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1.0 INTRODUCTION

This report summarizes the mathematical deve.opments and their computer
program implementation for the Space Shuttle propulsion parameter estimation
project. The estimation approach chosen is the extended Kalman filtering
with a modified Bryson-Frazier smoother. This estimation technique has
been used on previous aerodynamic coefficient parameter estimation efforts.
Its use here is motivated by the objeétivo of obtaining better estimates
than those available from filtering and to eliminate the lag associated
with filtering.

The estimation technique uses as the dynamical process the six degree
equations-of -motion resulting in twelve state vector elements. In addition
to these are mass and solid propellant burn depth as the "system" state
elements. The "parameter" state elements can include aerodynamic coefficient,
inertia, center-of -gravity, atmospheric wind, etc. deviations from referenced
values. Propulsion parameter state elements have been included not as
options just discussed but as the main parameter states to be estimated.

The mathematical developments have been completed for all these parameters.
Since the systemes dynamics and measurement processes are non-linear functions
of the states, the mathematical developments are taken up almost entirely

by the linearization of these equations as required by the estimation
algorithms.

This estimation approach has the objective of using all available
measurements. These measurements include ground based radar tracking,
on-board inert ally stabilized platform accelerometer and attitude data,

SSME pressurants/fuel flow rates and power level, and SRB head pressure.



The estimation algorithm is implemented to process each of these measure-
ments separately with the assumption that the errors associated wiéh trase
measurements are uncorrelated.

The computer programs have been developed in a highly modular structure
to facilitate understanding, checkout and, if necessary, modification.

The computer programs reside on NASA's VAX 1 computer system in the HOSC
facility. B2Approximately eighty separate routines have been developed to
implement this estimation technique. As specified by the ITYPE va.r_:'iablo,
the FILTER program can provide three modes of data processing. These
include: ITYPE = 0 to generate synthetic measurement data, ITYPE = 1 to
provide optimal estimates based on the extended Kalman filter algorithm,
and ITYPE > 1 to propagate the state error covariance matrix with no
updating from the measurement process. The SMOOTH program provides esti-
mates of the system and parameter state elements from the filter astimates
provided as input.

Preliminary results indicate that the propulsion parameters strongly
affect the states and associated measurements. The resulting estimates
should be rapidly converged upon by the filter algoriichm and accuracy
improved upon by the smoother algorithm. These preliminary results will
be discussed later in this report.

This report, Volume I, is organized as the following. 1In Section 2.0
the filtering and smoothing algorithms are presented. Section 3.0 contains
the systam and parameter state models, their linearization, the measurement
equations, and their linearization with respect to the state elements. The
computer programs are described in Section 4.0 along with some preliminary
results. Appendices A, B and C contain auxiliary partial derivatives

(linearizations) and Appendix D contains the aerodynamic coefficient model
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and data used as the referenced model in the estimation program. Volume
II contains the computer listings of the FILTER and SMOOTH programs with

associated example input and output data listings.
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2.0 FILTERING AND SMOOTHING ALGORITHM

The Space Shuttle Parameter Estimation Program utilizes optimal
estimation techniques to provide estimates of the propulsion system
parameters. The techniqua selected is the extended Kalman filter and
the modified Bryson-Frazier smoother. By modeling the propulsion system
parameters as time correlated random variables, improved estimates of
these parameters are obtained and are properly time phased by removing
the filter induced lag by using the combined filter/smoother. The
smoother also provides improved estimates of the initial state estimates.

The system, in state-space notation, is modeled as the continuous

dynamical system disturbed by additive Gaussian white noise

X = £(x(t), t) +G(t) w(t) +ult), x(0) = x (1)
where

x = n-dimensional state vector

3(_0 = Gaussian initial condition vector with covariance Po

w(t) = p-dimensional white, zero-mean white Gaussian noise with

covariance
T
Elw(t) w (1)] = Q(t) &(t - 1)
u(t) = n-dimensional control vector.

The elements of the vector i(t) represent vehicle position, velocities,
attitudes, angular rates, aerodynamic and propulsion parameters, measure-
ment biases, etc. Elements of u(t) include known control inputs such

as SSME power level commands.
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The system described by equation (1) is observed at discrete times, tk'
with not all states baing directly measured. Some measurements are non-
linear functions of the elements of the state wd.tor §jt). In general

the measurement process is described as

*N

hk(g}tk)) + !k : (2)
where

= m-dimensional observation vector

*P" A_N

functional representation of the measurements in terms of

the states

m-dimensional, zero-mean, while Gaussian noise sequence with

*_<

covariance

Elv. v'] = R, 6, ,
-1 - i i,j

Examples of the elements of the observation vector z include radar

measurements of range, azimuth, and elevation from the radar site to the

vehicle. i
It is assumed that the system process noise vector w(t) and the

‘ measurement noise vector v are uncorrelated. Also, the system state

L

initial condition vector 50 is not correlated with either of these two §

noise vectors. Therefore
Elw(t) vo1 = 0, E[w(t) x°1 =0, Elx v.]l=0
- = ) ! o

where the superscript T denotes transpose. For later reference, the

following matricies are defined
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of (x(t), t)
Flx(t), t) = e 3)

ox (t)

and

Bh(x(t ))

k
H(!k(—)) = "—EZFE;T- . (4)

These matricies are linearizations of the dynamics and measurement models
respectivaly, evaluated about either a nominal or reference value of the

state, or about the state estimate.

2.1 Extended Kalman Filter Algorithm

The extended Kalman filter algorithm is in essence a conventional
linear Kalman filter algorithm applied to a mathematical model resulting
from the linearization of the system model equation (1), and measurment
process, equation (2), about a current state estimate. The filter yields
optimal estimates if the linearization is accurate, i.e., the state esti-
mate closely approximates the true state. The derivation of the algorithm
can be found in reference [1].

The algorithm proceeds as follows. After initialization of the state
estimate and covariance, the state estimate and covariance are propagated

forward in time until a measurement* ujpdate is available, by

X = f£(k(t), t) ’ ko <ESt (5)

and

B(t) = F(x(t), t) P(E) + P(t) F(x(t), ©)T + G(t) Q(t) G(B)T  (6)
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At the measurement time, the state estimate and covariance are updated

by

2k(+) = Ek(') + Kk(zk - gk(gk(-))) (7)

PkC+) = (I - K, Hk(ik('))) Pk(—)‘ (8)

where the (-) and (+) represent the apprupriate values just before
and just after the update. The updated values are used to reinitialize
the time propagation equations (3) and (4) for integrating up to the next

measurement time. The Kalman gain matrix is computed as

o T A A T! -1
K, = Pk(-) Hk(ij(-)) (Hk(&k(—)) Pk(—) Hk(gk(-)) -’ Rk) (9)

This algorithm is repeated until the last time point, tN’ is processed.
For later use in the smoother algorithm, various combinations of the state
estimates (X), measurements (z), linearized dynamics matrix (F) and
measurement matrix (H), measurement noise covariance (R) and estimation
error covariance matrix (P) must be stored for each time instant to be

processed by the smoother algorithm.

2.2 Modified Bryson-Frazier Smoother Algorithm

The operation of the smoother algorithm is similar to the filter

algorithm except in reverse time. The derivation of this smoother algorithm

is found in reference [2]. This fixed interval smoothing algorithm pro-
vides optimal estimates given all the measurements in comparison to the

filtering algorithm providing optimal estimates given the previous
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measurements processed. Therefore the smoother provides improved estimates
in addition to removing the time lag induced by the filter algorithm.
The smoothing algorithm adjoint variables, A and A are "initialized"

at the final time processed by the filter, T,

.T T -1 -~
A(T-) = -hN(l-lN Py Hy + RN) (_Z_N - EN(’%('))) 6‘:« . (10)
. »
and
T T -1
A(T-) = HN(HN PN HN + RN) HN GtN . (11)

If T is not an observation time, A and A are zero. The adjoint

variables are propagated in reverse time to the next previous measurement

time by
X = - F(X(t), £) A , L St<t . (12)
A = - F(Rit), )T A - A F(x(t), t) (13)

At the time of an available measurement, t the adjoint variables

k)
are updated by

T T -1
Al=) = A(+) - Hk(Hk Pk Hk + Rk) ((Ek - Ek(gk(-)))

+ (H B H +R) K A(+) (14)
and

T T T -1
A(-) = (I - Kk Hk) A(+) (I ~ Kk Hk) + Hk(Hk Pk Hk + Rk) Hk (15)

ST et
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The smoother state estimate and error covariance are obtained using the

filter estimate and covariance and the adjoint variables by

x (£) = () = P(E) A(E) (16)
and
P'(t) = P(t) - P(t) A(L) P(t). “an

Due to the potential number of time points to be processed, smoother
estimates may only be computed at the discrete measurement times. For

this approach the propagation equations (10) and (11) are replaced by
A (+) = &7 A(=) (18)
-X k = "k+i

and

T
Ak(+) = 'k Ak+1(-) ’k (19)

where 0: is the state transition matrix formed with the linearized

dynamics matrix F to propagate the adjoint variable from time tk+1

to time tk. The algorithm continues in reverse time until the initi:l

time is reached.

2.3 Iterations with the Filter/Smoother Algorithm

The performance of the filter/smoother algorithm is a direct result
of the accuracv of the linearization. Repeated operations of the algorithms
with ad ustments in initial state estimates and covariance in each cycle

can yield improved estimates. This technique is known as global iterated
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tiltering as defined in reference (3). Each cycle cof operating thi
algorithms would yield increasing improvemsnts in the state estimates.
This feature of the algorithm operation is of speci:l interest to
the propulsion parameter estimation problem using the NASA predictive
models. Initial, or nominal, values of the parameters of interest can
be used to obtain the necessary partial derivatives indicated earlier.
From orerating the algorithm improvod'estimatol of those parameters are
obtained. Using these improved estimates, more accurate partial deriva-
tives are obtained for use in the algorithms. This process is continued
wntil there is in essence no change in the partial derivatives or quality
of the state estimates. If the linearization is accurate, the measure-

ment residual should be a white noise procers with known zovariance.
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3.0 FILTER/SMOOTHER ALGORITHM SYSTIM AND MEASUREMENT MODEL

The usefulness of the filter/smoother al,orithm is to provide esti-
mates of the system states from the observed motion and dynamics while
the system is Ariven by xnown and unknown elements. These unknown elements
are elements of the system state vector to be estimated. The evolution of
motion resultirg from these known and unknown elements is assumed to be
suitably represented for this study by a six degree-of-freedom (6 DOF) rigid
body equations of motion. These equaﬁiom are presented and discussed in
section 3.1.

To implement these eJuations into the filtar/smoother algorithm
presented in section 2.0, a linearization of the system state and measure-
mont models is requirad. These linearized equations are presented in

section 3.2.

3.1 Equations of Motion and Measurement Equations

3.1.1 Rigid Body Equations o. Motion

The rate of change of vehicle velocity in body coordinates, Z(B),

as a result of external forces actirg on the wehicle is described by

sz f(B) f(B)
o(B) P%p BI (), (1) (B) =T
v = Zm St c' g (¢ ) —wx Vv + = + - (20)

where
p = atmospheric density
A = aerodynamic coefficient referenced area
Vo * magnitude of wehicle velocity relative to the gurrounding air

mass
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m = vehicle mass
Ce = aerodynamic force coefficient vector

9-(I) (c

w = angular rotation of the body relative to the inertial frame

(I)) = gravity vector in inertial coordinates

(B)

£T = resultant thrust force vector in body coordinates
E;B) = resultant plume force vector in body coordinates

The rate of change of vehicle position in inertial coordinates, E}I),

is then obtained by

() _ 1B (B)

21)

where ICB is the transformation matrix from body coordinates to

inertial coordinates. The elements of the ICB transformation matrix

are obtained from the resulting Eule:: angles defined by

6% 1 singtan® cosqtane-I P

é l= 0 cose -sing i 1q
i

¢J 0 singsec cosvsecej r

where ¢, 6, and ¢ are roll, pitch and yaw attitudes respectively.
The roll, pitch and yaw rates of the body relative to inertial coordinates
are p, 9, and r respectively. Finally, the rate of change of the body

rates relative to inertial is given by
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-
P
2 2
P e
w=|ql= (17 Y Lc +-:‘-’3 @® _ By e
- 2 ~m 2 = -<g £
b
L
(B) (B)
- T
wx (Tw) +1‘T "’Tp 1 (23)
where
I = vehicle moments of inertia matrix
2c = aerodynamic coefficient referenced length and moment
coefficient vector
Eé:) = vehicle center-of-gravity vector in body coordinates
5;3) = aerodynamic coefficient reference position in body coordinates
E;B) = resultant thrust torque vector in body coordinates
2;8) = resul nt plane torque vector in body coordinates

The equations of motion represent the first twelve elements of the system

state vector.

These equations are summarized in Table 3.1.1-1.

The moment of inertia matrix I in general is given by

- .
Xy zx |
I -1 l
y yz |

-1 I
vz z

(24)

for the moment axis terms, i.e., Iy, and the procduct of inertia terms,

i.e., I

zx "
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The aerodynamic force and moment coefficie {blmQ;-ffqg:ces are
defined as functions of angle-of-attack, ¢, and angle-~of-sideslip, B, as

shown in Figure 3.1.1-1. The body referenced relative velocity wector,

removing the wind wvelocity, A from the wvehicle welocity, is given by

v(B) B.I v v(B) - BCLL V(LL)

v = - C = (25 )
- - -~ - -
where !*‘('LL) is the local-level referenced wind velocity vector. The

following equations define & and B in terms of the components of v,

v

r
o = tan™' (=) (26)
ok
Ve
B = sin”' (v_z_) (27)
m
where
b
Vo = (vr2 + vz_2 + vrz) (28)
1 2 3
The resultant thrust force E;B) is expanded as
P
fr.
* n _q (q)
(B) B & A B
= = f 29)
ir I (
0 |
- -

where the transformation matrix BCiQ. transforms the magnitude of thrust

for each thrusting device, f%, from its center-line to the body
i
coordinates. The general equation for fT is
i
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fT - f - P A
i ivac i ©
wvhere
£ = vacuum thrust
T
ivac

F; = atmospheric pressure at motor exit
i

Aé = motor exit cone area

The matrix BC?' is different for the SSME's and SRB's and is given by

( BMP MP G GCQ. SSME
G, /
Be t . (30)
BCQ‘ SRB
where
B_MP . .
c " = transformation from the engine mount plane to the body
coordinates
MP_G . .
¢’ = transformation from the gimbal reference plane to mount plane

(structural deformation)

GCq‘= transformation from enterline to the gimbal reference plane

B &

c” = transformation from SRB nozzle centerline to the body

coordinates (gimbal angles).
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The resultant thrust torque is the summation of the torque contribution

from each thrusting device and is given by

[~ 7
¢
. fr, 31)
(8) (B) (B) B &
I = if (Emi - Ig ) x G 0
0
where
EéB) = body coordinates of the thrust reference point for the
i
th

i~ thrusting device.

3.1.2 Measurement Equations

The measurements assumed available for the filter/smoother algorithm
include inertial platform acceleration and attitudes, ground based radar
tracking, SRB's head pressure, SSME's chamber pressures, liquid H2 flow
rates, pressurant flow rates. The ET volumetric levels are available;
however, due to their limited number (4), they may only be used for
alternate checks of the filter/smoother algorithm'performance.

The propulsion related measurements will be treated in a separate
section. In the following, the inertial platform acceleration measurements,
attitude measurements and ground based tracking measurements models will

be described for later linearization.
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3.1.2.1 Platform Acceleration Measurements

Accelerometers mounted orthogonally on an inertially stabilized
platform,not located at the vehicle center of gravity, sense externally
applied special forces and accelerations due to body rotation. The

accelerometer measurement is modeled by

2 (B) (B)
a(S) _ 5P PP P! B ["A"m e 4 L5
-m m £t "m T
(B) (B) . (B) (B) (s) (s)
twxwx (@, - Leg ) +wx (x " - Log )l +b "+ v, (32)

where

SCp = transformation from platform coordinates to sensing coordinates

PCP = transformation from misaligned platform coordinates to

platform coordinates

C = transformation from body to misaligned platform coordinates

e = body coord‘nates of the platform center
(s) .

Ea = accelerometer bias wvector
(s) .

!a = accelerometer measurement noise vector

3.1.2.2 Platform Attitude Measurements

The inertially stabilized platform for the STS is a four axis IMU
with a redundant roll axis [4]. Vehicle body attitudes are generated

via quaternions [5]. It is assumed that an equivalent representation
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can be made to obtain vehicle attitude by a three rotation sequence of
roll, pitch, yaw to transform from inertial to body coordiantes. This
approach has been used in reference ([6].

The attitude angle measurement model is given by

(s) (s) . v(S) (33)

-

[+ ]

89'4-1_30

4

where

1
Be = platform misalignment bias vector (used to formulate PCp )

zéS) = attitude measurement noise vector.

The transformation matrix used to transform from body to inertial

coordinates in terms of the elements of the 6 vector is given by

~ b
cosbcosg singsinBcos¢ cosgs inbcos¢
-cosesing +s8ingsing
1B cosOsing 8ingsinOsing cospsindsing
C = . (34)
+cosegcosd -sinegcos¢
-g3in® singcos8 cos@cos®

3.1.2.3 Ground Based Tracking Measurements

Ground based radar tracking devices can provide measurements of
range, azimuth and elevation from the radar sight to the vehicle. Azimuth

and elevation are established relative to the sight's local level. If
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the tracking device is a passive optical tracker (not laser) then only

azimuth and elevation measurements are available requiring more than one

to establish position information.

Defining x, y, and z as the local east, north and up position of the

vehicle relative to the ground based tracking device, the radar measurement

equations are given by

p = (x2 + y2 + 22)5 +b +v
P P

- -1 x
A = tan (;) + bA + Vv

A

1( F4

E = tan_

where

bp, bA‘ bE = range, azimuth, elevation biases

AE = atmospheric refraction correction

vp, Vs Vg = range, azimuth, elevation measurement noise.

The position vector of the vehicle relative to the tracking device

given by
1
X!

y g Ar(LL) - LLCECF [ECFCECI r(I) _ r(ECP)]

v = ZRoR

(35)

(36)

(37)

is

(38)
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where
LL _ECF
(o] = transformation from earth center fixed to local level
ECFCECI = sarth centered inertial to earth c:ntered fixed
(ECF) ’
Eann = position vector of tracking device in ECF coordinates.
The transformation matrix LLCECF is given by
[-sinx -ginlcosA cosLcosA
ECFCLL = é cosA -sinLginAi cosLsinA (39)
! 0 cosL : sinL

where L and ) are the geodetic latitude and east longitude of the

ECFCECI

device. The transformation matrix is given by

.

- i . 1
cos[mg(t tRNP)] azn[wg(t tRNP)] 0‘
ECF_ECI .
c = -szn[wE(t - tRNP)] cos[wE(t - tRNP)] 0| [RNP] (40)
[ 0 0 1'
L J

where

wB = earth rotation rate

tRNP = time tag for RNP matrix

(ECF)

The position vector, oDrR ? of the tracking device is given by
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Re

( —~ + h) coslcosi
V cos 2 gin?
cos’L + (1 - o) sin”L

Re

( + h) cosLsin) (41)
2 2 2
VcosL+(1-c) sin”L

r(ECP)
=RDR

RE(1 - e)2

( + h) sinlL
J coszb + (1 - e)2 sinzL

where :
RE = equatorial radius of Fisher ellipsoid
e = flattening of Fisher ellipsoid
h = altitude of the device above Fish. - ellipsoid o

g,

&k
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3.2 Linearized System State and Measursment BEquations

The vehicle equations of motion are nnnlinear functions of their
motion variables and are implicit functions of other elements of the
system states. The measurement eQuations involve similar function rela-
tionships. The linearizations for the filter/smoother algorithm require

!(B) and

partial derivatives with respect to the motion variables, i.e.,
0, and with respect to other elements of the state vector, yialding
explicit furctional relationshipr for the elements of interest.

For system state equations the partial derivatives will be presented
in section 3.2.1 for the state elements in order of occurrence for the

first twelve states. Other partial derivatives for candidate state ele-

ments will folluw in section 3.3.1. The measurement equation partial

derivatives for the first twelve statass will be presented in section 2.2.2.

Partial derivatives of the measurement equations for other candidate states

will be presented in section 3.3.2.

The resulting partial derivatives are imbeddsd into the linearized

system state matrix, F(x(t), t), as shown in Figure 3.2-1 . A corresponding

linearized measurement matrix, H(gx). is similarly formed with tiuw

measurement equations' partial derivatives.

3.2.1 System State Partial Derivatives

Partial derivatives of each of ‘he equatiors listed in Figure 3.2-1

are developed in their order of occurrence with respect to the order of
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Linearization for Filter/Smoother Model

'IGURE 3.2-1.

(Dynamics)
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the corresponding states. Partial derivatives of thrust terms are presented

as though for a single device.

Inertial Position Rate Egquation

The first nonzero partial derivative of the 1'*_(1) equation is with

respect to !(B):

(o) *(I)

(r
av(B) -

) = IcB. (42)

The second nonzero partial derivative is with respect to €. This partial
derivative results in a third order tensor and occurs frequently in later

developments. ‘The generalized form is presented in Appendix A.

Pudy Velocity Rate Equation

*(B) (1)

The partial derivai.ve of v with respect to r is given for

altiiude terms approximately as

r(I)T
0 9 -
- = (43)
aE(I) dh '£(1)|
where
*(B) z 2 2
v Avm 3 pAVm avm p.l\vm Bgf 3a pAvm agf a8
——— wp  m— [o] + c + — s — —
oh 2m dh =¢ m =€ 0h 2m Oda dh 2m 38 0dh
(@) (B) (B) (B)
of op of of of
+-1-(BCQ' ! P TS - 92-+-—:E—9—@-) (44)

m dp oh oh

8

da oh 08 dh
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av v
. . . m da 08 3a [+]] m
The partial derivatives of B) ° B’ By ' an’ 3 and ah
ov v 6!

occur frequently and are given in Appendix B.
B.I (I) r(I))

The gravity vector "C° g " '(r partial derivative with respect
‘o E-(1) is
rz r.r r.r -1
31 = -1 3 ‘22 3 i
|z] ] |z
(1), (1) 2
pr2 &) 51 J1t2 F2 T2'3
¢ O - ¢ T3 |33 =5 -1 3= (45)
ar P |z] lz] Izl
r.r Tr.r r2
|z |z 2] |
where

4 = gravitational constant.

ai(B)

The partial derivative, 0’ is the sum of the matricies in equations
r

a

43 and 45.

*(B) (B)

The partial derivative of v with respect to v is given by

«(B) 2 2
dv. ) pAvm . dv pAvm agf 8 . pAvh agf o8
B) - " m £ L (B T 2m da . (B) 2m 3 (8)
av d ad 3

(46)
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where

&1} = skew symmetric matrix made from the elements of the vector w

and equivalent to the cross product operator w x ( ).

The partial derivative of i(B) with respect to 6 is

47)

The partial derivatives of

3. are given in Appendix B and the partial
L

av
derivative T—; is given in Appendix A. The last partial derivative

is given in Appendix C.

*(B . .
The partial derivative of z( ) with respect to o is

(48)
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Buler Angle Rate Equation

The Euler angle rate equation is a function of both the Euler angles
and the inertial rates. The linearization will yield the two associated

matricies.

First with respect to the vector 6, the following matrix results

. [ qcosetanB6- rsinetan® qsinvsecze + rcosvsecze 0]
feis]
B = ;-qsinv - £CO8¢ 0 O! (49)
= |
; gcosgsecd - rsingcosé gsingsecOtan® + rcos¢secOtané 0|

The partial derivative of é_ with respect to w is

. (1 singtan® cosetan®
%
5§ = ;0 coseg -sing , (50)
0 singpsect cosvsecei
- -t

Inertial Angular Acceleration Equation

The first partial derivative of this equation is with respect to the

vector £(I)_ Using the approximation indicated in equation 43, this

partial derivative is




30
ORIGHNAL PAGE IS
OF POOR QUALITY
o 2
1] Adv v
-1 m_ 9% (B) (B) m
—m = [1]1 { 3 3h Sn * (PV,MC + (" - Tog ) x pv Ac.) h
2:3 8¢ v2n ac
+ (PVm - (r(B) -r(B)) x‘i-m—--i)e.i
2 oo -A -cg 2 8a’ Oh
(51)
v 2 8c va o
I N S R TR Wl 3
2 a8 ~A -<g 2 98" 3dh
T
(@) (1)
ce® @, 8% %P 0%, 9,4 L o8,
=T -cg aps 8h dh 8a dh 88 Oh r(I)I
Next, with respect to the wvector !(B). the partial derivative is
&:: av
= -1 (B) (B) m
IR I AU S )
2Ad ac 2A a
s T ®), " ¢ ta
2 da T 'Ra feg ' X T 2 3’ (B)
- (52)
. S M i‘_’-g+(r(s)_ ®, Pm? aEf) a8
2 a8 =A g 2 a8 3 (B)
v
da av(B) a8 av(B) -

e —
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The partial derivative with respect to the vector 6 is

&:x ov
- -1 (B) (B) m
5-':-[1] {(pvadgm+(r_A ~_x_'cg)xpvmhg_f) %
27 ac v 2 8c
(.p.‘_,.m_..'.ﬂ‘. (1(8) - r(B)) % 2..@_..:{...) 8a
P T R T g 2 % 08
(53)
2 2
+ (__Pvm Pd 391 e (e(B) By —Pvm 2 -a—c-i) L3
2 ) - ~-cg 2 98" 08
aT arT
+—2 %  p,
3 08 © 38 36

The final partial derivative for the first twelve states is with respect

to the vector w. This operation yields

2 2
pAdv ac pAvV_~ dc
m -m {-r(B) - r(B)-} m —£

———

-1
= (1] { 2 ag+ -A ~g 2 dw

(54)
+ £Iwd - fwi 1}
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The measurements assumed to be available, as discussed earlier, include
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ground based radar tracking, inertially stabilized platform attitudes

relative to the vehicle body, and stabilized platform mounted 3 axis

orthogonal accelerations. As with the state dynamics matrix, the measure-

ment equations are linearized about the best state estimates.

Radar Track Measurement Equation

Referring to the radar track measurement equations, the required

partial derivatives are

(LL)
dp - ap aAEv
Br(I) aAr(LL.) ar(I)
am— —v —
(LL)
aa  _ oa oML,
ar(I) aAr(LL.) ar(I)
—— —v -—
(LL)
3 __aE oL
ar(I) aAr(LL) ar(I)
— -v —

The last partial derivative in each of these equations,

(LL)
0Ar
~—ay _ LLCECF ECFCECI

(55)

(56)

(57)

(58)
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The rest of the required partial derivatives are

T
i P (59)

= Ar
aar (LL) -~ -
(), y - X
wy *5 = Tz Y (€0
OA_x_‘v X +y X +y

xz 2 vV 2 4 2

AE

B | - , , 1 (61)
(LL) —————————— . e E—————— 2
dAr pz\/x2+y2 p2\/,‘2“'2 p

Inertially Stabilized Platform Attitude Equation

The inertial platform is assumed to provide attitude angle measure-
ments of the true attitude plus an attitude bias plus measurment noise.
The partial derivative of the measured attitudes with respect to the

vector 8 yields an identity matrix.

Accelerometer Measurement Equation

The accelerometer senses specific body forces excluding gravity along

the sensing axes. With reference to the accelerometer equation, the

partial derivative with respect to E(I) is




ORIGINAL PAGE (g
OF POOR QUALITY

(s) 2
Oem S B Av, % pAvm va
= C | c, + c, ——
ar(I) 2n dh =€ m =€ ©o&h
A 2 a Av 2 dc
+ P .E.'f. S | O = 8 (62)
2m 8a Oh 2m OB 3
o) o ae(® o (B Kok
1B L s =R B b 28, =
m 8p 8h 8 6h 8 bdh (1)
s e
The partial derivative with respect to xfs) yields
(s) 2 2
8a _ SCB[pAvh . avm . pAvm ng 3 . pAvh Bgf a8
az(B) m ~f 6!(B) 2m da al(B) 2n 88 aX.(B)
Jlle T o8 (63)
m A« az(B) a8 al(B)

For the partial derivative of the accelerometer with respect to

the vector 6, the measurement equation is temporarily rewritten as

) )
a(S) - SCP p CB S(B) + l__’(S) + V(S) (64)
-m - - -a
where the vector s (B) represents the sum of the aerodynamic, thrust,

.
plume and rotational coupling terms. The matrix P CB is the same

matrix as ICB. The required partial derivative results from

S e N
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3 IB _(B)
® C& - (65)

The partial derivative on the right hand side is developed in Appendix A

8 (8) representing the sum of the terms indicated above.

with the vector
The final partial derivative for the accelerometer measurement is

with respect to the body rotation vector w. Defining

Ar1 1
8
ar & lar . (B _ (B (66)
s 23 ~cg
Ay

and denoting mi as the ith element of the vector w, the resulting

matrix is
u.ler2 + w3Ar3 m1Ar2 - 2(:02Ar1 m1Ar3 - 2«.\3Ar1

% s

—5._“1 a C u:ZAr.I - 2w1Ar2 m1Ar1 mjAr:,’ szrB - 2«)3Ar2 (67)
m3Ar1 - 2w1Ar3 m3Ar2 - ZmzAr3 m1A1:'1 + mzl\r2
L -
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3.2.3 Additional Parameter Partial Dorivativo!

The mathematical developments are presented in this section for the
partial derivatives of the system and measurement equations to allow for
additional candidate parameters to be included in the estimation algorithms.
These parameters include center-of-gravity, Ecg’ moments of inertia, I,
wind velocity, v, and inertial platform tilt errors. Aerodynamic and
plume parameter partial derivatives are also presented.

The computer program is being structured to permit these parameters

to be easily incorporated without significant impact on the program code.

3.2.3.1 Center-of-Gravity

From equation 23, the partial derivative of angular acceleration with

respect to Ecg is

r
eq |
T. |
a& 1 pAv 2 n B Q : i
W - [1] { > &gfl + 151 & Ci 0 i 3] (68)
=g !
0
L ° ]

From equation 32, the partial derivative of the measured ¢ :eleration with

resy xct to Ecg is
-“m S B .
5= - C fw x w} {09)

—-<g
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3.2.3.7 Moments of Inertia

The moments-of-inertia are grouped into “principal* terms, Lp » and

cross product terms, i . From equation 24, these vectors are defined as

i I 70
% |y (70)
)
i
I, i
and
l_ -
iy |
! xy |
’ |
! i
icp = 1sz; (7)
{
I 1
o
wWith these definitions, equation 23 is rewritten as
g :
P, 0 0 ‘
. -1 g ‘ .
w = [1] [21-@“_’4< ‘0 w, 0 'lp (12)
| 0 0 wy
- 4
N
r o
: -wz -m3
+ |- 0 —w, icp> ]
) {
; 0 -w, -w2 i

-
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where If represents the sum of the nonrotational torques in equation 23.

D-fining an intermediate vector

a=IT -uwx (Iw

the partial derivatives of the angular acceleration with respect to

i and { are
- -cp

- 3 -1

st (T -

—® =P E-fixed
and

—32— -2 1" a

aic ai.c

P P 3—fixed
where

()"

(713)
3 %3
-w1w3 (74)
wz 0
2 2,
-w,w, wy - W,
2 2 i (75)
w - w3 w1w2 :
H
w3 T0ey
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| 0 I,a, + 1 a,
o -1 1
31 (I )=z [Ta,+ Iyza3 0
=
|
inn3 + Iyz°2 Ixa3 + sza1
i
| 2 2
(IyIz - Iyz )a1 (Isz -1 )¢1
-1 1 ' " "
- (1) T Ja, ( )52
3
T( )a3 ( " )a3
! and
) -1
i (I a)=
-<p
Izaz + Iyz‘3 Iya3 + Iyzaz
1
=3 Iza1 + sza3 Iyza1 - Zszaz + Ixy°3
I a +1I a, -21I a
yz 1 zx 2 xy 3 Iya1 + Ixyaz

-
Iya1 + Ixy‘z
Ia. +1 a
x Z xy 1
(76)
(I I - 2)&
X'y Xy 1
" )az
( " )a3
(77)
-—21yz + szaz + Ixy°3
I a a
X 3 zx 1
Ixaz xyGI
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«2(I. I + I I Ja =2(I I +I I )a -2(1.1 + I I )a
z xy zx'yz 1 y zx xy yz 1 xX'yz xy xz 1
-11 " " - "
- [1] Y =2( )a2 -2 )a2 2 ( )a2
L-2( " )a3 -2( " )a3 -2( . ) )a3J
and
A=III -I I I -I I I -I1I 2 -I1I 2 -I1I 2 -
xX'y'z Xy yz zx ZX Xy yz y zx z Xy xX'yz (78)

3.2.3.3 Wind Velocity

From equations 20 and 25, the partial derivative of the vehicle

acceleration with respect to vy is

.(B) 2 2 2
av ) Eﬁ.c avm . pAvm agf 3 . pAvh agf a8 79
dv.  2m = dv 2m da dv 2m B av -
- - — -
The first of the partial derivatives in equation 79 can be obtained
from the foliowing equation
T T
v2=vTv - B (B)_2(B) BC v +v T CBBC v (80)
m - =< - - - - - -

From equation 80, the following is obtained

=-2\_Ir C. (81)
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i i? Denoting the elements of tha matrix BC as Cyq0 S0 etc., the following
equations are obtained for the partial derivatives of a and B with
i

. respect to LAY

_T
(v. ¢ -v_ec,.)
i 1 K} | ry 11
8a -1 )
= - (82)
3v 2 7 | Y. %32~ Vp 12!
- v + Vv 1 3
r r
! 3 (v.c -v_ec..)
i r1 i3 r3 13 !
i and
o T
. i v 1
N rz
- ve,, === (v_c,. +V +v_ ey )l
Lég m 21 vh r1 11 2 21 r3 31 ;
1 a8 -1 !
v Ve
;% ) oy v 24y 2 VS22 ~ 7 (Vo Cyp V. Cop + VL Cy)) (83)
K {J m r2 r3 m vh 1 1 2 r3
v
y r
ve —1 (v_c + Vv ¢ +V_ C..,)
‘ 23 v r. 13 r, 23 r, 33
] 1 2 3
3 { 3.2.3.4 Inertial Platform Tilt
- Temporarily rewriting equation (32) as !
3 {5 %
: : a'®) _ 8P, 66 x) s (84) !
[
I

o i W S e i T

| st
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where

69 = vector whose elements are the axes misalignments

s = sum of the bracketed terms in equation 32 multiplied by P CB.

The following partial derivative of the measured acceleration with i

respect to 8@ is obtaired

(s)

da
-m S P
265" © ‘b (®5)

3.2.3.5 Aerodynamic and Plume Parameters

A linear model for the aerodynamic and plume characteristics is

used. This model is expanded as

gf=gf°+§_fuu+gf38+... (86)
and €n = Smo * Sma q + SmB B + . . . (87)

f =f f + £ B + . ..

" a7 o8 83)

where additional terms to represent rates, cross couplings, and controls
can be included.

The basic approach of estoblishing the partial derivatives will be

illustrated for a couple of terms, St and S - Using these example




ORIGIIAL PAGE 19
OF POOR QUALITY

illustrations, the rest of the candidate parameters can be similarly

obtained. From equation 20, the fillowing partial derivative is obtained

6;(8) av(B) 3c pAV 2
o = 5= — - 2 alu] 89)
¢ S %
a o
where

{U] = unit 3 x 3 matrix with o21e's (1) on the diagonal and zeros

off the diagonal

From equation 23, the p.rt-a. derivative of angular acceleration with

respect to gﬂ is

% T 3 3w - (1] > a(U]. (90)
- -m
a a

The correspording partial derivative with respect to Ce is
a
3w 3w oc pAv
= 30— = (07 = B Blrau. (91)
%, % S g

The static aerodynamic coefficient model has been obtained by a multiple

regression analysis of the current aerodynamic tabular data. This model

is presented in Appendix D with the associated regression coefficients.
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3.3 Propulsion Parameter States and Measurements

A candidate approach for incorporating the NASA propulsion model's
capabilities has been identified. This approach utilizes nominal pre-
dicted values of thrust, pressure, propellant and pressurant mass flow
rates, and utilizes sensitivities or partial derivatives of these
variables with respect to the independent parameters selected for esti-
mation by the algorithm.

The approach is to include deviations from nominal values of
measured chamber pressure, power level, propellant and pressurant mass
flow rates as states. The models assumed for these deviations are time
cérrelated random processes. Then as states, partial derivatives of
the first twelve states with respect to these variables will be required.

Fer the SSME and SRB, this modeling approach is discussed in the
following. 2Additionally, the necessary partial derivatives of the first

twelve state variables with resepct to the additional states are presented.

3.3.1 SSME Propulsion Parameter Model

For the SSME, the total actual values of vacuum thrust and oxidizer

mass flow rates are modeled by

f., = fT + Af ' (92)
nom

and

m. =m + Am. . (93)
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The measurements of fuel mass flow rate, pressurant mass flow rates and

power level are modeled as

m. o=m + Am + be + 8° (94)
H, =~ H, Hy ¥ my m
nom 2 2
m. =m +Am, +bs 48 (95)
H, H, H, ", ",
p Prom P p P
ﬁ = ﬁ + Aﬁ + be + 8° (96)
0, ozu 0, "o, "o,
p Pom p b p

and

. 87)

PL = PLnom + APL + bPL + spL

These measured quantities include measurement noise s( ) and potential
bias states b( ) modeled as random constants. In these measurements,
the A'd variables are to be included as states in the estimation
algorithm. If the nominal values are zero or unknown, then the A'd
variables absorb the entire estimate. Where required, the estimate for
the variables used in the estimation algorithm is formed using the
nominal and the estimate of the deviation, etc. In example, thrust and

fuel mass flow rate estimates are formed as

fT = fT + AfT (98)
nom
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and

m., =m +6m +be . (99)

The daviation or A'd measurement variables are modeled as time
correlated random variables. This permits these variables to vary within

a band of frequencies. The typical model is then given as

d 1 1
EA()S-? A()+; s() (100)

() ()

where the parenthesis ( ) would be replaced by the variables, i.e., AH .
2

*
For the SSME, an additional variable Aq“ is modeled as in equation

ult
100 and included as a state variable with the A'd measurement
variables.

The thrust deviation is expanded as in the following truncated Taylor

series as a function of the indeperdent parameters.

of . GfT . of .

Af_ = Am + Am + Ac
T "H2 Hzp amo2 02p anc”
p p
of of
T T
+ 3L APL + R AMR. ‘ (101)
In the é}B) and é_ equations, with equation 101 replacing fT ’

i

the partial derivatives of fT with respect to the A'd variables are

obtained directly from equation 101.
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It is desirabie to include vehicle mass bias as a state. The SSME's

system contribution to the mass deviation is given by

Am_. ., = ZI(Am, +Am_ - Am -am_ ). (102)
SSME's ;T Hy 2, 2 2

i i p. p

In equation 101, the mno contribution to the mass deviation is not
2
available from measurements. As with the thrust deviation, this quantity

is formed as

. &noz - a“oz . anoz *
o = Am + Am + Ac
0, a‘“az H2p a“‘oz °2p aac”
p p
a:n02 om 0,
2 2 0
+ goe  APL + =L AMR. (103)

which is in terms of other estimated state variables. In equations 101

and 103 the deviation in mixture ratio, AMR, is obtained algebraically

from
m -m
H2n m Hz
AMR = -———%——————— : (104)
am
H2
OMR

The partial derivatives for the SSME above have been incorporated into

the estimation algorithm as functions of engine power level.

— e m S A A NN AN
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3.3.2 SRB Propulsion Parameter Model

The approach for the SRB modeling follows closely that used for the

SSME. Candidate independent parameters include propellant burn rate

exponent, a, and motor efficiency coefficient, Ch® Others can be added
using this technique.

The actual value of vacuum thrust is given by equation 92 . The
only measurement available for the SRB is the total pressure at the

forward head end of the motor case and is modeled as

P. =P + AP +b_ + s (105)
% % % Po. Po
nom H H
where b and s( ) represents a bias and measurement noise respectively.

()

The independent parameters, Aa and Acm, are included in the
model as states. The model assumed can be as given by equation 100 or
another suitable dynamical process, i.e., random constant.

The thrust deviation is given by the following truncated Taylor
series as a function of the candidate independent parameters.

of of

T T
AfT = Aa + ch Acm + .. . (106)
The partial derivatives for the i(s) ~and é equations with respect to

the independent parameters are obtained directly from equation 106 . The

mass deviation equation for the SRB is given as

Am . = Z(Am) (107)
i i

SRB
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where

o, o=

i*: da + . . . (108)

The head pressure deviation, AP, , is expanded similarly

AP, = ~——— Aa + , ., . (109)

A simplified model for the SRB's thrust, head pressure and mass flow
rate has been developed that can be directly incorporated within the filter
algorithm for estimating burn rate coefficient, :nozzle coefficient, mass
flow rate, etc. This model, to be described below, uses apriori specified
burn area and port volume as a function of burn depth into the propellant
grain. From this simplified model analytical partial derivatives required
by the estimation algorithm can be obtained.

The thrust is given by

*

fT =c ¢ ¢ m/g (110)
where
c, = nozzle coefficient
Cp = thrust coefficient
*
¢ = characteristic exhaust velocity
m = mass flow rate

g = gravity acceleration
Two of the required partial derivatives with respect to mass flow rate

and nozzle coefficient are easily obtained, vis

¢
1
3
H
'
H
i
t
H
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of .
&a-cTc Om
and
Of,r * o
% %o ™
m

The partial derivative with respect to burn rate coefficient is

afT [OCTOPO'; -i"-.“-c] *c
oa OPO da + da °1r ¢ “n

where it has bsen assumed that c* is not a function of a. Using the

»jdeal " expression for c_ [7]

T

where

¥ = ratio of specific heats

P_ = motor nozzle exit pressure

P_ = ambient atmospheric pressure‘at nozzle exit
A_ = motor nozzle exit area

A = motor nozzle throat area,

the first partial derivative in equation 113 is

T

(111)

(112)

(113)

(114)
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1+ -
& 2y 2 V! =
—l o by ;ET (§;T) -1, Fe Y 1 Py - Pn A
A (=) ) g -—5— -3 (115)
1:1 0 0 t Po
oy
P
(1 - (-5°-> ]
(o)

To evaluate the second partial derivative in equation 113, the following

equation for pressure [8] is used:

* 1
c p_a ~r——
P = (____P_ib_)1-n (116)
0 At

propellant density

°
L}

propellant burn area

o>

<]
L}

propellant burn rate exponent

Te following partial derivative is then obtained

.

* 1-n n
>0 . (ot %, ) al ™ 117
da g A 1-n

t

The last partial dc ivative in equation 113 is obtained from

n

. c*p a 1-n ;
m-pp rbhbapp a(-g__A:_—) Ay (118) '

The resulting partial derivative is

. ... .
. c p_ait-n
m p 1 1-n
= " pp(‘; A ) (1-n) A (119)

o
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To utilize the head pressure measurement and its sensitivity to
parameter variations, the following equation (7] is used

Po er, P £
Py =5 (1 +g 1 +4RT(—-A——2-—)]

M o Po

gas constant

-3
B

gas absoli:te temperature

[»]
n

port circumference

>
[}

port cross section area

"
]

propellant bur:a rate

£ = distance fron .omor nozzle to pressure measurement point

This equation assumes a cylindrical port with an approximately constant

cross sectional area.

3
With this assumption %l- becomes 4!‘7- . Also recognizing that
P P
n-1
p. T ¢’ p ahbhn c'p a%" A
£L o ap™ Lp a(—PE—2L) .p a(—P—2) -,
Po P A A c' A

then equation (120) can be rewritten as

T
P 3 A
0 2 t
Por-—2[1+‘/1+161RTv (— ) 1.

H pcAb

The partial derivatives with respect to burn rate coefficient and

flow rate are

°poH ‘/ 3 A 2 op
—_—= bk (1 ¢ 1+16IRT‘—I—(‘ ) )

Pc Ay

|

(120)

(121)
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and
ﬁlz
OPOH , °P° 4RT vz;;
— ey {1+ ] == 4 £ } (122)
od 2 . ] 2
J1 + 431(-\7‘2-5-) / 1+ ART(V‘%*)
po p o

In equations 121 and 122 a cylindrical port has been assumed in determining
the port volume Vb. Equation 122 was obtained from equation 120 by
replacing the term ¢ ry pp £ by @i. Te partial derivative of POH
with respect to Cn is obviously zero. In using these analytical
partial derivatives, the basic performance measures of thrust, mass flow
rate, head and nozzle pressures, etc. are matched between this model and
the NASA SOBER internal ballistics routine results. The burn area and
port volume are adjusced in the simple model to obtain the agreement.
Then using the adjusted area and volume as a function of burn depth, the
partial derivatives are evalauted.

The inclusion of solid propellant thickness, t, as a state variable

necessitates the development of the partial derivatives of t with respect

to the solid propulsion parameters and the partial derivative of the

measurement Po with resnect to +. These partial derivatives are given
H
as
i
* 1-n
ot A )
" ( ) (1°3)

P =n g At
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g and
¥
i
], ap0H 13 Af 2 OPO
—— a H[(1 + 16xRT — ( )y ] —=
i ot v * ot
P CAb
2
3 A
sxRT - p_ & (&
0 ot *
. P c A, (124)
3 A 2
416;12’1‘&-( t:)
v *
P c A
where
1 n
o— * 1-n
ap pa * op * a op c pa
0 Ay e 0, ,cpa Ay A 9 ()¢ A (125)

*
= [ +C pa
a B, O, ot ' A Bt A, 35, ot

1i-n" ' g AE )

*
Here, the partial derivatives of c , Ab’ and At with respect to T are
evaluated numerically.

Finally, the partial derivative of thrust with respect to <t is

given by
§ of ap aA ep
T 0 t 0
3t - Srae Mt Crfo P, B (126)

(o}

-
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3.3.3 Vahicle Mass

The total rate of change of vehicle mass is given by

d . . ' . .
GEM™) =Mooup  *Mgpg  * Miggup + AMgon + My CONSUME
nom nom

(122)

The first two terms in this equation are the apriori assumed nominal

values. The third and fourth terms were discussed earlier. The last

term should be zero; however it can include a mass bias uncertainty Amb.
The equations, state and measurement, in which mass occurs are the

y._(B) and a, equations. Assuming ejuation 123 can be summarized as

m + Ar'nb then the mass can be written as m + Amb Replacing this

expression for the mass in the two indicated equations yields the

following partial derivatives with respect to the Amb.

(B) 2
dv pv_"A
- 1 m (8) BS& _(9)
= - ( c, +f + C f ) (128)
amb m + mb)z 2 £ - —’I‘i
; and
(s) 2
da pv_ A
o = -t SR o P L B (D)) (129)
b (m + Amb) . P i




4.0 COMPUTER PROGRAM DESCRIPTIONS

The optimal estimation techniques described in the previous sections
have been implemented into two computer programg which reside in NASA's
VAX computer. These programs are structured in a highly modular approach
facilitating easy modification and additions. The two programs, identified
in VAX nomenclature as FILTER.EXE and SMOOTH.EXE, are described below.
The linsarized state and measurement equations implemented into the programs
are shown in Figures 4.0-1 and 4.0-2, with the indicated partial derivatives
developed in Section 3.0. A listing of the FORTRAN code for these two

programs are provided in Volumn II of this report.

4.1 FILTER Program Description

The interconnection of the major routines for the FILTER program is
shown in Figure 4.1-1. The basic flow of the program is a sequential pro-
cessing of measured data available at discrete time instances and propagating
the state estimate vector and error covariance matrix forward to the next
time measurements are available.

Between measurements, the state vector, formed in XDVEC, and the error
covariance matrix, formed in PDMTRX, are propagated forward (integrated in
time) using a Runge~Kutta fourth order numerical integration algorithm
RKAFIL. The subroutine GETDAT reads the measurement data from disk file
INPUT. DAT. The subroutine MEASUR calls the various routines to update the
state estimate based on available measurement data. These routines are:
RADAR for radar azimuth, elevation and range data for three raxlars;

ACCEL for three axis accelerometer measurements on the inertially stabilized

platform; ATTIT for the attitudes available from the platform; SSME for the
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four measurements of tho pressurants (2), liquid nydrogen and power level

for each main engine; and SRB for the head stagnation pressure measurement
for each rocket hooster.

Other routines provide results of various calculations and these
routines are given in Table 4.1-1. A library of routines provides various

repetitive operations and are given in Table 4.1-2.

4.2 SMOOTH Program Description

The smoothing program is similar to the filtering program in that input
data are sequentially processed at discrets time instaices. However, in
this algorithm, the input data are data processed by the filtering program
and the sequence is in reversed time. The program is gimpler in structure
and the major routines interconnsution is shown in Figura 4.2-1. The data
from the filtering program is read in subroutine INPUT. The propagation
backwards in time of the smooth adjoint state vector and matrix is accom-
plished in PROPAB using a state transition matrix formed in STRANS. The
smoothed states are updated in subroutine UPDATE.

The other routines used in the smoothing program are dascribed in

Table 4.2-1.
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4.3 Program Checkout and Preliminary Results

The computer program, FILTER, has beenn checked cut in a two step
procoss. First, to establiszh confidence in the implementation of the
equat - s of motion and all the reriired data, the program was operated
in a state vector propagation forward in time or simulation mode. This
mode corresponds to an ITYPE parameter value of zero. The first stage
phase of ilight was "simu.ate}"” with the vehicle attitude time hiltor.y
prescribed by the nominal attitude versus velocity com.:ands. During this
mode of operation, errors representing measurement uncervainty were added
to the uncorrupted msasurcemant values for later processing by the filter
program in a ITYPE equals one mode. The results of this ope.otion yielded
an input file, INPUT.DAT, as presented in Volumn II,

For the initial checkout, only measursment error: were incl.ded for
the filtor program checkout. Wich these bsing the only errors, estimates
produced by the filter program should be zerc or very small. Since these
estimates are random variables, the mean value of these estimates should
&lso be zero, however, this was not quantitatively evaluated in thes initial
checkout.

Using the data generated in the simulation mode, the filter program
was checked out. The objective in checking the program out is to evaluate
several attributes of the system model and the significance of the
measurements. The system model formulated should provide adequate sensi-
tivity of the state elements to the error parameters inclwled in the mudel
(reachability). Also, via measurements are estimates of the error parameters
produced with sontinually modified uncertainty (observability). The

uncegtainty of the errors should become smaller with sach additional

measurement update sequence for the sstinates to converge *o their
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appropriate values. These attributes result from the structural properties
of the system model and measurements and could be evaluated by more formal
processes, however, due to the size and complexity of the problem here,
qualitative observations of the filter's operation will be used to illustrate
these properties.

The data from the exampls output listing FILTER.DAT in Volume Il is
the basis of the discussions of the preliminary results of the filter
program. These data are generated by the filter program for later processing
by the smoother program.

Before discussing these data, some observations resulting from the
initial attempts at operating the program are mentioned. It was discovered
that the selection of state and paramster uncertainties and measurement
error uncertainties is crucial to the filter program proper operation and
stability. This is the result of two characteristics; the first is the
fact that the extendel Kalman filter algorithm's performance relies on the
accuracy of the estimates produced, and the second is that the ﬁropulsion
parameters produce a very strong influence on all the system state elements.
This highly coupled system, while initially causing some difficulty in
ruﬁning the program, indicates the potential for providing good estimates
for all the parameters modeled.

In the FILTER.DAT listing are oresented the results for one completed
measurement sequence of the program. In this listing are the results of
updates from two radars (RADAR), three axes of acceleration (ACCEL), and
attitude (ATTIT), four measurements for each of the three main engines (SSME)
and the measurement from each f the two solid rocket boosters (SRB).

Qutput for each measurement are: the 39 state estimate values, the 39

diagonal elements of the estimcticii error covariance matrix, the value of
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the residual (difference between the measurement and the estimate of the
measurement formed from the state estimates) and the inverse of the quantity
(HTPK(+)H + R) - a scalar, and 39 values of the appropriate row of the
linearized measurement matrix prasenﬁed in Figure 4.0-2. For initial
checkout purposes, the update interval was selected as one-tenth of a

second for all the measurements. This interval can be later modified as
appropriate for each measurement processed.

Scanning the state estimates produced by the filter shows that as a
result of each measurement, the values of the states are modified by the
measurement update. The significance of the measurement is reflected
by the reduced estimate uncertainty as quantified by the change in the
estimate error variance reduction. After propagation up to the measurement
time, it is seen from the data that the most significant measurements for
the propulsion parameter elements 16 through 39 are the accelerometer, SSME,
and SRB measurements. Howaver, the radar and attitude measurements also
produce reduced estimation error variances in these parameters in addition
to the main state elements of position, velocity, attitude, atc. The
significance of this is the ability to provide estimates of biases in
the accelerometer, SSME and SRB if present. Also of significance is the
fact that SSME measurement updates reduce uncertainty in SRB parameters
and visa versa. This is again the result of the highly coupled system
model and measurements. The individuality of the three SSME's parameter
estimates is maintained by the filter. This is contributed to by the
structural deformation values used since the SSME gimbal angles used are
the nominal cant angles. This can be seen in the accelerometer updates.
The final point to emphasize is the ability to reduce the uncertainty of

the vehicle mass. This is the result of the accelerometer, SSME and SRB

measurements.
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These preliminary results indicate the possibility of the filter
being able to provide astimates of the propulsion parameters from either
the accelerometer or SSME and SRB measurements, and certainly from both.

Continued running of the filter with several more measurement update
times showed continued improvement (reduction) of the estimation error
covariance. HoweQar, after approximately 5 updates, some of the diagonal
elements of the estimation error covariance became negative which is in
indication of filter divergence. This problem can be rectified by proper
selection of initial values for the state and parameter error covariances
and selection of measurement error levels. This "tuning" process should

be done using real data rather than synthetic data.
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APPENDIX A

PARTIAL DERIVATIVE OF THE VECTOR ICB v wrt

This partial derivative is one of several that ocuurs frecuently in

the formulation of the linearized system state and measuremetn egautions.

The desired partial derivative is

(cosecosd:)v1 + (

-cos9sing 2 +singsing

singsinB®sing

(cosesindo)v1 + (+cos¢cos¢ v

13|

2 -singcosé

(-sine)v1 + (simpcosa)v2 + (cosgpcosO) v,

The resulting matrix is given in Table A-1.

sianinBcos¢)v + (cos¢sinecos¢) v

cosvsinesin¢) v

3

3

A-1
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v dv
m

Ba 38 B8a 88 m
» » y = o= and =-=—— Expressions
8\_/_(3) °!(B) oV(B) 8h’ oh 8h

These partial derivatives occur frequently and will be developed

in this appendix. The equation for A is

- V(B) - BCLL v(I..L)
- -

B-1

A<

v (L)
-~y

Since the wind velocity, » is only a function of altitude then

¢) 3
—_— . B-2
agr a!(B)
avm
The first partial derivative, —_(E-)-’ is
oy
v
1
avm 1
— |V . B-3
al’.(B) Va | T2
Yr
3
(S
8o . ,
The second, ——— , 1is given by
aV(B)
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The following equations define the last three required partial derivatives

(LL)
ov
s BLL
BT - T e
hd

(LL)

o BX(B) 8h
(LL)

f.ﬂl . _.% _ BLL oy, g
Oh = av(B) ah
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C"vwrt 6

The third of the frequently occurring required partial derivatives

is
cosBcosd v,
-2 {sinqsinecos¢)v
08 ‘=cose@sing 1
cosqsinacos¢)v
+8ingsingd 1

cosfsingd v,

sinvainﬁain¢)v

+cospcosd

(cososineain¢
-singcos¢

2

)v2

The resulting matrix is given in Table C-1.

siné vy

singcos®d vy

cospcost Vaq
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APPENDIX D

AERODYNAMJ.C MODELING REGRESSION AN .YSIS AND RESULTS

The aerodynamic data tables provided as IVB(3 data has been incorporated

into an acrodynamic coefficient polynomial model. This modeling effort
reduces the dimensionality of the numerical tahles to one and reduces the
storage requirements for the aorodynamic model.

The coefficient model used for the two stages differ slightly as a
result of the available data. The regression analysis led in the sslection
of the form of the aerodynamic model. Terms with insignificant correlation
were eliminated from the model.

In equation form, the first stage static coefficients of axial fci. -,

CA; normal force, CN; pitching moment, Ch; rolling moment, Cl; side force,

CY; and yawing moment, Cn: are given below
C,=C, +C, a+C az + C uBz + C 82 D-1
A A A A 2 A 2 A2
o o o af ]
C,=C + C C 82 2
N" SN N +tEy 2@ -
o a aB
C =C +C a+¢C uBz ‘ D-3
“m m m m .2
[ a B
cC, =C, +C, B o aB + C uzﬂ D-4
] ] () * N 2 2
o B aB a 8
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~ 2
CAsCA *"A u+CA2a
[ o a
C. = C + C a + C uz
N N N N 2
o « o
2
C =C +C a+C «
™ 11} m m 2
o a
C, = C, +C B +C a2 (o} GZB
I P ] 2 °t 5 2
o B af a B
C,=C, +C, B+C, aB+C 2g
y> Cy vy POy WALy, @
o 8 aB a8
Cn=cn ecn B -C uB+Cn2 328
o 8 aB a B

oRigHiAL PAGE i3
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D-5

D-7

D-8

D-9

D-11

D-12

For the first stage, data from an angle-of-attack range of -6 to +6 degrees

was used in the regression analysis. Data from a range of -8 to +4 degrees

was used for the second stage. The results, TCXX..., from the regression

analysis is presented below for each of the coefficients, C

XX , above.
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