 2.2747x10%%

= 0.0914 mm (3.15)
and
3F 2

The values of a, b, 5, and p_ .. are remarkably similar
to the values that emerged when the simplified configuration of a
circular cylinder on a rail was considered. Thus it is therefore
unnecessary to consider the actual but more complicated geometry

of the Hertzian contact introduced by coning of the wheels.
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13.4.2 Minimum Film Thickness Between Wheel and Rail

The film thickness is calculated for two lubricants, one

being water and the other a mineral oil, as a function of speed.
Water

The viscosity of water varies little with pressure, and the
fluid is generally assumed to be isoviscous. However, Hersey and
Hopkins (1954) have recorded a 7 percent increase in the viscosity
of water over a pressure range of 1000 atmospheres at 38° C
(100° F), and this corresponds to a viscosity-pressure
coefficient o of 6.68x10710 mé/N.

It is thus possible to adopt this value of « and to
calculate the minimum film thickness on the basis of the equation

used earlier in this Chapter.

h .
min 0.68.0.49,-0.073 -0.68k
Hmin = R = 3.63 U W (1 -e )

G (8.23)

It will be assumed that the coefficient of viscosity of water

under atmospheric conditions o is 0.001 N s/m2 and hence

that
no 1073 o 15
U = = = 8.7924 uxl0
E'R, ™ 2.2747x10% x 0.5
6 = of' = 6.68x1070 x 2.2747x10! = 152
F 10° -6
W= > = 0. - = 1.7585x10
E'(R,)°  2.2747x107 x (0.5)

With K = 0.7471 we find
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h .
min -15,0.68 0.49
Hmin =7 3.63 x (8.7924 ux10 "7) x (152)

x (1.7584x1070)70-073 , (3 _ ¢70.5080,

= 3.63 x 2.7669x10710 x 11.7247 x 2.6309 x 0.3983
. ,0-68
or
(Ho: o) - 1.2341 x %8108
water
and
0.68 . -8
(h_.) = 0.6170 u x10 " m
min water
0i1

If the rail is covered by a film of oil having a coefficient
of viscosity at atmospheric pressure g of 0.1 N S/m2 and a

viscosity-pressure coefficient o of 2.2x10‘8 m2/N.

nau
U= E9R - 0-115 - 8.7924 uxio~13
X 2.2747x107" x 0.5
, _8 11
6 = of' = 2.2x1078 x 2.2747x10%! - 5004
5
We—F 5 = 1?1 5 = 1.7584x1078
E'(R,)  2.2747x10% x (0.5)

Hence
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-
Hooo= =m0 3,63 x (8.7924 ux1071%)0+88 x (5004)0-49
X
x (1.7584x1070)70-073 (1 _ ¢=0.5080,
- 3.63 x 6.3386x10™° x 64.96 x 2.6309 x 0.3983 x u0-68
or '
0.68.. -6
(H:) = 1.5662 x u0®8x10
0il
and
0.68 . -6
(hmin)oi1 = 0.7831 u x10 " m

The variation of h with the speed of the locomotive in

min
pure rolling for both wet and oily rails is shown in Figure
13.11. It is clear from Figure 13.11(a) that the
elastohydrodynamic fiims developed by water alone are quite thin,
and it is most unlikely that they will lead to effective
hydrodynamic lubrication. The fact that moisture is known to
inf luence traction quite markedly (Pritchard, 1981) probably
strengthens the view that surface chemistry and boundary
lubrication play important roles in wheel-rail adhesion.

For an oily track and a relatively high viscosity of
0.1 N s/m2 substantial film thicknesses are predicted for
representative operating speeds. Clearly traction will be reduced
and skidding can be expected under these conditions. The results

presented in Figure 13.11(b) confirm the importance of a clean

track.
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A number of alternative procedures for cleaning the rails in
front of the driving wheels of loccmotives are now being

investigated in several countries.
13.5 Lubrication of Synovial Joints

To conclude this Chapter of applications of the
elastohydrodynamic film thickness equations developed in the text
we have selected the problem of human joint lubrication. This
also allows us to introduce equations developed in Chapter 11 for
the lubrication of elastic solids by isoviscous 1ubricants.

It has to be stated at the outset that film thickness
calculations for synovial joints are more speculative than the
other calculations presented in this Chapter for engineering
components. The properties of the materials, the magnitude of the
applied load, and the motion and geometry of the contacting solids"
are all subject to debate. Indeed, the mechanism of lubrication

of these remarkable bearings has yet to be resolved.
Features of Synovial Joints

The essential features of avsynovial joint are Shown in
Figure 13.12. The bearing material is known as articular
cartilage and the lubricant as synovial fluid. The articular
_ cartilage is a soft, porous material mounted on a relatively hard

bone backing. The thickness of the cartilage in a synovial joint
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varies from joint to joint and also with age. In young, healthy
subjects it may be several millimeters thick, but in elderly
subjects it may be almost nonexistent in some regions.

Articular cartilage appears to be smooth, but measurements
suggest that the surface roughness Ry varies from about 1 um
to 3 um. The effective modulus of elasticity varies with the time
of loading and is difficult to specify with certainty. The
various measurements that have been reported suggest that E
normally lies in the range 107 to 10° N/m2.

Synovial fluid is a non-Newtonian fluid in which the
effective viscosity falls markedly as the shear rate increases.
The viscous properties of the fluid appear to be governed by the
hyaluronic acid, with the viscosity increasing almost linearly
with the concentration of the acid. It is also known that the
viscosity of synovial fluid from normal, healthy joints is greater
than that of pathological synovial fluid from both ostecarthritic
and rheumatoid arthritic joints.

At Tow shear rates the viscosity of normal synovial fluid is
typically about 10 N slmz, while at the high shear rates
encountered in joints values between 103 N s/m2 and 10‘2 N
s/m2 can be expected.

The effective radius of curvature of an equivalent sphere or

cylinder near a plane is also difficult to determine, but probably
ranges from 0.1 to 1.0 m in the hip and 0.02 to 0.1 m in the
knee. Loads on the joints in the lower Timb vary during walking,

and the human bearings are thus subjected to dynamic conditions in
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which both Toads and sliding speeds vary with time. When the leg
swings freely in the walking cycle the knee and the hip carry
loads in the range zero to one times body weight, whereas when the
leg is in contact with the ground (stance‘phase)vthe peak loads

range from three to seven times body weight.
The Hip

There is a negligible variation in viscosity of synovial
fluid with pressure over the range of preésures encountered in
synovial joints. The articular cartilage deforms readily under
physiological loads, and the mode of Jubrication cén thus be
regarded as isoviscous-elastic. The following expreséion was
developed in Chapter 11 for the minimum film thickness under these
conditions:

Hyin = 7.43 U (1 -0.8¢e (11.4)

mi

The hip joint is generally represented as a ball (femoral
head) and socket (acetabulum) joint. In the present example it is
assumed that the following duantities are typical of the peak

loading periods of the stance phase in walking: .

Radius of equivalent sphere near aplane . . . « v v ¢« v v « . 1m

Coefficient of viscosity of synovial fluid . . . . . 2x10™3 N s/m2

Elastic constant, E' . . v v v v v v v v v o v v oo ... 10/ N/mé

Entraining velocity, u = (u, + uph/2 « « < < o« o o .. 0.075 m/s

APPTIEd 108d & v v v v e e e e e e e ee e e . . . 4500 N
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Then

and

Hence

min

and

3

"0 2x10™° x 0.075 -11
U= : = = 1,5x10
E Rx 167x1
Wt 4500_ _ 4.5x107*
E'(R,) 10'x1
k=1
- 7.43 x (1.5x10711)0+65 (4. 5x107%)70-2L ¢

7.43 x 9.2142x10™° x 5.0446 x 0.3766

1.3006x10™°

h

m.in = 1.3 ]Jm

1-0.8e

The calculation yields a film thickness similar to, but

—0.31)

perhaps slightly less than, the roughness of articular cartilage.

This suggests that prolonged exposure to the listed conditions

could not conserve effective elastohydrodynamic lubrication.

Dowson (1981) has discussed the question of lubrication in hip

joints in some detail, and it emerges that if any hydrodynamic

films are developed during the swing phase in walking, they might

be preserved by a combination of entraining and squeeze-film

actio

n during the stance phase.
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13.6 Closure

In this final chapter a number of applications of the
elastohydrodynamic film thickness expressions deve]obed earlier in
the text have been considered. In Section 13.1 the motion of a |
steel ball over steel surfaces presenting varying degrees of
conformity was examined. This provided an opportunity to
demonstrate the nature of Hertzian contact calculations before |
proceeding to the calculation of film thickness underivarious
modes of fluid-film lubrication. The approximate procedures
outlined for the elasticity calculations are sufficiently accurate
and yet enjoy great economy in effort for most applications.

The equation for minimum film thickness in elliptical
conjunctions under elastohydrodynamic conditions developed in
Chapter 8 was then applied to ro]]ef and ball bearings in Section
13.2. The roller bearing presents a nominal line contact and thus
‘represents a limiting condition for the application of the
el]iptica]-confact equation. The example neverthe]ess
demonstrates the generality of the fflm thickness equationsv
.presented in Chapter 8. The inf]uehce of lubricant starvation on
minimum film thickness was also introduced in this Section. It
was found that the most critical conjunctions in both ball and
roller bearings occurred between the rolling elements and the
inner tracks. The lubrication factor A, which appears to play an

important role in determining the fatigue life of highly stressed,
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Tubricated machine elements, was also introduced in Section 13.2.
In former times film thicknesses in elliptical elastohydrodynamic
conjunctions were calculated from modified line-contact equations,
and the validity of such procedures related to equivalent mean or
maximum contact stresses was explored in ;elation to the
deep-groove ball bearing example.

A second nominal line-contact situation in the form of an
involute gear was introduced in Section 13.3, and it was again
found that the elliptical conjunction expression yielded a
conservative estimate of the minimum film thickness. Continuously
variable-speed drives like the Perbury gear, which present truly
elliptical elastohydrodynamic conjunctions, are increasingly
finding favor in mobile and static machinery. A representative
elastohydrodynamic condition for this class of machinery is
considered in Section 13.3 for power transmission equipment.

The possibility of elastohydrodynamic films of water or oil
forming between Tocomotive wheels and rails was examined in
Section 13.4. The important subject of traction on the railways
is attacting considerable attention in various countries at the
present time.

The final example of a synovial joint introduced the equation
developed in Chapter 8 for isoviscous-elastic regimes of
lubrication. This example is neéessari]y more speculative than
others in this Chapter owing to the varied and uncertain
conditions encountered in human and animal joints. Other

applications in the isoviscous-elastic regime include rubber tires
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on wet roads and elastomeric seals. This range of applications
serves to demonstrate the ufility of the film thickness equations
developed in this text for elastohydrodynamic el]fptica] |
conjunctions. It is hoped that this study of elliptical
conjunctions has extended in some measure the understanding'df
that recently recognized yet vitally important mode of Tubrication

in highly stressed machine elements known as "elastohydrodynamic."
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' SYMBOLS

A constant used in equation (3.113)
A*, B*, c*,} : -
relaxation coefficients
D%, L*, M*
A, drag area of .ball, m2
a semimajor axis Qf contact ellipse, m
a aj2m
B total confofmity of bearing
b semiminor axis of contact ellipse, m
b b/2m |
C dynamic load capacity, N
Cv drag coefficient
Cl,...,C8 constants
c 19,609 N/cn® (28,440 1bf/in?)
c number of equal divisions of semimajor axis
D distance between race curvature centers, m
] material factor
D defined by equation (5.63)
De Deborah number
d ball diameter, m
E'. number of divisions in semiminor axis
da overall diameter of bearing (Figure 2.13), m
db bore diameter, m
de pitch diameter, m
dé pitch diameter after dynamic effects have acted on ball, m
d; inner-race diameter, m
d0 outer-race diameter, m
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modulus of elasticity, N/m2

s N/m2

effective elastic modulus, 2

internal energy, m2/s2

processing factor

[(ﬁﬁin - Hﬁin)/Hmin] x 100

elliptic integral of second kind with modulus (1 - 1/k2)
approximate elliptic integral of second kind
dispersion exponent

normal applied load, N

normal applied load per unit length, N/m
lubrication factor

integrated normal applied load, N
centrifugal force, N

maximum normal applied load (at ¢ =0), N
applied radial load, N

applied thrust load, N

normal applied load at angle ¥, N

elliptic integral of first kind with modulus (1 - 1/k2)
approximate elliptic integral of first kind
race conformity ratio

rms surface finish of ball, m

rms surface finish of race, m

dimensionless materials parametef, af

fluid shear modulus, N/m2

hardness factor

gravitational constant, m/s2
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min
H_.
min,r

H .
min,s

?

min

dimensionless
dimensionless
dimensionless
dimensionless
dimensionless
dimensionless

lubrication

8/3/U2

e]asticity parameter, W
viscosity parameter, GN3/U2
film thickness, h/Rx

film thickness, H(W/U)2 = F2n/uénR3

central film thickness, hC/Rx
central film thickness for starved
condition

frictional heat, N m/s

dimensionless minimum film thickness obtained from EHL

elliptical-contact theory

dimensionless minimum film thickness for a rectangular

contact

dimensionless minimum film thickness for starved

lubrication

dimensionless

condition

central film thickness obtained from

least-squares fit of data

dimensionless minimum f1ilm thickness obtained from

least-squares fit of data

dimensionless

-0.5
HcU

central-film-thickness - speed parameter,

dimensionless minimum-film-thickness - speed parameter,

H U—O 05

min

new estimate of constant in film thickness equation

film thickness, m

central film thickness, m

inlet film thickness, m
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h film thickness at point of max imum pressure, where

dp/dx = 0, m
min minimum film thickness, m

h0 constant, m

Id diametral interference, m

Ip ball mass moment of inertia, m N 52

I, integral defined by equation (3.76)

It integral defined by equation (3.75)

J function of k defined by equation (3.8)

J* mechanical equivalent of heat

J polar moment of inertia, m N s2

K load-deflection constant

k ellipticity parameter, a/b

k approximate ellipticity parameter

1 thermal conductivity, N/s °C

ke lubricant thermal conductivity, N/s °C

L fatigue life

La adjusted fatigue life

Lt reduced hydrodynamic 1ift, from equation (6.21)

Liseeesly lengths defined in Figure 3.11, m

L10 fatigue 1ife where 90 percent of bearing population will
endure

L50 fatigue 1ife where 50 percent of bearing populatioﬁ will
endure

% bearing length, m

N constant used to determine width of side-leakage region

M moment, Nm
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N

3|

gyroscopic moment, Nm

dimensionless load-speed parameter, NU'O'75

torque required to produce spin, N m

mass of ball, N SZ/m

dimensionless inlet distance at boundary between fully
flooded and starved conditions

dimensionless inlet distance (Figures 7.1 and 9.1)

number of divisions of semimajor or semiminor axis

dimensionless inlet distance boundary as obtained from
Wedeven, et al, (1971)

rotational speed, rpm

number of balls

refractive index

constant used to determine length of outlet region

dimensionless pressure

dimensionless pressure difference

diametral clearance, m

free endplay, m

dimensionless Hertzian pressure, N/m2 .

pressure, N/m2

maximum pressure within contact, 3F/2nab, N/m2

isoviscous asymptotic pressure, N/m2

solution to homogeneous Reynolds équation

thermal loading parameter

dimensionless mass flow rate per unit width, an/DOE'R2

reduced pressure parameter

2

volume flow rate per unit width in x direction, m'/s
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- 4 ~ - H
~hy U% 3

2/5

volume flow rate per unit width in y direction, m

curvature sum, m

arithmetical mean deviation defined in equation (4.1), m

operational hardness of bearing material
effective radius.in x direction, m
effective radius in y direction, m

race curvature radius, m

radii of curvature, m

cylindrical polar coordinates
spherical polar coordinates
defined in Figure 5.4

geometric separation, m
geometric separation for line contact, m
empirical constant

shoulder height, m

70/ Pmax

tangential (traction) force, N
temperatufe, °C

ball surface tempefature, °c
average lubricant temperature, °C

ball surface temperature rise, °C

(t/Pray)

0 max'k=l
viscous drag force, N
time, S
auxiliary parameter

velocity of ball-race contact, m/s
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u ' velocity of ball center, m/s

c

U dimensionless speed parameter, nou/E'Rx

u surface velocity in direction of motion, (ua +up)/2, m/s
u number of stress cycles per revo]ution

AU sliding velocity, Uy - Ups m/s

v surface velocity in transverse direction, m/s

W dimensionless load parameter, F/E'R2

W surface velocity in direction of film, m/s

X dimensionless coordinate, x/Rx

Y dimensionless coordinate, y/Rx

Xt, Y dimensionless grouping from equation (6.14)

Xa’ Ya» Z, external forces, N

JA constant defined by equation (3.48)

Z1 viscosity pressure index, a dimensionless constant

Ys ¥ ¥s N1 coordinate system

a pressure-viscosity coefficient of lubrication, m2/N
oy radius ratio, Ry/Rx

8 contact angle, rad

Bs free or initial contact angle, rad

B! jterated value of contact angle, rad

T curvature difference

y: viscous dissipation, N/m2 S

Y total strain rate, 1

ie elastic strain rate, s~1

Yy viscous strain rate, s’1
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flow angle, deg

total elastic deformation, m

lubricant viscosity temperature coefficient, O¢”

elastic deformation due to pressure difference, m

radial displacement, m

axial displacement, m

displacement at some location x, m

approximate elastic deformation, m

elastic deformation of rectangular area, m

coefficient of determination

strain in axial direction

strain in transverse direction

angle between ball rotational axis and bearing
centerline (Figure 3.10)

probability of survival

absolute viscosity at gauge pressure, N s/m2

dimensionless viscosity, n/no

viscosity at atmospheric pressure, N s/m2

6.31x10™° N s/m?(0.0631 cP)

angle used to define shoulder height

film parameter (ratio of film thickness to composite
surface roughness)

equals 1 for outer-race control and 0 for inner-race
control |

second coefficient of viscosity

Archard-Cowking side-leakage factor, (1 + 2/3 aa)'1

relaxation factor
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coefficient of sliding friction

o/n

Poisson's ratio

divergence of velocity vector, (au/ax) + (av/ay) * (aw/az), -1

lubricant density, N 52/m4

dimensionless density, p/p0

density at atmospheric pressure, N 52/m4

normal stress, N/m2

stress in axial direction, N/m2

shear stress, N/m2

maximum subsurface shear stress, N/m2

shear stress, N/m2

equivalent stress, N/m2

1imiting shear stress, N/m2

ratio of depth of maximum shear stress to semiminor axis of
contact ellipse

py3/2

(e)y_1

auxiliary angle

thermal reduction factor

angular location

limiting value of V¥

absolute angular velocity of inner race, rad/s
absolute angular velocity of outer race, rad/s
angular velocity, rad/s

angular velocity of ball-race contact, rad/s

angular velocity of ball about its own center, rad/s
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10

e angular velocity of ball around shaft center, rad/s
wg ball Spih rotational velocity, rad/s
Subscripts:

a solid a

b solid b

c central

bc ball center

1E isoviscous-elastic rejime
IR isoviscous-rigid regime

i inner race

K Kapitza

min minimum

n iteration

0 outer race

PVE piezoviscous-elastic regime
PVR piezoviscous-rigid regime

r for rectangular area

S for starved conditions
X,¥s2 - coordinate system
Superscript:

() ~ approximate
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(b} Ball in groove.
(c) Ball on cylinder.

Figure 13.1. - Contact between a 10-mm-diameter steel ball and plane, con-
cave, and convex steel surfaces. Groove and cylinder radii, 10 mm.
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Figure 13.8, - Geometry of crowned roller and toroidal surfaces in a continuously
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Figure 13.9. - Construction of modern track and locomotive driving wheel. (From Barwell, 1974.)
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