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THE ELEMENTS OF THE EARTH'S MAGNETISM FOR THE EPOCHS
1600, 1650, 1700, 1780, 1842 AND 1885, AND THEIR SECULAR
CHANGES DERIVED FROM OBSERVATIONS CALCULATED USING THE
COEFFICIENTS OF THE GAUSSIAN 'GENERAL THEORY OF EARTH'S
MAGNETISM'

Dr, H. Fritsche®
CHAPTER 1

Introduction

In the atlas for the Earth's magnetism published by Gauss
and Weber in 1840, on page 32 of the text one finds the following
citation "this means that the Earth's magnetism has been completely
determined for the first time by its elements (just like planetary
and cometary trajectories), that is,by the 24 numbers given in
Chapter 40. Similar determinations will be repeated in the future
and because of the changes which the magnetic state of the Earth
experiences, their details will be researched. Data based on
experience will be collected to wrtite the history of
the Earth's magnetism. This is a goal which would be impossible
without any theory by just experience alone. Experience alone does
include the changes in individual effects but never effects which
abt on the whole. The correctness of these observations will become
apparent during the course of the following paper, not only for the
future but also to a great degree for the past, that 1is, for the
centuries between 160C and 1900. The Earth magnetic observations
which were performed during this interval are often scanty, inaccur-
ate and incomplete (for example, only one element, the declination,
has been observed). This means that understanding the overall mag-
netic state of the Earth (nine elements, the potential, the ideal
distribution of the magnetism on the Earth's surface, the forces X,
Y, Z, the declination, the inclination I, the horizontal intensity T

L 2 . .
Director Emeritus of the Royal Observatory in Peking.



and the total intensity J) for 1600-1900 can only be based on the
Gauss theory. Other methods to reach this goal only will be
incomplete. For example, the attempt made by Dr. L. A. Bauer' to
empirically determine the secular motion of a freely movable magne-
tic needle at its center of gravity 1s based on long term observa-
tions at a few locations (London, Paris, Rome, etc.) and this covers
only a small part of the Earth's surface. As we will see later on,
this leads to an incorrect result that everywhere on the Earth's
surface the North Pole of the needle rotates in a clockwise direct-
ion as seen from its point of suspension.

In addition, I believe that the publication "on the analytical
form of the magnetic attraction of the Earth expressed as a function
of time" by the Carlheim-Gyllenskoeld Stockholm, 1896, 1is
erroneous because Dr. Carlheim-Gyllenskoeld made almost no compari-
son of his hypothesis and the observed magnetic elements. For
instance, his provisional theory for the Epoch 1600 results in a
declination for England which is 16° different from
what was observed. Because tHe author did not use the
Gauss theory formulas themselves but differential formulas in order
to go back from the 19th Century, because he did not give the
numerical details of his calculation (his data are incorrect). The
hypothesis of Dr. Carlbeim-Gyllenskoeld about the changes in the
coefficients in time WwWas examined by me later on in Chapter 3 and
was found to be untenable. Also the results of the paper "founda-
tions of the Gauss theorv and phenomena of the FEarth's magnetism
in 1829" written by A. Ermann and H. Peterson at the request of the
Royal Admiralty in Berlin in 1874 are not usable because their work
is incomplete. They only calculated 24 coefficients of the theory
instead of 46 as I have proven are required to satisfdctorily des-
cribe the observations. The residual average deviation of the cal-
culation from the observations for the forces X, ¥, Z are too large
in these calculations, that is, $0.115 GE (see page 24 of the paper
mentioned above). My calculations for the same :area over which the

—
Contribution to the knowledge of the secular variation of the
Earth's magnetism by Louis A. Bauer, doctoral dissertation Berlin,
1895. Dr. Fritsche, Blements of the Earth's Magnetism 1600-1885.



observations extend (longitude from zero to 360°, latitude from
about +70 to =70°) and for the Epoch 1842, only amount to :0.055
GE, that 1s, barely 1/2 of the above.

The papers of Dr. A. Schmidt (3Jotha) about the Earth's magne-
tism are not yet completely published unfortunately. However, I
would here like to discuss a few aspects of publications now avail-
able to me with which I do not agree.

The majority of scientists who deal with the Earth's magne-
tism have tolerated the view for many decades that the Gauss theory
of the Earth's magnetism is only an interpolation method and not
a theory. This opinion was especially reported by the unsuccessful
calculations of Erman, Peterson, Quintus, Julius and Neumeyer.

They all determined only 24 coefficients gh and since they did not
obtain satisfactory agreement between theory and observations in
this way, they expected a future imprcvement according to a method
not yet discovered. I expressed my views in 1897 in a paper called
"The Determinations ¢f the Coefficients of the Gauss General Theory
of the Earth‘s Magnetism for 1885 and the Relationship of the Three
Earth Magnetic Elements"..On pages 1 and 2 and I would like to add
the following here because Dr. A, Schmidt 1is a proponent of this
improvement method of coefficlents gh according to the writings
(page 218) published in the Annals of Hydrography and Maritime
Meteorology, January 1898. He only considers this theory as an
interpolation method (c¢f. Dr. A Petermann, Geographic Communications
1898, vol.VII, p.4). The general theory of the Earth's magnetism esta-
blished by Gauss is, therefore, a theory because Gauss developed the
law of the effect of the magnetic elements of the Earth on the
points of the Earth's surface (sphere or ellipsoid surface) (accord-
ing to their position with respect to changes), using the fundamental
law of interaction of magnetic masses (proportional to the masses
and inversely proportional to the square of the distances). From
this there results a very substantial simplification of the problem

¥
In the following I will call this paper "1897 Paper".
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when the theory is applied to reality. The theory gives the anal-
ytical expressions for the determining equations for the coeffi-
cients gh (see paper 1897 page 10). If one were to not use the
analytical expressions from the theory and if one were to repre-
sent the three force components X, Y, Z by pure interpolation for=-
mulas a8 a function of longitude and latitude, then more than 200
coefficients from observations would have to be calculated, that is,
four times as many as when one uses the Gauss theory which only
rejuires 46. This estimate is based on the following:

For example, the sine series (51) (Bessel series) page 73 of
my paper 1897 are of the same kind as the formulas (10-21) for X,
Y, Z given in Chapter 2 below, because the latter can also be given
in the form of equations (51) in paper 1897'. Now, the general
interpolation formula (52 and 53) (page 74 of the paper 1897} de-
rived from (51), which represent the horizontal intensity T as a
function of longitude A and the inclination 1 contain about 50
coefficients and exponents which were calculated from the (observed)
formulas (51). But since (52) and (53) already close with three A,
whereas the formulas for X, Y and Z go up to five A inclusive,
general empirical interpolation formulas which represent X, Y, 2
as functions of longitude and latitude would contain about
3.20 #2/0 constants to be determined from observations. In the
paper 1897 I gave a fast and easy method for calculating the required
number of coefficient gh (46) and I demonstrated high degree of
agreement between the Gaussian theory and experience. This means
that one can no longer raise the objection of incompleteness as
long as we do not have much more and better observations than now.
The predictions for the these new observations at the present time
are not optimistiec.

I would like to discuss the method mentioned in the atlas for
the Earth's magnetism by Gauss and Weber paragraph 43 page 32. It
suggests plotting differences between the calculation (using

¥ le. ione® 9o ce a1 10 )-8 02sin (454 3%).
Or example, (s+87') Y= 046 +00Y Kn(LerTed)aoinltigisth)+001sn
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approximate coefficient gh and observations on maps or to present
them in tables in order to make the foundation for an improved
calculation of the gh. I remarked about this in the paper 1897
pages 1 and 2. I beliéve that this is unmanageable and this sug-
gestion of Gauss and Weber made my predecessors take the wrong
course wgen further developing the Gauss theory. Weber and Gauss
intended to improve the six elements ¢ l4 ¢4 ¢4°¢ &

of a planetary trajectory which is calculated from three compléte
observations. In the event where more observations are made, the
quantities are improved by the amount a¢, &, &4, 4¢, 8¢ 84

using differential equations. One obtains the elements ¢, @ 4 & % 4
by a tedious calculation using a large number of formulas without
the method of the least squares because no excessive determination
equations are present. The improvements 4¢, 44 o¢, be 9¢,‘M"
however, are found by using the method of least squares from six
determination equations which are relatively easy to treat. This
method not only represents a simplification but is a necessity for
planetary calculations.

The problem of improving the coefficients gh of the Earth's
magnetism of fourth order and the special calculation of the gh of
the fifth and sixth, etc., orders is quite different. The coeffi-
cients gh themselves are obtained from linear equations of the form
wI& (2)
which are given in Chapter 2. The corrections 49 4A
if one wishes to carry out such an operation, have to be calculated
according to exactly the same formulas (X, Y, 2), by substituting

a7 o4

—
In his introduction to his atlas, Gauss states that Weber wrote
the explanation for the maps, that is, the text, with the except-
ion of paragraphs 21-25 which were written by Dr. Goldschmidt.
Regarding his improvement methods, Gauss expresses himself more
carefully in paragraph 33 of his general theory than does Weber.
Gauss says there "there is no doubt that an improvement calculation
according to these observations would result in a much better
agreement and such a calculation would not be difficult. The length
of this calculation would still be frightful, even if one would use
similar measures for abbreviations as are used by astronomers in
order to"improve the elements of the planetary and cometary traj-
ectories"”,
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for klmKLM. By collecting differences between the calculations

and the observations in maps or tables, which Weber, Neumeyer, etc.
recommend, and for which A. Schmidt makes available his so-called
normal elements, one has gained nothing. It is much better if the
desired unknowns gh are calculated from the beginning 1f suffi-
cient materiasl is available. The comparison of the =lements of the
Earth's magnetism with those of geodesy which Schmidt carried out
i1s not appropriate because the elements of the planets and geodasy
are much more constant over time and their nhenomena follow much
more regular laws than those of the Earth's magnetism which in mauny
aspects is similar to meteorology.

CHAPTER 2
A. Formulas for the calculations

I will now give the formulas which I have used and the obser-
vations which are the foundation of my calculations. The formulas
were almost all given in the paper 1897 which is why I will only
recapitulate here. The symbols are those used by Gauss. The poten-
tial V divided by the Earth's radius R is *-?'pﬁ'mf'«fff’

The northern component X, the western component Y and Ebe vertical
Z are expanded in the following cosine and sine series

b CYRT DRV 478 RV R | +Kpin t)w','-va,-‘-ﬂs
| y.-(.d,mlﬂﬂml + (e 2de Gy in 8 Asfjn Do inihs.
L mmem,aed ol ink s myews dedlsin 2 oo N e llyrinihe
where the quantities klu‘{.ﬂ are functions of geographic lati-
tude ¢ and are determined bv the following formulas (X). (Y), (Z).
NUaed ,)nu s;’ is used for abbreviation, and we use the letters
LRRIIF for the following functions which only depend on

—
A is the eastern longitude from Greenwich and u is the angular
separation from the astronomic North Pole so that u + ¢ = 90°,
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As to be expected according to the equations above for 7 9 4 ;7

the quantities 8, and 8, are much larger than s on the average and
all three cannot be ignored.

B. Observations forming the foundation of the calculations

The observations which I used for the Epoch 1885 are
given in my paper 1897. The observations which I used as a basis
for my calculations about the theory for the Epoch 1842 are taken
from the known collecticn of Sabine. In all of the previous and
following tables and formulas, we have the following definitions:
A eastern longitude from Greenwich; ¢ the geographic latitude, u the
angular separation from the astronomic North Pole so that ¢Fusn’; = ¥
the potential divided by the Earth's radius R ’idp(if:!;}, the ideal
distribution of the magnetism on the Earth's surface;-x‘the northern,
Y the western, Z the vertical component, & the declination, 1 the
inclination, T the horizontal intensity and finally J the total
intensity.
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Observed inclination Qr

TABLE 2. Epoch 1842,
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Elements of the Earth's magnetism 1600-1885.
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